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PREFACE 


This book describes the properties of gases and liquids from a 4 mo¬ 
lecular” viewpoint. These properties are divided into two groups the 
equilibrium properties (such as the equation of state, Joule-Thomson 
coefficient, and surface tension) and the non-equilibrium properties 
(such as viscosity, diffusion, and thermal conductivity). Expressions 
for all these bulk properties in terms of molecular properties and inter- 
molecular forces can be obtained from statistical mechanics. These 
expressions, along with information about intermolecular interactions, 
may be used to predict the values of many physical properties for which 
no experimental data are available. A particularly useful result of the 
statistical mechanical approach is the fact that equilibrium and non¬ 
equilibrium properties can be interrelated through the common link of 
the intermolecular force laws. In principle, these force laws can be 
obtained exactly from molecular quantum mechanics. Up to the pres¬ 
ent time, however, mathematical difficulties have restricted the success 
of this approach; nevertheless, a reasonably good qualitative picture of 
molecular interactions has been obtained. Hence it is customary to 
describe the interaction between two molecules in terms of simple em¬ 
pirical functions, the form of which is suggested from quantum me¬ 
chanics. These functions contain several adjustable constants, which 
can be determined for various substances by analyzing experimental 
measurements of bulk properties by means of the corresponding statis¬ 
tical mechanical formulae. Therefore, the molecular approach gives a 
complete description of the bulk behavior in terms of a small number 
of constants characteristic of the substance under consideration. 

During the last decade many theoretical, computational, and experi¬ 
mental developments have been made in the study of the properties of 
gases and liquids. Therefore it seemed desirable to survey the entire 
field from a unified viewpoint and to present it in consistent notation. 
We hope that this book will be of use to several groups of people. Stu¬ 
dents in chemical physics should find it helpful in gaining a better 
knowledge of the structure of matter and in understanding the inter¬ 
relationships between the various branches of statistical mechanics. 
Problems are suggested at the end of the chapters as an aid to students 
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and teachers. Experimental physical chemists and industrial engineers 
should find the chapters on calculations of the properties of gases and 
liquids of value in design work. Extensive tables have been mduded, 
and numerical examples are given to illustrate their use. Statistical 
mechanicians and theoretical chemists should find this book useful as 
a reference. They will notice, however, that some sections of the book 
are incomplete because of the unexplored regions of the theory and the 
gaps in the computational work. It is hoped that this lack of complete¬ 
ness will serve as a challenge toward further research. 

The subject material in the book divides itself quite naturally into 
three parts: equilibrium properties, non-equilibrium properties, and 
intermolecular forces. The basic problems associated with each of 
these fields are discussed in Chapter 1. In the last part of that chapter 
there are presented for ready reference some results of classical and 
quantum mechanics which are used throughout the book. Part I 
(Chapters 2-6) begins with a survey of equilibrium statistical me¬ 
chanics, which serves as the basis for the theoretical development of 
the equation of state. Two main applications of the theory are then 
discussed—the prediction of the p-V-T properties of gases and liquids, 
and the analysis of experimental equation of state data to obtain infor¬ 
mation about intermolecular forces. Part II (Chapters 7-11) is a dis¬ 
cussion of non-equilibrium statistical mechanics (kinetic theory) and 
the theory of transport phenomena. Whenever possible this treatment 
parallels the discussion given in Part I. That is, the prediction of the 
bulk properties and the methods of obtaining information about inter¬ 
molecular forces are considered. The second part of the book is con¬ 


cluded with a chapter on hydrodynamic applications, which contains a 
unified discussion of the propagation of sound waves, flames, and deto¬ 
nations. Part III (Chapters 12-14) deals with the electromagnetic 
and quantum mechanical theory of the forces between molecules, atoms, 
ions, and free radicals. Here the a priori quantum mechanical calcu¬ 
lations of intermolecular forces are compared with the information ob¬ 
tained in the first two parts by the analysis of the experimental data on 


bulk properties. 

This book has grown out of studies undertaken in the Bumblebee pro¬ 
gram sponsored by the Bureau of Ordnance, and is a synthesis of 
greater or lesser contributions by a large number of people. The Navy 
Bureau of Ordnance generously supported the preparation of prelimi¬ 
nary drafts of the various chapters, each of which was issued as a 
University of Wisconsin Naval Research Laboratory report. We wish 
especially to thank Drs. R. E. Gibson, W. H. Avery, and F. T. McClure 
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Of the Johns Hopkins University Applied Physics 

ing this arrangement possible. The treatise is a partial answer to h 
reouest of the Research and Development Board for a report on the 
present status of research in the fields of the equation of state and 
transport phenomena. It is an outgrowth of a National Defe n « Re¬ 
search Committee Report (A-116, 1942) entitled “The Thermody- 
namic Properties of Propellant Gases," written by J. O. H.rschfelder, 
F T. McClure, C. F. Curtiss, and D. W. Osborne. 

During the early stages of the writing of the manuscript, we were 
fortunate to have the gracious and enthusiastic cooperation of Dr. Ellen 
L. Spotz. She participated in the writing of Chapters 3 and 8 and gen¬ 
erously assisted us with the preparation, proof-reading, and editing of 
other portions of the book. We regret that Dr. Spotz was not able to 
continue working on this project until its culmination. 

We wish also to thank Professor J. de Boer, director of the Instituut 
voor Theoretische Physica at the Municipal University of Amsterdam, 
for making available to them some of his unpublished research, for 
assisting in the preparation of the chapters on the quantum effects 
(Chapters 6 and 10), and for his very helpful criticisms and advice 
with respect to the preparation of other portions of the book. In this 
connection, one of the authors (RBB) would like to acknowledge the 
opportunity accorded him by the Fulbright exchange program to spend 
a year at Professor de Boer’s institute in Amsterdam. 

Warm thanks are due Dr. Charles A. Boyd, formerly of the Univer¬ 
sity of Wisconsin Naval Research Laboratory, for preparing the first 
draft of Chapter 5. We also appreciate the assistance of Dr. John S. 
Rowlinson in the preparation of Section 3.10 and the assistance of Dr. 
Howard B. Palmer for his help with Section 5.2d. 

We wish to acknowledge the help of Elizabeth S. Hirschfelder, who 
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In the preparation of this book we have drawn heavily upon the 
scientific literature and feel a debt of gratitude to the authors of the 
articles to which we refer. Generous thanks are due to the authors, 
editors, and publishers who have given us permission to reproduce 
various figures and tables from original publications. Several sources 
are referred to frequently throughout the entire book: The Mathe¬ 
matical Theory of Non-uniform Gases, by S. Chapman and T. G. 
Cowling (Cambridge University Press, First Edition, 1939, Second 
Edition, 1952), and “Molecular Distribution and Equation of State of 
Gases,” by J. de Boer in Reports on Progress in Physics, Volume 12, 
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C. F. C. 

R. B. B. 
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NOTE ON NOTATION 


An extensive table of the notation used in this book may be found at 
the end of the text, where the most important symbols are listed. The 
following general remarks about the notation should be helpful to the 

reader: 


Style of Type 

Light-face italic type is used for scalar quantities 
Bold-face italic type is used for vector quantities 
Sans serif type is used for tensor quantities 

symbols are used to represent quantum mechanical operators 
and also quantities associated with electromagnetic fields 


Marks above Symbols 

— = statistical mechanical average; partial molal quantity 
~ = quantity per mole 

* == quantity per gram 

• = differentiation with respect to time 


Superscripts 

* = complex conjugate of a quantity (on wave functions, expansion 

coefficients, etc., in quantum mechanical discussions); quantity 
reduced by means of the simplest combinations of molecular 
parameters o and c 

* = quantity reduced by means of combinations of o and e which 

utilize rigid sphere values 

* = quantity associated with the activated state 
0 = quantity associated with the ideal gas state 

' = quantities associated with molecules after a binary collision; 
atoms in excited states 


Subscripts 

r = quantity reduced by means of combinations of critical constants 
c = quantity at the critical point 


XXI 
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xxii 

Reduced Quantities 

Volume y* = VINO 3 V* = *7* = 

Specific volume v* = K* = v*/^ 

Temperature T* = kT/e 

Pressure />* = P ° 3 /« P* = ^o/^ c 

Second virial 

coefficient = B/f/o 3 B* = = ^/"rig.sph. 

Third virial 

coefficient C* = CftNo 3 ) 2 C* = C/b o 

Coefficient of 

viscosity *7* = rjt^lVmt *7* = *?/*7rig.«ph. 

Coefficient of ther- _ 

mal conductivity A* = Ao*A r l Vml€ A* = A/A^ >sph . 

Coefficient of _ 

diffusion = 3f<f~ 2 y/ml € = ^V^rig.sph. 

Thermal diffusion 

ratio — A: r * = k T /k Trlt |ph 

Q-integrals - 

Distance r* = r/o 

Impact parameter b* = b/o 

Relative kinetic energy 
of a colliding pair of 
molecules of reduced 
mass fx g* 2 = \pg 2 l< 

Potential energy <p * = <p/€ 

Dipole moment /z* = p/Vca 3 

Polarizability a* = a/o 3 

Surface tension y* = yo 2 /c 

Quantum mechanical 
parameter A* = h/aVnu 



VECTOR and tensor notation 


Vectors 

y t j t k = unit vectors in the x , y> z directions 

A = iA x + jA y + kA t = vector with components A X ,A V , A t 

A = Va 2 4- A* -f A x 2 = magnitude of vector A 
(A -B) = A A + A,B, + A,B, = scalar product of A and B 
i j k 

[A X B] = A, A, A, = vector product of A and B 
B z B y B, 

[A X [B X C] ] = (A-C)B - (A-B)C 

r = position vector with components x, y, z 
r i = position vector of ith particle 

r tl == r ( — r, = vector to the ith particle from the ;'th 

particle 

r* = (r v r 2 , • • • r N ) = vector in 3W-dimensional space 

describing the location of N 
particles 

r* e (r„ r 2 , • • • r») 
r^-* = (r M , r M , ■ ■ ■ r N ) 

(i*-p") = I (r/ Pj ) 

»-l 

Tensors 

T = tensor with 9 components represented by the array 


/r- r„\ 

T’.x rl 

\7~ n, rj 
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VECTOR AND TENSOR NOTATION 


Tensors (continued) 

T t = transpose of the tensor T formed by exchanging rows and 
columns 

(T*i4) x = T XX A X + T^Ay + T xl A t = £ T m A a 

(A *T) X = A g T„ + A y Ty X + A t T„ = 2 AJ'^ 

(T-A) = (A-V) 

(T-T')„ a T m Tj + T„T„' + T„T,; = I T m T„' 
(T:T')sZlW = (T':T) 

a fi 

/’ 0 °\ 

U = 10 1 01= unit tensor 
\o 0 1/ 

(U-i4) = (<4-U) =<4 

(U:T ) = T a + T„ + T„ 

(U: U) = 3 

Dyadic* 

AB = dyadic 1 with 9 components represented by the array 

IAA A * B \ 

MA A ,B, A A) 

\a,b z a,b„ A.bJ 

(AB-C)=A(B-C) 

(C-AB) = (C-A)B 

(T :AB) = ((T-A)'B) 

(AB:T) = (A-(B-T)) 

(AB: CD) = (AC: BD) =(A-(B■ CD)) 

= (A-(B-C)D) = (A-D)(B-C) 

■ The dyadic AB should not be confused with the scalar product (A • B) 
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Differentiation Processes* 


Tr mi h + i h + k Z 

d _. a , . J_ , k ± 

dv — 1 dv, 1 dv, dv, 

0r* Aar, 


0r 


0a: 


dy 






/ i * 
| | a 

0x 0y 02 
>4, /l v i4. 


curl/4 


(frH-(' , Tr) B+B (rr /1 ) 

K, B ) = K) B 


• The symbol A is frequently called the “del" or “nabia" operator and given the 
symbol V • One then usually distinguishes between — and — by writing V r 
and V v 
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Differentiation Processes (continued) 


Integration Processes 



J dr== JJJ dxdydz 

/**-J 

J • • • J dr x dr 2 '-- dr N 

i dv ~ dv * dv ' dv ‘ 

/*"-J 

J • • * J dr M dr h+2 • • • dr N 

J F(V)VVdV = JU 

| F(V)V 1 dV 


j F(V)(A-V)VdV=\A 

jF(V)V*dV 


J (A-dS) = j 

surface surface 

(A • n) dS 

n = normal unit vector out¬ 
ward from the surface 

J (A ■ ds) = J (A ■ 0 ds 

curve curve 

* = tangent unit vector along 
curve in direction of 


integration 



closed surface volume contained 
within closed surface 


Green’s theorem 


closed curve any surface bounded 
by closed curve 


Stokes’ theorem 
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Introduction and 
Background Information 


The equation of state and the transport properties of gases and liquids 
are intimately related to the forces between the molecules. The statistical 
mechanical theories which relate the bulk properties to the intermodular 
forces are highly developed for dilute gases and developed to a lesser 
extent for dense gases and liquids. From measurements of any of these 
macroscopic properties it is in principle possible to determine the law of 
force between the molecules. Furthermore, once the law of force has 
been determined, it is possible to calculate the equation of state or 
the transport properties. In this manner one reduces the description 
of a great number of equilibrium and non-equilibrium phenomena 
to a common basis and understands their interrelation from a molecular 

viewpoint. , 

The important concepts and definitions which enter into the molecular 

theory of gases and liquids are introduced in this chapter. The first three 
sections are devoted to a simplified treatment of the main subject material 
of the book—the equation of state, the transport phenomena, and inter- 
molecular forces. Following this is a discussion of some important 
results of classical dynamics and their application to the study of two-body 
collisions. Finally, a brief summary of some important quantum 
mechanical concepts is presented, and the quantum theory of molecular 
collisions is discussed. In these last four sections are given a number of 
important results of theoretical physics which find applications at numerous 
points in the text. 

1. The Equation of State—The Virial Coefficients 

If a gas is considered to be made up of particles which have no volume 
and between which there are no forces, then it may be shown by simple 
kinetic arguments (or by rigorous theory) that the equation of state is 
py= RT. As is well known, this relation is quite valid when a gas is 
highly dilute, but even at atmospheric pressure deviations from this ideal 
gas law are appreciable. Van der Waals attempted to explain the devia¬ 
tions by modifying the ideal gas law to get an equation which gives a 

l 
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moderately good description of the p-V-T behavior in the gas phase and 
a qualitative description in the liquid phase: 

[p + ^j(V-b) = RT 0-1-D 

The a in the van der Waals equation accounts for the attractive forces 
between molecules in the gas (it can be seen that at constant T and V 
an increase in a causes p to decrease); the constant b accounts for the 
fact that the molecules have volume—or, to be more correct, that there 
are strong short-range repulsive forces between molecules (an increase 
of b cause an increase in pressure at constant T and V ). Clearly, the 
van der Waals equation is only a rough approximation, since the molar 
volume V in the liquid phase is found experimentally to be considerably 
less than the value of b determined from th e p-V-T data of the gas. 

The van der Waals equation may be used to fit th t p-V-T data of many 
gases over small temperature ranges. In order to fit the data over larger 
ranges of the variables, numerous empirical equations of varying degrees 
of complexity have been proposed, several of which are discussed in § 4.2. 
These empirical relationships have two or more adjustable constants, 
and hence they are quite useful for curve-fitting and interpolating existing 
data. It is not possible, however, to relate these adjustable parameters 
to the intermolecular forces, and hence little progress can be made in 
correlating the bulk behavior of gases with the fundamental molecular 
interaction. 

In this section we present ultra-simplified theories of the equation of 
state of dilute gases and of dense gases (or liquids) made up of rigid sphere 
molecules. The behavior of dilute gases is described by considering the 
deviations from ideal gas behavior, which result from molecular inter¬ 
actions. The behavior of dense gases and liquids is described by con¬ 
sidering the effects of allowing the molecules in an ideal crystal to leave 
their lattice positions and roam about. Although the arguments used 
are rather crude, the results of the simple theories have certain elements 
in common with the results of the rigorous theories. At the end of this 
section an introduction is given to the rigorous statistical mechanical 
approach to the theory of the equation of state. 

a. An ultra-simplified theory of the equation of state of dilute gases 

The experimental pV - isotherms may be fitted over a very large range 
of temperature and pressure, with a power series relation 

py/RT= 1 + B(T)!V + C(T)/V 2 + D(T)IV Z + * • • (1.1-2) 

which is called the virial equation of state. The temperature dependent 
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functions B(T), C(T ),... are referred to as the second, third, ... virial 

coefficients} . . .. • •„« 

We now derive by elementary arguments expressions for the vinai 

coefficients for a gas made up of N molecules, each of which may be 

represented as a rigid sphere of diameter o. Let us suppose that we 

put these “billiard-ball” molecules one at a time into a box of volume V. 

The center of the first molecule 


which is put into the box can 
move about in a volume ( V lli —of, 
inasmuch as it can come no closer 
than i o to the wall of the box. 

The center of the second molecule 
which is added is restricted to 
move in a volume (p I,a — a) 3 — 
ii ra 3 since it may not approach 
closer than a distance a to the 
center of the first molecule which 
was added. 

In Fig. 1.1-1 we see the region 
to which the third molecule is 
restricted. This process may be 
continued until all N molecules 
have been put in the box. We 

can now compute the average volume available to the 
molecule, and this is clearly 

(V l,% - of - 0V/2) (»iro») » V - $nNo* 


-ir* 



center of a 


when the dimensions of the container are large compared with o. The 
quantity b 0 = inNo* is referred to as the “co-volume” of the molecules 
and is equal to four times the volume of the rigid spherical molecules. 

The above arguments are not completely correct since we have neglected 
the fact that in Fig. 1.1-1 the two spheres indicated by dotted lines may 
overlap, with the result that the volume excluded to the third molecule 
would be somewhat less than shown. The overlapping of the dotted 
spheres with the dotted lines a distance \o from the walls should also be 
taken into account. This, however, is a surface effect and is treated 
separately in theory of surface tension. 2 When we take into account the 


1 The word “virial” is derived from the Latin vis (pi. vires), which means "force.” 
The virial is a quantity defined by Eq. 1.4-27 in terms of the forces acting on the 
molecules. The virial coefficients give the deviations from ideality in terms of the 
forces between molecules. 

* Surface tension is discussed in § 5.1. 
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overlapping of two or more spheres, we find that the average volume 
available to the center of a molecule is 

K-^ + (VF) + (VF 2 ) + --’ 0*1-3) 

The quantities b v b 2 , .. . are constants which depend on the solid geometry 
of the overlapping spheres. The equation of state for rigid spherical 
molecules then becomes 

p (v-b 0 + b j + £ + --)=NkT (M-*) 


By taking the reciprocal of the series we may write this equation in the 
virial form: 


pv . , *o , V - *1 , V - 2bJ> x - b 2 

RT~~ ^ V 2 ^ V* 

6 0 , 0-62S0V 0.2869V 

1 y p2 + j/3 ">■ 


(1.1-5) 


The numerical coefficients given in the second form of this expression 
result from the accurate calculation of the second, third, and fourth 
virial coefficients of rigid spherical molecules. 3,4 There is no temperature 
dependence of the virial coefficients for rigid molecules. 6 Values of the 
rigid sphere second and third virial coefficients for several substances 
are given in Table 1.1-1, along with the corresponding experimental 
values. For low temperatures the experimental second and third virial 
coefficients are negative, and at high temperatures they are positive. 
The magnitude of the deviations from ideality at various temperatures 
and pressures can be seen from the experimental compressibility factors. 
The deviations are very large at low temperatures and high pressures. 

We thus see that the equation of state of a gas which is dilute may be 
written in terms of the deviations from the ideal gas law, pV = NkT. 
It is also clear that the gas behaves ideally when the covolume of the 
molecules is small compared with the volume of the containing vessel. 


b. An ultra-simplified theory of the equation of state of dense gases and 
liquids 6 

Let us again consider a dense gas or liquid composed of N rigid, im¬ 
penetrable spheres of diameter a in a volume V. Let us imagine that 


* H. Happel, Ann. Physik, 4, 21, 342 (1906). 

4 R. Majumdar, Bull. Calcutta Math. Soc. t 21, 107 (1929). 

4 The equation of state for rigid spheres according to statistical mechanics is given 
in § 3.5a. The virial coefficients for rigid non-spherical molecules are given in § 3.8a. 

4 See §4.5; also H. Eyring and J. O. Hirschfelder, J. Phys. Chem., 41, 249 (1937); 
J. O. Hirschfelder, J. Chem. Ed., 16, 540 (1939). 
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TABLE 1.1-1 


Equation of State Quantities from Experimental Measurements 
i0Mfc and from Rigid-Sphere Calculations 


-- 

Substance 

T° K 

pVIRT 

B(T) 

(cc/mole) 

C(T) 

(cc/mole)* 

1 atm 

50 atm 

1000 atm 

Experi¬ 

mental 

Rigid 

Sphere" 

Experi¬ 

mental 

Rigid 

Sphere® 

He 

100 

m 

1.113 


■g 

21.9 

(60) 

300 


300 


1.024 

1.439 



72 



500 

1.0003 

1.013 

1.242 

10.8 | 


(HO) 


A 

100 

0.9783 

0.174* 

3.30* 

-178 

60.9 

(-1500) 

2314 


300 

0.9999 

0.971 

1.675 

-15.2 


990 



500 

1.0001 

1.009 

1.353 

(8.4) 


710 


N, 

100 

0.990 

0.243* 

3.84* 

-149 

66.5 

(2080) 

2766 


300 

0.9998 

0.9960 

1.99 

-4.4 


1310 



500 

1.0004 

1.0210 

1.82 

168 


640 



Sole. Values in parentheses are obtained by extrapolation of the experimental data. 
• The rigid sphere quantities are calculated on the basis of the rigid-sphere diameters 
obtained from the kinetic theory of gases and given in Table 1.2-1. B t i Ksp h = b 0 
« JirAfo* and C rig tp h = $ V- 
6 These values are for the liquid. 

these molecules occupy the lattice points of a cubic lattice, with the 
distances between their centers equal to {V/N) 1 ' 9 . Now we select one 
of these molecules to be free to move from its fixed position in the lattice. 
In Fig. 1.1-2 it may be seen that the center of this “wanderer” is free to 
move approximately in a cube of side length 2(VlN) 1 ' 9 — 2o. For 
molecules which are mass points {a = 0), the wanderer is free to 
move in a cube of side length 2(V/N) l \ 

The pressure exerted by the wanderer on the remaining molecules is 
equal to the rate of transfer of momentum per unit area. This rate is 
directly proportional to the frequency with which the molecule traverses 
the box, and inversely proportional to the side length of the box. Hence, 
the pressure exerted by the wandering rigid sphere is greater than the 
pressure of the wandering mass point by the inverse ratio of the side 
lengths of their restraining boxes: 

pv _ 2WIN)' 1 ’ 

RT~ 2(VlN)' 1 ' — 2a ' ' 
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This may be rearranged to give 

p[V — 0.7816 b 0 11 * V' 1 *] = ( 1 • 1_7 ) 

which is a rough equation of state for rigid spherical molecules at high 
densities. The numerical constant depends upon the type of assumed 
crystal packing. For example, for a face-centered cubic lattice the 
constant should be 0.6962, and for body-centered cubic packing, 0.7163. 






c. Introduction to the rigorous statistical mechanical theory of the equation 
of state 

In order to develop a rigorous equation of state for a gas or liquid 
containing a large number of particles, it is useful to apply the principles 
of equilibrium statistical mechanics. In Chapter 2 the basic concepts of 
statistical mechanics are discussed, important definitions are given, and 
some properties of ideal gases are discussed. 

In § 3.1 it is shown how the statistical mechanical theory can be used 
to express the equation of state in two forms: (i) in terms of the partition 
function Z v , and (ii) in terms of the radial distribution function g(r): 7 

p = kT(d In Z K /dV) T (1.1-8) 



NkT 

V 



(1.1-9) 


The partition function Z v is the sum over all energy states (of the system 
of N molecules) of exp (—EJkT), where £, is the energy of the i th state 


7 Equation 1.1-8 may be applied when the forces between the molecules are angle 
dependent, but Eq. 1.1-9 is valid for spherically symmetric interaction potentials only. 



7 


(Eq. 1.1-101 
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of the system. The radial distribution function g(r ) is defined by the 
statement that the number of pairs of molecules which are separa y 

dl I^'chapter ^^igorous development of the classical equation of state 
»,il 2L U i, ihown .h.. both the partition fnnc.iot, and 

the radial distribution function may be expanded in such a way that 
equation of state is given in the virial form shown in Eq. l.W- ' na 
is statistical mechanics provides a means for expressing the virial co¬ 
efficients B(T), an an . . • in terms of the forces between molecules 
in the gas. For example, if the potential <p between two molecules in 
the gas is a function only of the intermolecular separation r, the second 
virial coefficient is shown to be 


B(T) = — 27ryvJ [e-« ,)lkT — 1J/ 2 dr (1.1—10) 

o 

Hence for those gases for which the intermolecular forces are known as a 
function of the separation between the molecules, a single integration 
leads to a value of the second virial coefficient as a function of the tem- 
perature—that is, the first correction to account for the non-ideality of 
the gas. From very accurate measurements of B(T) one may obtain a 
certain amount of information about intermolecular forces. This is done 
by assuming for the interaction potential a functional form which is 
qualitatively consistent with theoretical considerations and contains 
several adjustable parameters. These parameters are then adjusted so 
as to give the best fit of the experimental values of B(T). It is also 
possible to derive theoretical expressions for the second virial coefficient 
for molecules which interact according to angle-dependent potentials, 
for example, polar molecules and long molecules. These formulae 
may be used to analyze the experimental data and obtain information 
about intermolecular forces which depend upon the orientations of the 
molecules. The calculations of the virial coefficients for quite a few types 
of potential functions are described in detail in Chapter 3. Inasmuch as 
it is possible at the present time to evaluate only the first few virial 
coefficients, the virial equation is useful only at low and intermediate 
densities. 

In Chapter 4 the development of the equation of state of dense gases 
and liquids is described. Once again the development can be discussed 
from the standpoint of the partition function or of the radial distribution 
function. It is not possible to carry through the development by either 
approach without the introduction of some simplifying assumptions. 
Hence the two approaches give different results. By far the most work 
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structure Extensive calculations have been made for various lattice 
models Recently considerable attention has been devoted to the radial 
funio, approach. Some delation* have b«. ca-rtcd 

out, and the method shows promise. 

In Chapter 5 the results of the two preceding chapters are used in th 
study of the properties of two-phase systems, in which a vapor is in 
equilibrium with the liquid phase. The chapter includes d'seussions of 
surface tension, the parachor, critical phenomena, and retrograde 

condensation. . . _. c - e 

In Chapter 6 the equation of state for monatomic and diatomic gases 
is discussed from a quantum mechanical viewpoint. Quantum statistical 
mechanics provides a means for describing the equilibrium properties of 
substances under those conditions where the deviations from classical 
behavior are important. Quantum effects are experimentally observable 
for the isotopes of hydrogen and helium at room temperature and become 
quite pronounced at low temperatures. 


2. Kinetic Theory of Gases—The Transport Coefficients 

The phenomena of diffusion, viscosity, and thermal conductivity are 
all physically similar in that they involve the transport of some physical 
property through the gas or liquid. Ordinary diffusion is the transfer 
of mass from one region to another because of a gradient in the con¬ 
centration; 1 viscosity is the transport of momentum through the gas 
because of a gradient in the velocity; and thermal conductivity is the 
transport of thermal energy resulting from the existence of thermal 
gradients in the gas. These properties are appropriately termed “transport 
phenomena.” We present here a description of these phenomena in 
terms of an ultra-simplified kinetic theory. Although very crude argu¬ 
ments are used throughout, it is nevertheless possible to obtain ex¬ 
pressions which describe the primary dependence of the transport co¬ 
efficients upon the temperature and pressure and also upon the mass and 
size of the molecules in the gas. Thereafter, we outline briefly a rigorous 
theory, and show to what extent its application has been successful. 

1 Diffusion may also result from a temperature gradient (thermal diffusion or the 
Soret effect), and the transfer of energy may also result from a concentration gradient 
(diffusion thermo or Du/our effect). These are small effects discussed in Chapter 7. 
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[Eq. 1.2-U 


a. An ultra-simplified kinetic theory of dilute gases 

In any real gas the molecules move in all directions, and their velocities 
are distributed over a very wide range. When two molecules come close 
to one another they undergo very complex interactions, since real mole¬ 
cules attract one another at large distances and repel one another when 
the intermolecular separation is quite small. In spite of the complicated 
behavior of the molecules, surprisingly good descriptions of the transport 
properties may be obtained if we consider the following very unrealistic 
model for a gas containing n molecules per unit volume: 

(i) The molecules are rigid, non-attracting spheres with diameter a . 

(ii) All the molecules travel with the same speed; a reasonable 
choice for the molecular speed seems to be the arithmetic mean speed, 
Q = (SkT/mir) 1 '*, which may be calculated from the velocity distribution 

function (see Problem 4, Chapter 2). 

(iii) All the molecules travel in a direction parallel to one of the co¬ 
ordinate axes, that is, one-sixth of them are traveling in the (+^-direction, 
one-sixth in the (-z)-direction, one-sixth in the (-fy)-direction, and 
so forth. 


i. Rate of Molecular Collisions in a Gas 

Let us begin by examining the dependence of the rate of collisions, 
T, upon the size, number density, and average speed of the molecules. 
Consider a single molecule which is moving in the (-f z)-direction and 
let us inquire as to the frequency with which it collides with the other 
molecules in the gas. Certainly it will undergo no collisions with the 
other molecules moving in the (+z)-direction, since they are all moving 
with the same speed, Cl. With respect to those molecules moving in the 
(_ 2 )-direction, however, it has a relative velocity of 2Q. This means 
that during a time interval A/ the molecules whose centers lie within a 
cylinder of cross-section no 2 and length 2C1 A/ will undergo collisions 
with the molecule on which our attention has been focused (assuming 
that the latter is not deflected by the collision:). Since there are n 
molecules per unit volume and since one-sixth of them are moving in the 
(—z)-direction, there will be lirndKl collisions per unit time with these 
molecules. Similarly, the molecule moving in the (-j-z)-direction has a 
velocity of V2C1 relative to those molecules moving in the (-fz)-direction; 
hence there are jV 27rno 2 Cl collisions per unit time with these molecules. 
The same result is obtained for molecules moving in the (—x)-, (+y)-, 
and (—y)-directions, so that altogether there are 

T = fWn = ( , po 2 V ^n/rnkT (1.2-1) 

collisions suffered by one molecule per unit time, where £' = $-(- §V2. 
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The second expression given in Eq. 1-2-1 r was obtained ** USing 
- = nkT (ideal gas law) and £1 = VzkTfr^. (If one were to assume 

that the molecular motion takes place in all d,r ® ctl0ns ^ d th ^ ' 
velocity distribution is Maxwellian, the same result is obtained, except 
that f = V2, that is, ('= 1.414 as compared with the approximate 1.276.) 


ii. The Mean Free Path 

Since the gas we are considering is composed of impenetrable elastic 
spheres, a collision between two molecules is well-defined. This makes 
it possible to introduce a quantity known as the mean free path, which 
is the average distance traversed by a molecule between collisions. Th 
a molecule moving with speed £2, during a long time interval M (that is, 
a time interval long compared with the average time interval between 
collisions), will travel a distance £2 At; if the molecule suffers V collisions 
per unit time, during the long time interval Af the molecule will collide 
r Af times. Hence the average distance traversed by the molecule 
between collisions, that is, the mean free path, is 


£2 Af _ £2 
r A/ - r 


( 1 . 2 - 2 ) 


Substitution of Eq. 1.2-1 into Eq. 1.2-2 gives 

1 - kT - (1.2-3) 

t'nno* t'pno 2 

the second form arising from the application of the ideal gas law. It 
should be noted that at constant density the mean free path is temperature- 
independent; and at constant pressure it is directly proportional to the 
temperature. 

The quantity no 2 which appears in the denominator of the expression 
for the mean free path is the collision cross-section for the rigid spherical 
molecule. This quantity, which appears in all the expressions for the 
transport coefficients, is the cross-section of the imaginary sphere sur¬ 
rounding a molecule into which the center of another molecule cannot 
penetrate. 

In this simple kinetic theory the transport coefficients can be expressed 
in terms of the quantity /. Consequently viscosity, diffusion, and 
thermal conductivity are sometimes referred to as mean free path phenomena. 
However, in the more rigorous approach for real gases it is found that 
the mean free path does not appear naturally in the derivation of the 
transport properties. 
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[Eq. 1.2-*1 


iii. Flux of Molecular Properties 

The coefficient of ordinary diffusion is the flux of molecules of species / 
due to a unit gradient in the number density of i; the coefficient of 
viscosity is the flux of the y-component of the momentum resulting from 
a unit gradient in the y-component of the velocity; and the coefficient 
of thermal conductivity is the energy flux due to a unit temperature 
gradient. In all three cases the fluxes are in the same direction as the 
gradients and this direction defines the coordinate 2 . The flux of 
molecules of species 1 is denoted by j iM , The flux in the 2 -direction of the 
V-component of the momentum is p vt = p „, where p is the pressure 
tensor. The flux of energy is denoted by q x . Because of their physical 
similarity these three phenomena may be described by a common mathe¬ 
matical formalism. We therefore use the symbol T ; , to represent the 
z-component of any one of the three fluxes: the flux of molecules of 
species /, the flux of the momentum in the y-direction, and the flux of 
energy. The symbol P represents correspondingly the density of molecules 
of species /, the momentum density, or the energy density. These 
definitions are illustrated in Table 1.2-1. 


TABLE 1.2-1 



P 

Vr 

Diffusion 

", 

Jit 

Viscosity 

nmv v 

Put 

Thermal conductivity 

nc v T 

9t 


Let us consider the net flux in the (+ 2 )-direction of the property 
associated with P (that is, the number density of molecules of species 1 , 
the momentum density in the y-direction, or the energy density) through 
the plane O. (See Fig. 1.2-1.) Molecules approaching O from below 
have suffered their last collision at a distance / below plane O. That is, 
they have come from plane A and have the values of the properties P At 
characteristic of that location. Similarly, molecules arriving at plane O 
from above have come from plane B t and possess the values of properties 
P B , characteristic of that plane. If the property P has the value P 0t 
on plane 0, then we may write: 

Pa = Po~ l(dP/dz ); P B = P 0 + KdP/dz) (1.2-4) 

to the approximation that the gradient in the property P is constant over 
distances of the order of magnitude of mean free path. 

In the case of diffusion, P = n it the concentration of species /. The 
value of a, is different at each of the planes A, 0> B , and a transfer of mass 
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results To consider viscosity, we imagine that the molecules at the 
plane/! are moving in the (-yXiirection. that those at plane O are 
stationary, and that those at plane B are moving in the (+y)-direc ion. 
Hence there is established a gradient in the component of the momentum, 
P = nmv In the discussion of thermal conductivity, the planes A,O, 
and B are taken to be at different temperatures, and the property ^ is 
taken to be the energy density nc,T (where c. is the specific heat per 

molecule). 



Fig. 1.2-1 


The amount of the property P which crosses plane O per unit area 
per unit time (that is, the flux of P) from below is \&P A , the factor J 
accounting for the fact that only one-sixth of the molecules on plane A 
move in the (-M)-direction. Similarly the downward flux of P is \&P B . 
Hence the net flux, Tp, of the property P in the (+z)-direction across 
plane 0 is 


ldP\ VTrmkT [dP\ 

y, = \Wa - r.) - -W ( s ) - - f -^r (*) < u - 5 > 


in which the factor f is § when (' is taken to be V2. Specifically, 





[Eq. 1.2-H] 
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= P.. = -W™ Yz 

(1.2-7) 



(1.2-8) 


are the fluxes of molecules of species /, momentum, and energy, respectively. 


iv. Transport Coefficients 

For the situation described in Fig. 1.2-1, the transport coefficients are 
defined in terms of the fluxes as follows: 



(1.2-9) 

dv 

'V, mv ,=p„= - V 

(1.2-10) 

= ~ * f 

(1.2-11) 

3) being the coefficient of diffusion, rj the coefficient of viscosity, and A 
the coefficient of thermal conductivity. When these three equations are 
compared with the three preceding equations, we find that: 

3 n cr p pc v 

(1.2-12)* 

1 V nmkT 

V — - nmQl = ( - -j— = p3J 

3 7TO* 

(1.2-13) 

X \ncfil f Vw "* rC - ^ 

3 no m m 

(1.2-14) 


in which p = nm = pm/kT is the density of the gas. The application of 
the rigorous kinetic theory of Chapter 7 to the rigid-sphere model gives 
exactly the above form for the transport coefficients. The rigorous 


1 This expression for & is really for self-diffusion, that is, the interdiffusion of par¬ 
ticles of the same mass and size. Examples where such a formula may be applied are 
interdiffusion of ortho and para forms and the interdiffusion of heavy isotopes. (See 
§ 8.2d-ii.) 
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theory for rigid-sphere molecules , however, predicts that the values of f 
are different for the various fluxes. In § 8.2 it is shown that 


£9 — 


8 


5 

{ ’=i6 
_ H 

(x ~ 32 


V 

hn 


5 

6 

2 

5 


(1.2-15) 


?&c v = 12 
hn 25 


Inserting these values into Eqs. 1.2-12, 13, 14 we may rewrite the ex¬ 
pressions for the transport coefficients in practical units. 


3 } = 2.6280 x 10- 3 ^ cm 2 /sec 

WMT , 

r, = 2.6693 x 10" 5 g/cm sec 


(1.2-16)* 


(1.2-17) 


1.9891 x 1(H = cal/cm deg sec (1.2-18) 4 


where M = molecular weight, 

T = temperature in °K, 
p = pressure in atmospheres, 
a = molecular diameter in A. 


In Table 1.2-2 are shown some values of kinetic theory properties for 
rigid spheres, in order to give a rough idea of the orders of magnitude of 
the quantities with which we are dealing. The table also includes some 


* For a mixture of two chemical species the coefficient of diffusion for the rigid-sphere 
model is _ 


St it 


_ Vf\M x + _ 2left' 

2.6280 X 10-»- 1 -- L —» cm / sec 

P°it 


in which a xi = + oj. 

* This formula for the coefficient of thermal conductivity is applicable to monatomic 
gases only. For polyatomic gases use may be made of the Eucken correction (see 
§§ 7.6b and 8.2c-i), and then Eq. 1.2-18 is replaced by 

15 R / 4 c. - 3\ 




[ 15 ) 


a a values taken from E. H. Kennard, Kinetic Theory of Gases , McGraw-Hill (1938), p. 149. 

6 Q = VSkT/mn; T and / are given by Eqs. 1.2-1 and 1.2-3, with £' = V2; , rj, and A are given by Eqs. 1.2-16, 17, 18. 

e The values in parentheses are estimated values. 
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experimental values to give an indication of the inadequacy of the rigid- 

SP From"the‘above relations it is seen that the coefficient of diffusion 
varies as the three-halves power of the temperature and is inversely 
proportional to the pressure. The coefficients of viscosity and thermal 
conductivity are both independent of the pressure and increase 
S5, the square root of the temperature. All three transport coefficients 
are inversely proportional to the square of the diameter of the molecules. 
The above^equations would correctly describe these properties 1the 
molecules actually were rigid spheres. As we shall see in Chapter 8, 
these results give only the approximate pressure and te, "P e ^‘ ure ^- 
pendence for real gases, since the true temperature dependence mus 
include the effect of the interactions which take place between real 
molecules. It will be shown that the rigorous kinetic theory calculations 
enable us to predict the variation of these properties with considerably 
greater accuracy. It is, nevertheless, remarkable that the very artificial 
gas model which we have used here gives such good results. 


Experimental Values of 
Gas 


Nc 

A 

N 2 

ch 4 

o 2 

co 2 

h 2 


TABLE 1.2-3 

the Schmidt and Prandtl Numbers at 0°C 
Schmidt Number, Prandtl Number, 

r\lp& yCp M 


0.73 

0.75 

0.74 

0.70 

0.74 

0.71 

0.73 


0.66 

0.67 

0.71 

0.74 

0.72 

0.75 

0.71 


Simple kinetic theory 


0.83 


0.67 


The simple kinetic theory suggests ratios of molecular constants which 
do not vary markedly from substance to substance and which do not 
change appreciably with temperature. For example, the combination 
rjCJX is known as the Prandtl number. Since the specific heat ratio, 
y = CJC vi is equal to | for monatomic molecules, the simple kinetic 
theory predicts that the Prandtl number should have the value J. Simi¬ 
larly the ratio, is known as the Schmidt ™ mber - According to 

simple kinetic theory it should have the value |. Table 1.2-3 gives the 
values for the Schmidt and Prandtl numbers for a few substances at 
0°C calculated from the best available experimental values given in 
Chapter 8. 



[Eq. U-»] 
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b. Introduction to the rigorous kinetic theory of gases 

A detailed classical treatment of the rigorous kinetic theory of dilute 
monatomic gases and mixtures (the Chapman-Enskog theory) is presented 
in Chapter 7 (§7.1-4)- Inasmuch as this account is necessarily rather 
long and involved, it seems advisable, for the benefit of those readers 
who are interested primarily in making practical use of the formulae and 
tables of Chapter 8, to outline briefly the problem and method of attack, 
and to summarize the assumptions which are made in the rigorous 
derivation of the transport coefficients. The validity of the results, as 
applied to specific kinds of molecules and to specific conditions of 
temperature and pressure, is also considered. 

i. Brief Outline of the Problem and the Method of Attack 

The rigorous development of the kinetic theory of gases is based upon 
the knowledge of the distribution function /,(r, v„ /). This function 
represents the number of molecules of ith species which at time t lie 
in a unit volume element about the point r and which have velocities 
within a unit range about v t . If there are no gradients in the com¬ 
position, velocity, and temperature in the gas, then f(r t v ft t) reduces to 
the Maxwellian distribution f} 0] = nAm./lnkT)* 1 ' exp (mpf/lkT). When 
the system is not at equilibrium, the distribution function satisfies the 
Boltzmann integro-differential equation. This equation and the methods 
of solution are discussed in Chapter 7. 

Usually we are interested in the properties of gases which are under 
conditions only slightly different from equilibrium. In fact it is only 
under these conditions that the flux vectors are linear in the derivatives 
and the usual definitions of the transport coefficients apply. In this 
limit the distribution function is nearly Maxwellian, and the Boltzmann 
equation can be solved by a perturbation method developed by Chapman 
and Enskog. The resulting solutions are then used to obtain expressions 
for the fluxes and for the transport coefficients. 

These expressions show that mass transfer results not only from a 
concentration gradient, but also from a temperature gradient (thermal 
diffusion 5 - 6 ); similarly, we find that energy transfer results not only 
from a temperature gradient, but also from a concentration gradient (the 
Dufour effect 7 ). These and other second-order effects, which cannot 


6 Thermal diffusion in the liquid phase is usually called the Soret Effect . 

• This effect was discovered independently by Chapman and Enskog as a result of 
their exact formulation of the kinetic theory of monatomic gases; it was not until 
several years later that Dootson gave an experimental demonstration of this phenom¬ 
enon (S. Chapman and F. W. Dootson, Phil. Mag., 33, 248 (1917)). 

7 Thermal diffusion and the Dufour effect are closely related according to the 
reciprocal relations of Onsager (see § 11.2a). 
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be described in terms of simple kinetic theory, emerge quite naturally 
from the more rigorous approach. 

The final result is that we can express all the transport coefficients in 
terms of a set of integrals These integrals involve explicitly the 

dynamics of a molecular encounter and hence the intermolecular force 
law. The present incomplete knowledge of the nature of intermolecular 
forces immediately limits to some extent the applicability of the results 
to practical problems. On the other hand, the knowledge of a relation 
between the transport coefficients and intermolecular forces enables us 
to obtain indirectly some important information about the nature of 
these forces. This subject is considered in detail in Chapter 8, where 
practical low-density transport coefficient calculations are discussed. 

ii. Limitations of the Chapman-Enskog Theory 

The Chapman-Enskog kinetic theory of gases just described is based 
upon several assumptions which, to some extent, limit the applicability 
of the final results. Let us consider each of the limitations separately 
and discuss the conditions under which each is important. 

Since only binary collisions are considered in the Chapman-Enskog 
theory, the results are not applicable at densities sufficiently high that 
three-body collisions become important. At the present time, the 
approximate theory of Enskog is the most usable for describing the non- 
equilibrium properties of dense gases. The properties of liquids, on 
the other hand, are best described by the Eyring theory of absolute 
reaction rates. A rigorous theory, based on the radial distribution 
function, is in a state of development. This theory will probably some 
day supplant the theories of Enskog and Eyring. To illustrate the order 
of magnitude of the effect of pressure on the transport coefficients let us 
consider the coefficient of viscosity. According to the theory of dilute 
gases the viscosity is pressure-independent at constant temperature. 
This fact is corroborated experimentally. Experimental measurements 
indicate that the viscosity of nitrogen at about 325°K increases by a 
factor of two and one-half as the pressure is increased from one to a 
thousand atmospheres, whereas an increase of only 4 per cent is observed 
as the pressure goes from one to sixty atmospheres. These results are in 
surprisingly good agreement with the theory of Enskog. The transport 
properties of dense gases are discussed in Chapter 9. 

The use of classical mechanics excludes the discussion of low tempera¬ 
ture phenomena in which quantum effects are significant. According 
to quantum theory there is associated with each molecule a wavelength— 
the “de Broglie wavelength,” h/mv— which is inversely proportional to the 
molecular weight and molecular velocity. The de Broglie wavelength 
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[Eq. 1.2-18J 

corresponding to the arithmetic mean molecular velocity is 27 A/VMT A, 
where M is the molecular weight. At low temperatures the average 
molecular velocity is small, and the associated de Broglie wavelength is 
large. When the de Broglie wavelength is of the order of magnitude of 
molecular dimensions quantum mechanical “diffraction effects,” similar 
to the diffraction phenomena in optics, are observed. At still lower 
temperatures or at high densities when the de Broglie wavelength becomes 
of the order of magnitude of the average distance between the molecules, 
“statistics effects” related to the Pauli exclusion principle, become im¬ 
portant. Above 200°K quantum effects are less than one per cent even 
for the isotopes of helium and hydrogen. Below this temperature 
diffraction effects become quite important for the lighter gases. Statistics 
effects are of importance only at temperatures below about 2°K and 
manifest themselves in the peculiar behavior of liquid helium. These 
quantum effects are considered in Chapter 10. 

The Chapman-Enskog method for the solution of the Boltzmann 
equation provides a series approximation to the distribution function. 
The first approximation, which is the only one discussed here, is valid for 
situations in which the gradients of the physical quantities are small. The 
higher approximations provide corrections for larger gradients. In the 
first approximation the fluxes are proportional to the first derivative of 
the density, velocity, and temperature, and the resulting equations, which 
describe the change with time of density, velocity, and temperature (the 
equations of change) are called the Navier-Stokes equations. The higher 
approximations contribute terms proportional to higher derivatives and 
powers of lower derivatives of the physical properties. The equations 
of change corresponding to the second approximation are referred to as 
the Burnett equations. Quantitatively the first approximation is valid 
whenever the relative changes in the density, velocity, and temperature 
in the distance of a mean free path are small compared with unity (that is, 
l(d In n/dx) 1, etc.). According to Table 1.2-2 the mean free path 
in a gas at 1 atm pressure is of the order of 10" s cm. Hence at 1 atm 
pressure or higher it is only under conditions of extreme gradients, such 


as those which occur in shock waves, that deviations of this nature occur. 
The subject of shock waves is considered in Chapter 11. Since the mean 
free path varies inversely with the pressure, deviations from the Navier- 
Stokes equations are encountered at low pressures under conditions of 
less extreme gradients. As discussed in § 7.5, there is considerable doubt 
as to the convergence of the Enskog series and the validity of the method. 
More powerful methods have been recently developed which confirm 
the validity of the Navier-Stokes equations, but lead to results different 
from the Burnett equations and the higher approximations. 
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In the development of the Chapman-Enskog theory it is assumed that 
the dimensions of the containing vessel and any obstacles therein are 
large compared to the mean free path so that the surface layer occupies a 
negligible fraction of the total volume. At very low densities the molecules 
collide more frequently with the walls of the containing vessel than with 
each other- hence there is little mechanism for the establishment of local 
equilibrium within the gas itself. In such a gas the concept of local 
density, velocity, and temperature loses meaning, and the gas no longer 
behaves even approximately as a continuous fluid but rather exhibits the 
properties of a discontinuous medium. A gas under extremely rarefied 
conditions is referred to as a Knudsen gas, and the behavior of such a gas 
is reasonably well understood. The theory has not yet been completely 
developed for a gas in the density region between a Knudsen gas and a 
gas at moderate density, where the Navier-Stokes equations apply. 

Strictly speaking, the Chapman-Enskog kinetic theory of gases applies 
only to monatomic gases (molecules with no internal degrees of freedom 
for which the interaction potential is spherically symmetric). Inelastic 
collisions occur between molecules with internal degrees of freedom. In 
these collisions kinetic energy is no longer conserved, although clearly 
mass and momentum are conserved. Consequently the viscosity and 
diffusion are not appreciably affected by the presence of the internal 
degrees of freedom, and the theory for monatomic gases may be applied 
to polyatomic molecules with considerable success, provided that the 
molecules are not too non-spherical. 

However, the coefficient of thermal conductivity is affected significantly 
by the presence of the internal degrees of freedom, inasmuch as the flux 
of energy includes a contribution due to the internal energy as well as 
one due to the translational energy. By the simple kinetic theory (and 
also by the Chapman-Enskog development) we obtain the relationship 



relating the thermal conductivity to the viscosity (see Eq. 1.2-14). 
Experimentally this relation is confirmed in monatomic gases, but signifi¬ 
cant deviations are observed in polyatomic gases. To account for the 
effect of the internal degrees of freedom, Eucken proposed the formula 

( '- 2 - 20 > 

which is in good agreement with most experimental results. A derivation 
of this formula is given in § 7.6b and its application is discussed in § 8.2c. 
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[Eq. 1.2-20] APPLICATIONS OF THE EQUATIONS OF CHANGE 

When molecules in different internal states undergo a collision the 
probability of a transition to new internal states and the ang 
SSTif *. „« described b, .be •— 

probabilities.” A kinetic theory of polyatomic molecules, f y 
quite similar to that for monatomic molecules, has been develop y 
Wang Chang and Uhlenbeck 8 9 and by de Boer 9 (see § 7.6c). Results are 
expressed in terms of the angular transition probabilities, rather than 
directly in terms of the potential function. By thus taking into account 
explicitly the internal transitions, the Eucken relation is obtained in tne 
limit that the transitions take place easily. At the present time, these 
transitions cannot be computed theoretically except in the simplest 
cases. However, some information about the transition proba¬ 
bilities has been obtained by the interpretation of data on the dispersion 
of high-frequency sound waves and other phenomena which depend upon 
relaxation time. 10 The relaxation time is a characteristic time for the 
establishment of equilibrium between a particular internal degree of 
freedom and the translational motion. The relaxation time is given for 
convenience by stating the number of collisions required to establish 
equilibrium. To get the relaxation time, we multiply this quantity by 
the mean time between collisions. In hydrogen gas, for example, about 
50 collisions are required to establish equilibrium between the rotational 
degrees of freedom and the translational motion. However, recent 
work on pressure-broadening of microwaves seems to indicate that this 
number is considerably less in the case of molecules with larger moments 
of inertia. The transfer of vibrational energy, however, is considerably 
more difficult. It has been found that for triatomic molecules, such as 
C0 2 , N z O, COS, and CS 2 , about 2500 to 50,000 collisions are needed 
for the establishment of vibrational equilibrium. 


c. The equations of change and their applications 

In the development of the kinetic theory of dilute gases and dense 
gases we obtain the equations of change. These equations are differential 
equations which indicate the behavior of the concentration, the flow- 
velocity, and the temperature as functions of the distance and time. 7 hese 
equations together with the thermal equation of state, p = p(V, T\ and 
the caloric equation of state, U = U(V, T)> form the basis for the study of 
fluid dynamics. The applications of these equations are discussed in 

8 C. S. Wang Chang and G. E. Uhlenbeck, "Transport Properties in Polyatomic 
Gases,” CM-681, Project NOrd 7924, University of Michigan (1951). 

8 J. de Boer (private communication). 

10 A. G. Gaydon, Spectroscopy and Combustion Theory , Chapman and Hall, Second 
Revised Edition (1948), Ch. XII. 
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Chapter 11 The discussion includes a number of topics of current 

srjtfs 

of propellent gases in rockets. 

3. Intermo.ecu.ar Forces and Intermodular Potential Energy Functions 
In the preceding discussions of the equation of state and the transport 

action F(r). These two functions are simply related. 


9 *') 


f F(r) dr 


(1.3-1) 


Throughout this book we describe the forces between molecules in terms 

° f F itnon-pola! a commonly used intermodular potential 

energy function is the Lennard-Jones (6-12) potential: 

9 (r) = 4 » [(o/r) 11 - (o/r) 8 ] O- 3 " 2 ) 

The parameters <r and e (which have dimensions of len f h ^ e "" gy ' 
respectively) are constants characteristic of the chemical species of the 
colliding molecules. At large separations (r > a) the inverse ^^-power 
attractive component is dominant, and the molecules are attracted to one 
another with a force proportional to the inverseseventhpowerofhe 
separation. This type of force describes accurately the 'nduced^d.pole- 
induced-dipole interaction between two non-polar molecules. At small 
separations (r < a) the inverse twelfth-power repulsive component is 
dominant, and the molecules are repelled from one another with a force 
proportional to the inverse thirteenth power of the separation. This 
type of force describes reasonably well the repulsive forces between many 
kinds of molecules. At r = a the potential energy is zero, and therefore 

. These relations are valid only for force laws and po.enlia! 
functions of the intermodular separation alone. For an angular dependent potential 

the force on molecule a is F. = and in addition there is a torque tending to 

rotate the molecule. The dynamics of such collisions is described by Lagrange's 
equations (see § 1.4a). 
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. ««.»f ■=,»«> >pp™' h nsr.' ■“ 

zfzsz sr rsJM»»« ... -p— 

e " er ^_ of the Lennard-Jones (6-12) function and an additional angle- 
indent term to account for the electrostatic interaction of the two 

^ffoughou, to’ book we emphasize the use of the Lennard-Jones 
(6 12) potential for non-polar molecules and the Stoekmayer pole J 
for polar molecules. Many of the properties of gases and liquids have 
been calculated in terms of these two potential functions. It is therefore 
possible to describe a large number of equilibrium and non-equ libnum 
phenomena on a common basis and to understand the relationship 
between the various phenomena. It should be borne in mind, however, 
that these two potential functions are idealizations of the true energy of 

'"^Lennard-Jones (6-12) potential and the Stockmayer potential are 
reasonably adequate for a number of simple molecules. The interactions 
of long molecules, molecules in excited states, free radicals, and tons can 
not be described by these two potential functions. In Chapters 13 and 14 
the exact nature of these interactions is discussed in detail. 

In this section we first indicate the various sources on which our 
present knowledge of intermodular forces is based. We then proceed to 
summarize briefly the various common types of interactions which occur 
between atoms and molecules in their ground states. The analytical 
forms of these various types of interactions provide a basis for evaluating 
and interpreting the empirical potential functions which are listed at the 
end of this section. These empirical functions are used in various 
numerical calculations throughout the book. 


a. Sources of information about intermodular forces 
A knowledge of intermodular forces is obtained from both experi¬ 
mental observations and theoretical considerations. The theory suggests 
the functional form of the potential of interaction, and experimental data 
are used to determine empirically the adjustable parameters in the potential 
function. The empirical approach to the subject of intermodular forces 
is discussed at various points throughout the book in connection with the 
properties of dilute gases (second virial coefficients in Chapter 3, and 
transport coefficients in Chapter 8). The theoretical approach to inter¬ 
modular forces is considered in the last three chapters of the book. 



24 


INTRODUCTION AND BACKGROUND INFORMATION [§ 13 ] 

In Chapter 12 we give a discussion of those parts of electromagnetic 
theory which are of value in understanding intermolecular forces. 
Classical electrostatics provides a means for understanding interactions 
between ions, dipoles, and higher multipoles. It also forms the basis 
for the discussion of the polarizability of molecules, the latter being 
important in the discussion of dispersion forces between molecules. 

In Chapter 13 the general theory of intermolecular forces is discussed. 
The greater part of the chapter is devoted to the present status of our 
knowledge of long-range forces, inasmuch as it is possible to give rather 
accurate treatments of systems of two molecules at large separations. 
It is shown how the long-range forces can be expressed in terms of 
dipole moments, quadrupole moments, polarizabilities, characteristic 
frequencies, and optical transition probabilities. 

In Chapter 14 the quantum mechanical calculations of interatomic and 
intermolecular forces are given for a number of simple interactions: 
H-H, H-H 2 , H 2 -H 2 , H-He, He-He, Ne-Ne, A-A, and several others. 
In addition to providing more information about long-range forces, these 
specific calculations supply us with our only theoretical knowledge of 
the short-range forces. * 

To determine intermolecular forces empirically from a macroscopic 
property, it is necessary that it be experimentally measurable with sufficient 
accuracy and that there exist a refined theoretical description of the 
property. Because of this latter restriction, most of our information has 
been obtained from properties of dilute gases and properties of crystals. 
The dependence of the latter on intermolecular forces is rather straight¬ 
forward. The separation of spherical non-polar molecules in a crystal at 
absolute zero (except for small quantum corrections) is exactly equal to 
the separation for which the potential energy (f{r) is a minimum; further¬ 
more, the energy of sublimation of these crystals at absolute zero is simply 
related (except for a small correction for the zero-point energy of the 
crystal) to the minimum value of (p(r ). 

In this book emphasis is placed on the determination of the adjustable 
parameters in various empirical potential functions by analysis of the 
properties of dilute gases. In subsequent chapters formulae are given 
for the second virial coefficient and the viscosity in terms of an inter¬ 
molecular potential function <p(r). When these properties are calculated 
theoretically for any empirical potential function, the experimental 
temperature dependence of the properties may be used to compute the 
adjustable parameters. In general, the parameters determined from 
the equilibrium properties (second virial coefficient and Joule-Thomson 
coefficient) are slightly different from those determined from non¬ 
equilibrium properties (viscosity, self-diffusion). This would not be 
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the case if an exactly correct functional form were used. However as 
be seen from <he various expressions, the different proper te 
emphasize various regions of the potential differently. General 
transport properties emphasize the repulstve portion of the P°ten 
function whereas the equilibrium properties lay greater stress on 
attractive contribution. 


b. Contributions to the intermolecular forces 2 

Let us now summarize briefly the various types of interaction which 
arise between ions, atoms, and molecules. This information provides the 
basis for the various molecular models (empirical potential functions) 
which are tabulated in § 1.3c. The discussion is limited to the inter¬ 
actions of molecules in their ground states. 3 

It is convenient, though somewhat arbitrary, to divide intermolecular 
forces into two types— short-range forces and long-range forces . 4 The 
short-range forces are frequently called valence forces or chemical forces 
and arise when the molecules come close enough together for their 
electron clouds to overlap. These forces are repulsive in nature and 
often highly directional. There are some experimental indications of 
the nature of short-range intermolecular forces from crystal structure, 
properties of surfaces, etc., but much less is known about inter- than 
about intramolecular forces. Much of our information about these 
forces comes from the specific quantum mechanical calculations which 
have been made for specific molecular interactions. These calculations 
usually are not highly accurate, inasmuch as many of the integrals en¬ 
countered are so complicated that they are either approximated or simply 
neglected. The long-range forces, on the other hand, may be treated in a 
fairly rigorous manner. Furthermore, it is easy to give formulae for 
various types of interaction which are applicable to a variety of types of 
molecules. We first discuss the short-range forces briefly, and then 
proceed to a more detailed discussion of the long-range forces. 

The contribution to the intermolecular potential associated with the 
short-range or valence forces, <p (val) , varies exponentially with the separa¬ 
tion. The true form of the function 9 > (va,) is complicated and depends 


* The material given in this section is a summary of the results obtained in § 12.1 
(electrostatic forces), § 13.3 (dispersion forces), and § 13.5 (induction forces). 

* The interactions between molecules in excited states are given detailed consideration 
in § 13.6. It is there shown that for such interactions there is an important contribution 
to the interaction potential due to ‘‘resonance," ^ res) . 

4 There are some forces, known as second-order exchange forces , which are important 
at intermediate distances. These forces are discussed in § 14.2 in connection with the 
interatomic potential for helium. 
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on the specific type of interaction being considered. It is customary in a 
number of applications to approximate the short-range contribution by 
the oversimplified form: 

= be— 1 ' 1 ** (1.3-3) 

in which a and b are constants. The constant a may be approximated by 6 

a = fy (V£j<T) + VEJ2)) (1.3-4) 

in which £/(l) and £ 7 (2) are the ionization potentials of the two molecules, 
a 0 = 0.5292 is the radius of the first Bohr orbit, and e is the charge on the 
electron. 

The various contributions to the long-range forces vary inversely as 
powers of the intermolecular separation. It is convenient to divide the 
long-range contributions to the interaction potential of molecules into 
three parts: (i) the electrostatic contributions (p {tt \ (ii) the induction 
contribution 9 > (lnd) , and (iii) the dispersion contribution 9 > (dU) . We now 
summarize the general nature of these contributions and indicate where in 
this book more complete discussions of these forces are given. The first 
two types of interaction may be explained by straightforward electro¬ 
static considerations, and the third type—dispersion forces—may be 
explained by means of quantum mechanics. 

i. Electrostatic Contributions 

The electrostatic contributions to the intermolecular potential energy 
result from the interactions of the various multipole moments in the 
molecules: charges (C), dipole moments 6 (p) t quadruple moments 7 (g), 
etc. For the purpose of indicating the analytical form of the various 
types of electrostatic interactions, we use the variables defined in 
Fig. 1.3-1. A direct application of the Coulombic law of electrostatic 


• C. Zener. Phys. Rev., 37. 556 (1931). 

• We consider here only “ideal dipoles," that is, dipoles for which the distance 
between the charges is taken to approach zero while the charges are increased in such 
a way as to keep the value of the dipole moment constant. A similar restriction is 
placed on quadrupoles. Another way of picturing the situation is to say that the 
dimensions of the multipoles are infinitesimally small in comparison with the inter¬ 
molecular distances. The interaction of two real dipoles is considered in § 12.If. 

7 The quadrupole moment of a molecule is really a second-order tensor with nine 
components. If the molecule has cylindrical symmetry, this tensor may oe specified 
by a single scalar quantity Q, defined by Eq. 12.1-17, q.v. The formulae given in this 
section are written in terms of this quantity Q and hence apply only to molecules whose 
charge distributions are cylindrically symmetric. 
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interaction gives the following formulae for the various types of inter- 
action between molecules a and b: 


„ r, , C « C > 

(1.3-5) 

riS'^ + T" 

9’&" , = -^ L ‘ COS0 ‘ 

(1.3-6) 

^■ 0) = + -%r (3cos,9 ‘- 1) 

(1-3-7) 


_ 0^* (2 cos 0„ cos e„ — sin 0„ sin 8 b cos (^„ — <f> b )) (1-3-8) 

3 /x a Q b [cos 0 a (3 cos* d b - 1) 1 n 3 _ 9 ) 

+ 4r 4 [— 2 sin 0„ sin 0 b cos 0, cos (<£„ — <^*)J 

3 Q a Q b [1-5 cos* 0. - 5 cos ! 0„ - 15 cos 2 0„ cos 2 0„ 1 

+ )6r s [-(- 2[sin 0„ sin 0 4 cos (4> Q — &) — 4 cos 0„ cos 0J 2 J 

(1.3-10) 




Fig. 1.3-1 • Points a and b represent the centers of two molecules a and b. 
The dotted line through a indicates the axis of the dipole and the 
cylindrically symmetric quadruple of molecule a , and the dotted line 
through b indicates the similar axis in the second molecule. The inter- 
molecular distance is r, and the angles 0«, 0*, 4> a , 4> b serve to define the 
orientations of the two molecules. 


A rather complete discussion of the interactions of complex charge 
distributions is given in § 12.1. The above formulae are derived from the 
general results given in that section and are used in many places throughout 
this book. 

The angular dependence of the above expressions is somewhat compli¬ 
cated. For a given value of the intermolecular separation, there are 
relative orientations of the molecules for which the potential energy is a 
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maximum, foJmut or a minimum, WnHn- 11 | s sometimes useful to use 
effective spherically symmetrical potential functions 8 defined by 

- n<Pab exp (- <pJkT) d(Q a da> b (1.3-11) 

™ SS exp (- (pJkT) dio a d(o b 


where da) = sin 6 dO d<f>. That is, we hold r ab fixed and average rp ab over 
all angles. In this averaging process the Boltzmann weighting factor 
exp (— rpJkT) is included in order to take into account the fact that 
statistically the molecules spend more time in those orientations for 
which the energy is small. Physically the use of this effective potential 
corresponds to the assumption that does not change appreciably as 
the molecule undergoes a rotation. For small separations or low 
temperatures, where ((p ab ) m4X — (y afc ) mtn kT, the molecules oscillate 
about the orientation of minimum energy so that (p ab becomes nearly 
equal to For lar g e separations, where (tpj max - (^Xnin 

<^.kT t the Boltzmann weighting factor may be expanded in powers of 
1/kT, and we obtain (see § 13.5) 

= (1.3-12) 


" ) = 
fc Q) = 


i c a w 

3kT r* 

1 C.'QS 
20 kT r* 

2 lt.W 

3 kT r* 

1 P.'Qt 

kT r* 


(1.3-13) 

(1.3-14) 

(1.3-15) 

(1.3-16) 



7 Q*Q>' 

40 kT r 10 


(1.3-17) 


It should be noted that these averaged potential functions (except $£ c) ) 
are dependent on the temperature. 


• The concept of the statistical average, <p*. is due to W. H. Keesom [Physik. Z., 
22,129 (1921)], and this average interaction between two dipoles or multipoles is known 
as the Keesom alignment energy. This alignment energy between two quadrupoles 
was suggested by Keesom as a possible explanation of the long-range attractive forces 
between non-polar molecules. This effect, however, is negligible in comparison with 
the London dispersion forces. 



{Eq. 1.3-20] CONTRIBUTIONS TO INTERMOLECULAR FORCES 
ii. Induction Contributions 

When a charged particle (for example, an ion) interacts with a neutral 
molecule, the charged particle a induces in the neutral molecule b a dipo e 
moment as shown in Fig. 1.3-2. If the polarizability of molecule b is 



Fig. 1.3-2. Interaction of a charge a with the 
induced dipole of a neutral molecule b. 


<x 6 , the dipole moment induced in molecule b is C'txjr 2 , and the energy 
of interaction between the charge and this induced moment is (see § 13.5) 

«,<£• lnd,) = (1.3-18) 

' a ° *>,4 


Similarly it may be shown that the potential energy of the interaction 
between a point dipole and an induced dipole produced in a neutral 


molecule is 


qft ,nd "> = 


/z q 2 « 6 (3 cos 2 + 1) 
2r® 


(1.3-19) 


This is an important contribution to the potential of interaction between 
a polar and non-polar molecule. This latter expression may be averaged 
over the angles as described previously, and the result is 

= (1.3-20) 

r 6 


The subject of induction forces is discussed in detail in § 13.5. 


iii. Dispersion Contributions 9 

When two non-polar molecules interact 10 there are long-range forces 
of attraction between them. The quantum mechanical theory of these 


9 These forces are referred to as dispersion forces since they may be expressed in 
terms of quantities called oscillator strengths which appear in the theory of the dis¬ 
persion of light. (See §§ 12.5, 12.6, 13.3.) 

10 P. Debye [Physik. Z., 21,178 (1920)] suggested that the attraction of two non-polar 
molecules might be accounted for by considering the fact that the quadrupole moment 
of one molecule induces a dipole in the other molecule. This quadrupole-induced- 
dipole interaction corresponds to a potential energy which varies as the inverse eighth 
power of the intermolecular separation. However, it has been found that this inter¬ 
action energy accounts for only a negligibly small fraction of the observed energy. 
H. Falkenhagen [Physik. Z., 23, 87 (1922)] applied the induction effect to dipole gases 
where it is appreciable. 
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forces is discussed in § 13.3. At any instant the electrons in molecule a 
are in some configuration which results in an instantaneous dipole 
moment. This instantaneous dipole moment induces a dipole in molecule 
b. The induced dipole in b then interacts with the instantaneous dipole 
in a to produce an energy of attraction between the two molecules regard- 



Rigid spheres 



repulsion 



potential 




potential 



potential 


Fig. 1.3-3. Pictorial representation of some spherically symmetrical 
empirical potential functions. These are the most important spheri¬ 
cally symmetrical potential functions used in this book. The 
analytical expressions for potentials are given in Eqs. 1.3-22 to 1.3-28. 


less of the orientation of the instantaneous dipole. London developed 
this notion on a quantum mechanical basis and found this interaction 
(often called induced-dipole-induced-dipole interaction) is given approxi¬ 


mately by 11 



(1.3-21) 


in which hv a and hv b are characteristic energies of the two molecules 
approximately equal to their ionization potentials. It may be shown 
that there are further terms in the dispersion energy <p (db> 8) , «p (dl9,10) , 
etc., which vary as r 8 (induced-dipole-induced-quadrupole), r~ 10 
(induced-quadrupole-induced-quadrupole), etc. 


11 This result is applicable only to spherical molecules. The dispersion forces 
between long molecules are considerably different from this; such forces are discussed 
in § 13.4. 



^ i,y~24] EMPIRICAL INTERMOLECULAR POTENTIALS 

c. Empirical intermolecular potential functions 
In selecting the form for an intermolecular potential to use in calcu¬ 
lations of the various properties, we must consider two factors: the 
degree of realism desired and the numerical difficulties associated with 
the manipulation of the function. We here tabulate the potential 
functions which are used in this text, indicating what properties have 
been calculated using them. Virial and Joule-Thomson coefficient 
calculations are described in Chapter 3 (classical calculations) and in 
Chapter 6 (quantum calculations). Transport property calculations are 
given in Chapter 8 (classical theory) and in Chapter 10 (quantum theory). 
Pictorial illustrations of various potential functions are given in Fig. 1.3-3. 


Angle-Independent Potentials 


i. Rigid Impenetrable Spheres 


(fir) = co 
(fir) = 0 


r < a 
r > a 


(1.3-22) 


This potential function represents rigid impenetrable spheres of diameter a. 
This model, which is frequently used for exploratory calculations because 
of its simplicity, gives a crude representation of the strong, short-range 
repulsive forces (that is, that the molecules have volume). For this 
potential the first five virial coefficients and the transport coefficients have 
been calculated classically (and some of these quantum mechanically). 


ii. Point Centers of Repulsion 

fir) = dr~* (1.3-23) 

6 is called the index of repulsion, and for most molecules it has a value 
between 9 and 15. (When <5 = 4, the molecules are known as Maxwellian 
molecules.) This function is useful in exploratory calculations in which 
a differentiable potential function is needed. It also has the advantage 
that the angle of deflection is expressible in terms of a single variable. 
The second virial coefficient and the transport coefficients for this potential 
have been calculated in classical and quantum theory. 

iii. The Square Well 

(fir) = co r < o 

(fir) = —€ o < r < Ro (1.3-24) 

(fir) = 0 r> Ro 

This model represents rigid spheres of diameter a surrounded by an 
attractive core of strength € which extends to separations Ro. Thus, 
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the ideas of attractive and repulsive forces are taken into account in a 
crude fashion. This model is useful for exploratory calculations and 
sometimes gives good agreement for complex molecules since there are 
three adjustable parameters. The second and third virial coefficients 
and the transport properties have been calculated for the square-well 
potential. 


iv. The Sutherland Model 


tp(r) = co r < o 

<p(r) = —cr~ Y r>o 


(1.3-25) 


This potential represents rigid spheres of diameter a which attract one 
another according to an inverse power law. This is a fairly realistic model 
and reasonably easy to handle. The second virial coefficient and the 
transport properties have been calculated for this function. 


v. Lennard-Jones Potential 

(1.3-26) 

The term <//r* represents the repulsive energy, and the term —c/r v the 
attractive energy. In this book, we use the following special form of this 
potential: 

<p(r) = 4c[(o/r)»* - (o/r)*] (1.3-27) 

which is frequently referred to as the Lennard-Jones (6-12) potential. 
o is that value of r for which <p{r) = 0. € is the maximum energy of 
attraction (or depth of the potential well) which occurs at r = 2 ,/o cr. 
The inverse sixth-power attraction represents faithfully the induced-dipole- 
induced-dipole interaction. The repulsive contribution to the potential 
function is approximated by an inverse power term. The choice of 12 
as the index of repulsion is primarily one of mathematical convenience, 
and is by no means unique; for some substances, other indices seem to be 
more desirable. This function gives a fairly simple and realistic 
representation for spherical non-polar molecules. Many calculations 
have been made for this potential function—the second and third virial 
coefficients and the transport properties in classical theory and extensive 
calculation of quantum effects. 


vi. Buckingham Potential 

tf{r) = b exp (— ar) — cr~ 6 — c'r -8 (1.3-28) 

This four-parameter function includes the induced-dipolo-induced-dipole 
interaction, the induced-dipole-induced-quadrupole interaction, and 
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D roximates the repulsive contribution to the potential by an exponential 
term. Thus, it is somewhat more realistic than the Lennard-Jones model, 
hut more difficult to handle numerically. Some equation of state cal¬ 
culations have been made for this potential, but it has not been used for 
making transport property calculations. This potential is unrealistic in 
that it goes to — oo at the origin. For some properties this region of 
the potential is unimportant. 

vii. Buckingham-Corner Potential 

<f(r) = b exp [-«(r/rj] - (cr* + Sr*) exp [- 4- l) ] r < r m 

air) = b exp |-a(r/rj] — (c/-« + c'r ") r Ss r m 

(1.3-29) 

where 6 = [-< + (1 + P)cr m ~*\ exp a 
c = ( ar m «/[a(l+/})-6-8fl 

c' = Prjc 

This is a four-parameter potential function in which € is the depth of 
the potential at the minimum; r m is the value of r for the energy-minimum; 
a is the steepness of the exponential repulsion and is usually about 13.5; 
p = IS rat ‘° i nvcrse eighth-power to the inverse 

sixth-power contributions at the potential minimum. 

This potential function includes the induced-dipole-induced-dipole 
and the induced-dipole-induced-quadrupole interaction and has an 
exponential-type repulsion. (The added complexity has been introduced 
mainly to eliminate the unrealistic behavior of the simple Buckingham 
potential in the region of the origin.) With four adjustable constants, 
it should be possible to get good comparisons with experiment; the 
functional form of the potential is rather complicated for numerical 
work, however. The second virial coefficient and its first quantum 
correction have been computed for this model. 

viii. Modified Buckingham (6-Exp) Potential 

^ = ^ exp W‘-d)-(7) 6 ] r>r '"» (1 ' 3 - 30) 

a 

rp(r) — a) r < r max 

where r max is the value of r for which tp(r) t as given by the upper relation, 
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has a (spurious) maximum. The ratio r mftX /r m is given by the smallest 
root of the transcendental equation, 

This is a three constant potential with the parameters c, r my and a having 
the same significance as in the Buckingham-Corner potential. Tables are 
given for both the second virial coefficient and the collision integrals 
using this potential. 

The modified Buckingham (6-exp) potential is somewhat more flexible 
than the Lennard-Jones (6-12) potential since it permits the variation of 
the low velocity collision diameter, a, as compared to the separation 
at the minimum, r m . (For the Lennard-Jones (6-12), o/r m = 0.8909.) 
The energy at the spurious maximum, 9 <r max ), is ordinarily sufficiently 
large that it leads to no difficulties. These considerations are apparent 
from a study of Table 1.3-1. The induced-dipole induced-quadrupole 
term is not included in the 6-exp potential since its effect can be very 
nearly duplicated by making a small change in the value of the 
parameter a. 


TABLE 1.3-1 


a 

olr m 

r m*x/ r m 

9'( r m»x)/ < 

12.0 

0.87610 

0.30247 

1705 

12.5 

0.87983 

0.27304 

3518 

13.0 

0.88320 

0.24697 

7110 

13.5 

0.88627 

0.22382 

14115 

14.0 

0.88910 

0.20319 

27585 

14.5 

0.89173 

0.18476 

53170 

15.0 

0.89417 

0.16825 

101222 


Angle-Dependent Potentials 
ix. Rigid Ellipsoids of Revolution 

This model represents rigid impenetrable ellipsoids of revolution. It 
may be used for studying the effect of non-spherical potential fields on 
physical properties. Prolate ellipsoids represent elongated molecules, 
and oblate ellipsoids represent flat (pancake-like) molecules. The second 
virial coefficient has been calculated for this model, and some work has 
been done on the kinetic theory of ellipsoidal molecules. 
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x. Spherocylindrical Molecules (Kihara) 

In this model long molecules are represented by cylinders, ca PP e f 1 
each end by hemispheres. The second virial coefficient has been calculated 
for such molecules. 


xi. Rigid Spheres Containing a Point Dipole (Keesom) 
<p(r,6 a ,0>,<k-4>.) = < a r< ° 

rp(r, 8„ «„*-«=»- 6 b . <t> b - ^ r> a (1.3-32) 

where 

g(0 o , 0 b , fa — fa) = 2 cos 0 a cos 0 b — sin 0 a sin 0 b cos ( fa — <£ fl ) 

This model represents rigid impenetrable spheres of diameter cr which 
contain an embedded point dipole of strength p. This potential function 
includes the short range repulsive forces and the dipole-dipole interaction. 
It is useful for exploratory calculations. Second virial coefficients have 
been calculated for this model. 


xii. Stockmayer Potential 

<p(r, 0 a , 0 b , fa — fa) = 4* —(“)]" ^ft ~ 

(1.3-33) 

in which g(0 ay 0 by fa - fa) is the angular dependence of the dipole-dipole 
interaction of Eq. 1.3-32. This potential function is a superposition 
of a Lennard-Jones (6-12) potential and the interaction of two point 
dipoles. It describes well the interaction between those polar molecules 
for which dipole-quadrupole and higher multipole interactions are not 
important. The second and third virial coefficients have been computed 
for this model. No transport property calculations are available for this 
potential function. 


4. Classical Mechanics 1 *• 3 

Both statistical mechanics and the kinetic theory of gases are direct 
applications of the laws of dynamics. Hence many of the discussions 
throughout this book are based upon the formal results given in this 

1 G. Joos, Theoretical Physics , Hafner (1932), Chapters 5 and 6. 

1 H. C. Corben and P. Stehle, Classical Mechanics , Wiley (1950). 

* R. C. Tolman, Principles of Statistical Mechanics , Oxford University Press (1938), 
Chapters 2 and 3. 
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section. Classical mechanics is usually adequate to describe the motion 
of molecules except at very low temperatures, where quantum effects 
become important. Relativistic effects need not be considered for the 
phenomena which are discussed in this book. We begin the section 
with a description of the classical equations of motion. Finally, we 
discuss two theorems which are useful in statistical mechanics and kinetic 
theory—the Liouville theorem and the virial theorem. 

a. Equations of motion in classical mechanics 
The basis of classical mechanics is the celebrated set of Newton s laws. 
We shall here concern ourselves with the second of these laws, which 
states that 4 

0-4-D 

in which F, is the force acting on the ith particle in the system, m, and r< 
are the mass and radius vector (in Cartesian coordinates) of the ith 
particle. In classical mechanics the complete dynamical behavior of a 
set of particles is determined by Newton’s laws if the position r ( and 
velocity r, = drjdt of each particle are known at some initial time, t 0 . 
In the treatment of certain dynamical systems and for the solution of 
certain formal problems it is convenient to use Newton’s laws in one of 
the following forms. 

i. Lagrange's Equations 

Many problems are more conveniently formulated by using, as variables, 
angles or complicated functions of all the coordinates of the various 
particles in place of the Cartesian coordinates of the individual particles. 
These new coordinates are called generalized coordinates , q k (x v y lt . . . 
x nt y ni z n ), and they are usually defined as explicit functions of the original 
Cartesian coordinates. 5 The Lagrangian equations of motion are the 
Newtonian equations transformed to the generalized coordinate system. 

4 It is not necessary to write Newton's law in the form: 



since the masses of the individual particles remain invariant except for relativistic 
corrections. 

4 A simple example of a set of generalized coordinates is the set of spherical co¬ 
ordinates. r, 6, which are frequently used in place of the Cartesian coordinates 
x y y, z . in problems involving spherical symmetry. 
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[EQ 1 4-5] «v-»i ’o v/»- mv»»x/i • 

The Lagrangian function , £(ft, q 2 > • • • ? 3 /vi ?i» ? 2 . • • • &*)> 1S defined 

L = K-4> (1.4-2) 


where O is the potential energy function 6 for the entire system, and K 
is the kinetic energy of the system. K is defined as 

K=& i m i r* (1.4-3) 


the sum of the kinetic energies of the individual particles. In terms of 
the Lagrangian function, Newton’s second law for conservative 7 systems 
may be written as 


KSMtH 


(1.4-4) 


These are Lagrange's equations of motion. 
known as the generalized momentum , p k . 


BL 



The function dL/dq k is 


(1.4-5) 


It is easy to see that if the generalized coordinates are taken to be Cartesian 
coordinates, the generalized momenta reduce to ordinary linear momenta, 
and Lagrange’s equations of motion reduce to Newton’s equation of 
motion. If the new coordinates are cylindrical (p, 2 , <£), then p 4 is the 
usual angular momentum about the 2 -axis . 8 If the new coordinates are, 
say, Eulerian angles of a rigid body, the p k are not easy to interpret. 9 

.v n 

• In problems involving many molecules it is often assumed that <D(r^) = £ 2 2 ??(r i; ). 

i-U-1 

This assumption of additivity or assumption of two-body forces is discussed in § 3.4a. 

7 A conservative system is one in which the forces depend only on the configuration 
of the system and are such that the following condition holds: When all of the particles 
except one are held fixed, the integral of the tangential component of the force on a 
single particle about any closed path of the single particle is zero. For this type of 
system the forces can be expressed in terms of a single potential function of the entire 
system, 



N being the number of particles in the system under consideration. For non-con¬ 
servative systems, it is often possible to find a Lagrangian function such that Lagrange’s 
equations of motion still apply. For example, this is the case for a charged particle 
moving in a magnetic field. 

8 A treatment of a particle in spherical coordinates is given by L. Pauling and 
E. B. Wilson, Jr., Introduction to Quantum Mechanics , McGraw-Hill (1935), p. 9. 

9 H. Margenau and G. M. Murphy, Mathematics of Physics and Chemistry, Van 
Nostrand (1943), p. 268. 
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Lagrange’s equations, like Newton’s equations, are second-order dif¬ 
ferential equations; a solution of these equations is specified by a complete 
set of coordinates and velocities, at a particular time. 


ii. Hamilton's Equations 

The Hamiltonian function of a system, H(q lt •' ‘ q 3N ; p lt • * * p ZN ), 
is defined by the relation: 

H(q x * * * q* N \ Pi'-' Pw) = “ L (1.4-6) 


It is important to keep in mind that the Lagrangian is a function of the 
coordinates and their time derivatives whereas the Hamiltonian is a 
function of the coordinates and their conjugate momenta. In the above 
expression for the Hamiltonian the q k appear both explicitly and implicitly 
(in the Lagrangian), but Eq. 1.4-5 may be solved to give q k = q k (q it p t ). 
Keeping these facts in mind, one may differentiate Eq. 1.4-6 with respect 
to pi and q { to get 


dH -A X -S d Jl d L 

d Pi qi + llPi d Pi dpidq , 


(1.4-7) 


a// a$,_az, aLa?, 

dq { - liPi dq t dq t ^ dq, dq f 


(1.4-8) 


These relations may be simplified, using Lagrange’s equations (Eq. 
1.4-4) and the definition of conjugate momenta (Eq. 1.4—5), to give 


•• 

II 

(1.4-9) 

dH 

dq, Pi 

(1.4-10) 


These are Hamilton's (canonical) equations of motion. The 3 N second- 
order differential equations of Newton or Lagrange have thus been 
transformed into 6N first-order differential equations. 

It may easily be shown that the Hamiltonian of a system is numerically 
equal to the total energy. From the definition of the Hamiltonian in 
Eq. 1.4-6 and that of the conjugate momenta in Eq. 1.4-5: 

H = 2,Ai d ^-L = 2Ai d ^-L (1.4-11) 

dq t dqt 


the second form being possible since the potential energy is not a function 
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[Eq. 1.4-16] 

f the velocities. Since AT is a homogeneous function of order two in the 
velocities, it follows from Euler's theorem* 0 that 

2,*S-K O' 4 - 12 ’ 

oq t 


Thus: 


H = 2K - L = 2K - (K - <t>) = K + <t> 


(1.4-13) 


nH along a dynamical path the Hamiltonian function is equal to a 
constant, E, the energy. It should be kept in mind that this is true only 
for conservative systems. 


iii. The Hamilton-Jacobi Equation 

It is possible to define a function, S(q 2 , q 2 , . • . ?3v) • 

S(q u q 2 , ■ ■ ■ q 3N ) = 2JK dt (1.4-14) 

Integral over the 
dynamical path 


which is that part of the action 11 which does not contain time explicitly. 
This function bears the following relation to the generalized coordinates 
and momenta: 



(1.4-15) 


Substituting this expression for />, in the Hamiltonian, we obtain the 
Hamilton-Jacobi equation , 


/ dS dS 

H(q 1 ,q t , - q tfl -, 



(1.4-16) 


This equation is of interest because of its strong resemblance to the 
Schrodinger equation of quantum mechanics. 


10 Euler’s theorem states: If «(*„ x t , . . . x„) is homogeneous of degree m and has 
continuous first partial derivatives, then: 

E^dw/dx,.) = mu 

See, for example, I. S. and E. S. Sokolnikoff, Higher Mathematics for Engineers and 
Physicists, McGraw-Hill (1941). 

11 “Action” is defined as 

t t 

W(t) = J Ldt = / 2Kdt - Et. 
o o 

The natural motion of a system is characterized by the fact that the “action” has a 
minimum value. This is known as “Hamilton’s principle of least action.” 
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b. The Liouville equation 

Let us think of all the N particles as forming a single mechanical 
system. The concept of phase space can be employed to picture the 
changing state of the system. Phase space is the Cartesian space of 6 N 
dimensions, the coordinates of which are the 3N generalized configura¬ 
tional coordinates, q it and the 3N conjugate momenta, p t . The dynamical 
state of a system is completely described by a point in phase space. Since 
the past and future history of a system is determined by its present state, 
a point in this space uniquely determines a trajectory. In time, the 
representative point of a system traces out the trajectory in phase space. 
This motion is referred to as the natural motion of the phase point and is 
described by Hamilton’s canonical equations. 

Consider now a property of the system, F = F(q it /?„ /), which depends 
upon the dynamical state of the system and in general explicitly on time. 
Such properties may be constants of motion such as the total energy, total 
linear momentum, or total angular momentum of the system; or they 
may be properties which change with time, such as the energy, momentum, 
or position of a single particle in the system. The change of F with time 
following a point along a natural trajectory is then: 


DF_ d_F 
Dt ~ 3/ + 



(dF^H _ 

i \dq i dp i dp t dq { ) 


0-4-17) 

(1.4-18) 


dF 


(1.4-19) 


In the second of these equations, Hamilton’s canonical equations have 
been used, and the notation for the Poisson bracket has been introduced 
in the last equation. A constant of motion of the system is a function 
of the coordinates and momenta which is constant along each natural 
trajectory in phase space. Thus a constant of motion, a, has the property 
that 

[a, H)= 0 (1.4-20) 

These concepts are of importance in the postulational development of 
quantum mechanics and are used in the formal development of statistical 
mechanics. 

If we consider a large collection of non-interacting systems which differ 
from each other only in their initial conditions, the state of the entire 
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IP* , ‘ 4 ” 241 a • ♦! 

collection of systems is described by a set of points ** *”£££& 
, number of systems, the set of representative points can be rep 

bv a continuous distribution function™ p (?„ p„ t), which is usua y ter ^ e 
TdeZy in phase space. The choice of the density function » arbitrary 
‘ the initial time, but is fixed at any subsequent time by the equatio 
! Sta there are no “sources” or “sinks” of phase points, 
ihe distribution function satisfies a generalization of the ordinary equation 

of continuity: 


Then using Hamilton’s canonical equations and the definition of the 
Poisson bracket, we obtain the Liouville equation : 


ff-Jf+b-i- 


(1.4-22) 


This result plays an important role in the development of statistical 
mechanics; more is said about its application in Chapter 2. 


C. The virial theorem 

The virial theorem of Clausius establishes a ratio of the average kinetic 
to the average potential energy of a mechanical system. The theorem is 
valid in quantum as well as in classical mechanics. It is a powerful tool 
in the determination of intermolecular forces, and it is used directly in 
the development of the equation of state. 

In classical mechanics, 13 * 14 a particle of mass, m„ acted upon by a 
force, F„ moves in the ^-direction in accordance with Newton’s equation: 


Multiplying both sides of this equation by xJ2 and rearranging, we obtain 



(1.4-24) 


i* For a more rigorous development of Liouville’s equation, the reader is referred 
to A. I. Khinchin, Statistical Mechanics, Dover (1949). 

13 E. H. Kennard, Kinetic Theory of Gases, McGraw-Hill (1938), p. 235. 

14 R. C. Tolman, Statistical Mechanics, Chemical Catalog Co. (1927), p. 63. 
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The last term averaged over a sufficiently long time interval, r, vanishes: 



(1.4-25) 


since x^dxjdt) remains bounded (provided the particle is confined to a 
region of space) whereas r becomes arbitrarily large. Hence, the time 
average of Eq. 1.4-24 becomes 


-1 *AFi)m = 



(1.4-26) 


Similar equations can be obtained for the motion in the y- and z-directions. 
Adding together the three equations of the form of Eq. 1.4-26, we get 

E<m-HrrPd-Xt (1.4-27) 

in which AT, is the mean value of the kinetic energ y of the particle. The 
quantity on the left side of the equation, 2, = — J(r, • /%), was called by 
Clausius the virial of the force. Since this equation holds for any particle, 
it clearly applies also to any system of particles: 

2 = — XLfrrFd = K (1 -4-28) 

in which K = 2,£, is the total average kinetic energy, and 2 = 2,2, 
is the total virial of the system. 

When conservative systems are under consideration, the virial theorem 
may be written in terms of the potential energies. If, in particular, the 
potential is a homogeneous function of the coordinates of degree n , the 
virial of the forces becomes 

-iE,(7^F3 = + (r, • ^ *(r*)) = InO (1.4-29) 

where use has been made of Euler’s theorem. 16 The virial theorem then 
becomes 

Jnd> = K (1.4-30) 


u See footnote to Eq. 1.4-12 for statement of Euler's theorem. 



43 


^ , -4 _30] SUMMATIONAL INVARIANTS OF AN ENCOUNTER 
There are two especially important examples of potentials of 

is be,wTen ' kine,ic 
and potential. - 

(2 ) Coulombic Interaction 9> = «*/r f it = -1. and d> - * 

1 molecules obeying the Lennard-Jones interaction P otential » 
„ L°UT+ t*£?•?- 4. I (*>.>>’ and o., = 4. and 

‘Vibe teTSSrf^this chapter, 'the virial theorem is derived m 
auantum mechanics. In Chapter 3, the classical vmal theorem is used 
in the derivation of the virial equation of state. 

5 . Molecular Collisions in Classical Mechanics (Monatomic Molecules) 

It has been mentioned that the rigorous development of kinetic theory 

<1 mends on the exact nature of the collision process which occurs when 

present an analysis of adiabatic collisions between two particles whose 
Interaction potential is a function solely of the distance between them. 
We first discuss those properties of an encounter which involve the 
motion of the system of two particles as a whole; this discussion does not 
require any detailed description of the motion of the individual particles. 
Then the trajectories of the individual molecules are discussed, and an 
expression for the angle of deflection is derived. The angle of deflection 
is the only property of the collision which enters into the computation 
of the transport phenomena. 


a. Summational invariants of an encounter 

Let us consider the colliding system to be composed of two molecules, 
one of the species i with mass m i9 and the other of species; with mass m 
The two particles exert a force upon one another which depends solely 
on the distance between them. Let the velocity of the molecules before 
a collision takes place (that is, before the interaction between the colliding 

This special case has been considered in detail by W. Schottky, Physik. Z., 21, 

232 (1920). , , . 

i For each electronic state, k , of the system of two colliding molecules there is a 
separate potential energy function, <p k {r). An adiabatic collision is one in which the 
electronic state does not change during the course of the collision. A non-adiabatic 
collision is one in which the system starts in the state k with the potential rp k (r) and 
ends up in another electronic state with another potential function. Such non-adiabatic 
collisions occur between molecules in excited states or in very fast collisions. This 
problem is discussed in § 13.1. 
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molecules becomes appreciable) be v, and v„ respectively. We denote 
the corresponding velocities after the collision by v/ and v/. The laws 
of conservation of mass, linear momentum, and energy of the system as a 
whole define quantities known as summational invariants , which are of 
use in the derivations in Chapter 7. 

If no chemical reaction takes place when molecules / and j collide, then 
certainly at any time during the collision the masses of the individual 
particles remain unaltered. Specifically this is true before and after the 
collision, so that we may write: 

m i = m i ' m t = m / (1.5—1) 

Thus: 

m { + m, = m- + m/ 0-5-2) 

These are statements of the law of conservation of mass for the individual 
particles and for the system as a whole. 

If the colliding system as a whole is under the action of no external 
force, Newton’s second law may be integrated once with respect to time 
to show that the linear momentum of the system is a constant. This 
means that at any time during the collision the sum of the momenta of 
the individual particles is constant. Specifically, since this is true both 
before and after a collision takes place, we may write 

m i v i + = m,v/ + m s v/ (1.5-3) 

This is a statement of the conservation of linear momentum of the system 
as a whole. 

If the colliding system is not acted upon by external forces, the total 
energy remains constant. Hence, at any time during the collision, the 
sum of the kinetic energies of the colliding particles plus the energy due 
to the interaction is a constant value. Before and after the collision 
takes place, the energy of the system is simply equal to the sum of the 
kinetic energies of the individual particles. Hence, we may write 

i m t v t 2 + = \ m i v i 2 + (1-5-4) 

as a statement of the law of conservation of kinetic energy of the system. 

Each of the above relations which state the application of the con¬ 
servation laws to the colliding system is of the form 

V>i + Vi = Vt + Vi (1-5-5) 

where is successively the components of and J m { vf. Further¬ 
more, it can be shown that any function of velocities which satisfies 
Eq. 1.5-5 is a linear combination of these quantities. The quantities 
are the summational invariants. 
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[Eq. tS-9] 

„ trajectories of the individual particles during a collision 

w consider the dynamical problem of a collision between two 
Let , US j^hree dimensions. This is accomplished by first reducing 
particles >n two . body problem in a plane, then to a one-body 

,he problem to ^ yP ^ a problem of the O ne-dimens.onal 

problem in single p article . With each successive reduction 

m0, '° n ° f nti0 n of the motion is correspondingly less precise. However, 
,h£ < Mtttemely 1 convenient to sacrifice completeness of description for the 
11 1* of obtaining a simpler means of visualizing the problem. To 
S ,° f , in our pagination or on the printed page the trajectories of 
conS ‘ Hiding particles with an arbitrary interaction potential is somewhat 
H^cult The aim of this discussion is then to provide a better under- 
J the collision processes in classical dynamics and to develop 
a fomula for the “angle of deflection” which enters into the transport 

«f • collision, w. .,11. 

Newton’s laws of motion for both the particles. 

d*r, 


F, = m, 


di 2 


d 1 r, 

F< = F <= m i ~1T 


(1.5-6) 


(1.5-7) 


In these equations, F, and F, are the forces acting on molecules / and j 
and r and r. are the position vectors of the two molecules. Putting 
p _ ‘_p i n the second equation indicates that the only force acting on 
molecule i is that due to the presence of molecule j, and vice versa. If 
the first of these equations is multiplied by m, and the second by m„ and 
if the resulting equations are then subtracted, we obtain 


d* , Fi 

5T* (r ‘- r<) = ^ 


(1.5-8) 


in which p is the reduced mass of the pair of colliding molecules, defined 

b y ! ... 

(1.5-9) 


i-! + -!- 


m. 


m. 


If a cross-product is formed with the vector (r, — r,) on both sides of 
Eq. 1.5-8, the right-hand side vanishes (because the intermolecular force 

* It should be noted that for colliding particles of the same mass, m, the reduced 
mass is (m/2). 



46 


INTRODUCTION AND BACKGROUND INFORMATION [§ 1.5] 


is assumed to be along the lines of centers 3 and the cross-product of 
collinear vectors is zero. Hence: 

[to - r,) X to - »-,)] = 0 (1.5-10) 

This can also be written as 

7, h ~ r ‘ )x 7 , (r ' - r ' ) ] - [l, (r ‘ - r '> x 7, (r ‘ - ri) \ = 0 

(1.5-11) 

The second term is zero, since it is a cross-product of collinear vectors. 
The remaining term may be integrated with respect to time to give 

[to - r,) to - r,)] = [to - r >) X (V, - V,)] = K (1.5-12) 

where AT is a constant vector (independent of time) in a direction 
perpendicular to the plane formed by the vectors ( r t — r,) and 
(v, — y D • At a *l times the two particles and the center of mass of 
the system lie in a plane normal to K. A pictorial description of a two 
particle collision is presented in Fig. 1.5-1. This figure illustrates how 
the colliding particles are always located in a plane of unvarying orienta¬ 
tion, moving with the constant velocity of the center of mass. 

The fact that the collision takes place in this plane moving with the 
center of gravity of the system makes it possible to reduce the problem 
to a two-dimensional one. Pictorially, this is accomplished by collapsing 
the collection of planes in Fig. 1.5-1 onto a single plane. The result of 
this manipulation is shown in Fig. 1.5-2, where the entire encounter is 
shown. Analytically, essentially the same thing is done—we simply 
select a coordinate system moving with the center of gravity and with the 
z-axis pointing in the K direction. In addition, for convenience, the 
origin of coordinates may be taken at the center of mass of the system. 

In the coordinate system which has just been described, the kinetic 
energy of the system of two particles, relative to the center of mass, can 
be written 

K = + y, 2 ) + i + y f 2 ) (1.5-13) 


a The force would not be along the line of centers for molecules with dipoles, for 
cigar-shaped molecules, or for molecules in excited states. The present analysis 
applies only to spherical nonpolar molecules whose interaction potential depends 
only on the separation. 
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[Eq. I * 5 " 171 

nru- ^nrraion may be rewritten in terms of two variables, r and 0, 
T here /is the intermolecular separation and 6 is its angle of inclination 
tothe positive x-axis (0 goes from 0 to 2n and r goes from 0 to co). Since 



Fie. 1.5-1. Three-dimensional pictorial representation of a binary collision. 
Here one can see that the colliding particles are always located in a plane of 
unvarying orientation, moving with the constant velocity of the center of mass. 
The planes shown in the figure represent snapshots of the particles taken at equal 
intervals of time. Molecule i is moving initially with a velocity v t in the negative 
y-direction. Molecule j is moving initially with a velocity v, along line W in the 
* E-plane. The projection of the trajectory of the center of mass on the X E-plane 
is the line CC'. If we collapse all these planes onto one plane, the picture in Fig. 

1.5-2 results. 


the origin is the center of mass the coordinates x it y it y, in terms of 
r and 0 are 


x i — 

n 

-r cos 0 


w, + m, 

y, = 

m i • a 

--— r sin 0 


nti + m, 


m i - cn . n 

X i — 

- r tub v 

n\i m i 

n — 

m i • « 

— - r cm h 

<« « - m wri i t v 

m i + m i 


(1.5-14) 

(1.5-15) 

(1.5-16) 


(1.5-17) 
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The substitution of these four relations into Eq. 1.5-13 gives, for the 
kinetic energy, 

K=Mf* + r*6*\ (1.5-18) 

This relation, plus the knowledge of the potential energy of interaction 
9 >(r), is sufficient for the study of the collision problem. It is interesting 



Fig. 1.5-2. Planar representation of a binary collision. This picture is what 
we would obtain by collapsing the planes of Fig. 1.5-1 onto a single plane. 

Also shown in the diagram are the following: the intermolecular distance, r; 
the angle specifying the orientation, 0; the value of 0 at the distance of 
closest approach, 0 m ; the impact parameter, b; and the angle of deflection,*. 

to note that one would start with exactly the same information if one 
were dealing with the problem of the two-dimensional motion of a single 
particle of mass, n moving in the spherically symmetric potential 
field, (p(r). For this reason, collision problems are frequently discussed in 
terms of the equivalent one-body problem. This two-dimensional 
one-body problem is pictured in Fig. 1.5-3. 

To get the equations of motion for the equivalent one-body problem 
(and hence also for the two-body collision problem), one simply writes 
down the equations for the conservation of energy and angular momentum. 
This is accomplished by equating the angular momentum for r large with 
respect to the effective range of the potential to the angular momentum 
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[Efl* J . . . 

anv arbitrary point on the trajectory; a similar relation can be obtamed 

■n the same way for the energy. These two relat.ons are 

. ,6 (1.5-19) 

pbg = pM 

i/ig* = \p(f + r*6*) + v(r) (1S ' 20) 

In these equations, b, the impact parameter , is the distance of closest 
Inn roach to the absence of the potential fir); g is the initial relative speed 


X 

\ 



Fie. 1.5-3- Pictorial representation of equivalent one-body problem. In 
Fig. 1.5-2 was shown the planar representation of a collision between two 
particles. In this figure is shown the two-dimensional one-body problem 
which in all respects is dynamically equivalent to the collision problem. The 
quantities r, 0, 0 m , b t and X are shown so that they can be compared with 
their significance in the two-body problem. 


of motion for the system and give a complete dynamical description of 
the motion in terms of the interaction potential and the two parameters, 
b and g , which characterize the collision. 

The graphical picture of the collision can be simplified one step further. 
If the value of 6 from Eq. 1.5-19 is substituted into Eq. 1.5-20, we get 
the following relation for r as a function of time: 

if*g 2 = \pr* -f- !^ 2 (W + <f(r) (1-5-21) 

Since Eq. 1.5-21 contains no terms in 0, it can be regarded as describing 
a one-dimensional motion of a particle of mass p with total energy \pg 2 
moving in an effective potential field: 

•PefrW = 9* r ) + hvgW/r 2 ) 


(1.5-22) 
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in which the term, 1 pgKP/r*) is called the centrifugal potential. A 
typical effective potential curve for a pair of interacting molecules is 
sketched in Fig. 1.5-4. At any point along the curve the effective potential 
energy and the kinetic energy of the system add up to the total energy, 
bpg 2 . Of course, there is a whole family of <p eff (r)-curves depending on 
the value of the product }/ig 2 6 2 . 

c. The angle of deflection in a collision 

The only feature of a collision which enters into the formulae for the 
transport coefficients is the angle of deflection —the angle, x » between the 



Fig. 1.5-4. Equivalent one-dimensional one-body problem. For purposes of 
analyzing the dynamics of collisions it is frequently convenient to study the 
effective potential curves of the equivalent one-body problem in one dimension. 
In Chapter 8 curves of this type are discussed in connection with the collisions 
of molecules which obey the Lennard-Jones potential. 


relative velocity vectors of the two colliding particles before and after the 
collision. This angle is measured in the center-of-mass system of co¬ 
ordinates and is shown in Figs. 1.5-2 and 1.5-3. The angle x * s related 
simply to the angle 0,„ by the relation 

X — n ~ 20 m (1.5-23) 

6 m is defined as the value of the variable, 0, for which r (the intermolecular 
separation) has a minimum value. This minimum value is r m , and is 
the distance of closest approach. In principle one could eliminate time 
from the equations of motion and get rasa function of 0—that is, the 
analytical description of the trajectory. Then setting (dr/dO) equal to 
zero would give r m and 0 m . 
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the angle of deflection in a collision 
[E* Th 

mav be readily obtained in the following way: ine 
„ SA « be found, since , and 0 as functions of ..me are 
from Eqs. 1.5-21 and 1.5-19, respectively. Hence: 

(1.5-24) 


dr dr/dl _ /r»\ /, _ 9*') 

dO dO/dt \b / n 




The minus sign arises from selecting the negative square root, in accordance 
^th the fact 8 that r decreases with increasing 0 along the incoming trajec¬ 
tory. Then we may get 6 m by integrating Eq. 1.5-24: 

r“ f_ (fc/r 2 ) dr __ ,i 5 _ 25 ) 

On. = j de = - j V f- (tfr)/*,**)- (W> 
o ® 

Combining this equation with Eq. 1.5-23. we obtain the final formula 
for the angle of deflection: 

dr/r* 


. } dr //* __ 

X(b, g) = "-2b) Vl _ Wr) i iflgt) _ 

r m 


(1.5-26) 


This is valid for any spherically symmetric interaction potential, ?(r). 
The value of r m is found by equating the expression for ( dr/dO ) in Eq. 

1 Anumberof properties of dilute gases (wherein only two-body collisions 
are of importance) may be expressed in terms of this angle of deflection 
For example, the viscosity, rj(T), and the second vinal coefficient, l ), 
are given by 


RT 

ri(T) 


oo 

= tb/Vnj e _r V J sin 2 X 

A 


db 2 


0 

co 


dy 


(1.5-27) 


B(T) = iNV-nje~ y 'y* \ j X <* 3 j d Y (1.5-28)' 

n L o 


in which y 2 = ifig 2 /2kT. The expressions for all the transport coefficients 
in terms of the angle of deflection are derived in Chapter 7, and in 
Chapter 8 the angle of deflection and the transport properties are calculated 
for a number of different potential functions. 

* In § 1.1 simple formula for B(T) in terms of <f*r) was given. Equation 1.5-28 is 
given simply to illustrate that B(T) may also be expressed in terms of x • This formula 
is valid only for monotone decreasing potential functions. 
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6. Quantum Mechanics 1 

The theory of intermolecular forces, which is the subject of Chapters 13 
and 14, and the behavior of light gases at low temperatures, which is 
considered in Chapters 6 and 10, require an analysis based on quantum 
mechanics, for classical mechanics cannot be used to describe the 
behavior of particles with small mass and small energy. In this section 
we discuss first the direct experimental evidence that has led to the formu¬ 
lation of quantum mechanics. Then some of the fundamental principles 
of quantum mechanics are presented. The Schrodinger equation is the 
fundamental equation which in a sense corresponds to Newton’s second 
law of classical mechanics. This second-order partial differential equation 
may be solved in several cases, but for many problems discussed in this 
book approximation methods must be employed. The section is con¬ 
cluded with a derivation of the quantum mechanical virial theorem. 

a. Experimental manifestations of non-classical behavior 

The development of the theory of quantum mechanics has been aided 
considerably by a number of ingenious and important experiments, 
which have left no doubt of the invalidity of classical mechanics for 
describing atomic phenomena. The quantized nature of radiation, the 
existence of systems in stationary energy stales, wave-particle duality of 
radiation and matter, and the existence of electron and nuclear spins 
have been confirmed by the following experiments. 

i. Quantized Nature of Radiation 

(1) Planck 2 found it necessary to assume the existence of photons each 
with energy hv in order to explain the observed distribution of black 
body radiation. 

(2) Einstein 3 predicted, and Lawrence and Beams 4 observed that, 
when light impinges on a metal plate, the maximum velocity of the 
electrons emitted never exceeds hv. Furthermore, the number of electrons 
emitted in unit time is proportional to the light intensity. 

(3) Compton 5 showed that when a photon hits an electron it undergoes 
a billiard ball collision with the energy of the photon being degraded 
from hv to hv in such a manner as to conserve both energy and momentum. 

1 For those readers who are not familiar with quantum mechanics the small book 
by W. Heitler, Elementary Wave Mechanics , Oxford (1946), is recommended. A 
more complete elementary text is L. Pauling and E. B. Wilson, Jr., Introduction to Quantum 
Mechanics , McGraw-Hill (1935). 

* M. Planck, Ann. Physik, 4, 553 (1901). 

• A. Einstein, Ann. Physik , 17, 132 (1905). 

4 E. O. Lawrence and J. W. Beams, Phys. Rev. t 32, 478 (1928). 

4 A. H. Compton, Phys. Rev. t 21, 207, 483, 715 (1923). 
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principle showed that the frequency of 
i 1 or absorbed by atoms or molecules can be represented 

Sf e diftrenle between two “term values,” which Einstein interpreted as 
L h a characteristic energy levels divided by Planck’s constant, h. 
bC )?f Franck and Hertz 7 showed that when electrons are passed through 
as there is a tendency for the molecules to absorb certa.n energ.es 
a rnrresoond to the term values found in spectroscopy. 

Wh ‘, The cr uical ionization potential for an atom measured directly by 
/ } imnact corresponds to the difference between the spectroscopic 
term'value for the lowest state and that for the limit of the highest states. 

iii. Wave Nature of Matter 

(1 ) Davisson and Germer, Rupp. Kikuchi,' and others showed that a 
beam of electrons gives diffraction patterns similar to those given by 

x-rays with wavelengths of approximately A== Vl50/£A (whe« £ ‘S 
L enerev of the electrons in volts). These electron beams behave like 
waves and can be controlled with great precision. This has led to electron 
oDtics and the electron microscope. 

P (2) Dempster* showed that a particles produce diffraction patterns 

when scattered from a suitable object. 

(3) Johnson, Ellett, Olson, Zahl, 10 and others have shown that a beam 

of atoms will produce diffraction patterns. 


iv. Electron and Nuclear Spins 

Stern and Gerlach 11 showed that electrons and nuclei possess spins 
which line up in particular directions with respect to an external non- 
homogeneous magnetic field. The ratio of the magnetic moments to 
the apparent angular momentum contributions of these spins is anomalous. 

b. Wave-mechanical description of systems 

Quantum theory was developed almost simultaneously along two lines: 
the wave-mechanical formulation of Schrodinger 12 and the matrix- 

• W. Ritz, Physik. Z ., 4, 406 (1903); Ann. Physik, 12, 264 (1903). 

7 J Franck and G. Hertz, Verhandl. deut. physik. Ges., 16, 457, 512, (1914). 

• C. J. Davisson and L. H. Germer, Phys. Rev., 30, 705 (1927). E. Rupp, Z. Physik, 
95, 801 (1935); Ann. Physik , 9, 458 (1931). S. Kikuchi, Proc. Imp. Acad. Tokyo, 

4, 271, 275, 354, 471 (1928); Physik. Z., 31, 777 (1930). 

• A. J. Dempster, Phil. Mag., 3, 115 (1927). 

io T. H. Johnson, Phys. Rev., 37, 847 (1931). A. Ellett, H. F. Olson, and H. A. Zahl, 

Phys. Rev., 34,493 (1929). f o 11A 

n O. Stem, Z. Physik, 7, 249 (1921). W. Gerlach and O. Stem, Z. Physik, 8, 110; 

9,349(1922). # , . 

« E. Schrodinger, Ann. Physik, 79, 361 (1926); Collected Papers on Wave Mechanics , 

London (1928). 
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mechanics of Heisenberg 13 and Born and Jordan. 14 It was demonstrated 
independently by Schrodinger 15 and Eckart 16 that the two formulations 
of quantum mechanics are equivalent. For some formal problems the 
matrix-mechanics is more convenient, but the Schrodinger wave- 
mechanical formulation is the more usable for the study of collisional 
processes and intermolecular forces where numerical results are required. 
Hence we need to consider only the Schrodinger theory here. 

i. The Schrodinger Equation 

In quantum mechanics the state of a system of 7V particles is described 
by the wave function T(r*, /); this function has the significance that 
| ^(r^, t) | 2 dr N is the probability that at the time t the coordinates of 
the system are located within a range dr N about r*. In order for 
^(r^, t) to be interpretable in this fashion, it is necessary for ^(r*, /) 
to be square integrable. That is, in a system in which there are N identical 
particles 

j 'Y*(r N , »)T(r". t) dr N = 1 (1.6-1) 

all space 

In problems in which there is a beam containing N identical particles 
per unit volume, it is conventional to normalize the wave function in 
such a manner that 

J T»(r w , l)V, l)dr" = N (1.6-2) 

unit volume 

The dynamics of the system is completely specified by the quantum 
mechanical Hamiltonian, 

ST +0 = —f (£-•£-) + «V (1.6-3) 
,-i 2 m { \0r, or,/ 

which, like its classical counterpart, is the sum of a kinetic energy operator 
and a potential energy operator. (Some of the other wave-mechanical 
operators are discussed in § 1.6c.) The change with time of the state of 
the system is then given by 

Sir 4V, /)=--!- 4V', I) (1.6-4) 

I ot 

which is the Schrodinger time-dependent wave equation. 

“ W. Heisenberg, Z. Physik, 33, 879 (1925). 

14 M. Bom and P. Jordan, Z. Physik , 34, 858 (1925). 
u E. Schrddinger, Ann. Physik , 79, 734 (1926). 

14 C. Eckart, Phys. Rev., 28, 711 (1926). 
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There exists a set of functions, T/r* /), characteristic of “stationary 
fates” of the system. If the system is in one of these stationary states, 
the physical properties of the system do not change with time. In this 
case it is possible to define the total energy of the system, E„ by the 

relation 


For these stationary states, the time-dependent part of the wave-function 
can be separated from the space-dependent part, y>£r N ): 

T,(r* t) = y>,(r*) exp (—iEp/h) (1.6-6) 

and the space-dependent wave function satisfies the relation: 

= E^ (1.6-7) 

which is known as the Schrodinger time-independent wave equation. 
Under conditions where classical behavior is approached, this equation 
may be shown to approach the Hamilton-Jacobi equation of classical 
mechanics. This is discussed in § 1.6d in connection with the WKB 
approximation method of solving the Schrodinger equation. 

ii. Normalization and Orthogonality Conditions 

The stationary states of a system are described by wave functions which 
are solutions of the Schrodinger time-independent equation (Eq. 1.6-7) 
and are in addition well-behaved in that they are continuous, have con¬ 
tinuous first derivatives, and are everywhere finite. For bound systems 
it is possible, and usually convenient, to normalize the wave functions so 
that they satisfy either Eq. 1.6-1 or 1.6-2. Often the wave equation 
possesses well-behaved solutions for only a discrete set of stationary 
energy levels E = E v E 2 ,. ... 

The wave function describing any state of the system, v F(r iV , /), may 
be written as a linear combination of the set of stationary-state wave 
functions, y» > (/ JV ), thus: 

/) = (1.6-8) 

In this sense, any state of the system is a “mixture” of stationary states. 
This principle of superposition of wave amplitudes leads to the diffraction 
phenomena which are characteristic of quantum mechanics. 

The eigenfunctions have another property which is used frequently in 
quantum mechanical derivations. If y>, and are eigenfunctions 
corresponding to different eigenvalues, then 

J V* V>i dr N = 0 


(1.6-9) 
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This is known as the orthogonality condition. If y> ( and xp f have the same 
eigenvalues, linear combinations of y>, and y>, can be found which satisfy 
Eq. 1.6-9. 

iii. The Probability Current Density 

We may define a probability current density , /, which may be regarded 
as the product of the probability density, p = and an overall average 
velocity of the particles. It may be shown that: 

/= — ( 1 . 6 - 10 ) 
2/m L dr or J 

If T is real, / is zero, and there is no possibility of a net flow of particles 
across any area. The probability current density satisfies the continuity 
equation 

5 + (c-')-° <1 " ,) 

The current density is a useful concept not only in connection with 
quantum mechanical flow, but also in problems involving resonance. 

c. Operators in wave mechanics 

Thus far we have seen that the dynamical state of a system is given by 
specifying the wave function, and that the future behavior of the system 
is governed by the Schrodinger wave equation. We now give a brief 
discussion of dynamical observables, which in quantum mechanics are 
represented by operators. First we shall give some specific examples of 
operators in wave mechanics and then proceed to discuss some of the 
operator manipulations. 

i. Some Wave-Mechanical Operators 

To every dynamical observable in classical mechanics, there corresponds 
a quantum mechanical operator. To the x-coordinate in classical theory 
there corresponds, for example, 17 a quantum mechanical operator x. 
Operation with this operator on a wave function tp(x) is equivalent to 
multiplying ip(x) by x. The same is true for any function of the position 
coordinates; thus the potential energy operator in Eq. 1.6-3 operating 
on the wave function y^r**) is tantamount to the product <b(r N )ip(r N ). 

11 Here we restrict the discussion to the Schrodinger method. It is quite possible to 
use an entirely different set of operators, as indeed is done in the momentum method. 
For a brief summary of the latter, see V. Rojansky, Introductory Quantum Mechanics , 
Prentice-Hall (1938), Chapter 8. 
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The operator corresponding to the classical linear momentum, p„ m 
cittssiaicoordinates is a differential operator: 


hd_ 

A *~~idx 


(1.6-12) 


Hence the kinetic energy operator for a system of particles is 

A? ^ & l 9 9 \ 

= Z‘2m,~ ~ 2m, lar,‘ Sr,) 


(1.6-13) 


as given in Eq. 1.6-3. These last two relations are valid in Cartesian 
coordinates only; they are not generally valid in other coordinate 

systems, ntum mechanjca , angu ] ar momentum operators may be 

expressed in terms of the linear momentum operators just as may be 
done in classical theory: 

•*. =- w=? ( y - i) (16 ~ U) 

^=t L (**h ~ Xi £) (1 - 6_15) 

= **■*•*•, - y = 7( x - |r ( ~ y - h) (1,6_16) 


In addition to these angular momentum operators there are also the spin 
angular momentum operators which have no classical analog. The 
necessity of introducing electron spin was suggested by Uhlenbeck and 
Goudsmit, 20 and Pauli 21 worked out the formal methods of treating 
the spin quantum mechanically. Later, while examining the theory of 
the electron in relativistic quantum mechanics, Dirac showed that the 
results of the relativistic theory automatically endow the electron with 
the properties that account for the phenomena previously ascribed to a 
hypothetical spinning motion of the electron. 22, 23 The magnetic moment 

w E. C. Kemble, Fundamental Principles of Quantum Mechanics , McGraw-Hill 
(1937), p. 237. 

» w. Pauli, “Die Allgemeinen Prinzipien der Wellenmechanik,” Handbuch der 
Physik, W Aufl., Band 24, 1 TeU. 

10 G. E. Uhlenbeck and S. Goudsmit, Naturwissenschaften , 13, 953 (1925). 

“ W. Pauli, Z. Physik, 43, 601 (1925). 

“ P. A. M. Dirac, Proc. Roy. Soc. (London), A117, 610 (1928); The Principles of 
Quantum Mechanics, 3rd Ed., Oxford University Press (1947), Chapter 11. 

** V. Rojansky, Introductory Quantum Mechanics, Prentice-Hall (1938), Chapters 13 
and 14. 



58 INTRODUCTION AND BACKGROUND INFORMATION [§ 1.6] 

associated with the electron spin is twice what would be expected if the 
spin were similar to other forms of angular momentum. The spins of 
practically all the nuclei are known. 

ii. Eigenfunctions and Eigenvalues of Operators 

For every operator, S /, there may be found functions, <f> jt such that 
operation on these functions causes the original functions to be regenerated 
aside from a multiplicative constant: 

(1.6-17) 

If the functions <f> f also satisfy certain boundary conditions and other 
requirements, they are called eigenfunctions or characteristic functions of 
the operator S/ , and the A f are called the corresponding eigenvalues. 
Equation 1.6-17 may be an integral or a differential equation, and there may 
be only certain discrete values of A t for which solutions, <f>„ may be found 
which are physically permissible. 24 * 25 The eigenfunctions of the momen¬ 
tum operator, >„ are <f>(z) = A exp (—ip^/h); and the eigenfunctions 
of x 2 + ^ v 2 -F ^ t are the spherical harmonics. 

We shall be concerned with Hermitian operators only. These operators 
are operators such that if/(/- v ) and g(r N ) are arbitrary functions, then: 

jfJ*'gdr J, = jg»J*'*/dr v (1.6-18) 

An important property of Hermitian operators is that they have real 
eigenvalues only. When the system is in a state characterized by an 
eigenfunction of an operator corresponding to a dynamical variable, the 
variable has precisely the value given by the eigenvalue; it is for this 
reason that we deal only with operators which are Hermitian. 

If the system is not in an eigenstate, <f> it but in a state characterized by 
some function, ¥(/•*, r) (which can be expanded in terms of the eigen¬ 
functions as in Eq. 1.6-8), the expectation value of the property corres¬ 
ponding to the operator, , is given by 

A = j f'Ydr 

= E,.,c ( *c, j dr* = S,|c ( | (1.6-19) 

Here use is made of the normalization and orthogonality properties of 
the eigenfunctions, <f>j. 

u H. Margenau and G. M. Murphy, The Mathematics of Physics and Chemistry , 
Van Nostrand (1943), Chapters 8 and 14. 

“ F. D. Mumaghan, Introduction to Applied Mathematics, Wiley (1948), Chapters 7 
and 8. 
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iii. Commutability of Operators 

Some quantum mechanical operators commute , that is, 3/ a PP 1 
to a wave function is the same as & 3/. In general, however. 


&S*)= ih[J*,&) (1.&-20) 

. which (is the commutator of S/ and and 

r a*' is the operator associated with the classically computed Poisson 
‘ ac ket of J* and &. From this relationship we may get the following 
information about some of the operators which we have discussed: 

X/t B —/tr e = ih ( 1 . 6 - 21 ) 

( , - 6 ' 22 > 

^•*^.--^■,-^■* = 0 (1.6-23) 

^e l 2ff - = o (1.6-24) 


A particular function can be simultaneously an eigenfunction of two 
operators only if the two operators commute. Thus from Eq. 1.6-21 it 
can be shown that it is impossible to know simultaneously the position 

and conjugate momentum of a system. 

If Stf is any operator which does not contain time explicitly, its time- 

dependence is given by 

= (1.6-25) 

ot 

From this it may be seen that if an operator 3/ commutes with the 
Hamiltonian, then the dynamical variable associated with the operator 
3 / is a constant of motion. 

d. Indistinguishability of identical particles 

In classical theory the motion of a group of identical particles is well- 
defined by Newton’s second law, and it is possible at any time to dis¬ 
tinguish between the various particles. In quantum theory it is assumed 
that particles which are identical cannot be distinguished one from 
another. This gives rise to interesting effects, some of which we shall have 
occasion to discuss in this book. 

Let us consider a system of N indistinguishable particles in which there 
is negligible interaction between the individual particles. Under such 
conditions the Hamiltonian operator for the whole system may be written 
as the sum of the Hamiltonian operators for the individual particles: 


JT = JT, + + • • • &f N 


(1.6-26) 
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in which , depends only on the coordinates of the ith particle. The 
entire system of particles satisfies the Schrodinger wave equation: 

3t?'p k = CkYk (1.6-27) 

By virtue of Eq. 1.6-26 the Schrodinger equation separates into N 
equations: 

arACn) = 

O*- 2 *) 


and 

«a + «6H-h«» = «* (1.6-29) 

^(r m ) is interpreted as describing the mth particle in the y'th quantum 
state with an energy oq. Mathematically, the eigenfunction for the 
system is the product of the eigenfunctions of all the individual particles, 
or any linear combinations of such products. However, physical systems 
behave in such a way that only certain linear combinations of wave 
functions are permissible in the formation of a total wave function; only 
those combinations which are symmetrical or antisymmetrical with 
respect to an interchange of two particles are allowed. 

i. Antisymmetrical Wave Functions: Fermi-Dirac Statistics 

When we require that the total wave function be antisymmetrical we 
may write the desired combination of wave functions for the individual 
particles in determinantal form: 

&(*i) MrJ 

• • 

• • 

• • 

which may also be written symbolically in the form: 

v = K-il'/’WMW • • •} C- 6 - 3 ') 

The sum is taken over all permutations, P, of the alphabetical indices. 
The symbol p is the parity of the permutation, an even or odd number 
depending on whether an even or odd number of interchanges of pairs 



(1.6-30) 
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[Eq. 1.6-32J 

- a h _ _are needed to restore a particular product, e.g., 

6 <rj , into the normal order ^ 0 (r,) 4> b (r 2 ) - It is easy to see 

tha^the wave function (Eq. 1-6-30) possesses the required symmetry 
Tironerties, for an interchange of two columns of the determinant, repr 
«rndne an interchange of two particles, changes the sign of the total 
tave function. Furthermore, it should be noted tbat if itwo pairbcles 
ar e both placed in the same energy level (that is, letting all the subscripts 6 
* enlaced by a), two rows of the determinant becomes equal, and the 
total wave function vanishes. Hence, from this we infer that no two 
articles can be situated simultaneously in the same quantum state (the 
Pauli exclusion principle). Particles whose wave functions have these 
-vmmetry properties are spoken of as obeying the Fermi-Dirac statistics. 
This type of statistics is required for the description of all elementary 
rticles and for all atoms and molecules containing an odd number of 
elementary particles. The consequences of these symmetry restrictions 
will be dealt with in Chapters, 2, 6, and 10. 


ii. Symmetrical Wave Functions: Bose-Einstein Statistics 
If the particles are indistinguishable and if the total wave function is 
required to be symmetrical with respect to the interchange of any two 
particles, the total wave function may be made up thus: 

V = ( 16 - 32 > 

the sum being over all permutations of the alphabetical indices. The 
statistics obeyed by systems having this type of wave function are called 
Bose-Einstein statistics. For such systems there is no restriction as to 
the number of particles which can be assigned to the various possible 

quantum states, a, b _ n. These symmetry properties are possessed 

by systems of molecules and atoms containing an even number of 
elementary particles. 

e. Approximation methods for solving the Schrodinger equation 26 

Inasmuch as the Schrodinger equation admits a solution in closed form 
for only the very simplest of systems, approximate methods of solution 
are of considerable importance. Let us discuss briefly three methods. 
In the variational method we construct an approximate eigenfunction 
having the proper form and containing several variable parameters; 

«• For a discussion of approximate methods and simple applications, see P. Gombds, 
Mehrteilchenproblem der Wellenmechanik , Birkhauser (Basel), 1950, or H. Eyring, 
J. Walter, and G. E. Kimball, Quantum Chemistry , Wiley (1944). 



62 


INTRODUCTION AND BACKGROUND INFORMATION [§ 1.6] 


these parameters are adjusted so as to give the best value of the energy. 
In the perturbation method we must first know the solutions to a wave 
equation which differs from the true one only in the omission of certain 
terms whose effect on the system is small; then we correct the solutions 
in order to account for the additional small perturbing term in the poten¬ 
tial. In the WKB method , we take the classical solution as a first approxi¬ 
mation and compute the quantum deviations from this behavior. All 
these methods, important in problems of molecular interaction, are used 
later in the book. 


i. The Variational Method 

Let the set of functions y>, be the complete set of eigenfunctions of 
the Hamiltonian of the system, . The corresponding set of eigenvalues 
is E { . Let £ be an arbitrary trial solution. Then, since the y> ( form a 
complete orthonormal set, one may expand the arbitrary function in 
a series of the v», : 

(1.6-33) 

Hence: 

&'S = 'Z i E i fl i v i (1.6-34) 


Both of these equations may be multiplied by £* and integrated over all 
space to give: 

= (1.6-35) 

fS'jerSdr* = | a, I *Ei (1.6-36) 


where use has been made of the orthonormal properties of the eigen¬ 
functions yv Thus: 


MTS dr* S, | a, 1*(E, - E„) 

Jf *# dr» 0 + S ( | fl< |* 


(1.6-37) 


where E 0 is the lowest eigenvalue of the Hamiltonian. Since E { — £ 0 > 0, 
it follows that 

dr N ^ E 0 (1.6-38) 

and that the equality holds only if f is the exact eigenfunction, cor¬ 
responding to the lowest state. This result is the basis of an approximate 
method of solution. An arbitrary trial function, {, is set up with as 
many parameters as is convenient. The ratio of the integrals is then 
computed, and the result is minimized with respect to all the parameters. 
The resulting ratio of the integrals is the best approximation to the energy 
(of the lowest state) which may be obtained with a function of this form. 
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m - , - 6_4SI 

I. ran easily be seen that if the trial function is orthogonal to the eigen¬ 
function corresponding to the lowest eigenvalue, the ratio of mtegrals is 

' Un or equal to the £,. Similarly if the function is orthogonal to the 
two eigenfunctions, the ratio is greater than or equal to E 2 , etc. 
Th se results are of value whenever the trial function can be made 
nrthoeonal to the ground state on the basis of the symmetry 

As an example of this procedure, let us consider a tnal function f 
hich is a linear combination of a set of functions /,. The set may be 
finite or infinite and need not be orthonormal. Thus: 

f = W< c^ 39 > 


For convenience, let us use the abbreviated notation: 

&?„ = !/,* /, dr" = 3C t f (1 -6-40) 

A„ = //<*/, dr* = A, ( * (1.6-41)” 


Then, according to Eq. 1.6-38, the approximate energy is 

A„ 


(1.6-42) 


The best value of E is obtained by minimizing this expression with respect 
to all the parameters. The resulting equations are 

2A( a ~ £A„) = 0 (1.6-43) 


This set of equations has a non-trivial solution only if the determinantal 
equation 


l^-EA^O 


(1.6-44) 


is satisfied. The lowest root of this secular equation is clearly an approxi¬ 
mation to the lowest eigenvalue of 2(f . The higher roots are approxi¬ 
mations to the higher eigenvalues. 


ii. Perturbation Method 

It often happens that the Hamiltonian of a system can be written as the 
sum of two terms, 

JT = + A JT< 11 (1.6-45) 

where is the important term and is a small perturbation. 

The quantity A is interpreted as a small quantity which may be varied. As 
an example, the perturbation term may represent the effect of an 
external magnetic or electric field. An approximate solution may be 


11 If the/< are orthonormal, = S if . 
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obtained by using as a variational trial function a linear combination of 
the eigenfunctions, y>\°\ of the unperturbed Hamiltonian, Then, 

if £/ 0) is the unperturbed energy, Eqs. 1.6-40,41 become: 

= J dr* = E}°% + X (1.6-46) 

where 

= J v /.° ) * £ 5r< 1 V i 0) dr* (1.6-47) 

and 

The set of energy levels of the perturbed system may be obtained by 
solving the secular equation (Eq. 1.6-44), which becomes 

| (£/°> - E)6 ti + XZffV | = 0 (1.6-49) 

If this equation were solved exactly, the set of solutions would be the 
exact set of energy levels of &T. Ordinarily this is not accomplished. 
The accuracy of perturbation solutions depends on the nature of the per¬ 
turbation and the order to which the equations are solved. Because 
of convergence difficulties it is difficult to estimate the error which is 
made. 

The solution of the secular equation is assumed to be close to one of 
the £/ 0) and may hence be expanded in powers of X: 

E k = Ei 0) + XE + • * • (1.6-50) 


Thus correct to first powers 

| (£<°> - Ei m )d tl + K&f'V - E?\,) | = 0 (1.6-51) 

Multiplying out the determinant and keeping only terms of first order in 
X, one finds that, if the original set of eigenvalues is non-degenerate (so 
that £! 0) ^ Ej, 0) unless i = k), then: 

£!» = .ST'.!' (1.6-52) 

so that 

£ = £f> + Ajri!’ (1.6-53) 


If the original set of energy levels is degenerate, a result of comparable 
accuracy may be obtained by ignoring the matrix elements ST'ft between 
states belonging to different degenerate groups. In this case the determi¬ 
nant becomes a product of determinants. The set of perturbed levels 
arising from one degenerate group may then be obtained by solving the 
equation 

| (*%» - Ei»d it ) | = 0 (1.6-54) 


Here the rows and columns of the determinant refer to the original set 
of degenerate states. 
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[E* 1.6-58] --*--- 

retaining higher powers of A one can obtain results to a higher 
y of accuracy. For non-degenerate levels we get 


degree 


E = Er + ^!!> - A* I (1 -6-55) 


for the energy in second-order perturbation theory. Numerous appli¬ 
cations of perturbation theory to simple problems may be found in any 
standard elementary textbook on quantum mechanics. 


iii. Wentzel-Kramers-Brillouin (WKB) Method 28 

The Wentzel-Kramers-Brillouin method is very convenient for approxi¬ 
mating the solution to one-dimensional quantum mechanical problems. 
This method gives the corrections to classical behavior in terms of a power 
series in Planck’s constant. Let us consider a one-dimensional problem 
with a potential energy function <D(z) and a total energy of the system E, 
as shown in Fig. 1.6-1. At the classical limiting point x 0 , O(x 0 ) = E 
so that classically the kinetic energy at this point is zero. It is clear from 
the figure that for values of x larger than x 0 the kinetic energy, E — <!>(*), 
is positive, and this region of space is classically attainable. However, 
for x less than x Qy E — <t>(x) is negative, and this region cannot be reached 
by a classical system. This distinction manifests itself in two different 
forms of the solution for x < x 0 and x > x 0 . 

The Schrodinger equation for this one-dimensional problem is 29 

h 2 d 2 w 

~~ 2^ y> = E v (1.6-56) 


Let us define a new function, S(x), such that 

xp{x) = Ae iS{x)lh 
Then S(x) satisfies the differential equation: 


d 2 S (dS\ 2 

-SF+fc -2*,[£—*(*)] = 


0 


(1.6-57) 


(1.6-58) 


” Good short discussions of this method are given in V. Rojansky, Introductory 
Quantum Mechanics, Prentice-Hall (1938), and in L. I. Schiff, Quantum Mechanics , 
McGraw-Hill (1949). For a detailed discussion see E. C. Kemble, Fundamental 
Principles of Quantum Mechanics , McGraw-Hill (1937). Also J. L. Dunham, Phys. 
Rev., 41,713,721 (1932). 

*• When considering solutions of the radial wave equation, replace i by r and 
<D(a:) by <D(r) + /j*/(/ -f- l)/2 mr x \ xp equals r times the radial wave function. 
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Except for the term iH —, this equation is exactly the Hamilton-Jacobi 
r dxr 

equation (Eq. 1.4-16) of classical mechanics. If S(x) is expanded in 
powers of h , 

S(x) = S 0 (x) + fiS^x) + h 2 S 2 (x) -f ••• (1.6-59) 



Fig. 1.6-1. A schematic illustration of the probability amplitudes computed 
classically, quantum mechanically, and by the WKB approximation. 


and the series is substituted into Eq. 1.6-58, we get, on equating like 
powers of h , a series of equations, the first two of which are 



- 2 m[E - <D(x)J 


dj^dSi 

dx* dx dx 


= 0 

= 0 


(1.6—60) 
(1.6-61) 



[Eq. 1.6-67] APPROXIMATION METHODS 

The Eq 1-6-60 for the zeroth approximation, S 0 (x), is exactly the 
Hamilton-Jacobi equation. This demonstrates the “"esponden" 
between quantum and classical mechanics. Integration ot tq. 


gives 


X 

S„=± jV2^E~ 


<D(r)) dx 


(1.6-62) 


and substitution of this into Eq. 1.6-61 yields 

d Jl = i -— (in (^°)) =^ |n [2 m(£ - <t>(x)] (1.6-63) 

dx 2 dx\ \dx]J 4 dx 

Hence 

S, = ^ In [^ (£ - 4>(x))J (1.6-64) 

and to the first approximation the wave function (x) is 


V<*) 


[_* 

L2m(£ - 


l 1 /. 


0>(x))J 


+ i J I2m(E " * Kz)>|1 

Xo 


</x 




(1.6-65) 


In the non-classical region , where £ — d>(x) is negative, it is more con¬ 
venient to write the wave function in the equivalent form, 


* X) [ 2 m(<D(x) - £)] 


»/4 


1 Z ® 1/ 
n + * f(2m(«Kx) - E)] ,t dz 

B i e 

, - J f(2m(«IKx) -E)) l,t dz 

l + B 2 e » i 


( 1 . 6 - 66 ) 


In the general case where there is more than one classical limiting point, 
it is difficult to write explicitly the connection between the A v A 2 and 
B lt B 2 . However, in the case under consideration, where d>(x) > £ 
for all values of x < x 0 , it is clear that B x is zero. It can be shown that 
the wave solution in the classical region is 

L(£-ow) ) ,€cos [“Z + i/ W-WiP**] 

(1.6-67) 

This result may be used to derive expressions for the quantum correction 
to the second virial coefficient and the transport properties at high 
temperatures (see Chapters 6 and 10). 
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f. The quantum mechanical virial theorem 

It has been shown 30 - 31 that the virial theorem and its applications are 
valid in quantum as well as in classical mechanics, except that the time 
averages are replaced by spatial averages. The proof of the quantum 
mechanical virial theorem is presented here, and its applications to the 
equation of state are discussed in § 6.2b and to the theory of molecular 

structure and interaction in § 13.1c. 

For a system of N particles the Schrodinger time-dependent wave 

equations for y> and for its complex conjugate are 


2 + (*-*)*- 0 (16 - 68) 

i (- £-) +<• - w= 0 (l - 6 - 69) 

<-i\ 2 mj dxf 

Differentiation of the first of these with respect to x, and multiplication by 


xtf* gives 



d*y> 

dxf dx i 




g V + x lV ^ - E) §* = 0 

(1.6-70) 


Substitution of (O — E)y* from Eq. 1.6-69 into Eq. 1.6-70 and sum¬ 
mation over j then yields 


(1.6-71) 


The first term may be transformed, using the relation 

Z* (** S;) = ~ 2 r w 

(L6 - 72) 

Then integrating both sides of Eq. 1.6-71 with respect to *, gives 

] z*(v*ajfe ; dXi 

= -2 jVg^ + [d^£{^Z«S] + .: 


— CD 


— CO 


M J. C. Slater, J. Chem. Phys., 1, 687 (1933). 

« M. Bom, W. Heisenberg, and P. Jordan, Z. Physik , 35, 557 (1925, 1926). 
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[Eq. l.£-75J 


If the system is closed, the term in the brackets vanishes at the two limits. 
Thus this integration gives finally 


This is the quantum mechanical virial theorem. The term on the left is 
the expectation value of the kinetic energy; the term on the right is the 
quantum mechanical analog of the “virial.” 

If <J> is electrostatic in origin, — = —O so that Eq. 1.6-74 


becomes 

in agreement with the result of classical theory that K = — JO. 


J y> dr 1 * (1.6-75) 


7. Molecular Collisions in Quantum Mechanics 1 

The development of the quantum theory of the equation of state and 
the transport properties demands a knowledge of the quantum theory 
of collisions. We consider only collisions between two particles for 
which the interaction potential is angle-independent. 

We have mentioned that, in the classical theory, expressions are obtained 
for the properties of dilute gases (second virial coefficient and transport 
phenomena) in terms of the angle of deflection, *(6, g ), of the relative 
velocity of the two colliding particles. In quantum theory, however, the 
precise position and velocity of a molecule do not admit of a simultaneous 
determination (Heisenberg uncertainty principle). Hence it is impossible 
to determine exactly the angle of deflection. The best one can do is to 
inquire as to the probability that the angle of deflection is x • Such a 
probability is expressible in terms of the phase shifts, iu(k), of the radial 
wave function. In fact, the phase shifts are the only features of a collision 
which enter into the final quantum mechanical expressions for the second 
virial coefficient and low density transport coefficients. The phase shift is 
simply related to the angle of deflection in the correspondence limit. 


a. Interaction of two particles: the phase shifts, tj^k) 

In the discussion of classical collisions in § 1.5 it was pointed out that 
the two-body problem (involving 6 degrees of freedom) might easily be 
reduced to an equivalent one-body problem (involving 3 degrees of 
freedom), by simply separating off the overall translatory motion of the 

1 N. F. Mott and H. S. Massey, The Theory of Atomic Collisions, Oxford University 
Press (1949). 
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two-particle system. The same simplification may be made in quantum 
mechanics, with the result that the Schrodinger equation for two particles, 
interacting according to a potential function <p(r), may be written as 

in which E is the total energy of the system. If the potential energy 
function, rp(r) has a minimum, there are types of eigenfunctions of this 
equation (see Fig. 1.7-1). If the two particles are bound, the system can 



Fig. 1.7-1. A typical potential energy curve for a two-particle system, 
illustrating an energy level in the continuum and a discrete energy level. 

exist in one or more of the discrete negative energy states, 2 and 

if the particles undergo a collision, the energy is in the range of the 

continuum and 

E = W 2 

g being the relative speed of the colliding pair before the collision takes 
place. It is the latter possibility on which we wish to focus our attention. 
If we define k by Hk = /ig, the Schrodinger equation assumes the form 



This equation may be solved by the method of separation of variables by 
putting y> = vJr)Y t m (6 t <f>), where YftO, <f >) are the spherical har¬ 
monics, 3 and the y> Kl (r) satisfy the radial differential equation 

^ M + (** -m (r V J = 0 (1.7-3) 

in which f(r) = [/(/ + 0/^*1 + 

* The zero of energy and potential is taken to be that of the separated particles. 

* The spherical harmonics T™(0, 4>) are defined in Appendix 12.B. 
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[Eq. 1 7-11] itu. rfiAat dniris 

For two “ideal” particles, for which <p(r) = 0, this equation is 

The superscript “0” indicates quantities which correspond to “ideal 
particles. In the calculation of the second virial coefficient in quantum 
mechanics one needs to know the discrete energy levels for the system of 
two interacting particles and also the continuum of energy levels—or, 
more precisely, the density of energy states in the continuum. 

In order to evaluate the density of states in the positive energy spectra 
given by Eqs. 1.7-3, 4 it is of advantage to first make the energy spectrum 
discrete. 4 This is accomplished by introducing the artificial boundary 
condition that the wavefunction of relative motion must be zero for inter- 
molecular separation r greater than some value r = L. Subsequently 
L is allowed to become infinite. 

The general solution of Eq. 1.7-4 may be written as the sum of two 
Bessel functions, J^x, t (xr) and /_!_»,/*/■), 6 but, since the latter are infinite 
f or r = 0, they must be excluded. Hence for the solution of Eq. 1.7-4 


we write 


ryj = i4[ir*r/2]V,^ /t (*r) (1.7-5) 

which for large r becomes asymptotic to the sine function 

ry Kl 0 = A sin [*r — J/tt] Large r (1.7-6) 

Application of the artificial boundary condition allows k to be determined 
as follows: 

kL — \h = mr n = 0, 1, 2,... (1-7-7) 

Equation 1.7-3 may now be treated in the same manner. For values 
of r beyond which the potential <p(r) is essentially zero, the wave function 
may be written in the form 

np., = AM [w/2J^«) + BM [™r/2] V_ M/i (Kr) (1.7-8) 
For large r this becomes, asymptotically, 

rrp.i = MiV) + sin [xr — \hr + »?,(*)] Larger (1.7-9) 

where 

VM = arctan (-1)' [BM/AM] 0-7-10) 

The artificial boundary condition then gives 

kL — \ln + tj,(k ) = mr n = 0, 1, 2, • • • (1.7—11) 


(1.7-6) 


(1.7-8) 


0-7-9) 


(1.7-10) 


(1.7-11) 


4 B. Kahn, Dissertation, Utrecht (1938). 

6 E. Jahnke and F. Emde, Funktionentafeln, Dover (1945), § 8. 
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Thus we see that the asymptotic solutions for real (interacting) and ideal 
(non-interacting) pairs of molecules are sinusoidal and differ only in the 
phase of the sine functions, the difference being the phase shifts, *?,(*). 
The phase shift depends upo n the a ngular momentum quantum number / 
(or angular momentum /h//(/+l)) and the wave number of relative 
motion, k (or relative momentum Hk). This is reminiscent of the classical 
theory where we calculate % as a function’of the impact parameter b 
(or angular momentum fibg) and the relative velocity g (or relative 
momentum fig). 

The density of states p°(x) = (An/A*) 0 and p(x) = An/A* can now 
be determined from Eqs. 1.7-7 and 1.7-11, respectively. Differentiation 
of these equations gives 

(An) 0 = (L/n) (A*) 0 (1.7-12) 

An = (I/tt) A k + (1/w) (A^/Ak) A k (1.7-13) 

We then see that, in the limit A k 0, the difference in energy densities 

on the k scale is 

M") - P°M) = (1/*) (drjJdK) (1.7-14) 

This result is used in the derivation of the formula for the second virial 
coefficient at low temperatures. 

The phase shifts for almost classical collisions may be calculated by the 
WKB method described in §1.6e. In the first WKB approximation it is 
found that for a monotone decreasing potential the phase shifts are simply 
related to the angle of defl ection: *7i+i(*) — vMX(g> b )> where 
g = hK/p and b = V7(/+ 1)/*. Higher. WKB approximations then 
give the deviations from the classical behavior. In Chapter 10 the 
actual WKB expansion of the phase shifts is described. These results 
may then be used to calculate the quantum corrections to the second 
virial coefficient and to the transport properties. 

b. Probability of an angle of deflection % 

Let us continue to discuss the equivalent one-body problem described 
by Eq. 1.7-2 and to examine the scattering of the system of reduced mass fi 
as it approaches in the negative direction along the(-f z)-axis a scattering 
center located at the origin of coordinates. The most general solution of 
Eq. 1.7-2 consistent with the cylindrical symmetry of the problem and the 
physical requirement that the wave function be finite at r = 0 is 

V = 1 C tVkl (r)P, (COS x) (1.7-15) 

/-o 

the C, being constants. For the purpose of studying the angle dependence 



1.7-21] PROBABILITY OF AN ANGLE OF DEFLECTION % 


_— a ■»»» rrv f *ts titi m -■ m ■ ■« i »r r ■ .rA. a a v* » a, 

m 

of the scattering we separate y into two parts: representing the 

incident wave, and y 5 , representing the scattered component. 

For the incident wave (the system approaching along the z-axis) we have 
y 7 = exp (ixz) = exp (ixr cos *) (1.7-16)“ 

This expression may be expanded in Legendre polynomials, the coeffi¬ 
cients of expansion involving Bessel functions: 7 

J = 2 (2/ + l)/‘ (jr/2Kr)''*y |+ . , t (xr)p, (cos x) (1-7-17) 

j-o 

which for large r may be written as 

•/ = I£(2/ + l)/‘ sin ixr — P, (cos x) (1.7-18) 

This represents the asymptotic behavior of the incoming wave. Let us 
now consider the scattered wave. This wave is of the form given by 
Eq. 1.7-15 and hence has the asymptotic form 

V a =-*”Ax) (1-7-19) 


where fix) is an arbitrary function of the angle x • The complete wave 
function, which is the sum of this function and y/ (as given by Eq. 1.7-18), 
is a solution of the complete wave equation, including the interaction 
potential. In order that this be true, the function/(x) is chosen so that 
the complete wave function is continuous and has continuous derivatives. 
This is accomplished by choosing the function fix) in such a manner 
that r/ + V s is asymptotically identical to the expression given by the 
Eq. 1.7-15 for some choice of the constants C,. 

The introduction of Z), as the expansion coefficients of fix) in terms of 
Legendre polynomials allows Eq. 1.7-19 to be rewritten as 

y s = e""Z, D, P, (cos X ) (' -7-20) 


Since the asymptotic forms of the functions t/ and y» s must add up to 
the asymptotic solution of the wave equation (1.7-2) as given by 
the total wave function, y», given in Eq. 1.7-15, 


L j^(2/ + 1) sin — \') + D ‘~ r «’"} p i ( cos X) 

= L Ci s'" (w — ^ — »?i(*) Jt 7 , (cos x) (1-7-21) 


8 This must be modified in the case of the collision between two similar (indistin¬ 
guishable) particles; the necessary symmetrization will be discussed shortly. 

7 G. N. Watson, Bessel Functions , Cambridge University Press (1922), pp. 56, 128, 
and 368. 
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Equating the coefficients of P x (cos x) g* ves 


1 (:21 + 1 )i l sin - ^ /) + = C x sin 


(»cr — ^ / + r\ x j 

(1.7-22) 


which is an identity in r. Hence, equating coefficients of e iKT and e iKr , 
one obtains equations for C, and Z)j. In this way one finds 

/>, = -L [2/ + 1] - 1] ( 17 - 23 ) 

2 IK 

and, finally, 

V s = p- 2,(2 1 + 1) (**■" - 1)7*, (COS Z ) (1.7-24) 

2 iKr 

The fraction of particles scattered in a given direction is the limiting 
value of | y> s 1 2 /| V | 2 f or large distances. After the molecules have 
separated sufficiently so that they no longer "feel” the potential <p(r) f 
they are flying apart with a mutual velocity g. Hence, the number per 
unit length of time which crosses a sphere of radius r with velocities 
whose directions lie in a solid angle day about co is 

<*(£, X) d(o = | T 5 |V day (1.7-25) 

whence 

a(g, Z) = | 2.(2 1 + 1) (*“’• - 1)7*. (cos z) | 2 (1-7-26) 

This gives the distribution of scattered particles, provided the molecules 
are distinguishable; that is, this formula is valid in Boltzmann statistics. 

If the particles are indistinguishable, the wave functions have to be 
symmetrized, and hence y/ = e** 2 must be replaced by 

V* = ( 2 ± e-^% 


according as the molecules obey Bose-Einstein [(-F)-sign] or Fermi-Dirac 
[(—)-sign] statistics. For scattering of like particles we get, for Bose- 
Einstein statistics, 


Mg. z)1b.b. = Al I (2/ + 1) (c 2 '” 1 ~ »/*, < cos X) | 2 0-7-27) 

ZK /.even 


and, for the particles which obey Fermi-Dirac statistics, 


Mg. X)]r.D. = A | I (2/ + 1) («"* - l)7*i (cos z) | 2 d-7-28) 

2 K £ /.odd 
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Equations 1.7-27 and 28 
B.E. and F.D. gases with 
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are valid only for particles of zero spin, 
particles of spin s: 
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For 


[a (,l (£, z)]b e. = 

\ s +l] 

„<0> 4- 

f 5 6 7 8 9 10 1 a'pD 

(1.7-29) 

I2s+ lJ 

a B.E. T- 

U+iJ FD - 

[a (,l (?, zMf.d. = 

:f 5+1 l 

12s + lJ 

«(°) 4- 
a F.D. “T 

brh] * 

(1.7-30) 


The superscript 0 refers to those as calculated from Eqs. 1.7-27 and 28 
for zero spin. This analysis applies to collisions between atoms, each 
of which has a nuclear spin s. In collisions between molecules the 
potential is not spherically symmetric, and a more detailed treatment is 

necessary. 


PROBLEMS 

j Using Eq. 1.1-10. calculate the second virial coefficient for (a) the rigid sphere 
model, (b) the square-well potential 

2. For a diatomic gas with C, = f R compute the magnitude of the Eucken correction 

to the thermal conductivity. 

3. What is the maximum energy of attraction for the Buckingham potential. 

4 Calculate the time-average kinetic energy and potential energy for a one-dimen¬ 
sional harmonic oscillator, and compare the results with the prediction of the virial 


theorem. 


5. Calculate the angle of deflection for (a) the rigid sphere model, (b) the Coulomb 

potential. . 

6. Calculate the wave function and energy levels of a particle confined to a one¬ 


dimensional box. 

7. Calculate the phase shifts for the rigid sphere model. 

8. Calculate for the rigid sphere model the second virial coefficient and the coefficient 
of viscosity from Eqs. 1.5-27 and 28, using the results of Problem 5a. 

9. Expand the van der Waals equation in powers of 1/F, and get the second virial 
coefficient in terms of a and b. 

10. Consider two molecules which interact according to the Lennard-Jones (6-12) 
potential energy function. What is the force of interaction when the molecules are at 
a separation of r = 2a? at a separation of r = 0.9a? 




PART I 

EQUILIBRIUM 

PROPERTIES 




• 2 - 

Statistical Mechanics 


The methods of classical and quantum mechanics have been highly 
successful in the analysis of the behavior of simple systems involving only 
few degrees of freedom. However, it is clearly impractical to apply 
these principles to the examination of the behavior of a very complex 
system, such as a gas containing 6.023 X 10* molecules. Furthermore, 
a knowledge of the microscopic behavior thus provided is not particularly 
of interest. The macroscopic state of the system and its change with 
time may be predicted from statistical mechanics, when the knowledge of 
the initial state of the system is limited to the results of measurements of 

the bulk properties. ... j f . 

Statistical mechanics may be thought of as being made up of two 
important branches: equilibrium and non-equilibrium statistical 
mechanics. The former is well understood from the standpoint of the 
fundamental principles and the formal development of the theory. The 
basic principles and important results of the theory are presented in this 
chapter. In the next four chapters the application of these fundamentals 
to some important problems are discussed: equation of state of dilute 
gases, properties of dense gases and liquids, critical phenomena, quantum 
deviations, and low-temperature phenomena. Although progress in this 
direction has thus far been seriously handicapped by the numerical 
difficulties encountered, much has been learned about the properties of 
matter and their dependence on the forces between the molecules. 

The non-equilibrium statistical mechanics is of more recent develop¬ 
ment and is one of the frontier fields of research today. The special case 
of dilute gases was investigated about a century ago by Maxwell, 
Boltzmann, and others, using somewhat special methods. With these 
latter techniques is customarily associated the name “ kinetic theory.” A 
general discussion of the formal treatment of non-equilibrium statistical 
mechanics is presented in Chapter 7, and the applications to hydro- 
dynamic and transport phenomena are discussed in succeeding chapters. 

1. Description of Statistical Ensembles in Classical Mechanics 

In classical statistical mechanics the microscopic state of the system is 
described by specifying the position and momenta of all the particles in 

79 
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the system. In this chapter we study complex systems—such as a 
gas or liquid composed of N molecules, each with / degrees of freedom. 1 
This section begins with a discussion of the various ways of specifying 
the microscopic dynamical state of the system. This is done by intro¬ 
ducing the notions of various types of hyperspaces which afford a 
convenient method for summarizing information about the state of the 
system. 

For the purpose of examining a system statistically, we consider not 
one such system, but a large collection (ensemble) of these systems, T 
in number. It should be kept in mind that these systems are identical 
in that they consist of the same number and type of molecules in the same 
sort of enclosure. They differ, however, in that they represent the system 
in various dynamical states, resulting from different initial conditions. 
The notions of ensembles and distribution functions are discussed in detail. 
This section is limited to describing the classical state of the system; the 
analogous quantum treatment is given in § 2. 

a. Configuration, momentum, and phase spaces 

There are several kinds of hyperspaces which are used for visualizing 
the geometry and the dynamics of a complex system. We summarize 
here the nomenclature necessary for describing a system (gas, liquid, or 
solid) consisting of N subsystems (monatomic molecules), each with three 
degrees of freedom. The concepts discussed here may easily be generalized 
to polyatomic molecules. Throughout the discussion Cartesian co¬ 
ordinates are employed, but generalized coordinates and momenta may 
equally well be used. 

To specify the location of a single monatomic molecule three co¬ 
ordinates, x, y, z, may be given. That is, we picture the molecule as a 
point in a three-dimensional molecule configuration space. In this space 
the system of N molecules is then pictured as N points. Thus the specifica¬ 
tion of the position vectors r lf r 2 ,..., r v in molecule configuration space 
gives the configuration of the whole system. That is just the usual 
way of picturing a gas in three-dimensional space. However, it is some¬ 
times more convenient to consider a hyperspace of 3 N dimensions (that 
is, with 3 N mutually orthogonal axes). In this gas configuration space 
one point serves to define the configuration of the complete system. That 

1 The number of degrees of freedom of a molecule is that number of coordinates 
necessary to define its geometrical location and orientation. It is usually customary 
to consider the constituent atoms as point particles (ignoring thus nuclear and electronic 
motion). A monatomic molecule then has 3 degrees of freedom, a rigid diatomic 
molecule (one which is capable of rotation but not vibration) 5, a non-rigid diatomic 
molecule 6, a non-rigid n-atomic molecule 3 n. 
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is the geometry of the system may be regarded as being given by 2 a 
1S ’ . *jr = r • • •, r N , with 3TV components. 

VC Anllogously the momentum of a single monatomic molecule may e 
Scribed by a point in a three-dimensional molecule momentum space. In 
this space the momenta of TV molecules are then given by TV points. Alter¬ 
natively one may consider a 3TV-dimensional gas momentum space, m 
S the components of a vector p* - Pl , p 2 , • ■ •, P, specify the three 
rnmDonents of linear momentum for all the TV molecules. 

It was mentioned in Chapter 1 that a knowledge of all the momenta 
nd coordinates of a system is tantamount to complete dynamical know- 
ledce of the system. Therefore the concept of phase space is frequently 
used Molecule phase space , or p-space as it is generally called (p for 
molecule), is a combination of molecule configuration space and molecule 
momentum space-that is, a six-dimensional space for a monatomic 
molecule. A single point in this space gives the configuration and 
momentum of the molecule. The dynamical state of the system of TV 
molecule is accordingly given by TV points in p-space. These points 
move with time according to the classical laws of motion. 

Gas phase space , which is usually referred to as y-space (y for gas), 
results from a combination of gas configuration space and gas momentum 
space and is thus a space of 6TV-dimensions. The complete dynamical 
state of the system is thus given by one point in y-space. The motion of 
this point is described by Newton’s laws of motion or the equivalent 
relations of Hamilton. 

It is important that the connection between p-space and y-space be 
clearly understood. The dynamical state of the system of TV molecules 
may be described either by one point in y-space or by a cloud of points 
in p-space. If all the molecules are identical, the cloud of points in 
p-space presents the same appearance when any of the molecules are 
interchanged. There are thus TV! different arrangements of the molecules 
which correspond to the same cloud of points in p-space (that is, the same 
arrangement with the points renumbered). Each of these arrangements 
is represented by a different point in y-space. Hence there are TV! 
different points in y-space which correspond to a cloud of TV points in 


p-space. 

For molecules with / degrees of freedom the molecule configuration 
and momentum spaces each consist of / dimensions, p-space is then a 
2/ dimensional space, and y-space has 2Nf dimensions. One might 
wonder why momenta, rather than velocities, are selected for the con¬ 
struction of these phase spaces. The particular appropriateness of the 


1 See the note on vector notation at the front of the book. 
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former selection will become apparent in connection with the theorem 
of Liouville. 


b. Ensembles and distribution functions 3 

Information concerning the macroscopic properties of a system may be 
acquired by a statistical examination of a large number of systems, or an 
ensemble of systems which are all dynamically similar. For example, if 
we want to predict the behavior of a mole of gas in a cubical container, 
we imagine that we set up a large number of replicas of this system, with 
the same number and type of molecules and the same sort of container. 
Each of these replicas is completely independent of the others, and they 
differ from one another only in that the phases of the motion in the various 
containers are all different. 

The instantaneous dynamical state of each system of the ensemble can 
be described by its corresponding point in y-space. If there are many 
systems in the ensemble, the system points in y-space give the appearance 
of a cloud. In this case it is possible to introduce a function p = p(r y t p N ), 
the density of points in y-space, such that p dr s dp s is the number of 
system points in the volume element dr 1 ' dp N . There is no loss of 
generality in doing this since the discreteness of the points could be 
preserved by letting p be a collection of Dirac ^-functions. 

It is sometimes convenient to use the normalized function: 


P<* W) 


/>(***',P‘ v ) Ptr^.p") 

SSpir" ,P N ) dr* dp* T 


( 2 - 1 - 1 ) 


where T is the number of systems in the ensemble. P ,K, (r s , p K ) is then 
a probability density function. The probability of finding one system of 
the ensemble, chosen at random, in a state dr* dp N about r‘ v p N is 
p A ’). 

It is convenient to define probability densitites of lower order, for use 
in the development of the equation of state in the next chapter. Let us 
select a group of h molecules,«, *,.. . A, and designate this collection by 
{ rj }. Then let it be desired to find the probability 4 P lh) (r* t p n ) that the 
group of molecules [rj] is in the state dr n dp " about r’ 7 ,p ,? . 1 * and p' 1 are 
vectors in the 3/i-dimensional configuration and momentum subspaces of 
the set of molecules { 77 }, and dr n dp n = dr, dr K • • • dr x dp, dp K • • • dp x . 
Clearly, 

P'^.p") = J‘J> , - v, (r- v ,p' v ) dr"-' dp N ~ ’ (2.1-2) 


* The notation for the various kinds of distribution functions in this chapter follows 
closely that used by J. de Boer, Reports on Progress in Physics , XII, 305 (1949). 

4 If the group {> 7 } consists of molecules 1,2, 3,... h, we use the notation / >(M (r\p*). 
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is the volume element in the 3(N — A)-dimensional 
W Kenace of y-space appropriate for all molecules not belonging to the 
"22 Z). Note that in the notation ?'V,P') the superscript on P 
?dicates how many molecules are being considered and that the super- 

. ts on the r and p indicate which molecules are under consideration. 
* Integration of P N ) or P W (P», p”) over the momenta gives 

P«V) = J P m (r» t p N ) dp N (2.1-3) 

and . 

p(»(r») = J P lh) (r\p') dp' = J /x*>(r*) dr*-* (2.1-4) 

which are, respectively, the probabilities that one system of the ensemble, 
chosen at random, is in the configuration r v or r\ 

The quantity P lN \r N t p N ) dr* dp N was defined as the probability of 
finding one system of the ensemble (chosen at random) in the volume 
clement dr*dp s around r* p s in y-space. Now the probability of 
finding the points associated with the molecules of the system in any 
arbitrary order in the volume elements dr x dp lt . . . , dr N dp N around 
r,pi, • • •» *nPn in p-space is just N\ times as large: 

j iN) (r N ,p N ) dr x dp x • • • dr N dp N = N\P {N) (r N t p N ) dr N dp N (2.1-5) 
Similarly, since h objects may be chosen from W objects in [N\/(N — h)\] 
ways: 

/ w (r\ p’) = [NIHN - h)\] />‘ A >(r”, p”) 

= [(iV-A)!]-»(2.1-6) 

are the density functions of lower order in p-space. The lowest order 
function of this type is f ll) (r lt p 1 ) = NP {l) (r lt p 1 ). It is this function 
which appears in the Boltzmann equation (§7.1), from which the 
formulae for the transport coefficients are developed. Integration of 
f ll) (r v p,) over p x gives the number density n(rj of the gas. Kinetic 
theory workers have usually used this function not as a function of 
momentum, but rather of velocity. In accordance with this usage we 
usey(r„ v x ) in kinetic theory developments. (Note that this function is 
distinguished from/ <1) (r 1 , p x ) by the absence of the superscript (1).) 

The probabilities of a particular configuration, analogous to the 
expressions given in Eqs. 2.1-3, 4, are 

rf N) (r N )= N \P iin (r N ) (2.1-7) 

n {h) (r n ) = IN\/(N - hy^P^r^) 

= [( N - /or 1 J dr*-* 

= j f 1 ^. Pi dp" 


(2.1-8) 
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The lowest order function of this type, n il} (rj, is just the number density, 
nfrj. The function fl (2, (r ( , r f ) is a very important function—the pro¬ 
bability density for pairs—which is used in the theory of gases and liquids. 
The quantity n (2, (r it r,) dr { dr, is the probability that there is a molecule 
in the volume element dr t about r, and another in the volume element 
dr } about r t . If N is large compared to unity, it is sometimes convenient 
to introduce the radial distribution function g(r„ r u ) by the relation 

r f ) = /*(r,Mr,)s(r„ r u ) (2.1-9) 

The function g(r it r u ) approaches unity as r u = | r, — r, | approaches 
infinity, and deviations from unity are a measure of the correlations in the 
positions of pairs of molecules. Under uniform conditions in an iso¬ 
tropic medium g(r it r it ) is a function of r u only, and 2nn 2 Vg(r ti )r ti 2 dr fi 
is the number of pairs of molecules for which the separation r u lies between 
r u and r„ + dr H . 

The functions P (h) (r n t p n ) and P w (r*) are called specific distribution 
functions , and f lSi (r r> ,p n ) and n^f^are called generic distribution functions. 
The latter have the advantage that the factors N\ and (N — h)\ do not 
appear in the formulae where these relations are applied. All these 
distribution functions are in general functions of the time, although the 
time-dependence has not been explicitly indicated in the above equations. 


c. The change with time of the probability density 


In § 1.4 it is shown that the manner in which a function such as the 
probability density, P iS) (r N , p s , f), changes with time is given by the 
Liouville equation: 


Jp<*> (r * t) = [HyP] = 
ot 


(dH dP^ y) \ / BH 

Ur* ' 0p* / Up* 



As discussed in § 1.4 the Liouville equation is an equation of continuity 
for the flow of representative points through phase space. Since there are 
no sources or sinks, the equation may be written in the form: 


Z)P ( *> 

Dt 



(2.1-11) 


in which D/Dt indicates a substantial derivative or a derivative following 
the motion. 

The vanishing of the substantial derivative indicates that, as any point 
moves through y-space, there is no change with time of the density of 
points in the immediate neighborhood of the point. This corollary to 
the Liouville theorem is known as the conservation of density in phase. 
A second corollary, the conservation of extension in phase , may be also 



85 


CLOSED SYSTEM ENSEMBLES 

[Eq. 2.1-W 

• «ed This coroUary states that, following the motion, there is no 
d ‘ S , C n “ ^th time in the volume occupied by a given set of points, although 
T* l aoe is continually changing. Let us consider a small region in 
th h JTgg Ar, which is sufficiently small that the density of the system 
ints is essentially constant within this region. The number of system 
points in the region is, accordingly. 

An = />("' At (2.1-12) 


If the surface of the volume element At is always determined by the 
vstem points originally lying upon it, we can follow the behavior of the 
volume element as time proceeds. Because of the uniqueness of 
mechanical motions, none of the points within the bounding surface can 
leave the volume; also there are no sources or sinks of system points. 

Consequently, 

D (Art)_ DP™ At + p(N) C(At) 


Dt 


m 


= 0 


(2.1-13) 


The term involving DP (!,) /Di vanishes according to Eq. 2.1-11, so that 

|(Ar)-0 (2.1-14) 


That the latter equation is also true for a volume extension of any size 
may be established by summing the results for a number of small elements 
of volume. 


d. Ensembles which represent closed systems in equilibrium 
In order for an ensemble to describe a system in equilibrium, the 
density of points in phase space must remain constant in time. This 
means, then, from Eq. 2.1-10 that we must require that 

i./><«(,-*, p* ,) = [H, /><*>] = 0 (2.1-15) 

ot 

This relation is satisfied if P lN) is a constant with respect to the coordinates 
r N t p N , or if P {N) = P {y \ a), where a = a (r N , p N ) is a constant of the 
motion. Constants of motion are properties of a system which do not 
change with time (if the system is isolated); familiar examples are energy, 
linear momentum, and angular momentum. Only the first of these 
constants of motion will concern us here, inasmuch as the second and 
third correspond to translation and rotation of the system and are usually 
unimportant thermodynamically. For constants of motion: 

[//, a ]=0 


(2.1-16) 
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Hence, if P (N) is some function of a constant of motion, then 

[ H , P iN) ] = (dpM/da) [//, a] = 0 (2.1-17) 

So that, according to Eq. 2.1-10, 

(3P<* ) ldt) = 0 (2.1-18) 

Therefore, if P {y) = P iN) ( a), the ensemble represents a steady state or 
equilibrium distribution. 

There are two steady state distribution functions which are of sufficient 
importance to receive names. At this point we shall simply define 
the terms; later we show how these concepts are useful and why they are 
employed. 

i. The Microcanonical Ensemble 

The microcanonical, or energy shell, ensemble is a one-parameter set 
of distributions used in the study of isolated systems when the volume and 
energy of the system are known. The distribution function is defined by 
distributing system points evenly in the region between two neighboring 
energy surfaces in phase space, no points being distributed outside this 
region. Mathematically the ensemble is described by 

P {N) — p 0 (a constant) For energy //(r*, p s ) between E 

and E + A E 

& N) = 0 Elsewhere (2.1-19) 

By letting A£-*0 one gets a surface ensemble in which all systems 
have exactly the energy, E. 

ii. The Canonical Ensemble 
The canonical ensemble, 

jx*>(r* p*) = lZ s N'Jfi*]~ l ex P P N )l kT ] (2.1-20) 

is also a one-parameter distribution function for various values of T. 
Here k is the Boltzmann constant, and T is later identified with tempera¬ 
ture. Z N is called the partition function (or the sum-over-states , or the 
Zustandssumme ), and Z N ~ l is a normalizing factor. The inclusion of the 
factors TV! and IP* is discussed in § 2.4. 

The canonical ensemble is used in the study of systems for which the 
volume and temperature are specified. 5 For a system with a very large 
number of degrees of freedom, it approximates closely a microcanonical 
distribution about an energy corresponding to the most probable value. 


• This is demonstrated in § 2.3. 
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That is the energy distribution represented by a canonical ensemble has 
a very sharp maximum. The density of points in other energy ranges is 
negligible. This can be demonstrated easily. The number of system 
points in a specified volume is 

P w d,^ dp N = [Z a ,A'!/i jA 'J- 1 e - mr *’ p “ )lkT dr N dp N 

= [Z**!/. 3 *]- 1 e-" llT ) dH (2.1-21) 

Clearly the distribution has a sharp maximum, since (dr/dH) increases 
rapidly (as the (3 N - 2)/2 power of H) while the exponential falls off 
rapidly. (See problem 2 at the end of the chapter.) 

The average values which we obtain from the canonical ensemble are 
exactly the same as those which one calculates from the microcanonical 
ensemble. In the study of fluctuations, however, we must be quite careful 
to select the proper ensemble. 


e. Ensembles which represent open systems in equilibrium 6 
Thus far only those systems with a fixed number of molecules have 
been considered. These are called closed systems. Systems in which 
chemical reactions or physical changes of state are occurring are called 
open systems. In such cases an ensemble must be imagined in which the 
various systems have different numbers, v, of subsystems (molecules). 
It may be shown that the ensemble which represents open systems at 
constant temperature T in a given volume V is the grand canonical 
ensemble : 


P w (r\ Pi = lZ G 'v\h'T‘ exp (g.) exp (- (2.1-22) 


in which the normalizing constant, Z Gr , is the grand partition function 
for the system, and p is the chemical potential. / >l,, (r v , p v ) dr v dp' is the 
probability of finding a system, selected at random from the ensemble, 
with v molecules and with coordinates and momenta in the range dr' dp v 
about r\ p\ Similar ensembles may be constructed for open systems 
under other conditions—for example, a system at constant pressure and 
temperature. 6 

• For a rather detailed discussion of the grand canonical ensemble and its appli¬ 
cation, see R. H. Fowler and E. A. Guggenheim, Statistical Thermodynamics, Cambridge 
University Press (1949), Second Impression, Chapter VI. 
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2. Description of Statistical Ensembles in Quantum Mechanics 1,2 
Thus far it has been assumed that the systems with which we are dealing 
can be described adequately by classical mechanics. It is necessary, 
however, to employ quantum mechanics in the treatment of systems 
composed of atoms and molecules. Here a different point of view must 
be adopted, since an essential feature of quantum mechanics is that the 
values of all the momenta and coordinates cannot be completely specified. 
Prior to the applications of quantum mechanics to ensembles of systems, 
some of the principal ideas and elements of notation concerned with the 
quantum mechanics of single systems are summarized. 

a. Quantum mechanical treatment of single systems 

Let the state of a single quantum mechanical system be given by the 
normalized wave function '¥(r N , /). This function has the significance 
that | x F(r ; ' r , /) | 2 dr N is the probability that at time t the coordinates of 
the system is located within a range dr* about r*. The dynamics of the 
system is completely specified by the quantum mechanical Hamiltonian, 
and the change with time of the state of the system is then given by 
the Schrodinger time dependent equation (Eq. 1.6-4). 

The system wave function, 'F(r y , /), may be “analyzed” in terms of any 
complete orthonormal set of wave functions, <£,(/•*), with the set of 
quantum numbers {/>} = p l9 p 2t • • • p 3V : 

W o = V,(0*,(r*) (2.2-1) 

(One can, for example, make the expansion in terms of energy eigen¬ 
functions, y> a (r N ), with the set of quantum numbers {a} = <r„ <r 2 , • • • a 2N ). 
The c p (/) are known as “probability amplitudes”, and | c p (/) | 2 represents 
the probability that the system is in the state { p }. The fact that 
2 p | c p (r) | 2 = 1 can be seen at once from the orthonormal properties of 
the functions <£ p (r A ). The time-dependence of the c p (/) is given by the 
“generalized” (or “transformed”) Schrodinger equation. 

( 2 . 2 - 2 ) 

where 

** (2.2-3) 

1 This section was written in collaboration with Professor J. de Boer, University of 
Amsterdam, The Netherlands. 

* A more extensive treatment of the material discussed here is found in R. C. Tolma, 
The Principles of Statistical Mechanics , Oxford University Press (1938), Chapters VII, 
VIII, IX. 
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The knowledge of the state of the system can thus be given equally well 
by ¥(/•*, /), or by a set of probability amplitudes c p (/)» and the mann ® r 
in which the state of the system changes with time can be given equally 
well by Eq. 1.6-4 or Eq. 2.2-2. 

A description of the system in terms of the c p (/) offers a general repre¬ 
sentation freed from the special role played by the coordinates. The 
actual values of the probability coefficients depend, of course, upon the 
particular set of orthonormal functions which is used in the expansion 
in Eq. 2.2-1. Suppose, for example, that t) is also expanded in a set 
of functions x T (r*): 


T(r* /) = 2 r dM xM*) 


(2.2-4) 


If the * T (r*) and the (f> p (r N ) are related by the unitary 3 transformation 
matrix, a^: 

(2.2-5) 


z/r*) = 2 ( ,V'^( r ") or W r *’> = S . a r, 1 Z.(^') 


then 


c ? = d v or d r 


E.a " 1 


V^P C p 


( 2 . 2 - 6 ) 


gives the relation between the probability amplitudes c p (/) and d r (t\ 
The matrix elements <^ pp . transform in the following manner: 


or 


— £ p 2 p .a rp 1 ^’ pp . a pV 

P0 — ^r^r' a pT^^ rr' a rV 


(2.2-7) 


These various methods of describing quantum mechanical systems are 
used throughout the remainder of this section and also in the development 
of the quantum mechanical equation of state in Chapter 6. 

b. Definition of the probability density matrix 

The discussion has thus far been limited to a single quantum mechanical 
system. Let us now consider an ensemble of T identical systems, the 
state of the A:th system being given by /), or by a set of probability 

amplitudes, c p (fc, (f), defined by: 

y‘*>(r", /) = Z p c p “>(/)^ p (r*) (2.2-8) 

by analogy with Eq. 2.2-1. 


* A unitary matrix is one for which the conjugate transpose of the matrix is equal to 
the inverse of the matrix: a*,,* = 
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We now define a quantum mechanical probability density matrix 4 
in either of the two forms: 

; r' N ) = V~ l £ *(r'*, /)¥<*>(/•*, t) (2.2-9)* 

k — 1 

= r- 1 £ c, w *(‘K lk) (0 ( 2 . 2 - 10 ) 

The second form, depends upon the particular set of wave functions, 
<£„(/**), which is chosen as a basis for the description of the system. A 
transition to a new system of eigenfunctions, *,(/“*), as given in Eq. 2.2-5, 
gives rise to a probability density matrix, which bears the following 
relation to 

= 2,2 . «-« 

or (2.2-11) 

&V = 2,2 t . «„ <>7J 

making use of Eq. 2.2-7. 

It should be pointed out that r' s ) can actually be regarded 

as a special form of the generalized matrix In this case “coordinate 

eigenfunctions” (that is, Dirac 6-functions 6 ) are chosen as the basis for 
the representation of the system: 

'V ,k, (r N . 0 = / ¥'*>(*-". r) 6 (/-*" - r") dr" N (2.2-12) 

The transformation matrix (corresponding to oc^ in Eq. 2.2-5 connecting 
the expansion functions <£,(r*) and 6{r" y — r*) is <£ p *(r"*), so that we 
may write equations analogous to Eqs. 2.2-5, 6, and 7: 



Hr ' 11 - r*) = SAV'^.fr*) 

*,(»■*) = far'*Mr'* - r") 


(2.2-13) 


4 It has been shown by J. von Neumann [Co//. Nachr. t p. 245 (1927); Math. Grund- 
lagen der Quantenmechanik (Berlin)l and by P. A. M. Dirac [Proc. Cambridge Phil. Soc ., 
25, 62 (1929); ibid., 26, 27, 240, 376(1930); The Principles of Quantum Mechanics , 
Oxford University Press (1935)1 that it is the quantity defined in Eq. 2.2-9, which is the 
quantum mechanical analogue of the classical probability in y-space. 

4 Note that r s and r'* v are two different vectors in 3N-dimensional space, just as 
p and p are two different sets of quantum numbers. 

• The Dirac 6-functions d(r' y — r* v ) have the property that they are zero every¬ 
where except when |r'* v - r* v | = 0, and at this point they are so large that the integral 
of a Dirac 6-function over all configuration space is unity. For other properties of the 
Dirac 6-function, see L. I. Schiff, Quantum Mechanics , McGraw-Hill (1949), p. 50. 
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c°K0 = J 4‘p*( r ’ !i y¥ w ( r ’ N > 0 dr'» (2 2 _ 14) 

or y<*-(r", r) = Z>,(r'*)c,<*>(0 

^ ( r"; r'*) = 2 P S, <Sr„.*,*(r") ^ ^ 

01 &r t , = j14>',*(r" l, )£P’(r' 1 '; r' l, )<f> f (r' tl ) dr' N dr’ N 

Accordingly, 

(2.2-10) 

gives the interrelation between r ,JV ) and (2 ' 2 

It is formally convenient to introduce a probability operator & {N) , 
defined by: 

^W^(r") = = ]>*’(/-"; r- v )* p (r'*) rfr'* (2.2-18) 

which allows Eqs. 2.2-16 and 2.2-17 to be written as: 


r' s ) = 2>/(r /Ar )^ ( %(r^) (2.2-19) 

w = j<f>*(r s ) ^ ,X) 4 >Ar K ) dr N (2.2-20) 

The choice of this probability operator & {S) (and hence of the matrices 
&W\r N \ r' A )and ) depends upon the system which is to be repre¬ 
sented by the ensemble. It will be shown presently that, for an equilibrium 
ensemble, the operator must be a function of an operator associated 
with some constant of motion of the system. 


c. The physical significance of the density matrix 

In classical statistical mechanics the probability density, P (A) (r A ,p‘ v ), 
is a function of N position vectors, r‘ v , and of N momentum vectors, p N . 
We have said that the quantum analogue of this function is \r N ; r' iV ), 
which is a function of the two sets of N vectors, r* v and r'* v (or, in general, 
which is a function of both sets of IN quantum numbers, { p } and 
{p}). It is virtually impossible to give a clear-cut physical picture of 
the matrices, & {N) (r N 9 r' N ) and but, as is frequently the case in 

quantum mechanics, it is usually convenient to ascribe physical meaning 
to the diagonal elements. In the classical theory the probability of finding 
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a system of the ensemble selected at random in a configuration r N is 
given by 

p(W)( r *') = j>W(r* P w ) dp " (2.2-21) 

In quantum mechanics this is accomplished by taking the diagonal 
element, & (N) (r N , r*). With this quantity, then, is associated the 
probability that any randomly selected system in the ensemble will be 
in the configuration r* Similarly, with is associated the prob¬ 
ability that the system be found in the state with a set of quantum 
numbers {p}. Of particular importance is the case where the expansion 
of the system wave function (Eq. 2.2-1) has been made in terms of energy 
eigenfunctions, y > a (r N ) t so that represents the probability that the 
system is in energy state {a}. 

In analogy with the normalization of the classical probability function 
we define the quantum mechanical probability density matrix so that 

j ; r N ) dr» = = 1 (2.2-22) 

The classical operation of integrating the probability function over all 
of y-space corresponds in quantum mechanics to taking the trace of the 
probability density matrix. 

d. Other probability densities 

Several other probability densities simply derivable from ; r' y ) 

may now be introduced; the use of these functions simplifies many of the 
formulae which we encounter in the discussion of the quantum mechanical 
equation of state. 

First, we define the specific probability density matrix r ' n ), 

thus: 

&*\t "; o = J ; r" , r*-’) dr- N " (2.2-23) 

This matrix is obtained by taking the diagonal elements of those molecules 
not belonging to the group of h molecules i, *, • • • X = {rj} and then 
integrating over the position vectors of the (N — h) molecules. The 
diagonal element, ^* {h) (r n ; /■'’), then represents the probability that in 
any randomly selected system the group of molecules { 77 } will be in the 
configuration r 17 . 

In addition we define the generic probability density matrix as: 

N t 

^Kt *; r'") = —— &>\r *; r">) (2.2-24) 

the factor [N\\(N — h)\] being the number of possible ways in which h 
objects may be selected from N objects. The diagonal elements of this 
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matrix are the quantum mechanical analogs of the generic configurational 
probability density given in Eq. 2.1-8. 

e Time-dependence of the density matrix; equilibrium ensembles for 
closed systems 

By combining Eqs. 2.2-9 and 1.6-4 or by combining Eqs. 2.2-10 and 
2 2 - 2 , we can obtain immediately the relations 

£ g*s) {r s. ,.■*) = -L (r"; r' s ) (2.2-25)’ 

dt h 

£ gun = - (2.2-26) 

dt " 

These equations are analogous to the Liouville equation in classical 
statistical mechanics. 

A steady-state distribution (one for which d& (N) ldt = 0) is one such 
that (= 0. The vanishing of this commutator can 
occur only if the probability density matrix is a function of some matrix 
which represents a constant of motion. In the case of the two types of 
equilibrium ensembles used for the representation of closed systems 
discussed in the previous section, the matrices can be written explicitly: 

(i) Microcanonical Ensemble 

= cb a& within a small energy range, E 0 < E a < E 0 + bE 

(2.2-27) 

gHJp = 0 outside this energy range 

(ii) Canonical Ensemble 

= zs! exp (- StrjkT) (2.2-28) 

Here the normalizing constant Z iVf is the quantum mechanical partition 
function. The microcanonical ensemble clearly is useful for representing 
isolated, closed systems at constant energy. It is shown later in this 
chapter that isolated, closed systems at constant temperature are repre¬ 
sented by a canonical ensemble. Both ensembles give identical results 
for the calculation of average values (see § 2.3), and hence for this purpose 
the ensembles may be used interchangeably. Because the microcanonical 
ensemble is a discontinuous function of the energy and the canonical 


7 f ) (r N ; r*) means the r N ; r N element of the matrix 
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ensemble is continuous, the latter is considerably more convenient from 
a mathematical standpoint. 

f. Equilibrium ensembles for open systems (grand canonical ensemble) 

For considering open systems in a given volume V and at a constant 
temperature T, the probability operator may be represented by 

= (Z, 0 ')- 1 exp (g) exp (- (2.2-29) 

in which Z Gt is the normalizing constant (the quantum mechanical grand 
partition function), p is the chemical potential, and is the quantum 
mechanical Hamiltonian for a system of v molecules. The number of 
particles of a representative ensemble, v, is here represented by an ordinary 
number. Actually, to be strictly correct, v should be replaced by an 
operator, in much the same way as the energy is represented by an 
operator. 8 

Equations 2.2-19 and 20 may be used to arrive at the following 
relations: 

n = (Z, 0r )-i e" ltT S>,*(0 e-****i}f) (2.2-30) 

= (Z, 0 ')' 1 e"' lkT e-W” (2.2-31) 

which represent, respectively, the probability of finding, in a system 
selected from the ensemble at random, a system with v molecules and 
configuration r r and a system with v molecules and an energy £j r) . 

3. The Basis of Statistical Mechanics 
We have discussed the classical and quantum mechanics of complex 
systems and introduced the terminology necessary for the statistical 
treatment of such systems. At the present time, it is very difficult to 
make further progress in describing the properties of such systems without 
utilizing statistical concepts. Such a process might be accomplished using 
high-speed computing devices. However, the resulting knowledge of the 
detailed microscopic behavior would have little value unless it were 
interpreted in terms of the macroscopic properties. From an empirical 
or thermodynamic point of view it is known that the macroscopic state 
of the system is specified by a small number of “state variables,” such as 
the pressure and temperature. From the macroscopic standpoint an 
entire set of state variables specifies the complete past and future of the 
system. 

• This has been discussed by K. Husimi, Proc. Phys. Math. Soc. Japan , Series 3, 
22, 264 (1940); see particularly Part II, §§ 6, 11, and 12. 
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[Eq. 2 arJi} 

a. Justification of the microcanonical ensemble 

The macroscopic properties of a system in equilibrium do not change in 
time On the other hand, the microscopic dynamical state of the system 
hanges in time, and from the point of view of classical mechanics, the 
representative point traces out a trajectory in phase space. The observed 
roperties of the system are time average values over a trajectory. An 
important theorem due to G. D. Birkhoff 1 shows that for almost all 
trajectories (that is, all except a set of measure zero) such a time average 
exists in the sense that there is a limiting value for large time intervals. 

A second portion of Birkhoff’s theorem states that the time average of 
an arbitrary function of the coordinates and momenta of a system along 
a trajectory is equal to the average over a subspace of the phase space. 
This subspace is that region of phase space for which the entire set of 
constants of motion have a particular specified set of values. An “ergodic” 
system is one such that the only constants of motion are the energy and 
the components of the linear and angular momenta. It is probable that 
most physical systems of interest are ergodic. Hence, assuming that we 
are dealing with an ergodic system, we may represent the system by an 
ensemble in which the representative points are uniformly distributed 
in a region of phase space in which the energy and linear and angular 
momenta have specified values. Statistical mechanics is usually applied 
to non-rotating systems at rest with respect to the chosen coordinate 
system. 2 Hence the members of the ensemble have zero linear and angular 
momenta and a specified energy. This is just the microcanonical ensemble 
defined in §2.1. This ensemble represents a system of specified energy, 
that is, an isolated system. Quite often we are not interested in the 
properties of an isolated system, but rather a system in a thermostat of 
known temperature. As we shall see presently, the canonical ensemble 
represents such a system. 


b. Use of the microcanonical ensemble to obtain an expression for the 
distribution of energies among macroscopic subsystems 
Let us consider an isolated system made up of a large number, N, of 
identical subsystems. The subsystems are assumed to be macroscopic 
in size (so that they may be numbered) and separated from each other in 


1 A. L. Khinchin, The Mathematical Foundations of Statistical Mechanics , Dover 
Publications, Inc. (Npw York). Also see lecture notes of Harold Grad, Kinetic 
Theory and Statistical Mechanics [Institute of Mathematics and Mechanics, New 
York University (1950)]. 

1 Rotating systems may be considered by the present method by introducing fictitious 
external forces or by considering a new ensemble. Tolman has considered the latter 
method [R. C. Tolman, Statistical Mechanics, Oxford University Press (1938)]. 
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such a manner that energy but not mass may be transferred from one 
subsystem to another. Thus each subsystem is effectively bathed in a 
thermostat made up of a finite number of identical members. The 
terminology of classical mechanics is used to describe the situation. 
Later the results of the quantum treatment will be given. Let us refer 
to the phase space of the entire system as y-space and that of a single 
subsystem as /4-space so that the microscopic dynamical state of a single 
system may be represented by means of a single point in y-space or by a 
cloud of numbered points in /4-space. For counting purposes it is con¬ 
venient to divide y-space into a large number of small cells, each of 
volume Ar y . These cells are then numbered so that the state of a system 
may be specified either by giving the coordinates of the system point or by 
giving the number of the cell in which the point is located. Of course 
the second method of describing the dynamical state of the system is 
somewhat less precise. However, by making the cell sufficiently small, 
the state of the system can be specified to any degree of precision. 

Now each cell of y-space corresponds to a collection of N cells in /4-space, 
one associated with each of the N identical subsystems. If we are told 
which cell in y-space the system point is in, then we can tell in what cells 
of /i-space the subsystem points lie. Because of the identity of the 
subsystems, the only thing that is important as far as bulk properties are 
concerned is how many (and not which) subsystem points are located in 
each cell of /4-space. Thus we define a condition of the system by the set 
of numbers specifying how many subsystem points lie in each cell of 
/4-space. In general, several states of the system correspond to one 
condition. Let n { be the number of subsystem points in the ith cell of 
/4-space. The n it which define the condition of the system, are referred 
to as the occupation numbers. The number of cells in y-space (that is, 
the number of states of the system) which correspond to a given condition 
is given by 


N\ 

/?,! n z \ n 2 \ • • • 


(2.3-1) 


As discussed above, the observable properties of the system are time 
average values over a natural trajectory in y-space. This time average, 
however, is the same as “phase average” over an “ergodic surface.” 
For most (if not all physical systems) this ergodic surface is a constant 
energy “surface” in the y-space. 3 Hence for computing the probable 
behavior of a single system we represent the system by a microcanonical 
ensemble, that is, we say that all states of the system, of a particular 


* For a more exact treatment see A. I. Khinchin, The Mathematical Foundation of 
Statistical Mechanics, Dover Publications (New York). 
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energy, are equally likely. 4 Hence the probability, W, of finding the 
system in a particular condition specified by the set of occupation numbers 
n v rh, is 


W = - 


1 N\ 


c n A 


(2.3-2) 


where C is the normalization factor. 

Clearly, the most probable condition of the system is described by that 
set of occupation numbers which leads to a maximum value of W. 
However, it is not possible to vary all the occupation numbers 
independently, for they must satisfy the following two constraints: 


= N 


(2.3-3) 

(2.3-4) 


where E is the total energy of the system and £, is the energy of a sub¬ 
system whose representative point lies in cell / 

Thus to determine the most probable condition of the system, we 
maximize W with respect to all variations in the n t subject to the con¬ 
straints described by Eqs. 2.3-3 and 4. We assume that the n i are 
sufficiently large that Stirling’s approximation is justified and also that 
they may be considered as continuous variables. These approximations, 
however, introduce no appreciable error. Let 6n jt 6 In W , dN t and 6E 
be small variations in /i„ In W, N t and E. Then, for the stationary value 
of W: 

(5 In = -2,(ln n, + 1) 6n f = 0 (2.3-5) 

along with the constraints: 

6N = £, 6 in, = 0 (2.3-6) 

6E = <3/i, = 0 (2.3-7) 

Using the method of Lagrangian multipliers, 5 we form the expression 

<5 In W - (a - 1) 6N - p 6E = 0 (2.3-8) 

where a and p are arbitrary constants to be determined later in terms of N 
and E. Making use of Eqs. 2.3-5, 6, and 7, we may rewrite Eq. 2.3-8 as 

2,(In /!, + a + PE f ) dn , = 0 (2.3-9) 


4 It is necessary here to use the concept of the volume of the phase cell, since the 
distribution of representative points on the constant energy surface is not uniform 
but rather depends upon the rate of change of H(r*,pX) t with distance normal to the 
surface. This fact arises through the concepts of “measure theory” which enter into 
the proof of Birkhoff’s theorem. 

4 See, for example, L S. and E. S. Sokolnikoff, Higher Mathematics for Engineers 
and Physicists, McGraw-Hill (1941), pp. 163 et seq. 
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in which a and p are the undetermined constants. Since the <5n, may now 
be considered arbitrary variations the coefficients of each 6n, must be 
individually zero. Thus 

In n f a -f- PE f = 0 

or (2.3-10) 

n, = exp [-a - pEJ 

where the bar indicates the most probable value and the h t are the values of 
the occupation numbers which maximize W. This result indicates the 
most probable condition of the system or the most probable arrangement 
of the subsystems among the cells in the /i-space. 

c. Ensemble averages and fluctuations 

In general there is a finite probability W(n l9 n 2t ...) of finding the 
system in a particular condition other than the most probable condition. 
However, if the system contains a large number of subsystems, the 
W(n lt ^ . . .) other than the maximum value W = W(ii l9 n 2 , • • •) 
approach zero as N becomes large. This result is exact in the limit as 
N co. For finite N there are small fluctuations about the most probable 
distribution. 

Let us consider a dynamical variable, JT(r* p*), of a system. The 
value of the dynamical variable for the system in the state k (that is, if 
the system point is in the foh cell of y-space) is X (k K The ensemble 
average of X is 

X = (2.3-11) 

where P k is the normalized probability of finding the system in the state, 
k. That is, the set of P k defines the ensemble. In this case, since the 
ensemble is the microcanonical, the P k are zero unless the cell is one of 
energy, £, in which case the value is a constant determined by the normal¬ 
ization. 

Because of the identity of the subsystems, X lk) has the same value for 
all states corresponding to one condition. Hence the sum in Eq. 2.3-11 
may be rewritten as a sum over conditions rather than over states: 


X=Z i W i X (i > (2.3-12) 

where W t is the probability of finding the system in the condition i 
specified by the set of occupation numbers /»,. The values of the are 
given by Eq. 2.3-2. The maximum value of W { denoted by W is that 
corresponding to the most probable occupation numbers shown in 
Eq. 2.3-10. 
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Let us consider the probability W+ 6W of a condition which is only 
slightly different from the most probable. It will be shown that the 
ratio of W+ & W to the probability W of the most probable condition 
becomes small as the total number of subsystems, N, becomes large. Let 
the if be the occupation numbers specifying the most probable condition, 
and if + 6n t be those of a slightly different condition. Then, from 
Eq. 2.3-2, 

W -f- bW USi 

w “n^ + d/1,)! 


Now, making use of Stirling’s approximation and the fact that both the 
if and the perturbed values n, + <5/t, satisfy the constraints given in Eqs. 
2.3-3 and 2.3-4, we can rearrange Eq. 2.3-13 to obtain an expression 
for the In l(W + dW)/W] correct to terms of the second order in the 
variation: 



t ,n “ \ 


i 


(2.3-14) 


Since the i t are the occupation numbers which make a maximum, the 
first variation is zero, and we obtain for the “curvature” 



Ny (^) 2 

2 Zl d, 


(2.3-15) 


where d, = njN and da i = 6nJN represent the most probable relative 
occupation numbers and the corresponding variation. As N becomes 
large, the most probable relative occupation numbers remain constant. 
Hence we can make the ratio of the probability of any particular condition 
to that of the most probable condition as small as desired by making N, 
the total number of subsystems, sufficiently large. 

To show that in the limit of large N only the most probable condition 
contributes to the average value of X> let us consider the sum of Eq. 
2.3-12. For large values of N t the summation may be replaced by an 
integration, 


xw dn \ dn 2 ‘' ‘ 
J • • • J W dn x dn 2 • • • 


(2.3-16) 


Although the denominator is unity due to the normalization, it is con¬ 
venient to write the expression in this form. The integrations are over the 
hypersurfaces consistent with the constraints of Eqs. 2.3-3 and 4. Now 
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dividing numerator and denominator by the same powers of N and using 
the Eq. 2.3-15 for W t we find: 

/ • • • / X exp {— J 2,<a ( - 4 )*/ 4 } da \ <*»»••• 

- Jf - (2.3-17) 

/ ' ‘' J exp {— - Z,(a, - 6 ,)*/<»,} da, da 2 • • • 


where (a, — d,) has been written in place of the variation 6d t . The value 
of X depends only on the relative occupation numbers, and X may be 
expanded in a Taylor’s series about the values corresponding to the most 
probable condition. The result is 

X = X 0 + — d<) 

where the subscript zeros denote values corresponding to the a,. For 
purposes of the integration, the X 0 , (dX/da,)* ( d 2 X/da, da f ) 0 ,... are 
constants. The first term in Eq. 2.3-17 leads to the contribution of X 0 
to X. The other terms lead to contributions which can be made as small 
as desired by making N sufficiently large. By a simple change of variables 
it is clear that the term in X which involves the jth derivative of X becomes 
zero for large values of N as N~ alt . Thus, for large values of N, 

X=X 0 (2.3-19) 

This indicates that, for systems containing a large number of subsystems, 
the most probable condition is the only one which contributes to the 
average values. Furthermore in the limit of infinitely large N, fluctuations 
in the state of the system become zero. 


d. 

da,/ o 


n 


d. The distribution of energy among molecules in a gas 

Let us apply the formalism of the previous discussion to the case of the 
classical ideal gas, in which there are no forces between the molecules. 
In this case the system under consideration is the volume of gas, and the 
subsystems are the molecules in the gas. The total energy, £, of the 
system is the sum of the energies, £„ of the individual molecules. The 
energy, £„ is in turn the sum of the kinetic energy and the energy in the 
internal degrees of freedom of a molecule. The value of £, depends 
upon the coordinates 6 of the jth cell ( q , p) and is given by the Hamiltonian 

6 Here q represents the set of generalized coordinates describing the location and 
configuration of a single molecule and p the corresponding set of conjugate momenta. 
That is, q and p are vectors in the/-dimensionaI molecule configuration and momentum 
spaces, respectively. 
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[Eq. 23 - 25 ) 

function for the individual molecule, H(q, p). Since P m (q, P ) ,s 

,o be the normalized distribution of representative points in ^-space, 

the occupation numbers, n„ can be expressed in the form 

n, = N j P a '(9, P) dq dp (2-3-20) 

;th cell 

Hence if the cells are chosen to be sufficiently small, the most probable 
distribution function is 

P ll) (q,p) = e~ pH{q,p) (2.3-21) 

zh r 


in which zh* is the appropriate normalization constant. It is shown in 
§2.4 that the Lagrangian multiplier P has the physical significance of 
\/kT. Since the gas is made up of a finite number of molecules, there is 
a finite, although small, probability of finding the gas in a different con- 
dition—that is, described by a different distribution function. 

For a monatomic gas (with no intermolecular or external forces) the 
Hamiltonian of a single molecule is 

//(r, p) = p 2 /2m (2.3-22) 

Thus Eq. 2.3-21 becomes 

pw(r, p)= l - (: lirmkT )-** e ~ T ' ,imkT (2.3-23) 


This function is so normalized that integration over all p-space gives 
unity. For some purposes (and in particular in discussions of kinetic 
theory it is more convenient to introduce the distribution function 
y<i)(r, p), which is normalized so that integration over the molecule 
momentum space gives n, the number density. This function is 

/(i) (r , p) = n(2nmkT)-* 12 e -* t,2mkT (2.3-24) 


or, in terms of molecular velocity, v: 

/(r, v) = n(ml2nkTf 12 e - mv%l2kT (2.3-25) 

which is called the “Maxwell-Boltzmann distribution of velocities.” 
This result is also obtained as the equilibrium solution of the Boltzmann 
equation of kinetic theory. It may be shown that the Maxwell-Boltzmann 
function (Eq. 2.3-25) also describes the distribution of velocities of the 
molecules in a non-ideal gas (one with intermolecular forces) and also 
gases made up of polyatomic molecules. Examples of applications of 
Eqs. 2.3-21 and 25 are given in problems at the end of the chapter. 


e. Justification for the use of the canonical ensemble 
The methods described in the preceding section are not applicable to 
the treatment of the imperfect gases, liquids, or solids. For such systems, 
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the total energy is the sum of the energies of the individual molecules and 
the energy associated with the intermolecular interactions. Hence it 
is necessary to use a more powerful method of statistical mechanics, 
which can be obtained by a different interpretation of the general formalism 
discussed in § 1.3b. 

In the treatment of the perfect gas the individual molecules were 
regarded as subsystems, and the vessel of gas was taken to be the system. 
For studying real substances, in which there are forces between the 
molecules, we choose as the subsystem the vessel containing an imperfect 
gas (liquid or solid) of N molecules. The system is taken to be a 
very large collection, T, of these vessels of gas, each with rigid walls, 
arranged in such a way that there is thermal contact between them. 
That is, energy, but not mass, may be transferred between these vessels. 
Any one vessel of gas may be pictured as being imbedded in a large thermo¬ 
stat, made up of a huge collection of similar vessels of gas. Equation 2.3-10 
may then be interpreted as giving the probability of finding the point 
representing the vessel of gas in the yth cell of phase space with energy 
£,. The energy, £„ depends upon the coordinates of the yth cell (r* p‘ v ) 
and is the sum of the kinetic energy of all the molecules in the vessel and 
the energy associated with the internal degrees of freedom and the inter¬ 
molecular forces. Thus E , is given by the Hamiltonian function 
H(r ,p 4 ). Since P { ] (r N t p N ) is defined to be the normalized distri¬ 
bution function in the phase space corresponding to the N molecules of 
the gas, the occupation numbers, are given iq terms of an integral over 
the yth cell in this phase space, 

n, = rj P' v ) dr s dp* (2.3-26) 

jlh nil 

Therefore, if the cells are taken to be sufficiently small, the function 
representing the most probable distribution of phase points (correspond¬ 
ing to the vessels of gas) may be written as 

= (2.3-27) 

where Z„/VW y is the normalization factor and p will be shown to be 
\/kT. As is shown in § 2.3c, if we assume that the system is composed of 
a large number, T, of vessels of gas, then, in the limit that T approaches 
infinity, the probability of finding this collection of vessels in a condition 
different from that described in Eq. 2.3-27 is zero. 

The collection of a large number of similar vessels of gas surrounding 
and having thermal contact with the vessel under consideration forms an 
ideal thermostat. However, the properties of a gas at equilibrium do 
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not depend upon the materials or constructional details of the thermo¬ 
stat Tliis fact can be shown statistically by applying arguments simi 
to those discussed above to a vessel in which molecules of type A are o 
one side of a rigid thermally conducting partition and molecules ot type 
B are on the other side. It is found that the distribution functions of the 
two types of gases are characterized by the same value of p. Now 
going to successively more complicated systems in which a vessel ol A 
is surrounded by more and more vessels of B in thermal contact we find 
that the value of p remains unchanged and the distribution is still given 

by Eq. 2.3-27. . . . P _ 

The ensemble represented by the distribution function given by Eq. 
2.3-27 is known as the canonical ensemble and represents a system 
of known temperature or a system imbedded in a thermostat. As dis¬ 
cussed in §2.1, if TV is large, this distribution function leads to a distri¬ 
bution in energy which has a very sharp maximum. For this reason, the 
canonical ensemble may be considered as a convenient mathematical 
approximation to the microcanonical ensemble, with the energy corre¬ 
sponding to the most probable energy of the canonical ensemble. I ndeed, 
insofar as all the average properties of the system are concerned, the two 
ensembles give identical results. However, for the study of fluctuation 
phenomena it is important that the system under consideration be 
represented by the appropriate ensemble. 

The distribution function P iN \r N 9 p‘ v ) provides a more complete 
description of the state of the system than that given by the simple 
Maxwell-Boltzmann function, P {l \q, p), derived in the previous para¬ 
graph. The function /** V) (r‘ v , p* v ) provides information as to the proba¬ 
bility of the relative positions of the molecules, that is, the probability 
of occurrence of pairs and clusters. The distribution function 
P {l \q,p) may be obtained from P iS \r y 9 p y ) by integration over all the 
momentum and configurational coordinates except those for one molecule. 
The function P {1) (q t p.) obtained in this manner justifies the application of 
the Maxwell-Boltzmann distribution to the case of non-ideal gases, liquids, 
or solids. (It should be recalled that P tl) (q, p) was obtained in § 2.3d 
for ideal gases only.) 


f. Calculation of ensemble averages 

It was shown at the beginning of this section that the observable 
properties of a system can be calculated as average values over an ensemble 
of systems. Specifically, for a property X(r*, p* N ), the average (observed) 
value is 

X = p-W, p- v ) dr x dp x 


(2.3-28) 
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The distribution function for the microcanonical ensemble is given in 
Eq. 2.1-19. For the canonical ensemble the distribution function is 
given by Eq. 2.3-27 and 


X = 


1 

Z„N\h* N 


11 Hr", p") exp [—fiH(r N , p*)] dr" dp" (2.3-29) 


is the expression for the average value of a dynamical variable, X. 

The treatment given here applies strictly only to classical systems. 
Similar results may be obtained using quantum mechanical methods. 
The quantum mechanical average value of a dynamical variable X(r *, p*) 
(represented by the operator for the A:th system in the ensemble, 
which is in a state specified by the wave function V F ( * ) , is 

X <*> = j'Y' t,, (r")J^'¥' kl (r") dr" (2.3-30) 

The average value of the dynamical variable over the ensemble is simply 
the arithmetic average: 


j? = r-v k x<» 

= r-izjr<*>•(/•*, /) dr* (2.3-31) 7 

where T is the number of systems in the ensemble. The last expression 
is in terms of the expansion coefficients c lk) (t) (see Eq. 2.2-1). This 
expression may also be written in terms of the probability operator, &: 

X = (r"; r") dr" 

= Z.I^JT),, (2.3-32) 

The probability operator for the microcanonical ensemble is given by 
Eq. 2.2-27 and for the canonical ensemble by Eq. 2.2-28. For the 
latter ensemble we have 


X=± dr" 

= =!- e-“ E ° (2.3-33) 

Z V<7 

for the average value of the dynamical property associated with the 
quantum mechanical operator, . 


'Mr* is an abbreviation for the integral: 

^pp = <f>p(r*) dr* 
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4. The Fundamentals of Statistical Thermodynamics 

In order for the statistical mechanical results of the previous sections 
to be useful, it is necessary that they be interpreted in terms of mac - 
scopically measurable quantities. In this section we show how statistical 
mechanics may be used to define the thermodynamic quantities called 
internal energy, entropy, and temperature. Furthermore, the three 
fundamental laws of thermodynamics may be derived from statistics 
principles. The relationship between statistical mechanics and thermo¬ 
dynamics is usually discussed in terms of the partition function. Hence 
we preface the treatment of statistical thermodynamics by a brief dis¬ 
cussion of the partition function in quantum and classical statistics. 


a. The partition function 

The quantum mechanical partition function 1 for a system of N mole- 
cules, Zjv„ has already been defined as the normalizing constant for the 
quantum mechanical canonical distribution function. The partition 
function (which is sometimes referred to as the sum-over-states or 
Zustandssumme) is defined by either of the two equivalent relations: 

Z N , = = Ztf, er"> (2.4-1) 

Sum over all Sum over all 
energy tlaltt energy lertlt 

In the first expression E t represents the energy of the system in a quantum 
state with quantum numbers {]} = y„ y t , * * * • On the other hand, in 
the second expression, £, is the energy associated with theyth energy level, 
and the degeneracy of the level is indicated by £, (that is, theyth level is 
composed of g, states). Both forms for the partition function are in 
common use in the literature, and in this book we use whichever form is 
more convenient. The partition function is a function of /i (which is 
shown later in this section to be \/kT) and also of any mechanical prop¬ 
erties of the system which influence the energy levels. Usually the only 
mechanical parameter of the system which enters is the volume. In 
§ 2.5 the explicit nature of the volume dependence of the E s will be dis¬ 
cussed in connection with practical thermodynamical calculations. 

The quantum mechanical partition function may also be written as an 
integral over configuration space: 

Z Vo = / ^AV>- M ^(r v ) dr* (2.4-2) 

analogous to the form given in Eq. 2.2-19 for ^* ( * V) (r*\ r* N ). When the 
partition function is written in this fashion, the volume dependence 

1 Both the classical and the quantum mechanical partition functions are designated 
by Zy. When it is desired to distinguish between the two quantities, a subscript q 
serves to indicate the quantum mechanical partition function. 
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manifests itself in the limits of the integration over configuration space 
and also in the boundary conditions which the expansion function <£ p 
must satisfy. 

In the correspondence limit where classical behavior is approached, it 
may be shown 2 that the partition function given in Eq. 2.4-2 becomes an 
integral over the classical phase space: 

Z. v = [AT!***]- 1 JJ «-"«''•*'> dr !i dp" (2.4-3) 

This expression for the classical partition function 3 is valid only for the 
case of a system of N identical particles. The factor AH which appears 
in the denominator is due to the Pauli exclusion principle. Because the 
particles are identical, certain regions of phase space are equivalent in 
that they correspond to a simple renumbering of the particles. Since there 
are AH permutations of the set of N particles, the factor (1/AH) “corrects” 
for this equivalence. Such corrections must always be made in classical 
formulae. The factor in the expression for the classical partition 
function may be interpreted as the volume of a cell in y-space. In the 
remainder of this section the quantum mechanical form of the partition 
function is used. 

b. The internal energy and the first law of thermodynamics 

Using the formula for the quantum mechanical partition function just 
given and the expression for ensemble averages given in Eq. 2.3-33, wc 
may write at once the following expression for the internal energy, U, of a 
system bathed in a thermostat: 4 

< 2 «) 

The internal energy may also be expressed directly as a derivative of the 
logarithm of the partition function: 

"-(tt! (i4 - 5 > 

* In Chapter 6 the quantum-classical correspondence of the probability density is 
derived in detail. The proof that Z$ q of Eq. 2.4-2 approaches Z$ of Eq. 2.4-3 in 
the correspondence limit may be proved in exactly the same way, and is therefore not 
presented here. 

* The classical partition function is sometimes called the phase integral. This 
terminology should not be confused with the Sommerfeld-Wilson phase integrals of 

old quantum theory, <j) p dq. 

4 According to the notation of Eq. 2.3-33, we should call this quantity £. We 
prefer, however, to use the thermodynamic symbol U instead. 
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Where the subscript V indicates that the external mechanical parameters 
r«.u-h as the volume) of the system are held fixed. 

In its differential form the first law of thermodynamics may be writ 

aS: dU = 6q-6 iv (2.4- 6 ) 

So is the small quantity of heat absorbed by the system and dw is the 
work done by the system while undergoing a small change m stale. 
is an exact differential whereas Sq and 6w are both inexact differentials. 
It is also possible to write an expression for dV in terms of the energy 
levels of the system. Letting <5, = Z N ~' exp (-/?£,), we may write Eq. 

2.4—4 as® i n\ 

U = 2,<5,E, < 2 -4- 7 > 


whence „ 

dU = 2,£, da, + 2,<5, dE, 


(2.4-8) 


The first term on the right-hand side represents the change in energy due 
to a redistribution of the total energy over the various quantum states of 
the system. The second term gives the change in energy which results 
from the shift in the energy states of the system caused by the alteration 
of the volume (or other external parameters). This latter term may 
clearly be associated with dw, and the former with dq , thus: 


dq = da, (2.4-9) 

6w=-'La ) dE i (2.4-10) 


Equation 2.4-8 may then be regarded as giving a microscopic interpreta¬ 
tion of the first law of thermodynamics. 


c. Temperature and entropy and the second law of thermodynamics 

It is now necessary to introduce the concepts of temperature and 
entropy. In the axiomatic thermodynamics 6 the reciprocal of the tempera¬ 
ture is defined as an integrating factor of the heat change, and entropy is 
defined in terms of the perfect differential so obtained. The statistical 
definition of entropy is based on an analogy with this approach. We 
have obtained expressions which are intuitively related to the concepts 
of infinitesimal heat and work terms. The reciprocal of the temperature 
is defined as the integrating factor for this infinitesimal heat change, and 
the entropy is defined by the perfect differential which results. 


5 The a, = ritlN are the relative occupation numbers introduced in § 2.3c, which are 
equivalent to the &„ of § 2.2. Because of the double index,the latter notation is not 
convenient in the above discussion. 

• S. Chandrasekhar, An Introduction to the Study of Stellar Structure, University of 
Chicago Press (1939), Chapter 1. 
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Let us define a function S, the entropy , by the relation 

5 = k (In Z N + PV) + S 0 = 5(£„ £ 2 , • • • p) (2.4-11) 

in which k is Boltzmann’s constant and S 0 is a constant. It is now possible 
to define a perfect differential dS as 


dS = 



dfi+Xj 



= Min Z A . + pU) 


(2.4-12) 


Using the definition of the partition function and the relations in Eqs. 
2.4-9 and 2.4-10 for bq and bw, we get 

ds= 2/0 dE, + E, dp)e- fE ’ + kft dU + kUdft 

Z N 

= kp[dU - Zfy dE f ) 

= kp6q= X -bq (2.4-13) 


This demonstrates that kp t or (I/£), is an integrating factor for the heat 
change. That is, multiplication of the inexact differential bq by (1 /T) 
yields an exact differential dS the differential of the entropy. 

This in itself does not define the temperature T uniquely. However, 
if in addition it is required that the entropy be an extensive property, 
then it can be shown that the choice is unique except for a multiplicative 
constant (the scale factor). An empirical temperature is often defined by 
the perfect gas thermometer. This temperature is related to the equation 
of state by the equation pV = NkT. The thermodynamic temperature 
just defined is identical with this temperature since, as shown in § 3.1, the 
present treatment leads to the same equation of state. 

We may hence rewrite the expression for the entropy as 

Vr] + s " <2 ' 4 - 14) 


= k In 


Z.v + 


In this manner we have succeeded in introducing temperature and entropy 
by a method analogous to thermodynamics. Clearly S and T are both 
state functions. 

To complete the statistical proof of the second law of thermodynamics 
it would be necessary to show that the entropy of an isolated system never 
decreases. This is the content of the famous //-theorem. The proof of 
this theorem, in general, is considerably too lengthy to be included here 



[Eq. 2.4-18] THE THIRD LAW OF THERMODYNAMICS 

and may be found in other textbooks.’ A proof applying 
case of a perfect gas, however, is d.scussed in § 7.3. 
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to the special 


d Entropy at absolute zero and the third law of thermodynamics 

The constant S 0 , which occurs in the definition of entropy just given 
„ HPT, cHhe temperature and the meehanieal proper.,ea of the 
system. In the limit as the temperature goes to absolute zero. 

EJkT' 


d In Sj&e' 
In Z,g,e * + -^1 

_ 

= k In g 0 + S 0 


r- 


+ S, 


(2.4-15) 


in which g n is the degeneracy of the ground state of the system. 

Let us now consider two states of the same system: one state consists 
of the chemical AB in a vessel at the absolute zero; the other state consists 
of two vessels—one of A and one of fl-both at the absolute zero. It is 
possible to conceive of a reversible process by which the system may be 
transformed from one state to the other. Hence the two states AB and 
A + B are really two states of the same system, differing only in the 
mechanical parameters describing the state. Since S„ is the same for 
both states, the entropy difference in the states of the system is 


S AB ~ Sa+b = * ln ( gABlgAgB ) 


(2.4-16) 


If all three materials, A, B, and AB, are such that their ground states are 
non-degenerate, g A = gB — 8 ab = '■ and 

AS = S AB - (S A + S B ) = 0 (2.4-17) 


For many systems the lowest state is normally considered to be multiply 
degenerate. However, there is usually a small separation of the energy 
levels due to small perturbations which are ordinarily neglected. As kT 
approaches zero, these very small separations become effectively large 
compared with kT. Hence it is probable that, strictly speaking, the ground 
state is always non-degenerate, and Eq. 2.4-17 is valid. 

Inasmuch as S 0 always cancels out, it is convenient to let it be exactly 
zero and define the entropy as 


S = k In Z.v + (U/T) (2.4-18) 


7 See, for example, R. H. Tolman, Principles of Statistical Mechanics , Oxford 
University Press (1938), for a summary of the proofs of this theorem in classical and 
quantum statistics. 
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With this definition, the third law of thermodynamics assumes the form 

lim S = k In g 0 (2.4-19) 

r—o 

and if the ground state of the system is non-degenerate 

lim S = 0 (2.4-20) 

r—o 

The quantity g 0 is the true degeneracy of the lowest quantum state of the 
system. However, if the statistically computed entropies are compared 
with calorimetrically measured entropies, it may be necessary to modify 
somewhat the meaning of this quantity. For if the separation of the 
lowest levels of the system is small compared with kT 0 , where T 0 is the 
lowest measurable temperature, there would be a small hump in the 
specific heat curve at a lower temperature. The contribution of this hump 
to the entropy would be ignored in the integration of experimental CJT 
data. For this purpose it is necessary to consider as degenerate the 
group of levels separated by energies small compared to kT 0 . 


e. The thermodynamic properties in terms of the partition function 

We have now seen how the fundamental thermodynamic functions, 
energy and entropy, can be expressed in terms of the partition function— 
which in turn depends upon the energy levels of the system. Therefore, 
if the detailed information about the energy levels of a system is available, 
it is possible to calculate all the thermodynamic properties from the 
partition function. The relations needed for this may be summarized 
as follows: 


— m 

(2.4-21) 


(2.4-22) 

S = k In Z.v + (t//r) 

(2.4-23) 

A = U-TS = -kT\nZ N 

(2.4-24) 


For systems in which the only external mechanical parameter is the volume 
F, we have the additional relations 


P 



(2.4-25) 




(2.4-26) 
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[Eq. 2.5-2] THE PARTITION FUNCTION FOR THE IDEAL GAS 

G = H — TS = —kT In Z. v + kTV y < 2 4 - 27) 

The first of these last three relations is used in the derivation of the 
equation of state from statistical mechanics. 

5. The Evaluation of the Thermodynamic Properties of Ideal Cases 

In this section we discuss in detail an important application of the 
principles of statistical thermodynamics, namely, the calculation of the 
thermodynamic properties of gases at sufficiently low densities that their 
behavior can be considered to be ideal. It is first shown that the symmetry 
restrictions imposed on the wave functions for systems made up of identical 
particles lead to two types of distributions of energy among the molecules 
in the gas: one for the Fermi-Dirac gases and another for the Bose- 
Einstein gases. At high temperatures the two distribution functions 
approach one another, and the thermodynamic properties of the two kinds 
of gases become the same. This limiting form for the two types of 
statistics is referred to as Boltzmann Statistics. In the last half of this 
section the thermodynamic properties of the Boltzmann gas are calculated, 
and the contributions due to the internal degrees of freedom are described. 

a. The partition function for the ideal gas 

If the density of a gaseous system of N molecules is sufficiently low and 
if the intermolecular forces are short range (compared to Coulombic), 
the amount of time any molecule spends in collisions is negligible compared 
with the time between collisions. Under such conditions we may say that 
the intermolecular potential energy is negligible with respect to the total 
energy of the system and hence that the total energy is just the sum of the 
energies of the individual molecules. Each of the molecules may be in 
any one of the quantum states of the free molecule. However, since the 
molecules are identical, the state of the gas is specified by the number of 
molecules in each state. That is, it is meaningless to specify which 
molecules are in which states. It is hence convenient to specify the state 
of the gas by means of the set of occupation numbers n* which give the 
number of molecules in the yth molecular quantum state, when the gas 
is in state k with total energy E k . 

Let the energy of a molecule in the yth state be Then, since the 
energy of the gas is the sum of that of the individual molecules, the energy 
of the gas in the £th state is 

(2.5-1) 

where the nf satisfy the relation 

N = 


(2.5-2) 



112 


STATISTICAL MECHANICS 


(§2.5] 


There are, in addition, restrictions on the n k due to statistics. As was 
pointed out in § 1.6, the occupation numbers are restricted to 0 and 1 for 
Fermi-Dirac statistics. However, for Bose-Einstein particles the sym¬ 
metry requirements on the wave function of the gas do not limit the 
number of molecules in any state. 

The partition function for the entire gas may be written as 


in which 


Z* 


X k e-W T 


= £ 4 H' 1 n, *W’ 2 n * fc »V 2 n '* • • • 


= e- ( >' kT 


(2.5-3) 

(2.5-4) 


It is understood that the sum over A: is taken only over those sets of n k which 
are consistent with the statistics of the individual molecules and with the 
constraint in Eq. 2.5-2. 

Let us now define a generating function /(£) by 

yii) = nxi±£*v i )±» (2.5-5) 

In this expression and those which follow, the upper sign corresponds to 
Fermi-Dirac statistics and lower sign to Bose-Einstein statistics. The 
partition function, Z v , is then just the coefficient of £* v in the expansion 
of/(£)• If £ is now taken to be a complex variable, we can divide /(£) 
by + l) and use the method of residues (or Cauchy’s theorem) to 
obtain Z Y : 

Zjv "S/f rJ,_ 1/(0 (2,5_6) 

c 

The closed contour C selected for the integration in the complex domain 
must be chosen in such a way as to enclose £ = 0. This integral can be 
evaluated by the “method of steepest descents,’’ 1 and the result is 

In Z.v = -AT In £o ± Z, In (1 ± £o*‘ W ) (2-5-7) 


The auxiliary relation 

N = e+“ lkT =fc l]" 1 (2.5-8) 

serves to define the parameter £„, which is a positive real number. 


b. Distribution of energy among the molecules of an ideal gas 

In § 2.3 the distribution of energies among the molecules in a classical 
(Boltzmann) gas was obtained. We now wish to find the energy distri¬ 
bution among the molecules for a Fermi-Dirac and Bose-Einstein gas. 

1 R. H. Fowler and E. A. Guggenheim. Statistical Thermodynamics , Cambridge 
University Press (1939), Chapter 2. 



[Eq. 2.5-12] 


DISTRIBUTION OF ENERGY 
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It has already been shown that the canonical ensemble represents a system 
L Jvolume .»d temperature have been .peeibei A»ojd,uf J. 

Eg 2 3-33 gives the average value of any dynamical quantity. Making 
use of this formula, we find that the expectation values of the n, are 

given by 2 

6 'Z k n k e~ BklkT 


n,= 


or, expressing the E t by means of Eq. 2.5-1, we have 


(2.5-9) 


"i = 


.V 


and, finally, 


. _ kT ldZ N \ 

"• Z» V a«i / 


(2.5-10) 


(2.5-11) 


Care must be exercised in obtaining ( dZ N /dt ,) from Eq. 2.5-7 for £ 0 is a 
function of the c f . The result of the differentiation is 3 

n t = [Ccf 1 ± I]" 1 (2.5-12) 

This describes the manner in which the energy in a Fermi-Dirac or Bose- 
Einstein gas is distributed among the individual molecules. The param¬ 
eter £ 0 may be shown to be related to the Gibbs free energy by 
G = NkT In f 0 . 

For most actual systems Co" 1 > 1, the main exceptions being electrons 
in metals and gases at extremely low temperatures or very high densities. 
If this condition applies 

£ 0 -i = (V/N)(2irmkTlk*)‘ 1 ' = 3.122 x 10 -•V(MTj‘ lt 

where V is the volume in cubic centimeters per mole, and M is the 
molecular weight. For a perfect gas at standard conditions 

£„-» = 31,590 M’ lk 

Systems which have a value of { 0 -1 small enough so that the ± 1 cannot be 


1 Here we use the bar to denote the average value of the occupation number, whereas 
in Eq. 2.3-10 the bar denotes the most probable value. For systems containing a large 
number of molecules these quantities are essentially identical and differ only because 
of the negligible fluctuations. 

3 The distribution functions for Fermi-Dirac and Bose-Einstein gases may also be 
obtained by combinatorial analysis, as was done in § 2.3. See, for example, R. C. 
Tolman, Principles of Statistical Mechanics, Oxford University Press (1936), Chapter X. 
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neglected are sometimes referred to as degenerate systems, or are said to be 
in a state of degeneracy. For most applications we can use the distribution 

n t = U~ t,,kT (2.5-13) 


We see thus that the Fermi-Dirac and Bose-Einstein distributions approach 
as a limit the Maxwell-Boltzmann distribution obtained in § 2.3. Further¬ 
more, in this limit, the partition function for the gas as given by Eq. 
2.5-7 becomes 



(2.5-14) 


where z is the partition function for one molecule in the vessel: 


z = Z ie -" lkT 


(2.5-15) 


The N\ which appears here is of course due fundamentally to the indis- 
tinguishability of the molecules. Systems whose partition functions are 
given by Eq. 2.5-14 are said to obey Boltzmann statistics. It is this kind 
of statistics which is used in the remainder of this chapter. The problem 
of calculating the thermodynamic properties for the Boltzmann gas has 
thus been reduced to that of determining the partition function for one 
molecule in the vessel. The computation of the partition function for a 
single molecule will be considered in the remaining part of this section. 


c. Contributions to the thermodynamic properties due to the translational 
and internal motions of the molecules 

In order to calculate accurately the partition function for complex 
molecules it is necessary to know all the energy levels of the system. 
Because of the large number of degrees of freedom, this is very difficult, 
and a great deal of information is required which is ordinarily not available. 
However, for most practical purposes it suffices to idealize the situation 
and to neglect the weak couplings between various degrees of freedom. 
Since the statistical thermodynamics of perfect gases has been discussed 
in many textbooks, only a brief discussion is presented here. 

For a complex molecule, let the quantum mechanical Hamiltonian be 
^,and let the wave function and energy corresponding to theyth quantum 
state be and c Jt respectively, so that 

Yi = € iYi (2.5-16) 

For present purposes, the set of energy levels €, is taken relative to the 
ground state as zero. In considering mixtures of different chemical 
species it is necessary to refer the energy of the ground states of chemical 
species to a consistent set of standard states chosen for the elements. 
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[Eq. 2.5-241 

(introt); the electronic motion (elec); and the nuclear spm (nucl)^ These 

several motions are to various extents independent^of one: another F 
example, the rotational motion is nearly independent of the electron 
motion but frequently rather strongly linked to the vibrational jj 0, ££ 
Nevertheless, as a first approximation we may assume that all these 
motions are independent so that 

= <%*<“> + <sr <rc " + s<^r <vlb, + 2^’" n ‘ ro,> 

q- + Jg^ |nucl1 (2.5-17) 

_ c^,(u) + (2.5-18) 

Here we designate the various internal (non-translational) motions by 
superscript (i). This assumption then enables us to separate the 
Schrodinger equation (2.5-16) into component parts: 

(2.5-19) 
(2.5-20) 


jr« ,rl 

Sff m # = 4 " 4-T 


- w — 

The solution of these individual Schrodinger equations gives the energy 
levels necessary to obtain partition functions for the various types of 
motions: 

(2.5-21) 


z<“> = 


Cl», 


2 <‘> = 


(2.5-22) 


As a consequence of the definition of the molecular partition function and 
the partition functions for the various types of motion, and inasmuch as 
the energy of the molecule in any state is assumed to be simply the sum of 
the energies associated with the several types of motion, 

2 = (2.5-23) 


Now, according to Eq. 2.5-14, the partition function for the entire gas 
of N molecules may be written as 




2* [2 


N\ N\ 


[i vt 


(2.5-24) 
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Inasmuch as it is always In Z v which appears in the expressions for the 
thermodynamic functions, these may be written as a sum of the con¬ 
tributions from the translational and various internal motions: 

X = X itr) + S,Ar (l) (2.5-25) 

in which X can be the internal energy, specific heats, free energy, etc. It is 
usually customary to include the N\ in the translational contribution as 
indicated; the latter is the predominant contribution in most cases. 
Accordingly, the various contributions are given by 4 

um , (»!•£) u« - MB* ( 8 4?) 

s«'» = + Nk [in + l] S<" = -jr + Nk In *»’ 

A' w = -NkT In - NkT A "> = -NkT In a 1 " 

_ j/(tr) + NkT H'" = U U) 

G ,t„ = A w + NkT G"> = A w 

C' lrl = (dU' Ul /dT) y Cl" = (dU m /9Dv 

C' ,r> = C< w + Nk Cf = Cl" (2.5-26) 

Thus, to calculate the thermodynamic functions of an ideal gas, we simply 
add together the contributions for the various types of motion which are 
active within the molecules. A complete description of the methods for 
calculating these various contributions for complex molecules would 
require a discussion of great length and the inclusion of many tabulated 
functions. Inasmuch as such complete treatments of the subject are 
readily available in several standard references, 5 the discussion here is 
confined to several simple calculations for monatomic and diatomic 
molecules. 

i. Translational Contributions 

Unless the gas is at a temperature very near the absolute zero, the 
translational contributions to the thermodynamic properties may be 
computed from the classical partition function. The molecule is 
considered to be confined to a volume V and its classical Hamiltonian 


* In the translational contributions, Stirling's formula for In N\ has been used 
^For instance, J. E. Mayer and M. G. Mayer, Statistical Mechanics, Wiley (1940). 
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is simply; (p* + V + Then the P hase in,egra ' f ° r the 

iational motion .s + M+to+ „ . 

2 <tr, = Y. f j f e ~ !mlT dp, dp, dp, (2.5-27) 


in which the factor 
coordinates, x, y, z 
integral, and we get 


V results from the trivial integration over the spatial 
The integration over the momenta is a standard 
immediately 


2 (in = Y (2tt mkT)'!* = VX~ 3 (2.5-28) 

hr 


where X = hly/2nmkT is 2 /tt times the de Broglie wavelength for the 
arithmetic mean molecular velocity discussed in §1.2. This shows 
explicitly how the partition function can depend on certain mechanical 
parameters of the system—in this case, the volume. From formulae 
relating the thermodynamic functions to the partition function, the 
familiar relations for the quantities per mole, 

£/«“> = t RT ; CT = «*; C“ r> = $ R (2-5-29) 

can be easily verified. It may also be shown that the entropy per mole is 
5 '“' = R(i In M + l In T + In V) + 2.6546 

= *($ In M + I In T — In p) — 2.3141 (2.5-30) 


in which the constants are just combinations of various universal 
constants. 6 This expression for the entropy is the Sackur-Tetrode 
equation. For a monatomic gas, the translational contributions are the 
sole contributions to the thermodynamic properties. For gases composed 
of polyatomic molecules these are generally the primary contributions. 


ii. Rotational Contributions in Diatomic Molecules 

If a diatomic molecule is pictured as a rigid dumbbell with moment of 
inertia /, rotating in three dimensions, the solution of the Schrodinger 
equation for the system gives the energy and degeneracy of the 7th level, 
where J is the rotational quantum number: 

€ y°‘) = J(J + 1) (h 2 /2I) (2.5-31) 

g< rot > = 27+1 (2.5-32) 


6 The values for the constants are correct if R is in cal/mole degree, T is degrees 
Kelvin, V in liters, and p in atmospheres. Throughout the book we use the defined 
calorie, 4.1833 international joules or 4.18401 absolute joules, as recommended by the 
National Bureau of Standards. Here we take R = 1.98718 cal/mole degree. 



118 


STATISTICAL MECHANICS 


[§ 2.51 


Thus the partition function is 

= f (2/+ \)e 
J~ o 


27 kT 


(2.5-33) 


The moment of inertia can be obtained from spectroscopic data. The 
Euler-Maclaurin summation formula is very useful for the evaluation of 
such expressions: 


lf(J) = J AJ) dJ + KM) +M)] : 

[(£$,;- (S3) J (2 ' 5 - 34) 


+ 


Here the B k are the Bernoulli numbers. 7 Substituting (27 -f- 1) exp 
[— h 2 J{J + \)/2IkT] for /(7) and letting 7 0 = 0 and 7 t = co, we obtain 


2 (r °t) _ 


22T+1 + 

/»* 3^ 




(2.5-35) 


For diatomic molecules at normal temperatures (2/kT/h 2 ) is much greater 
than unity, and only the first term is important. 

It is usual to include in the denominator of the rotational partition 
function a symmetry number, a, which is unity for heteronuclear and 2 for 
homonuclear diatomic molecules. This factor arises from the restrictions 
which the Pauli exclusion principle makes on the number of allowed 
quantum states. From Eq. 2.5-35, with the symmetry number included, 
we obtain the following expressions for the thermodynamic properties 
per mole: 


Qiroi) = £< tot) = RT 

(2.5-36) 

cf l) = cT’ = R 

(2.5-37) 

r 2 /wi 


5 < ro ,, = *[ | + , n _] 

(2.5-38) 


iii. Vibrational Contributions in Diatomic Molecules 

If in a diatomic molecule the stretching of the bond is assumed to obey 
Hooke's law (the force tending to restore the molecule to its equilibrium 

7 The first few Bernoulli numbers are: B x = k, B t = «&, B 3 = fa, B t = fa, Z? 5 — fa, 
etc. The Euler-Maclaurin expansion is derived and discussed in many mathematical 
books. See for example R. S. Burington and C. C. Torrance, Higher Mathematics, 
McGraw-Hill (1939), p. 319. 
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THE THERMODYNAMIC PROPERTIES 


n Hirectlv proportional to the distortion of the bond), the problem 
P °H c^es tse f to the solution of the Schrodinger equation for the one- 
SSSfll* harmonic oscillator. The energy of the „th 

vibrational.....» _ + (2.M9) 

»• 

These vibrational states are all non-degenerate. The vibrational partition 
function is usually defined in terms of energy above the zero-point ene gy, 

so that 

2 <vib> __ £ e~ nhtlkT =- 1 ■ .r* (2.5-40) 


n-0 


1 — e 


hrlkT 


The last step is achieved by using the formula for the sum of a geometric 
series. The associated thermodynamic contributions per mole are then 

y(vlb) _ //Mb) = Rhv [gU’ItT _ !]-l (2.5-41) 


$<»»> _ — R In [1 — e~ MtT ] (2.5-42) 

The frequency v is the natural vibration frequency of the molecule and is 
obtained from vibrational spectra. At high temperatures corrections for 
the increasing anharmonicity of the oscillations must be applied. 


iv. Electronic Contributions 

In most molecules rather high temperatures are required for the activa- 
tion of the higher electronic levels. Consequently, in most cases z 
is simply the degeneracy of the electronic ground state. The electronic 
degeneracy for monatomic, diatomic, and polyatomic gases may be 
obtained from the spectroscopists’s “term values" in the following manner. 

(a) Monatomic molecules. In the term symbols for the electronic state 
of an atom (for example, 3 P 3 > l S» *F 0 )> the right subscript indicates the 
total (orbital + spin) angular momentum of all the electrons in the atom, 
J. The electronic degeneracy is given by 

g { e\ec) = 2J+ 1 (2.5-43) 

(b) Diatomic molecules. In the term symbols for the electronic states 
of a diatomic molecule (for example, 3 Z„, 2 n u , 1 A,), the upper left 
superscript indicates the “spin-multiplicity," Is + 1. The electronic 
degeneracy is then 

(25 -f- 1) for E-states 
2(25 ■+■ 1) for FI-, A- , etc., states 
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(c) Polyatomic molecules. In polyatomic valence-saturated molecules, 
g<eieo = l or 2, according as there are an even or an odd number of 
electrons (since for an even number of electrons there is no resultant spin 
angular momentum but for an odd number of electrons there is a resultant 
spin of one-half. 

v. Nuclear Spin Contributions 

The nuclear spin partition function is simply the product of the nuclear 
spin multiplicities for all the atoms in the molecule: 

2 <nuc, = £<nud, = n,(2f ucl > -I- 1) (2.5-44) 

where 5j nucl) is the nuclear spin of the yth atom. However, since this 
contribution afreets only the additive constant on the entropy and always 
cancels out (except in processes involving transmutation of the elements), 
it is usually ignored. The result is “virtual” entropy rather than 
“absolute” entropy. 

d. Ideal gas mixtures 

It can be shown that for an ideal gas mixture containing N A molecules 
of substance A and N B molecules of B the partition function is 

2 N A z N M N A^A + N jW* 

Here the z A and z B are the molecular partition functions discussed above 
in which all the energies are referred to the ground states of the respective 
molecules. The factors N A \ and N B \ arise because of the indistinguish- 
ability of molecules of the same species in the same way that the N\ arises 
in the corresponding expression for the partition function of a pure 
substance. The (€ 0 )^ and (c 0 ) B are the energies of the ground states of 
molecules A and B referred to a consistent set of standard states for the 
elements. Thus (e 0 ) A is the energy of formation of a molecule of A in 
the ground state from the elements of which it is composed, each in its 
own standard state. The standard states of the elements are usually 
taken to be the elements in the form in which they naturally occur at 
zero degrees centigrade and one atmosphere pressure. 

From the above expression, Eq. 2.5-45, for the partition function it is 
possible to calculate the various thermodynamic properties for mixtures 
of ideal gases. It is thus found that 

f/mi* = EftUi 

H mix = ^/ X jH i 


(2.5-46) 

(2.5-47) 

(2.5-48) 



121 


[Eq 2 5-49] THE THEORY OF FLUCTUATIONS 

In these expressions U f and H , are not simply the values calculated by 
the methods just described, but are these values with oh added 
take care of the change in the zero of energy. The last expression is 
valid only for non-reacting mixtures. The entropy for a mixture of gases 
is not simply the sum of contributions from the individual components. 
Substitution of the partition function for a mixture into Eq. 2.4-24 for 
the entropy shows that the entropy of a mixture is given by: 

Smix = X&S* - R ,n x i (2.5-49) 

The quantity — R 2^ In x t is referred to as the entropy of mixing. 
Similar contributions due to mixing arise in the expressions for the Gibbs 

free energy, 6, and the Helmholtz free energy, A. 

In treating the temperature dependence of the thermodynamical 
properties of a mixture, careful consideration must be given to whether 
chemical reactions can be ignored or whether chemical equilibrium is 
maintained between specified molecular species. In the first case the 
numbers N A and N B remain constant whereas in the second case they vary 
in accordance with the equilibrium constants. 


6. The Theory of Fluctuations 

Thus far the discussions have been restricted to the description of the 
equilibrium properties which can be calculated as the most probable 
properties or as the averages over an ensemble. It is these equilibrium 
properties of the matter in bulk which obey the laws of thermodynamics. 
Because of the molecular nature of matter, however, there is a finite 
possibility of deviations from this average behavior. The methods of 
statistical mechanics lead not only to a description of the average behavior, 
but also to a method of evaluating the probability of a fluctuation from 
the average value of any quantity. Because of the large number of 
mechanical degrees of freedom in a system such as a gas or liquid, macro¬ 
scopic fluctuations are usually exceedingly small and occur but seldom. 
It is possible to discuss the fluctuations in any of the macroscopic or 
thermodynamic properties of matter by means of a general formalism. 1,2 ’ 3> 4 
We do not present this general formal treatment here, but give a rather 
detailed discussion of the fluctuations in the internal energy and density, 
inasmuch as these properties are important in the study of the critical 
region (Chapter 5). Fluctuations in the density give rise to the scattering 
of light (§ 12.7). Fluctuations in the internal energy account for the 

1 M. J. Klein and L. Tisza, Phys. Rev., 76, 1861 (1949). 

* R. H. Fowler, Statistical Mechanics, Cambridge University Press (1929), Chapter 20. 

8 A. Einstein, Ann. Physik, 33, 1275 (1910). 

4 M. Smoluchowski, Ann. Physik, 25, 225 (1908). 
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anomalously large specific heat at constant volume near the critical point. 
We do not discuss the fluctuations in the chemical composition of a 
multicomponent system since this subject would require a detailed analysis, 
and there are no direct applications in this book. 6 

A very simple example of fluctuations in a thermodynamic quantity 
is provided by the internal energy, U. Equation 2.4-4 gives the average 
value of the internal energy, (/, of a system which has attained equilibrium 
with a thermostat at temperature T in terms of the energy states E } . The 
mean square deviation of the internal energy can be written in terms of 
the average value of U and the average value of U 2 : 

(u-u ) 2 = TT 2 -2(mF) + (U ) 2 = {U) 2 - (0 ) 2 ( 2 . 6 - 1 ) 

According to Eq. 2.3-33 we may write 



Z i E i 2 e~ B,lkT 

'L l e- Bl,kT 




a In Z N \ 
dT J 


+ k 2 T* 



( 2 . 6 - 2 ) 


Comparison of these two relations with Eqs. 2.4-21 and 2.4-22 indicates 
that 

(U-U) 2 = WC p (2.6-3) 

Hence according to this relation the specific heat at constant volume is a 
measure of the fluctuations in the internal energy. 


a. Fluctuations in the density in terms of the thermodynamic properties 

Let us consider a vessel of volume V in which there are N molecules 
all of the same chemical species. Let us further imagine that the volume V 
is subdivided into many small volume elements of volume V t by means of 
imaginary boundaries in the vessel. Molecules in the vessel then are free 
to move from one volume element to another. On the average any 
elementary region of volume V f contains v = VJV) molecules. Because 
of fluctuations, however, there is a finite probability that the number of 
molecules in an element of volume differs from this amount. 

We consider the element of volume V, to be the “system” and the vessel 
of volume V to be the “ensemble” of systems. Inasmuch as both energy 
and matter may flow from one system to another, it is proper to represent 

6 The fluctuations in the composition of a multicomponent system with or without 
chemical reactions have been studied by Fowler [Statistical Mechanics, Cambridge 
(1929) Chapter 20]. These fluctuations result in the turbidity of the solutions. Recent 
treatments of fluctuations have been made considering higher approximations and 
terms which were previously neglected, but not considering chemical reactions [J. G. 
Kirkwood and R. J. Goldberg. J. Chem. Phys ., 18. 54 (1950); W. H. Stockmayer, 
J. Chem. Phys., 18. 58 (1950)]. 
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any given system in equilibrium by means of a grand canonical ensemble^ 
Sowing to Eq. 2.2-31 in a grand canonical ensemble the probability 
that the system contains v molecules and is in quantum state i is 


-,_L 

~ Z 0 ' 


(2.6-4) 


Here £(’> is the energy of the /th state of the system with v molecules. The 
Quantity u is the chemical potential of the system, which may be defined 
either in terms of the Helmholtz free energy A or the Gibbs free energy G. 


(dA\ /dG\ 

\dvK.r.- { dv 'T., 


(2.6-5) 


The symbol Z 0r stands for the grand partition function and is the normaliz- 


ing factor for the n 


2 0r = I r . e p ^ ,kT e~ B ^ lkT 


( 2 . 6 - 6 ) 


It is convenient to introduce the quantity A(v\ which is the Helmholtz 
free energy of a system of v molecules and which bears the following 
relation to the partition function Z„ for such a system: 


We may then write 


z - e - A ™ kT = Z t e- E ? )lkT 


_ _L e -A(p)lkT 

Z 


(2.6-7) 


( 2 . 6 - 8 ) 


as the expression for the probability that the system contains v molecules 
(and is in any state). The grand partition function may be written 


Z Gr = 2 r e p *' ),kT e ~ Mp),kT 


(2.6-9) 


The introduction of the thermodynamic quantity A(v) eventually permits 
an evaluation of the fluctuations in terms of directly measurable quantities. 

The mean of the square of the deviation of v from the average value of v 
is the difference between the average of the value of v 2 and the square of 
the average of v: 


(v - v) 2 = v 2 - 2(vy) + (u) 2 = v 2 - (u) 


.-.\2 


( 2 . 6 - 10 ) 


It is, however, usually more convenient to consider the relative fluctuation 
d defined by 

- _v T -(v ) 2 


(5 


GO* 


(2.6-11) 
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From the expression for the probability that the system contain v molecules 
as given by Eq. 2.6-8 it follows that 



£ r (v _ v) 2 e f '** ),kT e ~ A(9)lkT 
S r (p ) 2 e v * i)lkT e ~ A{,)lkT 


(2.6-12) 


If v is sufficiently large the distribution in Eq. 2.6-8 is essentially Gaussian, 
and this expression may be evaluated easily. This can be shown by the 
following arguments: The Taylor expansion of A(v) about v can, with the 
help of Eq. 2.6-5, be written in the form 

A(v) = A(i) + (y-i.)vL(i)+\(v-iY d -^ + ••• (2.6-13) 

Substitution of this into Eq. 2.6-12 gives 


(2.6-14) 


The exponential represents a Gaussian distribution. 

Let us consider variations in the size of the region under consideration, 
that is, variations in the value of V % and corresponding changes in v. 
Inasmuch as the value of // is independent of the size of the sample, the 
value of the exponent is proportional to V $ or v. Thus for large values of 
v (that is, large samples) the distribution is very sharp, and the only terms 
in the sum which are important are those for v near v. Furthermore, 
since the higher terms in the expansion of A(v) in Eq. 2.6-13 are of still 
higher order, we are justified in neglecting these terms. Then when the 
summation in Eq. 2.6-14 is replaced by an integration and the integration 
performed the result is 6 



kT _ _ kT 

- (f ) 2 dMO/H ~~ v * ( dpldy,) T 

for the expression for relative fluctuation in the density. 


(2.6-15) 


• The second form given in Eq. 2.6-15 may be obtained as follows: Considered as 
a function of v and V at constant T, A is a homogeneous function of order one in the 

variables. Hence, according to Euler’s theorem: A = K, —- + v —. Differentiation 

or, ov 

d*A V d*A 

of this equation with respect to Ogives: —— =-- —. Similarly, differentiation 

ovoV, v or, 

5M v d*A d'A V* d'A 

w,th respect to v g.ves: — = - - —• Hence ^ ^ s,ncc 

H = — and p = — —77, we obtain —-I = —which relation was used 
dv r dV t dv\i v* \dVJr 

in Eq. 2.6-15. 
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Since the volume is an extensive quantity, this equation indicates that 
the fluctuation in the density is of the order of 1/P. That is. 


, 1 [ kT 1 

V i(dpldn ) T J 


(2.6-16) 


where the quantity in the bracket depends only on the state of the fluid and 
is independent of the volume V, of the region under consideration. For 
a perfect gas, this equation gives 

^ <5= 1/P (2.6-17) 

for the relative fluctuation in the density. This shows that, if the region 
chosen is sufficiently small, the number of molecules within the region 
fluctuates. This is to be expected if the region is of molecular dimensions. 
However, if the region is large enough so that on the average the region 
contains many molecules, the probability of an appreciable fluctuation 
from the average is small. Nevertheless, even this much instantaneous 
inhomogeneity in the density leads to macroscopically observable 
phenomena such as the scattering of light by the atmosphere and 
Brownian motion. The scattering of light is discussed in § 12.7. 

At the critical point (3 p/dn) T is zero, and Eq. 2.6-16 leads to an expres¬ 
sion for the fluctuation which is infinite. This result, however, is not 
valid because of the neglect of the higher terms in the expansion of 
A(v) in Eq. 2.6-14. Extending the arguments discussed in the footnote 
to Eq. 2.6-15, we find the following thermodynamic relations: 


d^_vi(dY\ , 3 vilh\ 

dv 2 v 3 XdV'lr *\dVJ T 

dv 3 “ V 4 \dV?J T V 4 \dV*J T V 4 \dvJ T 


(2.6-18) 

(2.6-19) 


Thus at the critical point where (dp/dV) T and (d*p/dV*) T are zero, the 
first and second derivatives of p and the corresponding terms in the 
expansion of A(v) are zero. Since ( d z p/dV 3 ) T is not zero 7 at the critical 
point, the third derivative of p is not zero, and in the region of the critical 
point terms up to this order in the expansion of A(v) should be retained. 
Considerations of the fluctuation in the neighborhood of the critical 
point are complicated since the entire sequence of terms is necessary. 
However, we can quite easily evaluate the fluctuation at the critical point. 


7 The classical interpretation of the critical point leads to this result. However, the 
exact nature of the critical point is not yet well understood. See § 5.2d. 
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At the critical point (that is, when v and T are the critical values) the 
expansion of A(v) is 

A(v) = A(i) + (v - i)n(i) + 1 (y - ay ^ • (2.6-20) 

Thus it follows from the distribution, Eq. 2.6-8, that the relative fluctuation 


is 


<5* = 


M 24* T dv 3 ; 




( 2 . 6 - 21 ) 


Then by arguments similar to those discussed above, we replace the 
summation by an integration and obtain 


2\/6T(3/ 4 ) f kT 

n i U) 


. 4 


dv> 


v. 


( 2 . 6 - 22 ) 


where T(V 4 ) = 3.6256 and r(>/ 4 ) = 1.2254 are complete gamma 
functions. Equation 2.6-19 may be used to express the fluctuation in terms 
of equation of state data, and we obtain for the fluctuation in the density 


2V6r ( 3 / 4 ) kT 

r (V 4 ) nt *P 

dri 3 


t /1 




(2.6-23) 


The quantity in the brackets depends only on the nature of the equation 
of state in the neighborhood of the critical point. Since the fluctuation 
is of the order of the values are considerably larger than those 

given by the approximation discussed earlier. It is to be noted, however, 
that this result gives a finite value for the fluctuation in density at the 
critical point. If the fluid obeys the van der Waals equation (Eq. 4.2-1), 
then Eq. 2.6-23 gives 

d e = 0.90/(v) ,/ * (2.6-24) 

for the relative fluctuation at the critical point. The Dieterici equation 
(Eq. 4.2-3) gives a numerical factor of 1.59 instead of the value of 0.90. 
For any equation of state it is to be expected that the numerical factor 
is of the order of unity. 
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b Fluctuations in the density in terms of the radial distribution function 8 

An expression for the fluctuation in the density in terms of the radial 
distribution function may also be obtained. The expression may be 
derived from the results discussed above. It is, however, somewhat 
more convenient to derive the expression directly from fundamental 


considerations. 

Let us consider a vessel of gas of volume V containing N molecules. 
The state of the gas is described by the distribution function / ( * V) in the 
phase space of the system. This function and its normalization are 
discussed in detail in § 2.1. From the definition of f (I/) it is clear that the 
probability that molecule / is at r and molecule j is at r' is 


1JJ d{r, - r) dir, ~ r')/ ,A V JV) . P‘ v ) ** d P N (2-6-25) 


Now let us consider the small region of volume V, within the vessel of 
gas. The probable value of the square of the number of molecules 
within this region may be obtained from the above expression by summing 
over all / and j and integrating r and r' over the volume V,: 

1 zj I dr dr'jj dir, - r)d{r, - r)f"\r", p") dr" dp* 

N u.i v. V, 

= 4 2 S dr SS d < r ' - r V (Jf, ( r *- P X ) drS dp s (2-6-26) 

N - i V, 


+ in 2 2 / / dr 6r 'Si 6 ( r i - r W r > - r')f N \r N , p- v ) dr" dp" 

i j*i V , V, 


The second form of this expression is written in such a way that the term 
i = j has been separated from the rest of the terms. 

This expression can be simplified by introducing the ordinary density 
function w(r), and the pair distribution function, n {2) (r, r'), as defined in 
§2.1. If all the molecules are identical, Eq. 2.6-26 becomes 


v 2 = jn(r) dr + j J/i ( 2 ) (r, r') dr dr' (2.6-27) 

v . v. v. 

The first term in the last relation is the probable number, v, of molecules 
in the region of volume V s . The second term may be written in terms of 


• The radial distribution function g(r) is defined in Eq. 2.1-9. Its use in the de¬ 
scription of the equation of state is discussed in §§ 3.1 and 4.9. 
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the pair distribution function g(r). Thus Eq. 2.6-27 may be rewritten as 
? = t + I Jn(r)n(r')g(r, r' - r) dr dr' (2.6-28) 

V, V. 

or 

v‘-(v)* = t+ f j n(r)n(r')[g(r,r' — r)— \\dr dr' (2.6-29) 

V, V, 

Under equilibrium conditions where the fluid is macroscopically uniform, 
rt(r) is independent of r, and g(r , r — r) depends only on the distance 
| r' — r | . Furthermore, as discussed in § 4.9, g(r) is unity for values of 
r large compared to the molecular dimensions. Thus, if V t is large 
compared to molecular dimensions. 

- (p)« = * + W vjlg(r) - 1 ]r* dr (2.6-30) 

Thus 

<5 = \ [1 + 4t mj fe(r) - 1] /■* dr) (2.6-31) 


is the expression for the relative fluctuation in terms of the radial distri¬ 
bution function. 

We have obtained two expressions for the relative fluctuation: one 
directly in terms of the equation of state, and a second in terms of the 
radial distribution function. A comparison of the two results, Eqs. 
2.6-16 and 2.6-31 shows that 


+ 4 ™ J W r) -.],■* (Z6-32) 

This expression is of considerable interest and value in itself. An alternate 
proof of this relation has been given 9 by making use of the virial expansions 
of the equation of state and the radial distribution function. The virial 
expansion is discussed in detail in Chapter 3. 


PROBLEMS 

1. Discuss graphically and analytically the classical dynamics of the following 
systems: 

(a) Force free mass point in a one-dimensional box. 

(b) Unconstrained mass point moving with constant acceleration. 

(c) One-dimensional simple harmonic oscillator. 

(d) Two-dimensional rigid rotator. 

(e) Simple pendulum in two-dimensions. 

• J. de Boer, Reports on Progress in Physics, 12, 305 (1949). 
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2 Show that, for a system whose Hamiltonian contains no potential energy term, 
a canonical ensemble can be made to approach very closely a microcanonical ensemble 
of energy E. ( Hint : The Hamiltonian for the system may be written in "polar 
coordinates" in the 3A^-dimensional hyperspace, by using a radial coordinate, 
R = VZ.ifi'lM, and 3Af- 1 angles; then H = R\ The number of systems in a 
shell of thickness dR is then, for the microcanonical ensemble, 

/XWrfr = A exp (—/?/OR 3 * v_1 dH. 


We can then find the number of systems in a shell of thickness dH t and then adjust 
this number so that it very nearly coincides with the microcanonical ensemble. It may 
be further shown that as the number of systems in the ensemble approaches infinity, 
the canonical distribution becomes increasingly sharp, thus approaching a micro- 
canonical surface ensemble.) 

3 Derive the following expressions for various forms of the Maxwell-Boltzmann 
distribution law: 

(i) The number of molecules which have velocities with magnitudes in the range 
v to v + dv: ^ 

n(v) do - 4nN ( ) \ ~ dv 


(ii) The number of molecules whose translational energy lies within the range 


c and € + de : 


/!(«) d€ 



Sketch the distribution curve given in (i) and (ii). Arc these results applicable to 
polyatomic as well as monatomic molecules? 

4. There are in common use several "average" values for the speed of molecules in a 
gas which can be obtained from Problem 3(i). Show that: 

(i) The arithmetic mean speed : 

v = VskT/rrm = 14,500V t[m cm/scc 


(ii) The root-mean-square speed : 

VT* = VlkT/m = 15,800V 77 A/cm/sec 


(iii). The most probable speed : 

v - V2 kT/m = 12,900%/77Mcm/sec 


The last speed, v, is the maximum of the n(v) curve. Calculate the root-mean-square 
speed for H 2 and SF # at 0° and 400°K. What percentage of the molecules in a gas 
have velocities greater than some given velocity, v? What fraction of hydrogen 
molecules have velocities greater than 10 * cm sec -1 ? 

5. In many cases it is found that the total energy of the system may be regarded as 
equally distributed among the various degrees of freedom for the system (The Principle 
of Equipartition of Energy). It is important to note that the equipartition of energy is 
not a general consequence of statistical mechanics, but rather is a result of the specific 
form of the dependence of the energy upon the momentum and position variables. 
Several examples should make this clear: 

(i) For a dilute monatomic gas, consisting of N molecules, show that the mean 
energy associated with the motion of the y'th molecule in the x-direction, € jx , is \kT. 
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Then show that the mean energy of the entire gas £ may be obtained by adding together 
the contributions from all the degrees of freedom: 

£ = S (c„ + + «,,) = $NkT 

i-i 

(ii) For a dilute diatomic gas (assume the molecules to be rigid rotators) show that 
the mean energy associated with each degree of freedom is \kT. Verify the fact that 
the law of equipartition of energy holds in this case, and that the mean energy for the 
entire gas is 

£ - f NkT 

(iii) The classical Hamiltonian for a crystal, expressed in terms of the normal co¬ 
ordinates (q it p t ) of the system has the form 

H(pt, q,) = £. ( -f 4 n'vfmiq,* J 

in which the v, are the frequencies of the normal vibrations. Justify the law of equi¬ 
partition of energy for this case. 

Note that in all these cases the Hamiltonian depends in the same general way upon 
the coordinates and momenta of the system: 

XfPt.li-VW+Vqfi 

6. The Maxwell-Bollzmann distribution law can be applied to countless problems. 
Make use of this law to derive the following relationships: 

(i) The variation of density with altitude in an isothermal atmosphere. 

(ii) The variation of the density of colloid particles with height in a'colloidal 
suspension. 

(iii) The variation of particle density in a colloidal suspension with the distance 
from the axis of rotation in an ultracentrifuge. 

(iv) The angular distribution of the axes of magnetic dipoles in a magnetic field. 
(Mint: The energy of a magnetic dipole of strength m in a magnetic field of strength 

is «(0) = —mcXf cos 0, where 0 is the angle between the dipole and the field.) 

7. Show how the rotational contribution to the molecular partition function can be 
obtained, aside from the symmetry number, from the classical phase integral. 

8. Calculate the thermodynamic functions (/, A, G, H, S, C f , and C 9 for argon 
and nitrogen at 300°K and 1000°K. Disregard nuclear spin and electronic contri¬ 
butions. For nitrogen, use hv/k = 3336.6°K and h 2 /llk = 2.847°K for calculating 
the vibrational and rotational contributions, respectively. 

9. Using data from the literature, calculate the thermodynamic functions listed in 
problem 8 for hydrogen atoms and bromine atoms at 300°K and 1000°K. 

10. Derive the perfect gas law from the partition function for a perfect gas. 

11. The energy of the system may be written in classical statistical mechanics as the 

average over the canonical ensemble of the Hamiltonian, H( rN t P N ). Verify the fact 
that the entropy may be written as the average of —A: In P N )] \ that is, 

show that the relations 

TS = -*77J/**>(r* v , P*) In /**>('* P‘ v ) dr* dpN - kT In (N'.h'*) 

= -kTJ!«*Hr*) In /**>(**) dr* + f NkT- kT\o (N\h' N ) 

are valid in classical statistical mechanics. What is the analogous expression in 
quantum statistical mechanics? 
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The Equation of State 
of Gases at Low 
and Moderate Densities 

(This chapter was prepared in collaboration with Dr. Ellen L. Spotz, 

University of Wisconsin.) 


The experimentally observed deviations from the ideal gas law were 
interpreted qualitatively by van der Waals 1 by assuming that the molecules 
are attracted to one another at large distances and repelled at very small 
distances. This interpretation led van der Waals to the formulation of 
his famous two-constant equation of state. In the years which followed 
the emphasis was placed on finding empirical equations of state which 
would give good agreement with the experimental data. Some of the 
more important of these empirical relations—those of Dieterici, Berthclot, 
and Beattie and Bridgeman—are discussed in the next chapter. 

In this chapter we concern ourselves with the virial equation of state , 
which is generally written in the form 2 

P VlRT= 1 -|- B(T)/V + C(T)/V*+ D(T)/V* + • • • (3.0-1) 

The coefficients B(T), C(T), D(T) . . . are called the second, third, fourth 
. .. virial coefficients. By means of statistical mechanics these virial 
coefficients may be expressed in terms of the intermolecular potential 
functions. Consequently it is possible to obtain a quantitative inter¬ 
pretation of the deviations from the ideal gas law in terms of the forces 
between molecules. Indeed much valuable information has been obtained 
about intermolecular interactions by analysis of p-V-T data. 

1 J. D. van der Waals, Sr., Doctoral Dissertation (Leiden 1873). 

2 The virial expansion of the compressibility was originally used as a means of 
fitting experimental data by H. Kamerlingh Onnes [Comm. Phys. Lab. Leiden , 
No. 71 (1901)]. Some workers prefer to express their data by expanding the com¬ 
pressibility factor in a power series in the pressure: 

pV/RT = 1 + B\T)p + C'(7> 2 + • • • 

The coefficients of this expansion bear simple relationships with the coefficients in 
Eq. 3.0-1: 

B' = B/RT C' = (C - B*)I{RT)* 

In this text we usually use the virial expansions as defined in Eq. 3.0-1. Virial coefficients 
for the pressure series are distinguished by primes from coefficients in Eq. 3.0-1. 
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From the statistical mechanical expressions for the virial coefficients 
it becomes evident that the second, third, fourth, . . . virial coefficients 
represent the deviations from ideal behavior when collisions involving 
two, three, four, . . . molecules become important in the gas. Conse¬ 
quently at low densities deviations from ideality are adequately described 
by the second virial coefficient, whereas at higher densities more virial 
coefficients must be used. As an example, for nitrogen at 0°C the 
numerical contributions of the virial coefficients to the compressibility 
factor are given approximately by the successive terms in the following: 

1 atm pV/RT = 1 - 0.0005 + 0.000003 + ••• 

10 atm pV/RT = 1 -0.005 +0.0003 +••• 

100 atm pV/RT = 1 - 0.05 + 0.03 + • • • 

The range of validity of the virial expansion is limited by the convergence 
of the series. The series diverges at about the density of the liquid. 
Hence the primary application of the virial equation of state is in the study 
of gases at low and moderate densities. 

In the first half of this chapter the derivation of the virial equation of 
state from statistical mechanics is given. Explicit expressions are obtained 
for the virial coefficients in terms of the forces between molecules. The 
last half of the chapter deals with the numerical evaluation of the virial 
coefficients for various types of potential fields. All the functions needed 
for the calculation of gas imperfections for the types of potential fields 
for which the virial coefficients have been evaluated to date are given in 
tabular form convenient for computations. The results of this chapter 
are not strictly valid for the isotopes of hydrogen and helium below room 
temperature nor for gases at very low temperatures, inasmuch as quantum 
effects are important in these cases. The quantum theory of the equation 
of state and the equilibrium phenomena at low temperatures are discussed 
in Chapter 6. 

1. Formal Development of the Equation of State from Statistical 

Mechanics 

Two forms of the equation of state have been useful in the study of the 
properties of gases and liquids. In this section it is first shown how the 
equation of state 1 may be developed from the statistical thermodynamical 

1 Some authors choose to refer to p = p( K T) as the thermal equation of state. 
They use this terminology to distinguish it from the caloric equation of state which is 
the internal energy, U = U( V , T). The derivations for the latter parallel closely those 
for the thermal equation of state and hence are not given here. See Problem 1 at the 
end of this chapter. 
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relation between the pressure and the partition function. Then another 
development is discussed, wherein the equation of state is obtained from 
the classical mechanical virial theorem by taking an average of pV over 
a canonical ensemble. This method leads to an equation of state ex¬ 
pressed in terms of the radial distribution function. This equation of 
state has a form considerably different from that obtained from the 
partition function, but the equivalence of the two forms may easily be 
demonstrated. 


a. The method of the partition function 

In the discussion of statistical thermodynamics in § 2.4 it was shown 
that the pressure of a system bears the following relationship to the 
partition function for the system: 2 



(3.1-1) 


In classical statistics the partition function for a system of N identical 
molecules is given by 

z * = ith* /1 p " ,,iT dr " dpN (3 - '- 2) 

in which the Hamiltonian, H(r N y p* v ), is given by 

s 

H{r", p- v ) = 2 £* + <I,(rA ’ ) (3 - 1_3) 

1-1 

For the ideal gas the Hamiltonian contains only a kinetic energy term, and 
the classical partition function may be integrated in closed form to give 

Z N ° = V*I»*N\ (3.1-4) 

where A 2 = h 2 /27rmkT. Substitution of this partition function into the 
expression for the pressure gives the ideal gas law, pV = NkT. 

For the non-ideal gas the integration over momenta in the partition 
function may again be performed so that Z Y may be written in the form 

z " = yviW w « {r ' ] drS ' 25 < 3 - '-5) 


2 It may also be shown that the pressure may be expressed in terms of the grand 
partition function (see § 2. le): 

P V=kT\nZ Gt - 

See H. Kramers, Proc. Roy. Acad. Amsterdam, 41, 10 (1938) and R. H. Fowler, Proc. 
Cambridge Phil. Soc., 34, 382 (1938). 
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in which W^r*) is the Boltzmann factor : 

W^(r*) = e-® (rJ,)/ * r (3.1-6) 

and Q N is the configurational integral 3 

Qs = h J WN(rN ) dr " (31_7) 

§ 3.2 is concerned with the evaluation of this integral. The development 
presented there makes no assumptions as to the nature of <£(/**), that is, 
the assumption of two-body forces is not introduced. 

b. The method based on the virial theorem of mechanics 

The classical mechanical virial theorem for a system of particles has 
been given in Eq. 1.4-28. In this discussion we consider the N molecules 
(of mass m) of a gas or liquid to be the “particles’* of the system, ignoring 
for the moment the internal degrees of freedom of the molecules. 4 The 
virial theorem states that the average total kinetic energy of the molecules, 
K = jE.mt;, 2 , i» equal to the virial, E = — }L,(r< • F { ). Each molecule 
in the gas feels the forces exerted by all the other molecules and also the 
restraining force of the container. Corresponding to these two contri¬ 
butions to F t there is the virial of the intermodular forces, E„ and the 
virial of the external forces, S,. 

The virial of the intermodular forces is given by: 

N _ 

<-l 

To get the virial of the external forces we consider the force of the 
molecules on the walls, which is equal but opposite in sign to the force of 
the walls on the molecules. Let us consider an element of area, n dS , 
of the container wall where n is a unit vector in the direction of the out¬ 
ward normal. The time average force exerted by the molecules striking 
this area is pn dS t and the force exerted by the element of area on the 
molecules is —pn dS. If r is the position vector of the element of surface, 
the contribution of this element to the virial is \p(r • n) dS. Integration 
over the surface of the container gives the virial of the external forces: 

E - = \p j (r-n)dS= l -p j (f r " r ) dr =\p V < 31 " 9 ) 

Surface of Volume of 

container container 

3 Also sometimes called the configurational partition function. 

4 In § 4.3c a different viewpoint is taken. There the system (gas or liquid) is con¬ 
sidered to be made up of a collection of nuclei and electrons. Such a viewpoint 
enables us to get information about the kinetic energy of the electrons at high densities. 
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The transformation of the surface integral into a volume integral is 
accomplished by means of Green’s theorem.* 

The virial theorem then assumes the form 


N 

K= ip?! 1 ™) = s . + H e 




from which we get pV in terms of the total kinetic and intermodular 
potential energy of the molecules: 




(3.1-11) 


The bars over the quantities in this equation indicate time averages. 
According to statistical mechanics these time averages may be replaced 
by averages over an ensemble. Using the classical probability density 
corresponding to the canonical ensemble, we obtain for the equation 
of state 



(3.1-12) 


In the second form of this equation, integrations have been carried out 
over the momenta. This result shows explicitly the role of the inter- 
molecular forces. If there are no forces between the molecules, the 
integral over configuration space vanishes, and the result is the ideal 
gas law ,pV = NkT. 

For a non-ideal gas the expression just given may be simplified, if it 
is assumed that the total potential energy of the system is the sum of the 


5 See note on vector and tensor notation at the front of the book. 
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potential energies of pairs of molecules, <D(r*) = $£,2,9>(r„). Then 
the equation of state becomes 

pV=NkT-- 6 jj n'*(r„ rjr a dr, dr, 

c,,3) 

in which /i (1, (ri, and g(r) are pair distribution functions defined by 

«<w <’•'-»> 

The occurrence of the pair distribution function and no functions of 
higher order is a direct consequence of the assumption just made that the 
potential energy of the system is additive. The equation of state may be 
transformed to the virial form by developing the pair distribution function 
as a power series in the density. This derivation is given in § 3.3. 


c. The equivalence of the equation of state from the partition function and 
the equation of state from the virial theorem 

The identity of the expressions for the equation of state given in Eqs. 
3.1-1 and 3.1-12 has been proved by Born and Green. 8,7 In the first of 
these expressions it is necessary to differentiate the partition function 
with respect to the volume. The volume dependence of the classical 
partition function occurs only in the limits of the integration over con¬ 
figuration space, which are taken to be the dimensions of the vessel. 

The partition function may be transformed into an integral in which 
the dimensions of the vessel no longer occur in the limits of the inte¬ 
gration. This is done by introducing a characteristic macroscopic 
length, L. This length is of the order of magnitude of the dimensions of 
the vessel, and the Volume of the container is hence proportional to L 3 
When the reduced variables r t = rjL are introduced into the integral 
for the classical partition function, the latter becomes 

Z„ = j+p L™ J J dr« dp* (3.1-15) 

Then the equation of state becomes 

pV = kTV(d In Z N ldV)r = («73) (L/Z N ) ( BZjdL) 


kTL 

N'.h^-'Zy 


j J [* - A *"] dr* dp" (3.1-16) 


• M. Bom and H. S. Green, Proc. Roy. Soc. {London), A191, 168 (1947). 
7 J. de Boer, Reports on Progress in Physics, 12, 305 (1949). 
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[Eq. 3.1-181 

The difFerentiation 
result that 


of the Hamiltonian may be performed, with the 





-2 (3W7) 


Substitution of this result into Eq. 3.1-16 and transformation back to 
the original space variables gives 


p v-mr- jgig;2 •<'*>)]*' 

i-1 


(3.1-18) 


which is equivalent to Eq. 3.1-12. 


2. The Virial Equation of State from the Partition Function 1 

In this section we continue the development of the equation of state 
by the partition function method just described. Use is made of a 
technique introduced by Ursell, 2 whereby the integrand of the configura¬ 
tional integral is expanded in terms of “[/-functions,” with the result that 
the partition function for the gas can be written as a sum of products of 
integrals b t . These integrals are called “cluster integrals,” because they 
involve successively clusters of 1, 2, ... N molecules. The virial 

coefficients are directly expressible in terms of these cluster integrals, 
they th virial coefficient being given as a combination of the cluster integrals 
b lt b 2 , . . . b t . The final expressions for the virial coefficients may be 
somewhat simplified by the assumption of two-body forces. The intro¬ 
duction of this assumption is postponed until § 3.4a. 

a. The “U-functions” 

Ursell 2 has shown that the Boltzmann factor, W N (r s ), which appears 
in the integrand of the configurational integral, may be expressed as a 
sum of products of functions f/,(r*). These U-functions 3 are defined in 

1 The development and notation of this and the following section follow that given 
by J. de Boer, Reports on Progress in Physics, 12, 305 (1949). 

* H. D. Ursell, Proc. Cambridge Phil. Soc., 23, 685 (1927). 

3 As described in § 2.1 the subscript / tells how many molecules and the superscript A 
tells which ones. 
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terms of various combinations of Boltzmann factors involving fewer 
molecules, thus: 

W = WAr t ) 

u 2 (r it r,) = W 2 (r „ r f ) - ^(r.) ^(r,) 
u 3( r i> r i> r k) = W 3 (r it r„ r k ) — W t (r it r,)lV x (r k ) 

-W 2 (r Jt r k )W x (r t ) - W 2 {r ky rJtVJr,) 

+2 W x (r f ) W\(r t ) W x {r k ) (3.2-1) 

The scheme is to perform all possible divisions of the molecules into 
groups and to make a sum of products of W'-functions corresponding to 
these divisions. It should be noted that no permutations of molecules 
within the group are made in this process. The coefficients before the 
various terms are (— l) a “ 1 (#i — 1)!, where n is the number of groups in 
the term. The thus-defined (/-functions have the following very im¬ 
portant property: The function £/,(r*) approaches zero for a “separate” 
configuration in which the molecules in the set {A} are divided into two or 
more groups separated from one another by a distance sufficiently great 
that there is negligible interaction between the groups. This property 
may easily be verified for the first several (/-functions. 

The Boltzmann factors for one, two, three, . . . particles alone in the 
volume V may then be written in terms of (/-functions thus: 

W'i (r<) = U x (r t ) = 1 

W 2 (r it r,) = (/ 2 (r„ r,) + U^U^r,) 

(r i9 r„ r k ) = U z (r it r„ r k ) + (/ 2 (r„ r,)(/,(r*) 

+ («** r k)U x (rd + U 2 (r k , 

+ MWCIW (3.2-2) 

Thus the expressions for the (/-functions in terms of the Boltzmann 
factors are the same as those for the Boltzmann factors in terms of the 
(/-functions, except for the fact that in the latter set of relations the 
coefficients before all terms are +1. The Boltzmann factor for the 
system of N molecules, W N (r s ) y may then be written symbolically as 

Wy(r N ) = Ln (/,(!■*) (3.2-3) 

( TJmi = N) 

Here the sum of products must be carried out over all possible divisions 
of the N molecules into m x groups of 1, m 2 groups of 2, ... m, groups of 
/ molecules, with the restriction that E/m, = N. 

The reason for employing these (/-functions may be indicated by 
citing an example. For a dilute gas, where two-body collisions are 
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[Eq. 3.2-tf] 


frequent but collisions involving three molecules are rare, the functions 
l/(r ,r, r k ) vanish as do all (/-functions of higher order. The expression 
for Wf/r 11 ) consists then of sums of products of the (/-functions for single 
molecules and pairs. If we were interested only in the second vinal 
coefficient, which results from binary collisions, the (/-functions for 
groups of three and more molecules could be discarded at this point. 


b. The cluster integrals, b, 

Having expressed the Boltzmann factor for the system of N molecules 
by the sum of products of (/-functions according to Eq. 3.2-3, we may 
now formally integrate the configurational integral. The result is 4 

0.V = T f "Mr") dr N = £ n ( Vb,r-h ,! (3-2-4) 

A'! J /-l 


and the summation is over all sets of m, which satisfy the condition 
Z/ mi = iV. The quantities of b t are the duster integrals defined by 

b t = (/,(r„ r 2 , • • • r,) dr Y dr 2 - • • dr t (3.2-5) 


in which the limits of integration correspond to the physical dimensions 
of the containing vessel of volume V. 

The cluster integrals for small / are very nearly independent of the 
volume. This may be shown by performing (approximately) the inte¬ 
gration over the coordinates of one molecule of the group to obtain a 
factor V y which cancels the V included in the definition of the />,. The 
approximation may be illustrated by considering the cluster integral b 2 
written for the special case of two particles in a one-dimensional box of 
length L y for which 

L L 

b * = Yl J / Ui(Z " dXl dx2 (3 -2- 6) 

0 0 


4 This result is obtained as follows. To a definite set of m l correspond many terms 
in the development of Eq. 3.2-3, because of the different ways of distributing the N 
particles over the groups. All these terms give the same result after integration, 
namely, 

n mb,r< (a) 

/-I 

The number of these terms is 


1 




(b) 


since the permutation of particles within a group and the permutation of groups of 
equal size give rise to no new terms. Multiplication of (a) and (b) and summing over 
all sets of m l then gives Eq. 3.2-4. 
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Since U 2 is a function only of the relative configuration of the two particles, 
a change of variables may be made: 

L L-x x 

6 2 = — J J V 2 (x 2 — x l )d(x 2 — x 2 ) dx 1 (3.2-7) 

) -X, 

The function U 2 (x 2 — Xj) = {exp [—<p(z 2 — *i)lkT] — 1} is non-zero only 
over a very short range of the variable (x 2 — xj, since the intermodular 
interaction can be considered negligible for distances greater than a few 
angstroms. If the length L is of macroscopic dimensions, the value of b 2 
is almost unaffected if the limits of the integration over (x 2 — xj are 
taken to be infinite: 


L + oo 

= J U A X * - *iV(*2 — *i) *1 (3.2-8) 

0 -«o 

This allows us to integrate over x lt so that 

+ «o 

*2 = i J *21 (3.2-9) 

— CO 

in which x 2l is the location of molecule “2” with respect to molecule “l.” 

The actual three dimensional b, may be approximated in a manner 
similar to that just described for the one-dimensional b 2 . Since the U t 
approach zero for a “separate" configuration, integration over the 
coordinates of one molecule may always be carried out. Thus the cluster 
integrals of Eq. 3.2-5 may be written as 

*. = 7j J • " / Wr„, • • • r n )dr 2I ■ ■ ■ dr n (3.2-10) 

in which infinite limits on the integration are implied and the r n are 
coordinates relative to the position of molecule “1.” This approximation 
of the volume-independence of the cluster integrals is excellent in the 
case of the lower order integrals. Hence the use of Eq. 3.2-10 offers no 
limitations to the theory of gases. For large values of / the approxi¬ 
mation becomes less valid, since large clusters occupy an appreciable 
fraction of the volume of the vessel. Consequently Eq. 3.2-10 may not 
be used for liquids where large clusters predominate. 
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According to Eqs. 3.2-5 and 3.2-10 the first three cluster integrals are 

b 2 = ±fj Mr* r,) - WW] dr, dr 2 


=±mz 2 -z,*) 


CO 


= IJ - 1J4W* dr 

-ill! 


[^ 3 ( r i. r,. o) - Wi(r„ r 2 )H / i(r 3 ) 

- r j) J - W^r,, r,)^,) 

+ 2^,(r l )ff' 1 (r l )ff 1 (r 3 )] dr, dr 2 dr 3 


jp A»[3Z 3 - 32^ + Z, 3 ] 


— IJ J [ e -*(r$» r $l )l*T __ e »If<ft|)+»(r M )+f(r t ,)J/*rj 

+ g J Ji ][e -^ n )/*T_ l](/r2i rfr>i 



[/ 


[* 


-«r)lkT _ 


l^Ttr 2 




(3.2-11) 


In this last formula <J>(r a> r 3I ) is the potential energy of a system of three 
molecules, and r 21 and r 31 are the coordinates of molecules “2” and “3” 
relative to molecule “1.” If we assume that the potential energy of a 
system of three molecules is <p(r 12 ) + + <p(r 13 ) the first integral is 

zero. 


c. Evaluation of the partition function 

Several methods have been proposed for the evaluation of the awkward 
expression for the configurational integral given in Eq. 3.2-4. We 
present here the method of “steepest descents” introduced into statistical 
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mechanics by Darwin and Fowler 5 and applied to this problem by Born 
and Fuchs. 6 

For the application of this method we introduce the generating function: 

g(Q = exp (£ (3.2-12) 

in which £ is taken to be a complex variable. When this function is 
expanded in a power series in £, the coefficient of £* is equal to Q N . 
After the generating function is multiplied by £-*~ 1 , Cauchy’s residue 
theorem 7 may be used to obtain the following integral expression for 
the configurational integral: 

Qn = hi § t-”-'**"" * (3.2-13) 

c 

The contour C is taken to be a circle around the origin in the £-plane. 
Introducing £ = r exp (i<f>) and </£ = /£ dtf> into this last expression, 
we obtain 

+ w 

Qn = J ta '> d* (3.2-14) 

— » 

The integrand has a minimum on the positive real axis, <f> = 0, for a value 
of r = 2 given by: 

4 [r- s e zv,> ‘' > ] = 0 or N=Zm t z‘ (3.2-15) 

dr 

As a result of the high powers of r which occur in the integral and balance 
each other just at r = 2 , this minimum is extremely sharp. On the other 
hand, the modulus of the integrand has a sharp maximum in a direction 
perpendicular to the positive real axis. This point, £ = 2 , may thus be 
called a “saddle point.” 

The exponent of the integrand in Eq. 3.2-14 may now be expanded in a 
power series in <f> on the contour | £ | = 2 : 

'L l Vb l (ze i *) 1 - N In (ze*) = 'L l Vb l z l — Win z — i^VPb^ + 0(<£ 3 ) 

(3.2-16) 

6 R. H. Fowler, Statistical Mechanics , 2d Ed., Cambridge University Press (1936) 
p. 36. 

• M. Born and K. Fuchs, Proc. Roy. Soc. {London), A166, 391 (1938). 

7 The Cauchy residue theorem states: If/(£) is an analytic function within and on a 
closed contour C, except at £ = 0 where there is a pole, then integration of/(£) around 
C leads to 2 ni times the coefficient of £ -1 of the series expansion of/(£) about 5 = 0. 
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A good approximation is obtained if the Taylor series is broken off after 
the term in <f> 2 . The integration in Eq. 3.2-14 can then be extended with 
negligible error so as to allow the variable </> to go from -co to +oo, 

g ivin S 


_ exp [Y.Vbtz'] f 
Qs - 2nz N J 


exp [-#*2 VPbfl 1 ) d<j> 


exp lVb,z l 

_ /-I 

z s V 2 ttL VPbfZ 1 


(3.2-17) 


Finally, the quantity needed for the calculation of thermodynamic 
quantities is In Z N , which is 

In Z s = -N In zA 3 + 2 (3.2-18) 

/-i 


The terms in In Z N resulting from the square root in the denominator of 
Eq. 3.2-17 have been neglected; this may be done since both XF£,z' and 
ZPVbiZ 1 are proportional to N. 

Up to this point the parameter z is simply a quantity defined in Eq. 
3.2-15. Its physical meaning is shown when the expression for the 
partition function in Eq. 3.2-18 is used to get the Gibbs’ free energy, G: 

G = NkT In )? + NkT\n z (3.2-19) 


But from thermodynamics we know that the quantity G is related to the 
fugacity/and activity a of the gas by the following relations: 


G = G° + NkT In = G° + NkT In a 


(3.2-20) 


in which the superscript 0 indicates the standard state quantities; for 
our purpose we choose the standard state to be the ideal gas at the same 
temperature and volume. Then G° may be calculated by the methods 
outlined in §2.5. This quantity is found to be G° = NkT\n A 3 (N/V), 
so that Eq. 3.2-20 becomes 

G = NkT In X 3 + NkT\ n ^ (3.2-21) 


Comparison of this equation with Eq. 3.2-19 indicates that z bears the 
following relation to the activity a : 


z 



(3.2-22) 
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in which n = N/V is the number density. The parameter z has the 
dimensions of a concentration and indeed is for very low densities almost 
equal to the number density. That this is true may be seen from Eq. 
3.2-15. The parameter z may be thought of as the active number density* 


d. The equation of state in the virial form 

Substitution of the expression for the partition function given in 
Eq. 3.2-18 into the Eq. 3.1-1 for the pressure gives the equation of state 
in terms of the active number density z: 

P V=kTV T = kTZ,Vb,z‘ (3.2-23) 


To express pV as a power series in the number density, it is necessary to 
know z in terms of n. It has been shown 9,10 that Eq. 3.2-15, where n 
is given in terms of z, may be solved for z to give 


z = n exp 



(3.2-24) 


in which the fl k are various combinations of the cluster integrals: 


A = 2*2 
A = 3*3 - 6 V 

80 

h = 4 *4 - 24*2*3 + y * 2 3 , etc. (3.2-25) 


Higher p k may be obtained by expanding z from Eq. 3.2-24 in powers of n t 
substituting this in Eq. 3.2-15, and equating the coefficients of equal 
powers of n. 

Substitution of the expression for z, Eq. 3.2-24, into the formula for 
pV, Eq. 3.2-23, gives the equation of state in the virial form of Eq. 3.0-1: 


pV 


= 1-2 


kfi 


h ( 5 )‘ 


(3.2-26) 


NkT k + 

It is thus seen that the p k are closely related to the virial coefficients: 

B(T) = -\Nh 

C(T)=-lN 2 p 2 (3.2-27) 

D(T) = -lN*P z 

Explicit formulae for the virial coefficients are given in § 3.4b. 


• The parameter z has been referred to by Guggenheim as the activity and by Mayer 
and Mayer as the fugacity. The term active number density seems to be more 
appropriate. 

• J. E. Mayer, /. Chem. Phys. t 5, 67 (1937). 

10 B. Kahn, Dissertation, Utrecht (1938). 
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[Eq. 33-3] 


3. The Virial Equation of State from the Virial Theorem 1,2 

In this section we show how the equation of state can be developed 
from the virial theorem method, continuing the discussion begun in § 3.1. 
The equation of state is expressed there in terms of the pair distribution 
function n (2) (r 1 ,r t ). This expression for the equation of state may be 
transformed into the virial form, by expanding the distribution function 
in powers of the density. This is accomplished by a modification of the 
method given in the preceding section, inasmuch as the distribution 
functions, n <A, (r*), are integrals of the Boltzmann factor over all but the 
first h molecules: 

/ *«''> (3 - 3 -‘» 
First the Boltzmann factor is written as a sum of products of modified 
U-functions. Then integration over a limited number of the coordinates 
of the modified {/-functions gives rise to the modified cluster integrals. 
It is in terms of these integrals that the distribution functions n lh) (r h ) are 
expressed. From the pair distribution function as a power series in the 
density, the virial equation of state may then be obtained. 


a. The “modified U-functions” 

In this development it is convenient to consider the group of molecules 
[h}= 1, 2, • • • h formally as a single molecule with position coordinate 
r* = r v r 2 , • • • r h . The {/-functions which do not contain the molecules 
{h} are defined exactly as in Eq. 3.2-1. For groups of molecules which 
include the group {/i} the modified U-functions are defined as 
U(r h ) = tV(r*) 

U(r>, r,) = Wfr *, r,) - W^W^r,) 

£/(r\ r„ r k ) = IF(r\ r„ r k ) — ^(r*. r,)H / 1 (r k ) 

- W(r\ rmr f ) - W(r it r*) ^(r*) 

+ 2W{r*)W 1 (r i )W l {r i ) (3.3-2) 

The Boltzmann factors are then given by the following sum of products 
of (/-functions: 

Wir*) = U(r>) 

W(r» y r,) = {/(r*, r ,) + {/(/■*){/,(/•,) 

WC*. r„ r„) = l/(r\ r t , r„) + t/(r\ r y )C/,(r») 

+ l/(r*, rJUJr,) + U(r„ r*)t/,(r‘) 

+ t/(r*)t/,(r,){/,(*■*) (3.3-3) 

1 J. de Boer, Reports on Progress in Physics , 12, 305 (1949). 

1 J. de Boer, Physic a, 15, 680 (1949). 
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These two sets of equations are the same as those given in Eqs. 3.2-1 
and 2, except that r, is replaced by r\ 

b. The “modified cluster integrals” 

The Boltzmann function W N (r N ) = W (r\ r s ~ h ) may then be written 
as a sum of products of (/-functions, and in each product there occurs one 
modified (/-function of the type given in Eq. 3.3-2. It is possible to show 
that W N (r N ) may finally be written in the following form: 

W N {r N ) = U(r*)W N _ k (r N ~ k ) + S,(/(r\ 

+E,Z*(/(r\ r jt r k W N _ h _ 2 (r N ~ h -*) + • • • (3.3-4) 

Substitution of this function into the expression for n (h) (r h ) in Eq. 3.3-1 
gives 

n «>(r*) =*“£"' /*}*» ( gw ^—‘ ) (3-3-5) 

in which the b\ h) are the modified cluster integrals defined by 

b 'i" (•*) = yj- ■ •j (/ (' J . r *+1. • • ■ r * + /) dr i+ 1 • • • dr h+l 

- 7i /• • •/ ^ r *+i. • • • r *+«-1) dr »+i ■ ■ ■ dr h + i-i 

(3.3-6) 

To perform the integration over the volume the coordinates are referred 
to the position of molecule /. After the integration the coordinate 
system is shifted in such a way that the r f are positions relative to some 
one molecule in the group {/i}. The modified cluster integrals are thus 
functions of the relative coordinates r\ They are dependent on the 
volume in much the same way as ordinary cluster integrals. In fact 
the cluster integrals are a special case of the b l h \ with h = 1. 

c. The pair distribution function in terms of the density 

Equation 3.3-5 for the distribution functions may be written in 

terms of the active number density z by using Eq. 3.2-18 to evaluate the 
ratio of configurational integrals. The result for the pair distribution 
function (h = 2) is 


» ,2 ’('i2) = V T lb™ (r 12 y+> 

i-i 


(3.3-7) 
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Using Eq. 3.2-24, which gives the relationship between z and n , we may 
write the pair distribution function as a power series in the number 
density: 

" (2, ('i2) = I c *( r i2>* +1 (3.3-8) 

The c*(r 12 ) are various combinations of the modified cluster integrals: 
cfaj = *!>..) 

c 2 (r s2 ) = 2- 44^) 

Cj(r,j) = 3bf\r lt ) - 12M + (46,* - 66 3 )6<*>(r 12 ), etc. (3.3-9) 

Similar expansions for the higher-order distribution functions in terms of 
the number density may be made. 3 The distribution function n (l) is 
identically equal to the number density, n = N/V. 


d. The equation of state in the virial form 

If we assume that the total potential energy of the system is the sum of 
the potential energies of pairs of molecules, the expression for the pair 
distribution function given in Eq. 3.3-8 may be substituted into Eq. 
3.1-13 for pV. The equation of state then becomes 


lL = , _ 2ol 

NkT 3 kT 


CO 

I 

k-1 



**(' 12 )': 


d< Pl2 


12 


dr 


dr 


12 


12 


(3.3-10) 


The virial coefficients are thus given by 



(3.3-11) 

(3.3-12) 


Explicit formulae for the virial coefficients in terms of the intermolecular 
forces are given in the next section. 


* The expressions for the functions n {h \r h ) obtained by the method outlined here have 
also been obtained by J. E. Mayer and E. Montroll. J. Chem. Phys. y 9, 2 (1941). They 
assumed the additivity of intermolecular forces from the very beginning, whereas 
such an assumption has not been made in deriving Eq. 3.3-7 and the formulae for 
higher distribution functions. The advantage of the formalism here presented is that 
it may be taken over completely into quantum mechanics merely by giving a different 
interpretation to the Wp/(r N ). These Boltzmann factors of classical theory become the 
Slater sums of quantum statistical mechanics. See Chapter 6. 
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4. The Virial Coefficients 

The development of the equation of state in the virial form from the 
partition function (§ 3.2) and the expansion of the distribution functions 
n <*)(r*) in powers of the number density were both accomplished without 
assuming the additivity of forces. In this section this assumption is 
made, and the resulting simplifications are summarized. Then the 
formulae for the virial coefficients, both from the partition function 
method and from the virial theorem, are given explicitly in terms of the 
forces between pairs of molecules. The extensions of the results to 
polyatomic molecules and to gaseous mixtures are given. 

a. The assumption of additivity 

If the force between any two molecules is independent of the configura¬ 
tion of all the other molecules present, the total potential energy of the 
system may be written as <D(r*) = where <p if is the interaction 

potential for an isolated pair of molecules. This assumption is generally 
valid, 1 except for molecules which tend to associate (for example, molecules 
with hydroxyl or amino groups) or for molecules which are capable of 
hydrogen bonding. 

Mayer 2 and his co-workers, in their derivations of equation of state 
phenomena, make use of the function 

Ur it ) = - 1] (3.4-1) 

This function has the property of differing from zero only if the two 
molecules concerned are close enough to have an interaction energy 
appreciably different from zero. The approximate shape of the function 
f t for real molecules is shown in Fig. 3.4-1. The assumption of additivity 
allows the (/-functions to be written in terms of the f ,: 

I4(ri) = 1 
^4( r l» r t) =/l2 

*4( r i» r 2 » r 3 ) = fnfzif\3 +/ 12/23 + / 23/13 4"/ 12/13 (3.4-2) 

In general the function (/*(/“*) contains all products of f if9 such that all 
molecules in the group {A:} are at least singly “connected.” The four 

1 This is almost true for the London dispersion forces but is not valid in the case 
of repulsive or first-order chemical forces (see Chapter 12). B. M. Axilrod and E. Teller, 
J. Chem. Phys., 11, 299 (1943), have calculated the error which arises in the third-order 
perturbation and varies as 1/r*. The error has little effect, however, in the usual 
thermal collisions. 

* See J. E. Mayer and M. G. Mayer, Statistical Mechanics, Wiley (1940). 



THE ASSUMPTION OF ADDITIVITY 


149 


[Eq. 3.4-3] 


combinations of f it which make up U 3 (r lt r 2 , r 3 ) are illustrated in Fig. 
3.4-2. The basic property of the CAfunctions, that they approach zero 
for a “separate” configuration, may be easily understood in terms of the 



Fig. 3.4-1. Approximate shape of the function /(r). 


f {/ . For then at least one of the factors f, connecting a molecule of one 
group with a molecule of the other group must be zero. 



fa 4s 4s 


Fig. 3.4-2. 




The four combinations of f, which are included in U t . 


The first several cluster integrals are in terms of the functions f s : 



(3.4-3) 
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The b t are reducible integrals in that some of their terms may be factored 
into products of integrals. For example, the first term in b 3 may be 
written 

J J J/ii/is dr, dr 2 dr 3 = V jf a dr, J / I3 dr 3 (3.4-4) 

Such a factorization is possible only if the container is large compared 
with the range of intermolecular forces. The integrals p k> which were 
defined in Eq. 3.2-25, cannot be factored in this fashion. Hence they 
are referred to as the irreducible integrals. 

b. The virial coefficients for angle-independent potentials 

From the partition function method of § 3.2 the following expres¬ 
sions the first few virial coefficients are obtained: 


B(T) = - |p J J mr u rj - 1] dr, dr 3 


= -f y W 2Z * ~ z i*] 


-fyjj/ndr.dr, 

CO 

-2nN J [e-«'» tr -l)r*dr 


(3.4-5) 


C(T) = ~ fp J J / 1 r * r *> “ r *> W * r » r *> 

- W 2 (r 2 , r 3 )W 2 (r„ r*) - W 2 {r„ r 3 )W 2 {r 2 , r 3 ) 
+ Wjr,. r 2 ) + WJlr„ r 3 ) 

+ W 2 tr 2 , r 3 ) - 1] dr, dr 2 dr 3 

= ~W* [2VW * Z * ~ 3ZzZl + Zl3) - 3A12(2Z * “ z ‘ !)2] 

= -Jpj j j fzfofia dr i dr 2 

= — -j j j/l2/l3/23 r l2 r 13 r 23 ^ r 12 ^ r l3 ^ r 23 

(Integral over all r lt . r M . r w which form a triangle) 

= -8ir*AT 2 JJJ fafafo r it r a r t3 dr, 2 dr u dr a 

[Integral over those ns. ns. 'u which form a triangle and for 
which ns ^ ns and ns > f «>l 


(3.4-6) 



[Eq. 3.4-9] 
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D(T) = — fp//// [ 3 /l2/23 /34/l4 + 67 , 2 / 13 / 14 / 23/34 

+/tfufJ*fuf 3 J dr , dr 2 dr 3 dr t (3-4-7) 

The formulae written in terms of the/, are valid only as long as the 
assumption of additivity is reasonable; the formulae involving the par¬ 
tition functions or the Boltzmann factors do not depend on this assumption. 
Furthermore, these formulae are derived for monatomic molecules with 
spherically symmetric interaction potentials which interact according to 
classical mechanics. The first of these assumptions is not serious for 
molecules which are reasonably symmetric, for the internal degrees of 
freedom have little effect on the equation of state 3 and only the trans¬ 
lational motion need be considered. If the molecules are non-spherical, 
the above results must be generalized for angular dependent potential 
fields. The fact that classical mechanics is used in the derivation means 
that the above formulae may not be applied at very low temperatures 
nor may they be used for the isotopes of hydrogen and helium even at 
temperatures as high as room temperatures. Formulae for the light 
gases and low temperatures are given in Chapter 6, where the quantum 
mechanical equation of state is discussed. 

From the virial theorem method outlined in § 3.3. the following ex¬ 
pressions are obtained for the second and third virial coefficients: 

CO 

B (T) = - ^ J e ~' i,VkT dr (3-4-8) 

0 

C(T) = — jj j (1 4- /l2)/23/l3 r l2 2r 23 r 13 ^ r 12 ^ r 23 ^ r 13 (3-4-9) 

(Integral over nil r». r«j. m which form a triangle] 

The equivalence of Eq. 3.4-8 and the last form given for the second virial 
coefficient in Eq. 3.4-5 may easily be verified by partial integration. 
The corresponding two forms for the third virial coefficient may also be 
shown to be equivalent. 


c. The virial coefficients for angle-dependent potentials 4 

Thus far the discussion has been confined to monatomic molecules, 
each with three translational degrees of freedom. It has also been under¬ 
stood that the interaction potential is dependent only on the separation 

* This is true to the extent that the intermolecular force is independent of the orienta¬ 
tion and internal configuration of the molecules. In quantum mechanical language, 
the requirement is that the intermolecular potential be independent of the quantum 
states of the molecules. 

4 C. S. Wang Chang, Doctoral Dissertation, University of Michigan (1944). 
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of the molecules. Let us now consider molecules which can be 
represented as rigid rotators, with three degrees of translational and two 
degrees of rotational freedom. The interaction potential for such mole¬ 
cules may be assumed to be a function of the intermolecular distance and 
the three angles which describe the mutual orientation of the molecules. 
This model is useful in the study of diatomic and other linear molecules 
and is also appropriate for those molecules which have dipole moments. 
Formulae for the virial coefficients for a gas made up of rigid rotators 
may be obtained easily from the results for monatomic molecules, by 
reinterpreting some of the symbols used in the derivation. 

The Hamiltonian for a gas composed of N rigid rotators of mass m and 
moment of intertia / is 


- z- 1 #■+ iff +jsy+•<•*> < 34 ~“» 

in which q represents the collection of five coordinates x,y, z, 0, necessary 
to specify the location and orientation of a single molecule. The quan¬ 
tities p 0 and p 4 are the momenta conjugate to the coordinates 0 and <f>. 
The partition function for the system is then 

dp " dp " dp “ d p * (3 - 4 - 1 *> 

X dx 1 dy l dz l dO x dfa • • • 

Integration over the momenta leads to the expression 

z * = J' ■ {* in sin «»•••} (3.4-12) 

X dO l d<h dx J dy 1 dz l - • • dd N d<f> N dx N dy N dz N 

in which Aj r = h 2 l2irmkT and = IPIlnlkT. This expression may be 
written in the form 


Z. v = 


( 4 ^ 


J- • j Wfilq 11 ) dq l ■ ■ • dq N 


(3.4-13) 


in which W s {q N ) is the classical Boltzmann factor defined analogously 
to Eq. 3.1-6 and 


(3.4-14) 
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The derivation from this point onward may be performed according to 
the scheme outlined in § 3.2. The only change is the replacement of the 
volume element </r< by the more general element dq t . The factor of 47r 
is introduced in the definition of dq i for convenience. In the limit that 
the potential is independent of the angular coordinates, then integration 
of dqi over the angles gives simply dr { . In this respect the An is a normal¬ 
izing factor. The necessity of this normalization appears in the formal 
analysis in the treatment of Eq. 3.2-15. Unless the volume element dq t 
is so chosen that is unity, Eq. 3.2-24 and the subsequent equations are 
not valid. 

The final formulae for the second and third virial coefficients for angle 
dependent potentials are 

_ oo 2 « w n 

= — ^ J J JJ/n M"® 1 d6 i sin d0 2 d(<f, 2 - &)/•„* dr 12 

0 0 0 0 

(3.4-15) 

C(T) = - / jf/ufufndq 2 dq 3 (3.4-16) 

In these formulae f if = {exp [—(<p t JkT)] — 1} as before, except that 
now the f s are functions not only of the intermolecular distance but also 
of the three angles needed to specify the mutual orientation of two mole¬ 
cules. These formulae are used in §§ 3.8 and 3.10 for the calculation of 
the equation of state for long molecules and for polar molecules. 

d. The virial coefficients for mixtures 

The virial equation of state of mixtures may be obtained by writing 
the partition function for a gaseous mixture and following the general 
procedure of § 3.2. 6 It is thus found that the equation of state for a 
mixture of v components is described by Eq. 3.0-1, where the virial 
coefficients are given by 

^mixture = Z 2** (?)*<*, (3.4-17) 

a=l5-1 

C (^mixture = 2 2 

a-1 5-1 y —1 

* J- E- Mayer, J. Phys. Chem 43, 71 (1939). 


(3.4-18) 
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Here x a is the mole fraction of species a in the gas mixture. The function 
B^JiT) is the second virial coefficient for the pure substance a. B^(T) 
is the second virial coefficient calculated for a potential function ^(r la ), 
which describes the interaction between molecules of species a and 
species p: 

jpJJ.'•/»* dr ' dr * (3- 4 " 1 ’) 

The function fj* = {exp [— (<Pu**lkT)] — 1} are defined analogously 
with Eq. 3.4-1. The superscripts a and P indicate the chemical species 
of molecules i and j. In a similar fashion the C^JIX) are defined by 

W—jp//J. dr , dr 2 dr 3 (3.4-20) 

The C^ y (T) are the same for any permutation of the indices, and C^T) 
is the third virial coefficient for the pure substance a. 


e. The determination of virial coefficients from equation of state data 

The virial coefficients may be obtained from experimental p-V-T data 
in several different ways. In one method the equation of state through 
the third virial coefficient is rearranged thus: 

»> = *+£+••• 0 . 4 - 21 ) 

From this it may be seen that the second virial coefficient is given by 

B( T) = lim (££ - 1) V = lim S/ (3.4-22) 

\KI / p-*Q 

The third virial coefficient is equal to the slope of S/ at zero pressure or 

QT) = Jjnj — B)V (3.4-23) 

This method of obtaining B and C requires extremely accurate com¬ 
pressibility data at very low densities. 

Another method is used when the experimental data are presented 
in the form of a finite polynomial in 1 /F for the compressibility: 


py_ | , MT) AJJ) , , ArXT) 

RT V V* V " 


(3.4-24) 


a set of constants, A it being given for various temperatures. These 
constants are determined by a least-square or other type of curve-fit of 
the data. The quantities A^T) are then taken directly to be the virial 
coefficients. Considerable caution must be exercised, however, in such 
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an interpretation, because the A,{T) depend both on the pressure range of 
the measurements and upon the degree of polynomial used in the curve-fit 
process. Hence, unless the data extend to sufficiently low pressures, the 
function A X (T) is not necessarily the second virial coefficient. Most 
of the careful measurements of compressibilities of gases have been 
made at moderate and high pressures so that it is difficult to 
obtain reliable values of the virial coefficients. The coefficient A 2 (T) 
and higher coefficients are extremely sensitive to the degree of the poly¬ 
nomial chosen; hence considerable difficulty is encountered in obtaining 
experimental third virial coefficients. 

Frequently experimentalists express their results by giving finite poly¬ 
nomials of a form different from that given in Eq. 3.4-24. The Dutch 
workers (Michels and co-workers in Amsterdam and Kamerlingh Onnes 
and co-workers in Leiden) use the international atmosphere as their unit 
of pressure. Their unit of volume known as the “Amagat” unit of 
volume is the volume of the gas under consideration at one international 
atmosphere pressure and 0°C. This standard unit of volume, V sy is 
slightly different for each gas and differs from 22,414 cm 3 /mo!e because of 
the slight gas imperfection even at one atmosphere. The volume of the 
gas at an arbitrary pressure and temperature is specified by giving the 
ratio of the true volume to the standard unit of volume: 

= y/y t (3.4.25) 

and v a is then the volume “in Amagat units.” Similarly the density of 
the gas in Amagat units, p at is defined as: 

1 y, 

/>. = - = -' (3.4-26) 

It is common practice to write the equation of state in the form 

pv a = a + bp a + cp 2 + dp* H- (3.4-27) 

and to summarize the experimental data by giving values of a, b t c, . . . 
for various temperatures (using finite series to fit the data). Comparison 
of this equation with the virial equation given in Eq. 3.0-1 indicates that 
the coefficients B y C, D, . .. may be obtained from a y b y c, d y . . . from the 
following relations: 

B = (b/a)y s 

C=(c/a)V 2 

D = ( d/a)V* y etc. (3.4-28) 

where V s = RT/a. Since these relationships are true only if Eq. 3.4-27 
is an infinite series, they may be used only as approximations in obtaining 
the virial coefficients. 
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The German investigators (in particular Holborn and Otto at Berlin) 
use as their unit of pressure 1 meter of mercury. The unit of volume is 
taken to be the volume of a mole of gas at 1 meter of mercury and 0°C. 
The equation of state is written in the form 

py = A + Bp + Cp 2 + • • • (3.4-29) 

and A, B, C, • . . are reported for various temperatures. In terms of 
these quantities the virial coefficients of Eq. 3.0-1 are 

B = (0J6RT)(B/A) 

C = (0.76/? T) 2 (Cl A) + B 2 (3.4-30) 

Again these expressions are strictly valid only if the series in Eq. 3.4-29 
is infinite. 

5. Virial Coefficients for Simple Angle-Independent Potentials 

In this section the results of the virial development are used to calculate 
the equation of state for several simple molecular models. For each of 
these simple potential functions the integrations to obtain the virial 
coefficients may be performed analytically. These simple analytical 
expressions are convenient for fitting the experimental data over small 
ranges of temperature. For fitting the data over large temperature 
ranges, more realistic potential functions must be used. Furthermore, 
the more realistic potential functions are required to obtain “force 
constants” which may be used interchangeably for equation of state or 
transport property calculations. Virial coefficients for these better 
potentials are given in subsequent sections. 

a. Rigid spheres 

Because of its simplicity the rigid sphere model (see Eq. 1.3-22) found 
much use in early studies of the equation of state and in exploratory 
calculations of the higher virial coefficients. The second and third virial 
coefficients may be calculated easily from the formulae given in the 
preceding section. The fourth, 1 fifth, 2 and higher virial coefficients are, 
however, much more difficult to evaluate. The values of the second 

1 H. Happel, Ann. Physik, 30, 246 (1906); R. Majumdar, Bull. Calcutta Math. Soc ., 
21, 107 (1929). 

* Private communication from M. N. and A. W. Rosenbluth, Los Alamos Scientific 
Laboratory, June 19, 1953. This value for the fifth virial coefficient was calculated by 
the Monte Carlo method by means of the IBM 701 Computing Machine at Los Alamos. 
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through the fifth virial coefficients for a gas made up of rigid spheres of 
collision diameter a are: 

B = inf/o 3 = b 0 

C=|i ° ! (3.5-1) 

D = 0.2869fi o 3 

E= (0.115 ± 0.005)V 

The virial coefficients for rigid spheres are temperature-independent and 
are probably all positive. The compressibility factor, pV/RT, is therefore 
always greater than unity and a function only of the density. 

The rigid sphere approximation is quite good at very high temperatures, 
where the attractions between the molecules become unimportant. For 
example, this model has been used to good advantage for approximating 
the equation of state of hot powder gases in the study of interior ballistics. 
Given the energy of interaction between a pair of real molecules, it is very 
difficult to know exactly what value is appropriate for the rigid sphere 
collision diameter. 3 One reasonable definition for a might be the distance 
of closest approach of two molecules colliding with an energy of kT. 
Often a is evaluated by setting b 0 equal to the co-volume, b t in van der 
Waals equation of state, but the value of van der Waals b is not uniquely 
specified. Another common method of choosing o involves the coefficient 
of viscosity (see Chapter 8). For high-temperature powder gas equations 
of state, it appears 4 that a should equal 0.81 times the Lennard-Jones 
force constant a (see § 3.6). 


b. Point centers of repulsion 

Substitution of the potential function (p(r) = dr~ 6 * 8 (Eq. 1.3-23) into 
the formula for the second virial coefficient given in Eq. 3.4-8 gives 5 


b(T) = - J ** ( ~ 6 ex P ( - dr ~‘! kT > dr 


(3.5-2) 


3 H. A. Stuart, Molekulstruktur, Springer (1934), p. 36, has a listing of collision 
diameters for rigid spheres as determined from different types of experimental data. 

4 The high-temperature region of powder gases happens to lie close to the temperature 

range for which the Lennard-Jones potential gives a maximum value of the second 

virial coefficient of approximately 0.52 b 0 . See J. O. Hirschfelder, F. T. McClure, 
C. F. Curtiss, and D. W. Osborne, “Thermodynamic Properties of Propellant Gases,” 

NDRC Report, A-l 16 (November 1942). 

8 J. Jeans, Dynamical Theory of Gases , Cambridge University Press (1925), p. 134. 
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Since the integral diverges at the upper limit unless d > 3, this result is 
applicable neither to an electron gas nor to an ionized gas. The second 
virial coefficient is always positive for a gas made up of molecules which 
are regarded as point centers of repulsion. 


c. The Sutherland model 


For this model the molecules are regarded as rigid spheres of diameter a 
surrounded by an attractive field <p(r) = —cr~ Y (see Eq. 1.3-25). Substi¬ 
tution of this potential function into Eq. 3.4-5 for the second virial 
coefficient gives 6 


B(T) = 


Infio 3 

3 



/kT) - l]r 2 dr 


lirfjo 3 

3 



(3.5-3) 


The integration is carried out by first expanding the exponential in a 
Taylor series. The Sutherland model is a special case of the Lennard- 
Jones potential with infinitely steep repulsion. At low temperatures this 
model gives a negative second virial coefficient. This is due to the 
importance of the attractive part of the potential in the low velocity 
collisions. 


d. The square-well potential 

For the square-well potential 

(f(r) = co 0 < r < a 

<p(r) = -€ a < r < Ra (1.3-24) 

<f(r) = 0 r > Ro 

the expressions given in § 3.4b may be used to evaluate the second and 
third virial coefficients. The results are 7 

B(T) = b 0 [l - (R* - 1)A] (3.5-4) 

C(T) = JVI 5 - (* 6 - I8 ** + 32RZ - 15 > A 

- (2R 6 - 36R* + 32R 3 +18R 2 - 16)A 2 

- (6R 6 — 18/? 4 + 18R 2 — 6)A 3 ] R < 2 (3.5-5) 

C(T) = |6 0 2 [5 - 17A - (—32 R 3 + 18 R 2 + 48)A 2 

- (5R 6 - 32R 3 + 18* 2 + 26)A 3 ] R ^ 2 

• W. H. Keesom, Comm . Phys. Lab. Leiden , Suppl., 24B, 32 (1912). 

7 T. Kihara, Nippon-Sugaku-Buturigakukaisi, 17, 11 (1943) in Japanese. 
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[Eq. 33-81 


in which A stands for [exp ( e/kT )— 1], and b 0 = No 3 - Values of 
the parameters b 0 , c/A: and R have been obtained for a large number of 
molecules 8 by fitting the second virial coefficient data with Eq. 3.5-4. 
A complete list of these parameters is given in Table 3.5-1; the list 
includes many complex organic molecules such as hydrocarbons and 


freons. . f 

The square-well potential is particularly useful for the description oi 

the equation of state behavior of gases made up of complex molecules, 
inasmuch as the potential function has three adjustable constants. The 
results for the square-well potential do not apply to gases at high tem¬ 
peratures, since this potential does not allow for the interpenetration of 
the molecules in high energy collisions which predominate at elevated 

temperatures. 

It has been found that the second virial coefficient for the square-well 
approximates that for the Lennard-Jones (6-12) potential (Eq. 1.3-27) 
if R is taken to be 1.8, the value of a for the square-well taken to be the 
same as that for the Lennard-Jones (6-12) potential, and the depth of the 
square-well is taken to be 0.56 times the maximum energy of attraction 
of the Lennard-Jones potential. For this particular choice of parameters, 
the expressions for the second and third virial coefficients become 


B(T)/b 0 = 1 - 4.832A 


(3.5-6) 


C(T)/b 0 * = 0.6250 - 2.085A + 10.118A 2 - 8.430A 3 (3.5-7) 


Although the first of these relations gives good agreement with the cor¬ 
responding result for the Lennard-Jones (6-12) potential, the above value 
for the third virial coefficient differs by about a factor of two from the third 
virial coefficient calculated from the Lennard-Jones potential. This is 
an indication of the fact that the second virial coefficient is relatively 
insensitive to the shape of the intermolecular potential function, whereas 
the higher virial coefficients are considerably more sensitive. 

The square-well may be used to calculate 7 the second and third virial 
coefficients of mixtures. The potential of interaction between two mole¬ 
cules i and j of species a and ft is given by 

= 00 > r„ 

<f*(. r u) = — Oaf < r„ < Raf<°^ (3.5-8) 

9 ,a V,i) = 0 r, t > R'jO'f 


• J. O. Hirschfelder, F. T. McClure, and I. F. Weeks, J. Chem. Phys., 10, 201 (1942). 
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TABLE 3.5-1 


Force Constants for the Square-well Potential Obtained from 
Second Virial Coefficient Data® 


Gas 


b 0 =i„No 3 

(cc/mole) 

R 

t/k 

(°K) 

Reference 

for 

B(T) Data 

Neon 

2.382 

17.05 

m 

19.5 

b 

Argon 

3.162 

39.87 

KH 

69.4 

b 

Krypton 

3.362 

47.93 

1.85 

98.3 

c 

Nitrogen 

3.299 

45.29 

1.87 

53.7 

b 

Carbon dioxide 

3.917 

75.79 

1.83 

119 

d 

Ethane 

3.535 

55.72 

1.652 

244 

e 

Propane 

4.418 

108.8 

1.464 

347 

f 

n-Butane 

4.812 

140.6 

1.476 

387 

g 

n-Hcptane 

6.397 

330.3 

1.314 

629 

h 

Ethene 

3.347 

47.28 

1.677 

222 

i 

Propene 

4.316 

101.4 

1.460 

339 

i 

Propadiene 

4.511 

115.8 

1.373 

382 

i 

1-Butene 

5.592 

220.6 

1.249 

492 

i 

2-Methylpropene 

5.570 

218.0 

1.254 

490 

i 

/ra/w-2-Butene 

5.276 

185.3 

1.324 

465 

i 

c/r-2-Butene 

5.747 

239.5 

1.215 

537 

i 

CCI 3 F 

4.534 

117.6 

1.545 

399 

j 

CHCI 2 F 

2.797 

27.60 

2.321 

306 

k 

cci 2 f 2 

4.812 

140.6 

1.394 

345 

1 

CCI 2 F-CC!F 2 

3.697 

63.73 

2.075 

335 

m 

Methyl chloride 

4.294 

99.90 

1.337 

469 

n 

Ammonia 

2.902 

30.83 

1.268 

692 

0 

Steam 

2.606 

22.33 

1.199 

1260 

p 


° The force constants for the complex molecules noted here were taken from J. O. 
Hirschfelder, F. T. McClure, and I. F. Weeks. /. Chem. Phys., 10 201 (1942). 
b L. Holbom and J. Otto, Z. Physik, 33, 1 (1925). 

r J. A. Beattie. J. S. Brierley, and R. J. Barriault, /. Chem. Phys., 20, 1613, 1615 (1952). 
a K. E. MacCormack and W. G. Schneider,/. Chem. Phys., 18, 1269 (1950). 

* Beattie, Hadlock, and PofTenberger, /. Chem. Phys., 3, 93 (1935). 

1 Beattie, Kay, and Kaminsky, /. Am. Chem. Soc., 59,1589 (1937). 

* Beattie, Simard, and Su, /. Am. Chem. Soc., 61, 26 (1939). 

* Smith, Beattie, and Kay,/. Am. Chem. Soc., 59, 1587 (1937). 

* E. E. Roper, J. Phys. Chem., 44. 835 (1940). 

1 Thermodynamic Properties ofTrichloromonofiuoromeihane, Kinetic Chemicals, Inc. (1938). 

* Thermodynamic Properties of Dichloromonofluoromethane, Kinetic Chemicals, Inc. (1939). 
1 Thermodynamic Properties of Dichlorodifluoromethane, Circular 12, Am. Soc. Refrig. 

Eng. (1931). 

"* Thermodynamic Properties of TricMorotrifluoroethane, Kinetic Chemicals, Inc. (1938). 

" Methyl Chloride, E. I. du Pont de Nemours St Co., the R. and H. Chemicals Department 
(1940). 5th Ed. 

0 C. H. Meyers and R. S. Jessup, Refrig. Eng., 11, 345 (1925). 

9 J. H. Keenan and F. G. Keyes, Thermodynamic Properties of Steam, Wiley (1936). 
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[Eq. 33-12] 


Then, letting (7> 0 )«f = and ^ = [exp^T-1], 

write the following relations for B^(T) and Q(T): 


i#)=(Wi-(V-')^ 

iCj,D = m - [AU)A* + A1,2)A„ + /(l,3)A fr ] 

+7(2,1)A„A V + /(2,2)A w ,A jty + /(2,3)A„AJ 
- [/(3)A^A W A^] 


in which 

7(0) = JiOae, a„, a fy ) 

7(1,1) a,,) - AO) 

7(1,2) = J(o„, R„°„> a fy) - AO) 

7(1,3) = 7(<V <V RfyOfy) - AO) 

7(2,1) =7(7VV R„o ar , a fr ) - [7(0) + 7(1,1) + 7(1,2)] 
7(2,2) = J(R^, a„, RfyOfy) - [7(0) + 7(1,1) + 7(1,3)] 
7(2,3) = J(a^, R„o„, R >r a fv ) - [7(0) + 7(1,2) + 7(1,3)] 

7(3) =7(7?^, R„o ar , RfyOfy) - [/(0) + 1^7(1, k) +j 


The function J(a y b , c), which occurs in the formulae for the 


J(a, b, c) = Pc 3 


o > b + c 


7(n, b, c) - 


a 8 + b* + c 8 -f 18aW 
+ 16 (i*c* + cV + Jb 3 ) 

. - 9{a'(b* + c*) + 7>V + a*) + cV + b*)} 


we may 
(3.5-9) 

(3.5-10) 

(3.5-11) 

K2, *)] 

’s is 

(3.5-12) 
a <6 + c 


The square-well potential is the most realistic potential for which the third 
virial coefficient for mixtures has been calculated exactly. 
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6. The Virial Coefficients for the Lennard-Jones (6-12) Potential 1 
The Lennard-Jones (6-12) potential 


fp(r) = 4c 



(1.3-27) 


has been widely used for the calculation of the properties of matter in 
the gaseous, liquid, and solid states. Consequently, the calculation of 
the virial coefficients for this important model is given here in detail. 
It is also shown how the parameters a and c of the potential function may 
be determined by analysis of the second virial coefficient data. Finally, 
it is shown that experimental Joule-Thomson coefficients may also be used 
to gain information about the forces between molecules. 

In the discussion which follows many of the formulae assume simpler 
forms if the following reduced quantities are used: 2 


r* = r/a 

T • = kT/c 

B* = BHlnfio*) = B/b 0 

II 

.Q 

* 

B* = T ,k (d*B*/dT’ k ) 

C* = T* k (d k C*/dT* k ) (3.6-1) 


The quantities B k * and C k * are dimensionless derivatives in terms of which 
the thermodynamic properties may be expressed. 


a. Calculation of the second virial coefficient 
The second virial coefficient integral may be integrated analytically 
for the Lennard-Jones potential. 3 Substitution of the Lennard-Jones 


1 Some calculations of virial coefficients have been made for Lennard-Jones poten¬ 
tials with indices of repulsion other than twelve. Inasmuch as it has been found that 
the inverse twelfth power repulsion gives the best agreement with the experimental 
data on second virial coefficients and Joule-Thomson coefficients of many substances, 
we give in this chapter the results for the (6-12) potential only. However, for helium, 
mercury, and some other molecules the (6-9) potential might be slightly better. Rather 
extensive second virial coefficient calculations have been made by punched card methods 
for the Lennard-Jones (6-9) potential from T* = 0.5 to T* = 100 by L. F. Epstein and 
C. J. Hibbert, J. Chem. Phys., 20, 752 (1952). The third virial coefficient for the (6-9) 
potential has been evaluated by T. Kihara, J. Phys. Soc. Japan, 6, 184 (1951). 

* Two conventions have been adopted in the literature for the reduction of quantities 
such as the second virial coefficient. Some workers have used B* = B/No*; others 
have used B* = B/B rig sp h = B/b 0 . Both systems of reduction have their advantages. 
We use the asterisk (•) to indicate reduction of quantities by means of the simplest 
combinations of the potential parameters a and €, and the star (*) to indicate reduction 
with respect to combinations of a and € which make use of rigid sphere values. The 
two types of reduced quantities are of course simply related. 

* J. E. Lennard-Jones, Proc. Roy. Soc. (London), A106, 463 (1924). 
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(6-12) potential (Eq. 1.3-27) into the formula for the second virial co¬ 
efficient given in Eq. 3.4-8 gives 



0 


When exp [(4/7*)/'* _8 J is expanded in an infinite series, the integration 
may be performed analytically. The reduced second virial coefficient 
may then be written as 4 

B(T) = b 0 B*(T*); £*(7*) = 2 6<»r*- (sy+1 >' 4 (3.6-3) 

i-o 

The coefficients 5 b'>' are given by 

9-‘ r ( 2i T i ) (3M) 

and are Tabulated in Table I-E. (The tables numbered with roman 
numerals are in the general appendix at the back of the book.) The 
summation in Eq. 3.6-3 converges very rapidly for reduced temperatures 
greater than 4. For smaller values of 7* the convergence is less rapid; 
f or j* = 0.30 about thirty terms are needed in the series to obtain an 
accuracy of five significant figures. The function B * has been calculated 
by punched card methods 6 for values of 7* from 0.3 to 400; this tabula¬ 
tion is given in the appendix in Table I-B. Also given in this tabulation 
are the functions, B k *(T*\ which occur in the expressions for the thermo¬ 
dynamic properties. A table of the various thermodynamic properties 
in terms of the virial coefficients is given in Appendix 3.B at the end of 
the chapter. 

Let us examine the characteristics of the function B*(T*). As seen in 
Figure 3.6-1 for low temperatures B* is negative, and above the Boyle 
temperature , 7 T B * = 3.42, it is positive with a maximum at about 7* = 25. 
This behavior may be understood from the nature of the potential 
function. For low temperatures the average energies of the molecules 

4 For the general Lennard-Jones potential of Eq. 1.3-19, the same development 
leads to the following formula for B(T): 

B(T) =- — (*) y* l{d - Y) 2 d) (3.6-3a) 

«=(S(T 

6 The coefficients b U) should not be confused with the cluster integrals, the b lt of 
§ 3.2b. 

• R. B. Bird and E. L. Spotz, University of Wisconsin, CM 599 (Project NOrd 9938), 
May 10, 1950. 

7 See Problem 4 at the end of the chapter. 
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arc of the same order of magnitude as the depth of the potential well. 
Consequently, colliding pairs of molecules spend a large portion of their 
time in the attractive region of the potential. This emphasis on the 
attraction between the molecules results in a decrease in the pressure, 
and the second virial coefficient is thus negative. For high temperatures 



Fig. 3.6-1. The reduced second virial coefficient for the Lennard-Jones 
potential. The classical curve of B*(T*) is shown here along with the 
experimental points for several gases. Also shown are the curves for hydrogen 
and helium, which have been calculated by quantum mechanics according to 
§ 6.5b, c. We can see the extent to which quantum deviations are important 
for these gases. (From R. J. Limbeck, Doctoral Dissertation, Amsterdam, 

1950.) 

the average energies of the molecules are large with respect to the maximum 
energy of attraction. The molecules do not “see,” as it were, the dip 
in the potential curve, so that the predominant contribution to the virial 
coefficient is that due to the repulsive portion of the potential. The 
emphasis on the repulsion between the molecules results in an increase 
in the pressure, and thus the second virial coefficient is positive. For 
very high temperatures those collisions are emphasized in which the 
molecules collide with such force that considerable interpenetration takes 
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olace causing the molecules to behave as if they had a smaller volume. 
It is for this reason that the B* goes up to a maximum, and then begins to 
fall off. This maximum has been observed for helium. 8 

In order to calculate the second virial coefficient for a gas using Table 
I_B the only information needed is the values of the parameters a and € 
in the Lennard-Jones potential. These parameters are obtained by 
analysis of the experimental data for second virial coefficients (this is 
discussed in the next subsection), transport coefficients (§ 8.4), constants 
characteristic of the critical, melting, or boiling points (§4.1c), or other 
properties. Values of these force constants are given in the Appendix in 
Table I-A for a large number of molecules. In Table 3.6-1 are given a 
few of these parameters. When force constants have been obtained 

TABLE 3.6-1 

Force Constants for the Lennard-Jones (6-12) Potential 

DETERMINED FROM SECOND VlRIAL COEFFICIENTS 0 


Gas 

c/k (°K) 

a (A) 

b 0 (cc/mole) 

Experimental 

Data 

Ne 

34.9 

2.78 

27.10 

b 

A 

119.8 

3.405 

49.80 

c 

Kr 

171 

3.60 

58.86 

d 

Xe 

221 

4.10 

86.94 

e 

No 

95.05 

3.698 

63.78 

f 

0 2 

118 

3.46 

52.26 

g 

ch 4 

148.2 

3.817 

70.16 

h 

co. 

189 

4.486 

113.9 

i 


0 A more complete table of force constants for the Lennard-Jones (6-12) potential 
is given in the Appendix (Table I-A). There also are given the force constants deter¬ 
mined from viscosity data. 

b L. Holborn and J. Otto, Z. Physik, 33, 1 (1925). 

c A. Michels, Hub. Wijker, and Hk. Wijker, Physica, 15, 627 (1949). 

d J. A. Beattie, R. J. Barriault, J. S. Brierley, J. Chem. Phys., 20, 1613, 1615 (1952). 

• J. A. Beattie, R. J. Barriault, J. S. Brierley, J. Chem. Phys., 19, 1222 (1951). 

1 A. Michels, H. Wouters, J. de Boer, Physica, 1, 587 (1934). 

* L. Holborn and J. Otto, Z. Physik, 10, 367 (1922). 

h A. Michels and G. W. Nederbragt, Physica, 3, 569 (1936). 

* A. Michels and C. Michels, Proc. Roy. Soc. {London), A153, 201 (1936). 

from several types of experimental data, it is usually advisable to use 
those parameters obtained from second virial coefficients for the calcu¬ 
lation of equation of state properties. For some gases several sets of 
force constants have been obtained by the analysis of two or more sets 
of equation of state data. Let us consider a numerical example to 

• L. Holborn and J. Otto, Z. Physik, 33, 1 (1925). 
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illustrate the use of the tabulated quantities and the formulae related to 
equation of state calculations. 


Illustrative Example 

Problem. Calculate the compressibility factor for argon at 5 atm at 15°C and at 
250°C. 

Solution. From Table 3.6-1 the constants e/k = 119.8°K and b 0 = 49.80 cc/mole 
are obtained for argon. Then T = 15 + 273.2 = 288.2°K and T* = kT/e 
= 288.2/119.8 = 2.406, for which B* is found from Table I-B to be -0.3605. The 
second virial coefficient is then B = b„B* = (49.80) (-0.3605) = 17.95 cc/mole. 
The second virial coefficient for the pressure series (see footnote to Eq. 3.0-1) is then 
B' = B/RT - (-17.95)/(82.06) (288.2) = -0.00076 atm-*. Finally, the compressi¬ 
bility factor is 

pVIMeT = 1 + B\T)p + ••• = !- (0.00076) (5) + ... 

= 0.9962 

Similarly for T = 250°C, B* = 0.1702, and the compressibility factor is 1.0010. 


b. Determination of intermolecular forces from experimental second virial 
coefficients 


Having determined experimental values of second virial coefficients 
according to one of the methods given in § 3.4e, we may use this informa¬ 
tion to obtain the parameters in any potential function. The two 
adjustable parameters of the Lennard-Jones potential may be determined 
from the experimental B(T) values at two temperatures. The following 
procedure may be used. First we define a quantity k n by 



B{T 2 ) 1 

B(T,) J„ ptI 


(3.6-5) 


Then c/fc may be determined by trial and error solution of the equation 



(3.6-6) 


As a first approximation to e/k, we may use the value calculated from 
the boiling temperature, melting temperature, or critical temperature, 
using the relations given in § 4.1. The collision diameter is obtained from 


in which T, is either T x or T 2 . Slightly different sets of force constants 
may be obtained for different choices of the temperatures, T x and T 2 . 


• In this equation b 0 is in units of cubic centimeters per mole, and the collision 
diameter, a, is expressed in angstroms. 
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This discrepancy, however, is small and results from the fact that the 
Lennard-Jones potential is an empirical function and does not give an 
exact description of the dependence of the intermolecular force on the 
distance. A numerical example is given here to illustrate the determina¬ 
tion of force constants from second virial coefficients. 


Illustrative Example 

Problem. Using the experimental data 10 in Table 3.6-2, determine the force constants 
in the Lennard-Jones potential for xenon. The critical temperature of Xe is 289.8°K. 

Solution. Since for a large number of gases kTJt = 1.3, an approximate value for 
€ jk is 223°K. We now solve Eq. 3.6-6 for three combinations of 7*, and T t . The 
trial and error solutions may be tabulated as follows: 

Trial B*(TS)IB*(TS) 

tlk 

223 0.3060 

220 0.3010 

219 0.2993 


T t T 2 k B 

298.2 498.2 0.3003 


348.2 

548.3 

0.2963 

223 

0.3009 



220 

0.2940 




221 

0.2964 

373.2 

573.3 

0.2894 

220 

0.2839 




221 

0.2867 




222 

0.2895 


For each pair of temperatures the best value of tlk is indicated by an underline. The 
closeness of the values obtained in the widely spaced temperature range illustrates the 
accuracy of the Lennard-Jones potential. For t/k = 221 °K the collision diameter 
according to Eq. 3.6-7 is a = 4.10 A. Values of B(T) calculated from Table I-B 
and these force constants are compared with the experimental data in Table 3.6-2. 


TABLE 3.6-2 


Experimental and Calculated Values of B(T) for Xenon 


Temperature (°K) 

B(T) (Experimental) 
cc/mole 

B(T) (Calculated) 
cc/mole 

298.2 

-130.2 

— 128.4 

348.2 

—94.5 

-94.5 

373.2 

—81.2 

—81.5 

498.2 

—39.1 

—38.9 

548.3 

—28.0 

—28.0 

573.3 

—23.5 

—23.4 


Force constants determined for the Lennard-Jones potential in this 
manner for several gases are given in Table 3.6-1. A more complete 
tabulation may be found in the Appendix in Table I-A. Wherever data 

10 J. A. Beattie, R. J. Barriault, and J. S. Brierley, J. Chem. Phys., 19, 1222 (1951). 
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are available from two different groups of investigators two sets of force 
constants have been computed. The force constants for hydrogen, 
deuterium, and helium shown in the table have been obtained by the 
method just described, and also by an analogous method in which 
quantum effects are taken into account (see § 6.5c). The curve B*(T*) 
for the Lennard-Jones potential is plotted in Fig. 3.6-1. Experimental 
data for a large number of gases have been reduced, using the Lennard- 
Jones force constants, and this information is plotted on the same graph. 
It is seen that this potential function describes rather well the temperature- 
dependence of the second virial coefficient. This is a nice illustration of 
the applicability of the principle of corresponding states, which is discussed 
in detail in the next chapter. 

Thus far the calculation of force constants has been restricted to the 
interactions between molecules of the same chemical species. In principle 
it is possible to determine the force law between molecules of different 
chemical species from the second virial coefficients for gaseous mixtures 
and Eq. 3.4-17. The virial coefficients for mixtures, however, depend 
not only upon the forces between unlike molecules but also strongly on 
the interaction between molecules of the same species. Consequently, to 
get the forces between unlike molecules it is necessary to have extremely 
accurate experimental data for the second virial coefficients of the pure 
components and the mixtures. Such information is not generally 
available. Another possibility is to use the volume change when two 
gases are mixed. 11 Here again the dependence on the forces between 
unlike molecules is to a certain extent masked by the dependence on the 
interaction between similar molecules. Measurements of the diffusion 
coefficient and the thermal diffusion ratio provide the best source of 
information about forces between unlike molecules. 12 

When other information 12 is lacking, it is necessary to use the empirical 
combining laws which relate the force constants between unlike molecules 
to those between like molecules: 

= *(<r« + *,) (3.6-8) 

««, = (.W' (3.6-9) 

The first of these rules is clearly exact for rigid spherical molecules. 
The second rule follows from a simple interpretation of the dispersion 

« A. E. Edwards and W. E. Roseveare. J.A.C.S ., 64, 2816 (1942). 

11 Table 8.4-17 shows a comparison of force constants obtained from experimental 
diffusion and thermal diffusion data with those calculated using the empirical combining 
laws. 
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forces in terms of the polarizabilities of the individual molecules (see 
S 13.3). Force constants obtained from these combining laws seem to 
rive reasonably good results in calculations involving mixtures. Table 
3 6-3 compares the experimental values of B n (T) obtained from the 
volume change on mixing with those calculated by means of the empirical 
combining laws. 


TABLE 3.6-3 

Experimental and Calculated Values of B n (T) 


Gas 

Mixture 

Temperature 

(°C) 

B 12 (T) (cc/mole) 

-— 

(a) 

Experimental 

(b) 

(c) 

Calculated 

h 2 -n 2 

20 

13.5 

12.8 

(11.1)“ 

11.5 

h 2 -qh 4 

20 

-17.7 

— 

— 

0.8 

h 2 ~co 2 

20 

-39.0 

-1.1 

— 

3.0 

N 2 -He 

20 

12.5 

-— 

— 

17.7 

n 2 -o 2 

30 

— 

— 

-9.7 

-10.1 

20 

-50.4 

-42.6 

— 

-41.1 

n 2 -co 2 j 

30 


— 

-40.6 

-39.1 

n 2 -c 2 h 4 

20 

-24.4 

— 

— 

-44.2 

n 2 -ch 3 f 

20 

— 

-36. 


-40.6 

C0 2 -He 
__ ~ f 

20 

-40.2 

_ 


21.3 

20 

-25.2 


-58.3 

-52.1 

co 2 ~o 2 

30 


— 

-49.9 

-41.5 

co 2 -c 2 h 4 

20 

-55.9 

— 


-133. 

co 2 -ch 3 f 

20 

" 

-149. 


-105. . 


a A. E. Edwards and W. E. Rosevearc, J.A.C.S., 64. 2816 (1942). These values are 
probably not so accurate as some of the more recent results. 

b Experimental data of A. Michels and A. J. H. Boerboom as quoted by R. J. 
Lunbeck and A. J. H. Boerboom. Physica , 17, 76 (1951). 
e R. A. Gorski and J. G. Miller, J.A.C.S., 75, 550 (1953). 

* This result was obtained by direct compressibility measurements by A. Michels and 
T. Wassenaar, Appl. Sci. Res., Al, 258 (1949). 
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Illustrative Example 

Problem. Calculate the second virial coefficient at 50 5 C (323.2°K) for a mixture of 
25 mole per cent N, and 75 mole per cent CH 4 . 

Solution. From Table I-A the following parameters are obtained: 

N,: 6 0 = 63.78 cc/mole c/k = 95.05°K 

CH*: b 0 = 70.16 cc/mole «/* = 148.2°K 

The parameters for the interaction between a nitrogen molecule and a methane molecule 
are obtained from Eqs. 3.6-8 and 9: 

*.(N, - CH 4 ) = i{(MN a )] > '> + IWCH,)]''•!* = 66.96 cc/mole 

</*(N, - CH 4 ) - {(«/*) (NO • ((Ik) (CH 4 ))» = I18.7°K 

Using these values we then get: 

N t : T* = 3.400 B* = -0.0043 B - -0.2743 cc/mole 

CH 4 : T* - 2.181 B* - -0.4942 B - -34.67 cc/mole 

N, - CH 4 : T* - 2.723 B* - -0.2143 B - -14.34 cc/mole 

Then from Eq. 3.4-17 we get 

B - (0.25)* (-0.2743) + 2(0.25) (0.75) (-14.35) 

+ (0.75)« (-34.67) - -24.90 cc/mole 

for the virial coefficient of the mixture. 

c. Evaluation of the third virial coefficient 

The third virial coefficient integral may be evaluated by a method 
similar to that used for the evaluation of the second virial coefficient. 13 
The result for the Lennard-Jones (6-12) potential is 

C(T) = & 0 2 c*(r*); c*(r*) = i c»>r*-° +1)/2 ( 3 . 6 - 10 ) 

i-o 

This expression has a form very similar to that for the second virial 
coefficient given in Eq. 3.6-3. Although the b li) in the latter equation are 
just gamma functions, the expansion coefficients c (,) for the third virial 
coefficient are complicated integrals. The values of c U) calculated by 
Kihara 14 are given in Table I-E. The method of obtaining the c 0) is 
described in Appendix 3A at the end of this chapter. 

The third virial coefficient has also been evaluated by direct punched 
card calculation of the irreducible integral The results of this 

13 T. Kihara, J. Phys. Soc. Japan, 3, 265 (1948). 

14 T. Kihara, J. Phys. Soc. Japan, 6, 184 (1951). The constants c U) given in this 
publication are a revision of those given in Ref. 13. 

16 R. B. Bird, E. L. Spotz, J. O. Hirschfelder,/. Chem. Phys. t 18, 1395 (1950). 
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work 18 are given in Table I-C for values of .he reduced temperature 
r* from 0.70 to 400. Also tabulated there are the functions C k (i )> 
which are useful for the calculation of the thermodynamic properties. 
Third virial coefficient calculations have also been made by two other 
croups of workers 17 - 18 over limited temperature ranges. 

In Fig. 3.6-2 is plotted the function C*(T*), obtained from the punched 
card calculations 15 and a number of experimental points are also given. 



Fig. 3.6-2. The reduced third virial coefficient for the Lennard-Jones 
potential. This curve was obtained by a punchcd-card evaluation of the 
irreducible integral f} x . The experimental points of a number of gases are 
shown. The non-spherical molecules (carbon dioxide and ethylene) deviate 
markedly from the calculated curve. Also the light gases (hydrogen, 
deuterium, and helium) exhibit different behavior because of quantum effects. 
(From R. B. Bird, E. L. Spotz, and J. O. Hirschfelder, J. Chem. Phys., 18, 

1395 (1950).! 

These experimental values have been reduced, using the force constants 
obtained from the second virial coefficient. In general the agreement is 
not outstanding. For the simple gases the experimental points lie 
generally above the calculated curve. The disagreement is probably due 

,e The revised calculations of Kihara 14 are in good agreement with the punched 
card calculations. 

17 E. W. Montroll and J. E. Mayer, J. Chem. Phys ., 9, 626 (1941). 

18 J. de Boer and A. Michels, Physica, 6, 97 (1939). 
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to some extent to the methods by which third virial coefficients are 
determined from compressibility data (see § 3.4e). Deviations should, 
however, also be expected because of the empirical nature of the Lennard- 
Jones potential. The third virial coefficient integral emphasizes different 
regions of the potential curve from those emphasized by the integral 
for the second virial coefficient. Kihara 14 has found that somewhat 
better agreement is obtained with a Lennard-Jones (6-9) potential. This 
does not imply that the (6-9) potential is better than the (6-12) function. 
The choice of 12 as the repulsive index was made because it afforded the 
best agreement between calculated and experimental results for the second 
virial coefficients and the Joule-Thomson coefficients of a large number 
of gases. Furthermore, the (6-12) potential has been shown to give 
exceptionally good agreement for the transport properties (see Chapter 8). 
The only conclusion we can draw from these results is that a potential 
function more realistic than the Lennard-Jones potential must be chosen 
if consistent information about intermolecular forces is to be derived from 
the various physical properties. 

Exceptionally poor agreement between experimental and calculated 
third virial coefficients of elongated molecules is observed. Even in the 
second virial coefficient, which is relatively insensitive to the form of the 
potential, the non-spherical nature of the molecules is evident in that the 
observed B(T) curve has a curvature different from that suggested by the 
Lennard-Jones potential. It has been shown (see § 3.8) that quite good 
agreement with experimental fl(7>values is obtained when the calculations 
are made for potential functions which include the angle dependence of 
the interaction potential. Thus far no calculations of the third virial 
coefficients for elongated molecules have been made. 

Quite large deviations from the theoretical curve are also observed in 
the isotopes of hydrogen and helium. These discrepancies, which are 
undoubtedly due to quantum effects, are discussed in Chapter 6. No 
calculations of the magnitude of the quantum deviations in third virial 
coefficients have been made, and hence no quantitative explanations 
may be given. 

In view of the above-mentioned discrepancies the table of reduced 
third virial coefficients, C*(7**), has a somewhat more limited range of 
application than does the corresponding tabulation for the second virial 
coefficient. The C*-table should give quite good results for spherical 
non-polar molecules at high temperatures and at densities such that the 
correction to the compressibility due to the third virial coefficient is 
small compared with that due to the second virial coefficient. To 
illustrate the use of the tables for making practical calculations, a numerical 
example is given here. 
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Illustrative Example 

Problem. Calculate the third virial coefficient for krypton at 250’K. 

Solution From Table 3.6-1 the force constants for krypton are e/k -■ 171 K. a 
• * X 86cc/mole The reduced temperature 7* is 77(c/*) = 250/171 = 1.46. 

l 1 46 may be found from Table I-C to be 0.55357. The third v.nal 
coefficient is then C(T) = b.'C*(T •) = (58.86)' (0.55357) = 1918 (cc/mole)*. 

Thus far the discussion has been restricted to the third virial coefficiervts 
for pure substances. No calculations have yet been made of the C^ y (T) 
of Eq 3 4-18 for the Lennard-Jones potential. However, these quantities 
may be estimated by making use of the fact that the third virial coefficient 
for mixtures has been evaluated analytically for the square well, and in 
particular for a two-constant square well (see Eq. 3.5-10). We define a 
function A(T*) such that its cube is the ratio of C(T) for the pure com¬ 
ponent a calculated for the Lennard-Jones potential to C(T) calculated 
for the two-constant square well potential of Eq. 3.5-7: 

[C^T)) lj , = [C„,(D] 8 . w . M(V)]> (3.6-11) 

The function A is slowly varying in T * and is tabulated in Table I-D. 
It seems reasonable to write the contributions C^T) to the third virial 
coefficient of a mixture of components a, /?, and y as 

[Q x ( 7')J l>j . ^ [C^DJs.w. [A(TS)A(T fi ')A(T y ')] (3.6-12) 

The validity of this relation cannot be justified until there are good 
experimental equation of state data for mixtures of gases which contain 
reasonably spherical molecules. Until such data are available, Eq. 3.6-12 
should provide a reasonable method for estimating the high-temperature 
compressibilities of mixtures. 


d. The Joule-Thomson coefficient 

The Joule-Thomson coefficient //, which is defined as the rate of change 
of temperature with pressure in an isenthalpic expansion, is related to 
the equation of state as follows: 

Hg)--- H»H <-> 3 > 

This expression may be expanded 19 in powers of (1/K), and the Joule- 
Thomson coefficient may then be written in terms of the reduced second 
and third virial coefficients and their derivatives: 

tv - 5 *i 

Up 

+ [C,* - 2 C* + 2B* 2 - 2B*B* + ^B*R/b 0 ] + ■ • • (3.6-14) 

VCp 

19 The expansions of the specific heat and other thermodynamic properties are given 
in Appendix 3.B. 
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in which c P ° is the zero pressure value of the molar heat capacity at the 
temperature under consideration. 20 The first term in the expansion is 
the Joule-Thomson coefficient at zero pressure, p°. The coefficient of the 
(1/K) term, when divided by RT y is the zero pressure slope of the p versus 
pressure curve. 

In Table I-B is given the function B* — B* y which is needed to cal¬ 
culate the Joule-Thomson coefficient at zero pressure. This function is 
also given in graphical form in Fig. 3.6-3. In the same figure are shown 



Fig. 3.6-3. The reduced Joule-Thomson coefficient for the Lennard-Jones 
potential. The classical curve B x * — B * is shown along with the correspond¬ 
ing experimental values. Also shown are the experimental points for helium, 
which exhibits quantum deviations. (From R. J. Lunbcck, Doctoral 
Dissertation, Amsterdam, 1950.) 


experimental values of p°C p °lb 0 . The force constants obtained from 
second virial coefficients are used for the purpose of reduction of the 
experimental data. The agreement between the theoretical and experi¬ 
mental values is extremely good. This comparison is a convincing 
illustration of the use of information about intermolecular forces obtained 
from one property to make calculations of another property, which is 
measured in a different manner. It should be noticed that (#,* — B*) 
is positive for low temperatures (cooling by expansion) and that it is 
negative (warming on expansion) above the inversion temperature , 
T* = 6.47 (see Problem 5 at the end of this chapter). 

10 C p ° ma y be calculated by the methods of § 2.5. 
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It is of course also possible to use the tables of ( B ,* — B*) to evaluate 
the force constants in the Lennard-Jones potential. The values of a 
and € so obtained are comparable in accuracy with those determined 
from the second virial coefficient. These force constants may then be 
used to compute the second virial coefficients. It is thus possible to 
determine second virial coefficients from experimental Joule-Thomson 



Fig. 3.6-4. The zero pressure Joule-Thomson coefficient for helium- 
nitrogen mixtures. (From J. O. Hirschfelder and W. E. Roseveare, 
J. Phys. Chem., 43. 15 (1939).] 


coefficients by the use of the results of statistical mechanics. From the 
thermodynamics alone it is not possible to do this, inasmuch as the result 
contains an unknown constant of integration. 

Illustrative Example 

Problem. Calculate the inversion temperature for xenon and for neon. 

Solution. In Table I-B it may be seen that the function (fl,* — B*) changes sign at 
Tj* = 6.47. Since (c/k) is 22I°K for xenon, the inversion temperature Tj is (6.47) (221) 
= 1430°K = 1157°C. For neon, (t/k) = 34.9°K so that 7> = (6.47) • (34.9) = 226°K 
= —47°C is the inversion temperature. 

It is also possible to use Table I-B to compute the Joule-Thomson 
coefficients of mixtures. The specific heat C p ° for the ideal gas mixture 
may be obtained from Eq. 2.5-48, and Eq. 3.4-17 gives the expression 
for the second virial coefficient for mixtures. These substitutions 
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give for the zero-pressure Joule-Thomson coefficient of a binary mixture 
the formula: 

0 _ * i 2 ( C „°) i /' i ° + + 2 W 6 o ),*[( V ),2 - (**>.21 (3 ^ 5) 

Mmix Zi(C p °)i + *,(C A 

In Fig. 3.6-4 are shown the calculated zero-pressure Joule-Thomson 
coefficients for He-N 2 mixtures 2I * 22 along with the experimental values. 23 
The combining laws given in Eqs. 3.6-8 and 3.6-9 were used for the 
calculation of the quantity ( 6 0 ) 12 [( V ), 2 “ (**)id- In principle it would 
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« J. O. Hirschfelder and W. E. Roseveare, J. Phys. Chem., 43, 15 (1939). 

** The calculated values are based on the use of ‘‘effective** force constants for He. 
That is, the experimental data were fit using the classical formulae. The force constants 
obtained in this way do not include the quantum effects. 

23 J. R. Roebuck and H. Osterberg, J. Am. Chem. Soc., 60, 341 (1938). 



[Eq. 3.6-15] 


THE JOULE-THOMSON COEFFICIENT 


177 


be possible to get forces between unlike molecules from the measurements 
of Joule-Thomson coefficients for mixtures. With the existing data it is, 
however, impossible to determine a unique set of constants in this fashion. 

The zero pressure slope of the p versus p curve obtained from Eq. 
3.6-14 has been compared with the corresponding experimental values 
in Fig. 3.6-5, where (p?y l {dpldpf is given for several gases as a function 
of the temperature. For argon the calculated curve is definitely higher 
than the experimental points. This corresponds to the fact that in 
this temperature region C c *, cd < C p * p „ and C,* ilpd > C,* sp|| (as may be 
seen in Fig. 3.6-2). The two effects are additive in producing an error 
in (p°)' l (dpldpf. For carbon dioxide and nitrogen, however, C culcd 

> C*P.I and C *..,c > c w and these two effec,s lend 10 cancel 

one another. Indeed for these gases the experimental points do not fall 
below the calculated curve as they did for argon. It would thus seem 
that the discrepancies between calculated and experimental Joule-Thomson 
coefficients are reasonably consistent with the differences between cal¬ 
culated and observed third virial coefficients. 

To conclude this section on the Lennard-Jones potential let us 
summarize the applicability of the results and indicate how further 
progress may be made in the correlation of intcrmolccular forces and 
equation of state. For the noble gases and molecules which are very 
nearly spherically symmetrical the Lennard-Jones potential gives excellent 
agreement for the second virial coefficient and the zero-pressure Joule- 
Thomson coefficient over a rather wide temperature range. The agree¬ 
ments for the third virial coefficient and the slope of the Joule-Thomson 
coefficient versus pressure curve at zero pressure are not quite so good. 
Furthermore, slightly different force constants are obtained from the 
transport properties and properties of crystals than are calculated from 
the virial coefficients. Consequently we must accept the conclusion that, 
although the Lennard-Jones potential has been quite valuable in studying 
the connection between various properties of matter, more exact informa¬ 
tion may be obtained about intermolecular forces by the adoption of 
more complex force laws. In the next section we summarize the progress 
which is being made in the problem of the refinement of the inter- 
molecular potential functions for spherical non-polar molecules. 

For all the properties discussed in this section, slightly greater deviations 
between experimental and calculated results are observed for molecules 
which are very non-spherical. For such molecules the angle-dependence 
of the interaction potential should be taken into account in the calculation 
of the virial coefficients. The virial coefficients for non-spherical non¬ 
polar molecules are discussed in § 3.8. A discussion of polar molecules is 
reserved for the last section of the chapter. 
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7. The Second Virial Coefficient for More Elaborate Spherically 

Symmetric Potentials 

Calculations of the second virial coefficient have been performed for 
several intermolecular potential energy functions of the Buckingham 
type. These functions have an exponential repulsion term and more 
than two adjustable constants. In this section we indicate briefly what 
calculations are available for these more elaborate potential functions 
and how the adjustable parameters are determined. 


a. The Buckingham-Corner potential 

Rather extensive second virial coefficient calculations (both classical 
and quantum) have been made for the Buckingham-Corner potential: 


<p(r) = be-’*'"’* - 

OS)--™ 

r < r, 

<p(r) = - 

G+a 

r>r y 


* = {-€ + < i + ncr m -*y 
C = {«otr m “/[“< 1 + P) — 6 — 8/?]} 

•f = 

This is a four-constant potential in which the parameters have the following 
significance: 

€ = depth of potential well 
r m = value of r at potential minimum 
a = steepness of exponential repulsion 

P = c 'l cr m 2 

This potential function, which is more realistic than the Lennard-Jones 
potential, represents the repulsion as an exponential and includes in its 
general form the attractive contributions to the potential proportional 
to both r -8 and r -6 . 

Buckingham and Corner 1 performed the numerical integration of the 
second virial coefficient integral for the potential of Eq. 1.3-29. They 
expressed their results for the second virial coefficient and the zero- 
pressure Joule-Thomson coefficient in the form 

B(T) = 2 „Nr m *FJi*, p ; T*) (3.7-1) 

t*°C v ° = 2irNrJG 0 (x, p ; T*) (3.7-2) 

1 R. A. Buckingham and J. Comer, Proc. Roy. Soc. (London), A189, 118 (1947). 
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[Eq. 3.7-2J 


in which T* = kT/e. The functions F 0 and G 0 are given in Tables VI-A 
and VI-B for P = 0 and 0.2, a from 12.5 to 14.5 at intervals of 0.5, and 
T* from 1.25 to 100. The maximum computational error in the tables is 
claimed to be less than 0.1 per cent. The functions F 0 and G 0 have, of 
course, the same characteristic shapes as the functions B * and (£,* — B *) 
for the Lennard-Jones potential. The first quantum correction to the 
second virial coefficient and the Joule-Thomson coefficient has also been 
calculated (see § 6.5d). But no calculations of transport properties have 
yet been made for this potential function. 

The results of these calculations have not been widely used for obtaining 
intermolecular forces from equation of state data. The parameters in the 
Buckingham-Corner potential are given in Table 3.7-1 for two of the 
noble gases, neon and argon. The constants were obtained by Corner, 2 
who took into account the small quantum effects. The values of the 
second virial coefficients calculated on the basis of these constants agree 
within 0.5 per cent of the experimental values 3 over a 600° temperature range, 
and similar agreement is reported for the zero-pressure Joule-Thomson 


TABLE 3.7-1 

Parameters for the Buckingham-corner Potential Function 

a, fi, e/k, r m = parameters in potential 

/„ = distance between nearest neighbors in the crystal lattice at 
0 °K (in angstroms) 

h 0 = heat of sublimation of crystal at 0°K. Corrected for zero point 
energy (in cal/mole) 


Gas 

P 

a 

*/k 



/; o 

Neon 0 

0.00 

13.6 

37.1 

3.16 

3.20 6 

589° 


0.15 

13.3 

37.4 

3.16 




0.20 

13.2 

37.5 

3.16 



Argon 0 

0.00 

13.9 

123 

3.87 

3.81 d 

2030* 


0.14 

13.5 

125 

3.87 




0.20 

13.4 

125 

3.87 




a J. Comer, Trans. Faraday Soc., 44, 914 (1948). 

b J. de Smelt, W. H. Keesom, and W. H. Mooij, Leiden. Comm. 203e (1930). 
c W. H. Keesom and Haantjes, Physica, 2, 460 (1935). 

F. Simon and C. von Simson, Z. Physik , 25, 160 (1924). 

* M. Bom, Ann. Phys., 69, 473 (1922). 


8 J. Comer, Trans. Faraday Soc., 44, 914 (1948). 

3 L. Holborn and J. Otto, Z. Physik, 33, 1 (1925). 
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coefficients. The fact that equally good agreement is obtained for 
ft = 0 and ft = 0.2 seems to indicate that the second virial coefficient 
is not sufficiently sensitive to the form of the potential to get information 
about the relative importance of the r ° and r~ 6 contributions. Accord¬ 
ing to the quantum mechanical calculations of Margenau 4 ft should be 
about 0.15. Recent measurements of the quadrupole moment of mole¬ 
cules from the pressure broadening of microwaves (see § 13.7) have made 
it possible to determine ft accurately for various molecules. The values 
so obtained differ considerably from Margenau*s estimate and depend 
strongly on the exact electronic configuration. 

b. The modified Buckingham (6-exp) potential 

Recently Rice and Hirschfelder 5 have prepared extensive tables 
of the second virial coefficient for the modified Buckingham (6-exp) 
potential: 


* r) = T=m [i ex P («[' -7])- (7")'] r > r -« (U - 30) 

<P( r ) = * r< r m , x 

In Eq. 1.3-30 r max is that value of r for which (p(r) as given by the upper 
relation has a spurious maximum. The three constants e, r m , 
and a have the same significance as in the Buckingham-Corner 
potential. 

For the modified Buckingham (6-exp) potential the second virial 
coefficient can be written 

B(T) = b m B*(«;T*) (3.7-3) 

in which b m = lnNr m z and T* = kT/€. The function Z?*(a;r*) is 
tabulated in Table VII-A, and the values of the parameters c, r m , and a 
for various gases are given in Table 3.7-2. These parameters were 
determined by fitting viscosity coefficients, second virial coefficients, and 
crystal properties. The experimental data used for determining 
each set of parameters are indicated in the last three columns of 
Table 3.7-2. 

The integrals needed for the calculation of the transport coefficients 
have also been evaluated for the modified Buckingham (6-exp) potential. 
These calculations are described in § 8.4. 

4 See § 14.2. 

5 W. E. Rice and J. O. Hirschfelder, J. Chem. Phys., 22 (1954). 
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TABLE 3.7-2 

Parameters for the Modified Buckingham (6-exp) Potential" 



Parameters 

Experimental Data Used for 


Determination of the Parameters 

Substance 

r m 

€/k 

rt 

Viscosity 

Coeffi- 

Second 

Virial 

Crystal 


(A) 

(°K) 


dents 6 

Coeffi¬ 

cients 

Properties 0 

H 2 

3.337 

37.3 

14.0 

d 

e 

- 

He 

3.135 

9.16 

12.4 

f 

S 

— 

Ne 

3.147 

38.0 

14.5 

h 

i 

j 

A 

3.866 

123.2 

14.0 

k 

I 

j 

Kr 

4.056 

158.3 

12.3 

— 

m 

j 

Xe 

4.450 

231.2 

13.0 

— 

n 

j 

ch 4 

4.206 

152.8 

14.0 

o 

P 

<1 

n 2 

4.040 

113.5 

16.2 

— 

r 



4.011 

101.2 

17.0 

s 

— 


CO 

<4.099 

>132.0 

>17 

— 

t 

q 


3.937 

119.1 

17.0 

u 

— 



0 This table is taken from E. A. Mason and W. E. Rice, J. Chem. Phys., 22 (1954). 

6 The relationship between the coefficient of viscosity and intcrmolecular forces is 
discussed in § 8.4. 

* The relationship between crystal properties and intermolecular forces is discussed 
in §13.9. 
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8 . The Second Virial Coefficient for Non-spherical Molecules 
Just as the simplest model for a spherical molecule is a rigid im¬ 
penetrable sphere, so also can non-spherical molecules be regarded as 
rigid impenetrable objects of various shapes. Hence this discussion begins 
with a summary of the work of Isihara, who has shown how the second 
virial coefficient of any rigid convex molecule may be evaluated. Kihara 
has extended the latter work to examine elongated and flat molecules 
which interact according to a Lennard-Jones potential in which the 
separation is taken to be the shortest distance between the “cores” of 
the molecules. Finally the section is concluded with a discussion of the 
earlier work of Corner, who calculated the second virial coefficient for 
cylindrical molecules. He visualized cylindrical molecules as being 
represented by three or four centers of force distributed along an axis. 
The intermolecular potential is then given by the sum of the interactions 
between the various centers of force in the two molecules. 


a. Isihara’s treatment of rigid convex molecules 

In § 3.5a it is shown that the second virial coefficient for rigid spheres 
is just equal to four times the volume of the molecules in the gas. For 
rigid non-spherical molecules, the second virial coefficient may be written 
as 

B = 4Nv m f (3.8-1) 

in which v m is the volume of a single molecule and / is a factor (always 
greater than unity) which indicates deviation from rigid sphere behavior. 
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Isihara 1,2 has shown how this factor / may be evaluated for any rigid 
convex molecule by the use of group theory and differential geometry. 
The result of his rigorous mathematical treatment is quite simple in 
form. For a gas containing molecules of a single kind the factor / is 
given by 


/=! + 



(3.8-2) 


in which s m is the surface area of a molecule and R is the average of the 
mean radius of curvature. The latter is given by 

^ ^ J }(*i + R 2 ) d(o (3.8-3) 


TABLE 3.8-1 

The Factor / for Various Non-spherical Models 0 * 6 


Shapes 

Sphere 

Cube 

Regular 

Tetra¬ 

hedron 

Regular 

Octa¬ 

hedron 

Cylinder 

Size-* 

Radius = 1 

3 

wm 

EB 

Lengths = / 
Radius = a 


An/3 

1 

V2/12 

V2/3 

no 2 / 

s m 

An 

6 

V3 

2V3 

2na(a + /) 

R 

1 

3/4 

— tan" 1 y /2 

2n 

- cot" 1 V2 

n 

i(/ + an) 

f 

1 

11/8 

1.926 

1.330 

rra* +(n + 3 )al + l 2 
Sal 


° T^s tab,e is taken from A. Isihara and T. Hayashida, J. Phys. Soc. Japan , 6 , 40 
(1951), as corrected by T. Kihara, /. Phys. Soc. Japan, 8 , 000 (1953). 

6 The expressions for / for ellipsoidal molecules and spherocylindrical molecules 
are given in Eqs. 3.8-4 through 7. 

1 A. Isihara, J. Chem. Phys. t 18, 1446 (1950). 

* A. Isihara and T. Hayashida, J. Phys. Soc. Japan, 6 , 40 (1951). 
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[Eq. 3.8-3] 


where R x and R 2 are the principal radii of curvature, and do) is the surface 
element on a unit sphere. These results have been generalized for 
molecular models which are not smooth (for example, rigid tetrahedrons) 
and for mixtures of molecules of different shapes. The fact that / is 
always greater than unity indicates that non-spherical molecules always 



Fig. 3.8-1. Ellipsoidal molecules. Rotation about A A' generates prolate 
(cigar-shaped) ellipsoids, and rotation about BB' generates oblate (pancake¬ 
shaped) ellipsoids, a and b are the major and minor semi-axes, respectively. 
/ is the distance between the foci /, and 


have second virial coefficients which are larger than those for spherical 
molecules of the same volume. The second virial coefficients for all 
rigid molecules are temperature independent. The methods used in 
this treatment may well find application to other problems which are 
difficult geometrically. 

The factor/has been computed for a number of non-spherical molecular 
models, 3 and the results of these calculations are given in Table 
3.8-1. The calculation has also been made for ellipsoids 3 of revolution, 

3 A. Isihara and T. Hayashida, J. Phys. Soc. Japan , 6, 46 (1951). 
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and the result is (for both prolate and oblate ellipsoids) 



in which € 0 is the eccentricity, defined by c 0 2 = (a 2 — b 2 )/a 2 , a and b being 
the major and minor semi-axes of the generating ellipse. (See Fig. 3.8-1.) 
When the eccentricity is small compared with unity, the result may be 
written as a power series 4 in c 0 2 : 

/-'+l^o‘ + l^o‘ + I ^<o , + ^5 <o 10 + ' • • 0.8-5) 



1 2 3 4 5 6 


Axial ratio a/6 

Fig. 3.8-2. Variation of/ with the axial ratio for ellipsoidal molecules. 

In Figure 3.8-2 is shown the variation of the function / with the axial 
ratio a/b. This result has been useful in the determination of molecular 
shapes from the osmotic pressure of high-polymer solutions. 3 
The second virial coefficients for spherocylindrical molecules have 

been calculated by Kihara. 5 Prolate spherocylinders are generated when 

% 

4 Such a series solution had been obtained previously by C. S. Wang Chang, Doctoral 
Dissertation, Michigan (1944), and by M. Kotani (1946, unpublished). The coefficient 
of the €«,* term is given incorrectly in Refs. 1 and 3 as (37/60). 

* T. Kihara, J. Phys. Soc. Japan, 6 , 289 (1951). The authors wish to thank Professor 
Kihara for making this work available to them prior to its publication in the journal. 
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the figure in Fig. 3.8-3 is rotated about axis A A' and oblate' *P he ™- 
cylinders are obtained when the figure is rotated about axis BB . 
such molecules the function/is given by 

/= ! + [§£ 2 + 4^]- 1 (prolate) (3.8-6) 


/=! + 



«£ 3 + 2t+ 4£ 


(oblate) (3.8-7) 



Fig. 3.8-3. Spherocylindrical molecules. Rotation about A A' generates 
prolate spherocylindcrs (capsule-shaped molecules), and rotation about BB 
generates oblate spherocylindcrs (pill-shaped molecules). 

in which f = pjl. Kihara has made use of these results for the rigid 
ellipsoidal and spherocylindrical molecules, to obtain expressions for the 
second virial coefficient of angle dependent Lennard-Jones molecules. 
This work is discussed in the next subsection. 


b. Kihara’s generalized spherocylindrical molecules 

Kihara 5 has shown how the spherocylindrical model can be generalized 
to include attractive and repulsive forces according to a Lennard-Jones 
type interaction. The generalization has been performed in such a way 
as to preserve the integrability of the second virial coefficient. The 
results are applicable to both long and flat molecules. 

First it is necessary to define what is meant by the core of the molecule. 
For a homopolar diatomic molecule the line segment between the nuclei 
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is taken to be the core of the molecule. The core of other molecules of a 
prolonged shape may be specified in a similar way with respect to the 
basic molecular skeleton. For example, the 0-0 distance in C0 2 and 
the C-C distance in C 2 H 2 , C 2 H 4 , or C 2 H 6 form cores. The lengths of 
the core, /, so defined are given in Table 3.8-2 for several molecules. The 
energy of interaction rf(p) between two such long molecules is then taken 
to be of the Lennard-Jones (6-12) form (Eq. 1.3-27). However, the 
argument of the function, p , is not defined as the distance between the 
centers of the two molecules but rather as the shortest distance between 
their cores. The physical reality of such a potential is questionable, 
particularly in collisions in which both ends of both cores are within 
interaction distance of one another. Nevertheless, this approach intro¬ 
duces the principal notion of a non-spherical interaction, and good 
agreement is obtained between theory and experiment. The method of 
Corner, described in § 3.8d, is more realistic in this connection; however, 
Corner’s method is considerably more complex for long molecules and 
does not apply at all to flat molecules. 

The core of flat molecules is taken to be a thin circular disk. For 
benzene, for example, the core is chosen to be the circular disk ringed by 
the six carbon atoms. The intcrmolccular distance is then defined as 
the shortest distance between these cores. When it is necessary to 
distinguish between the cores of long molecules and those of flat molecules, 
the latter are referred to as disk cores and the former as rod cores. The 
length of the rod core and the diameter of the disk core are designated 
by /. This quantity is readily obtainable from information about intra¬ 
molecular distances available in the literature. 

The intermolecular potential is then characterized by three quantities: 
the length / and the parameters o and c of the Lennard-Jones (6-12) 
potential. Actually Kihara chooses to use as one of his parameters the 
position of the potential minimum, p m = 2 ,/ «a, in place of the collision 
diameter o. This distance, p m> is also identified with the shorter dimension 
("minor axis") of the spherocylinder as shown in Fig. 3.8-3. When 
/ = 0 the intermolecular potential reduces to the ordinary spherically 
symmetrical Lennard-Jones (6-12) potential. When c = 0 and the 
repulsive index 12 is replaced by cc, the model reduces to the rigid sphero¬ 
cylindrical molecules of Fig. 3.8-3. 

For spherically symmetrical molecules the second virial coefficient may 
be written in the form 


r— oo 

B(T)= J [1 - e -«'>' tT ]db 0 (r) 

r-0 


(3.8-8) 


in w hich b 0 (r) is the second virial coefficient for rigid spheres with diameter 
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r: b 0 ( r ) = 27tAT/ j / 3. Similarly for the generalized spherocylindrical 
model, the second virial coefficient 6 is given by 

P =® 

B(T ) = J [1 - e~«'> ltT ] db, (p) + 6,(0) O- 8 " 9 ) 

P-° 

In this expression 6 ,(p) is the second virial coefficient for rigid sphero- 
cylinders with core length / and minor axis p: b,(p) = 4Nv ni (l, p)f(/ t p)» 
where/is given in Eqs. 3.8-6, 3.8-7 for prolate and oblate spherocylinders, 
respectively. 

Insertion of the Lennard-Jones potential for rp(p) and substitution ot 
the expression for b t (p) into Eq. 3.8-9 gives a formula for the second 
virial coefficient which may be integrated analytically. The method of 
integration is the same as that used for the integration of the second 
virial coefficient for the Lennard-Jones potential in Eq. 3.6-2. The 
final result is 


Prolate 

spherocylinders: 


Oblate 

spherocylinders: 


B(T) = 


2WVp m 3 


3 


B(T) = 


2 ”Np* 


{ik) + vXRp " ,F *{i?r) 

* te) 
to) 


+ ^F 


(3.8-10) 


fe) 




+ 


f ('+£W^)+TT (3.8-n. 


in which 




\072> + <i/12> 


(V) 


(3.8-12) 


• That the second virial coefficient for this model may be written in such a form may 
be seen as follows: Eq. 3.4-15 for the second virial coefficient is written in terms of the 
distance, r, between the centers of the two molecules. The distance, p, between ends 
of cores, is then a function of r, and the three angles specifying the mutual orientation of 
the molecules, 0„ 0„ <p. This function may be solved to give r = r(p, 0„ 0„ <p). Then 
Eq. 3.4-15 may be written as: 

B(T) = “ e-«* )lkT ) [r(p, 0„ 0„ 7 ))]* dp sin 0, sin 0* dO y dd t dtp 

Since the potential function fp{p) is angle-independent for Kihara's model, integration 
over the angles gives 

~ CO 


W) / (I - e ~« r)ltT ) Y(p)dp 


in which the function Y(p) is the same for any interaction rp{p). The similarity between 
this result and Eq. 3.8-9 is clear. 



190 


EQUATION OF STATE AT LOW DENSITIES 


[§ 3.8] 


The functions F k are given in Table VIII. These results may easily be 
generalized 6 for cases where the indices of attraction and repulsion are 
different from 6 and 12. 

In Table 3.8-2 are given values of the core lengths for four molecules 
and also the values of the parameters p m and c which have been obtained 
by fitting second virial data. A comparison of calculated and experimental 
second virial coefficients is given for these gases in Fig. 3.8-4. 



Fig. 3.8-4. Comparison of calculated and experimental results for 
Kihara's generalized spherocylindrical molecules. [From T. Kihara, 
J. Phys. Soc., Japan, 6, 289 (1951).] 


c. Kihara's generalized ellipsoidal molecules 5 

The rigid ellipsoidal model may be generalized to include the attractive 
and repulsive intermolecular forces in a manner similar to that described 
in the previous section for spherocylindrical molecules. The rod-core 
of a long molecule is taken to be the line segment between the foci of a 
prolate ellipsoid of revolution. The distance p is defined in the following 
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way. We construct on both cores congruent ellipsoids of such a 
size that they just contact one another. Then the length of the minor 
axis of the contacting ellipsoids is taken to be the distance p y and the inter- 
molecular potential tp(p) is taken to be the Lennard-Jones interaction. 
Similarly, for flat molecules the distance p is taken to be the minor axis 
of two contacting congruent oblate spheroids which are constructed upon 

TABLE 3.8-2 


Parameters for Kihara’s Generalized Spherocylindrical and 
Ellipsoidal Models determined from Second Virial Coefficients 5 



Spherocylindrical 

Model 

Ellipsoidal 

Model 

Gas 

/(A) 

Pm (A) 

c/k (°K) 

Pm( A) 

•/* CK> 

H 2 

0.74 

2.81 

39.4 

3.24 

32.4 

n 2 

1.10 

3.47 

124.0 

4.09 

101.0 

CH 2 =CH 2 

1.34 

4.0 

266.0 

4.8 

216.0 

co 2 

2.2 

3.7 

279.0 

4.6 

224.0 


the disk cores. This model for intermolecular interaction reduces to the 
Lennard-Jones model when the foci are coincident and to the rigid ellip¬ 
soidal model when there is no attractive energy and the repulsive index 
of the Lennard-Jones potential is taken to be infinite. 

Equation 3.8-9 may now be used to compute the second virial coefficient 
for the generalized ellipsoidal molecules. The result may be expressed 
as a power series in l/p m : 

m +*,(£)’'*(£) 

+ ‘-(£) v -fe) + '] < 38 - 13 > 

The kj for the prolate ellipsoid are 

, , _ _J__ , _ 7 1201 _ 1643 

1 2’ 2 120’ 3 240’ 4 67200’ * 5 134400’ 

and, for the oblate ellipsoid, 

= 1, *. = 4 *3 = 0. k t = — 5 -|, * 8 = 5 I 5 . • • • 
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The functions F k (€/kT) have been defined in Eq. 3.8-12, and they are 
tabulated in Table VIII. Since the expression in Eq. 3.8-13 does not 
converge when / is greater than or equal to p m1 it is sometimes convenient 
to express the second virial coefficient as a power series in the eccentricity 7 
€q. The result is 

« r > - h (rr) + (a) + fe) + ■ ■ •] l3 ! - 14) 



Fig. 3.8-5. Comparison of calculated and experimental 
results for Kihara’s generalized ellipsoidal molecules. [From 
T. Kihara, J. Phys. Soc. t Japan , 6, 289 (1951).] 


in which the coefficients K f are given by 

K 0 = F 3 = k x F x K z — AtjFj k 2 F_ 1 


= ,+ (■' , 1 )Ar 2 F_ 1 +p ' 2 


Ar 3 F_ 3 + 


+ V: 


3-2 i 


1 The eccentricity is € 0 = IIV P + p m *. 
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[Eq. 3.8-16] 


The choice of the core length / (that is, the focal length) is made as 
before. The parameters e and p m are then obtained from second virial 
coefficient data and Eq. 3.8-13 or Eq. 3.8-14. The values of the param¬ 
eters thus found are given in Table 3.8-2, and the calculated and experi¬ 
mental virial coefficient curves are shown in Fig. 3.8-5. The difference 
between the major and minor axis of the ellipsoidal molecule is much 
smaller than the corresponding quantity of the spherocylindrical one. 
From second virial data alone, it is impossible to say definitely which 
model is the more realistic. For hydrogen, however, the ellipsoidal 
model is to be less favored than the spherocylindrical model. For the 
latter, the lengths of the major and minor axes are only a few percent 
smaller than the corresponding quantities of the potential functions 
calculated quantum mechanically by Margenau 8 and de Boer 9 (see § 14.4). 


d. Corner’s four-center model for long molecules 

To study the second virial coefficients of long molecules Corner 10 
adopted a four-center model , in which a molecule is represented by four 
centers of force distributed evenly along a line of length 2 7 * / (see Fig. 
3.8-6). The interaction energy for a pair of these four-center molecules 
is then assumed to be 

4 ,W©"-(?,)'] (3 ' 8 - ,5 > 


in which r u is the distance between point center i in the first molecule 
and center j in the second. The summation is over all the sixteen possible 
interactions between centers of force. 11 The subscript, c , on the above 
force-constants indicates that they apply to interactions between centers 
of force and not between the entire molecules. 

This expression for the intcrmolccular potential may be written in 
the form: 

.) - 4, M [(!&>)“ - (=S3)'] (3.8-16) 


where now the force constants depend on the orientation, oj = {0 X , 0 2 , </>}. 


8 H. Margenau, Phys. Rev., 63. 385 (1943); 64, 131 (1943); A. A. Evctt and H. 
Margenau, J. Chem. Phys., 21, 958 (1953). 

• J. de Boer, Physica, 9, 363 (1942). 

10 J. Corner, Proc. Roy. Soc. (London), A192. 275 (1948). 

11 F. London (J. Phys. Chem., 46. 305 (1942)) has criticized the use of point centers to 
represent the dispersion forces because it does not take into account the tensor nature 
of the molecular polarizability (see § 13.4). For the calculation of second virial 
coefficients, however, such effects can safely be neglected. 
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Corner obtained formulae for the angle dependence of o(w) and c(w) 
by computing rp{r) by Eq. 3.8-15 for a great many orientations and then 
curve-fitting his calculated results. His expressions contain l/o c para¬ 
metrically and are good for values of //cr e from 0 to 0.75. 

The angle-dependent potential of Eq. 3.8-16 is then substituted into 
the integral for the second virial coefficient given in Eq. 3.4-15. The 
integration over r may be carried out analytically, using the same method 
which was employed for the evaluation of the second virial coefficient 



Fig. 3.8-6. Pictorial representation of two interacting “four- 

center” molecules. 


for the Lennard-Jones potential (Eq. 3.6-2), after which the integrations 
over angles may be performed. The second virial coefficient then 
contains three parameters, a et /, and e, the latter 12 being a sort of average 
well depth for the Lennard-Jones potential. The final form for B(T) is 


B(T)= 


[ B * (t) + *{«V (t) + 4 V (¥))] < 3 - 8 - 17 > 


in which /?*, /?,*, and B 2 * are the functions defined in Eq. 3.6-3 and 
tabulated in Table I-B. The quantities a and ft are functions of //o c ; 
a is given by 



(3.8-18) 


and ft is given in Table 3.8-3. The small values of ft indicate the very 


11 Here € is the following average value of c(w) over the orientation <o: 

p/f fg(qj)) J sin 0, sin 0 , d0 x dO t d(<J>, — ^,) 


€ = 


T 


J/J (oMY sin 0, sin 0, dO , d0 t d{4>t - <M 



[Eq. 3.8-18] 
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small variation of the temperature dependence of the second virial 
coefficient as a result of the deviations from spherical shape. In fact, it is 
evident that the second virial coefficient for non-spherical molecules is 
very nearly that for spherical molecules of collision diameter a c a 1/s . 

TABLE 3.8-3 



0 

0.00 

0.0000 

0.15 

0.0024 

0.30 

0.0084 

0.45 

0.0143 

0.60 

0.0159 

0.75 

0.0129 


The values of the constants /, a ct i for some typical molecules are given 
in Table 3.8-4. The values of the reduced critical constants kTJi and 
V l(V2o e 3 <x • 10 24 ) are also given. If the molecules were spherical, these 
reduced critical constants would be constant. A rather well-defined 
trend in their values is noted with increasing length of the molecules. It 
is apparent that the reduced critical temperature is rather insensitive to 
the elongation of the molecules but that the critical volume becomes 
appreciably smaller. The possibility of packing long molecules together 
certainly makes such a trend seem reasonable. Graphical comparisons 
of experimental and calculated results are given for several gases in the 
next section, where the results for several potential functions are compared. 


TABLE 3.8-4 

Parameters for Corner’s Four-Center Model and the Reduced 

Critical Constants 10 


Gas 

IK 

M a ) 

«(°K) 

kTJi 

• io 21 ) 

Nitrogen 

0.15 

3.37 

95 

HI 

1.29 

Carbon monoxide 

0.14 

3.60 

98 



Carbon dioxide 

0.29 

3.57 

198 

1.54 

0.90 

Methane 

0.00 

3.79 

148 

1.29 

1.28 

Ethylene 

0.21 

4.1 

192 

1.47 

0.92 

Ethane 

0.19 

4.5 

206 

1.48 

0.82 

Propane 

0.25 

4.9 

228 

1.62 

0.78 

Propylene 

0.26 

4.9 

220 

1.66 


Trans-2-butene 

0.38 

4.9 

281 

1.53 

0.75 

/i-Butane 

0.39 

4.9 

254 

1.68 

0.77 
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9. Discussion of the Results for Several Non-polar Potential Functions 

The preceding four sections are devoted to a discussion of the various 
calculations which have been made for the virial coefficients of non-polar 
substances. Before going on to the study of polar molecules, we sum¬ 
marize the information about the virial coefficients and the intermolccular 
forces which has been obtained for non-polar molecules. In this section 
the various non-polar potential functions and the virial coefficients 
obtained from them are compared. We first consider some of the rare 
gases as examples of spherical molecules and then nitrogen and carbon 
dioxide as examples of non-spherical molecules. 

a. Spherical molecules 

The experimental and theoretical results for helium, neon, argon, and 
krypton are summarized in Figs. 3.9-1, 2, 3, and 4. For each of these 
gases the experimental B(T) values are plotted and also the second virial 
coefficients calculated on the basis of several empirical potential functions. 
A comparison of the various potential functions is also shown. Let us 
consider each of the gases separately. 

i. Helium 

At temperatures above 400°K the classical theory may be used to 
describe the second virial coefficient of helium. At room temperature 
quantum effects are small but experimentally observable. The quantum 
deviations are described quite well by the theory and calculations given 
in § 6.5. At temperatures below 20°K quantum effects are appreciable. 
The low-temperature theory and calculations are given in §6.4. 

There is a great deal of experimental data which can be used to deter¬ 
mine the energy of interaction of two helium atoms. Four potential 
curves have been fitted to the experimental data. Massey, Buckingham, and 
Hamilton 1,2,3,4 have fitted a Buckingham potential to the low-tempera¬ 
ture data; de Boer, Michels, and Lunbeck 1 * * 4 5 have fitted a Lennard-Jones 

1 R. A. Buckingham, Proc. Roy. Soc. {London), A168. 264 (1938). 

* H. S. W. Massey and R. A. Buckingham, Proc. Roy. Soc. {London), AI68,378 (1938). 

* H. S. W. Massey and R. A. Buckingham, Proc. Roy. Soc. {London), A169, 205 
(1939). 

4 R. A. Buckingham, J. Hamilton, and H. S. W. Massey, Proc. Roy. Soc. {London), 
AI79, 103 (1941). 

1 Values of the force constants in the Lennard-Jones (6-12) potential were first 
obtained in this way by J. de Boer and A. Michels, Physica, 5, 945 (1938). The values 
quoted here are those taken from the doctoral dissertation (Amsterdam, 1951) of 
R. J. Lunbeck, who revised the previous values of de Boer and Michels by using the 
newer values of the fundamental constants, k, N, and h given by J. W. M. du Mond 
and E. R. Cohen, Revs. Mod. Phys ., 20, 82 (1948), 21, 651 (1949). 
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(6-12) potential to both low- and high-temperature data; Yntema 
and Schneider 6 have fitted a Buckingham potential to their high- 
temperature second virial coefficient measurements; and Mason and 
Rice 7 have fitted a modified Buckingham (6-exp) potential to both the 
second virial and viscosity data. In Fig. 3.9-1 the second virial coefficient 



T(°K) 


Fig. 3.9-1. Second virial coefficients for helium calculated for several 
molecular models. The potential functions obtained from the experimental 
B(T) data are also shown. The experimental data are those of L. Holborn 
and J. Otto, Z. Physik, 33, 1 (1925); and J. L. Yntema and W. G. 
Schneider, J. Chem. Phys., 18, 641 (1950). 


8 J. L. Yntema and W. G. Schneider, J. Chem. Phys., 18, 646 (1950). 
7 E. A. Mason and W. E. Rice, J. Chem. Phys., 22 (1954). 
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calculated on the basis of the de Boer-Michels-Lunbeck, the Yntema- 
Schneider, and the Mason-Rice potentials are compared with the experi¬ 
mental values of Holborn and Otto 8 * 10 and those of Yntema, Schneider, 
and Dufhe. 9,10 Unfortunately no calculations have yet been made on the 



Fig. 3.9-2. Second virial coefficients for neon calculated for several molecular 
models. The potential functions obtained from the experimental B(T) data 
are also shown. The experimental data are those of L. Holborn and J. Otto, 

Z. Physik, 33, 1 (1925). 

second virial coefficient at high temperatures on the basis of the Massey- 
Buckingham-Hamilton function. However, from Fig. 3.9-1 it can be 
seen that this function has very nearly the same contour as the 


8 L. Holborn and J. Otto, Z. Physik, 33, I (1925). 

• W. G. Schneider and J. A. H. Duffie, J . Chem. Phys. y 17, 751 (1949). 

10 J. L. Yntema and W. G. Schneider. J. Chem. Phys. y 18, 641 (1950). 
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[Eq. 3.8-16J 


de Boer-Michels-Lunbeck potential so that it would have nearly the same 

values for the second virial coefficient. 

Massey, Buckingham and Hamilton 1 - 2 - 34 made a careful analysis ot 
the low-temperature second virial coefficient data on helium, taking 



Fig. 3.9-3. Second virial coefficients for argon calculated for several molecular 
models. The potential functions obtained from the experimental B(T) data 
are also shown. The experimental data are those of L. Holborn and J. Otto, 

Z. Physik, 33,1 (1925), and A. Michels, Hub. Wijker, and Hk. Wijker, Physica, 

15, 627 (1949). 

quantum effects into consideration. They fitted the experimental data 
with a potential function consisting of two segments of the Buckingham 
form (Eq. 1.3-28). For r < 2.61 A (the value at which the potential is 
zero) they used the theoretical expression of Slater and Kirkwood (see 
§ 14.2). For r ^ 2.61 A they took the constant a to be that in the 
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Slater-Kirkwood expression and the ratio of c to c' to be that predicted by 
Margenau (see § 14.2). The remaining two constants were then fitted 
to the experimental data. The complete potential is then 

( f( r ) = j^770e _4 6Or - x 10 -12 erg r < 2.61 A (3.9-la) 

<p(r) = |^977e- 4 « 0 ’- - ^ X 10- li! erg r ^ 2.61 A (3.9-lb) 

in which r is in angstroms. 



TOO 

Fig. 3.9-4. Second virial coefficients for krypton calculated for several mole¬ 
cular models. The potential functions obtained from the experimental B(T) 
data are also shown. The experimental data are those of J. A. Beattie, J. S. 
Brierley, and R. J. Barriault,/. Chem. Phys., 20, 1615 (1952). 

De Boer, Michels, and Lunbeck 5 determined the parameters in the 
Lennard-Jones (6-12) potential by fitting the experimental second virial 
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coefficients from 20°K to 400°K with the theoretical calculations described 
in § 6.5c. These calculations take into account the quantum deviations 
in this temperature range. In this way it is found that 5 o = 2.556 A and 
zjk — 10.22°K. These parameters enable us to describe fairly well the 
second virial coefficient of He 4 down to about 1°K by means of the theory 
outlined in § 6.4c. 11 The viscosity and thermal conductivity of gaseous He 4 



Fig. 3.9-5. Second virial coefficient for nitrogen calculated for several 
molecular models. The potential functions obtained from experimental B(T) 
data are also shown. The experimental data are those of L. Holborn and 
J. Otto, Z. Physik , 33, 1 (1925), and A. Michels, H. Wouters, and J. de Boer, 

Physica , 1, 587 (1934). 

11 J. de Boer and A. Michels, Physica , 6, 409 (1939). 
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have been calculated for the Lennard-Jones (6-12) potential with these para¬ 
meters. Calculations have been made both at very low temperatures 12 
(from 1° to 15°K), where the quantum mechanical calculations of § 10.2c 
are used, and at higher temperatures 13 (from about 100°K to 500°K), 
where the classical theory may be used. Quite good agreement is obtained 



Fig. 3.9-6. Second virial coefficient for carbon dioxide calculated for several 
molecular models. The potential functions obtained from experimental B(T) 
data are also shown. The experimental data are those of A. Michels and 
C. Michels, Proc. Roy. Soc. {London), AI53, 201 (1936), and K. E. 
MacCormack and W. G. Schneider, J. Chern. Phys., 18, 1269 (1950). 

12 J. de Boer, Physica, 10, 348 (1943). 

13 J. de Boer and J. van Kranendonk, Physica , 14, 442 (1948). 
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it is safe to say that they are probably the best constants 

Lennard-Jones (6-12) potential function. 

Yntema and Schneider* fitted their experimental second vmal 

efficient data from 0° to 1200°C with a Buckingham 
constant c was taken to be that suggested by the simple London theorrt.ct.1 
treatment, and the ratio of c to c was taken to be the value suggeiited by 
idealizing the atom by a simple harmonic oscillator (see § • )• 

best potential was then found to be 

*,) _ [,200 =p (-4.72,)-if 4 -"] X 10-» erg (3.9-2) 

in which r is in angstroms. They also fitted Lennard-Jones curves to 

their data, but the fit is not good. . . 

Mason and Rice’ were able to fit both the second vir.al coefficient 
from 0° to 1200°C and the viscosity from 200° to 1100°K with the modified 
Buckingham (6-exp) potential (Eq. 1.3-30). They found the constants 
a= 12.4, */* = 9.16°K, r m = 3.135 A. The fit is within the experi¬ 
mental error over the whole temperature range and is a definite improve¬ 
ment over the fit given by the Lennard-Jones (6-12) potential. 

In Fig. 3.9-1 it is seen that the Yntema-Schneider potential has a 
minimum about 0.3 X lO" 16 erg higher than the de Boer-Michels- 
Lunbeck and the Massey-Buckingham curves. The Mason-Rice potentia 
has a minimum intermediate between the other two curves. For small 
separations the Yntema-Schneider and the Mason-Rice potentials cross 
the Lennard-Jones curve indicating a weaker repulsion. In § 14.2 it is 
seen that the theoretical Slater-Kirkwood potential lies intermediate 
between these curves. The Rosen-Margenau-Page potential (which 
represents the most careful theoretical treatment up to the present time) 
has a minimum about 0.3 X 10-> s erg higher than the Yntema and 
Schneider potential. 


ii. Neon 

Buckingham 1 and Comer 15 have obtained expressions for the potential 
of interaction between two neon atoms based on measurements of the 
second virial coefficient from 65° to 673°K, the distance between nearest 
neighbors in the crystal at 0°K, and the heat of sublimation of the crystal 

14 The best theoretical estimates of c and c' are 1.39 x 10 -12 erg, A n and 3.0 x 10 -12 
erg A 14 respectively [H. Margenau, Phys. Rev., 56, 1000 (1939).] However, Yntema 
and Schneider were unable to curve fit their data using these constants. 

15 J. Comer, Trans. Faraday Soc., 44, 914 (1948). 
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at 0°K. Buckingham assumed that for r greater than about 4.4 A the 
potential is given by the theoretical expression (see § 13.3). 

[ 61 8 8l 

•jt + —-I X 10- 12 erg (r in A) (3.9-3) 


He then found that for r between 2.6 A and 3.0 A, 


* 

“““ 4 


<p(r) = 12570 exp (-4.26r) - ^ 


X 10- 12 erg (rinA) (3.9-4) 


Corner fitted the data by a potential of the Buckingham-Comer form, 
Eq. 1.3-29. The results are discussed in § 3.7 and given in Table 3.7-1. 
Mason and Rice 7 used the same crystal structure and second virial 
coefficient data together with the coefficient of viscosity (from 80° to 
1100°K) to fit the modified Buckingham potential; they obtained the 
constants given in Table 3.7-2. These results are in substantial agreement 
with those of Corner. 

Corner also fitted the data by a potential of the Lennard-Jones form 
(Eq. 1.3-27) with an attractive index, y = 6, and a variable repulsive 
index, 6. He found that the best fit of the data, including the properties 
of the solid, was obtained with d = 12. The other constants were found 
to be 

c = 5.01 X 10- 1 * erg or «/* = 36.3°K 

° = 2.82 A (3.9-5) 

Very nearly the same constants are obtained from the temperature 
dependence of viscosity, as may be seen in Table I-A. 


iii. Argon 

Buckingham 1 and Corner 15 also studied the interaction potential 
between two argon atoms. Buckingham used the properties of the 
crystal and the measurements of the second virial coefficient from 173°K 
to 673°K. Corner used these data and in addition measurements of the 
zero pressure Joule-Thomson coefficient over approximately the same 
temperature range. Buckingham’s potential is 

9-W = — [~j + j X 10-'* erg r > 5.3 A (3.9-6a) 

1 02 x 10 -10 

(f(r) = 1.69 X 10~ 8 exp(—3.66r)- : -— -ergs 3.4 A < r < 3.6 A 

(3.9-6b) 

in which r is in angstroms. Corner’s constants are given in Table 3.7-1. 
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[Eq 3 9-8] NON-SPHEKICAL mulillullo 

Mason and Rice 7 also analyzed the data for argon on the crystal, the 
«"d SSm- and the .Lteoai.y (from 55' ,o .«n0» ob a,n 
the modified Buckingham potential parameters given in Table i.i z. 

Their potential is very similar to that of Corner. 

The data have also been fitted with a Lennard-Jones potential by 
Corner. For argon he found that the best index is 12.3. However, it 
the index 12 is chosen, the constants are found to be' 6 


£ = 1.647 X 10 -u erg or e/k = 119.3°K. 
a = 3.45 A 


(3.9-7) 


These parameters are very nearly the same as those obtained from 

viscosity measurements (see Table I-A). 

O. K. Rice 17 has obtained an estimate of the intermolecular potential by a 
more detailed analysis of the properties of the solid and use of the virial 
coefficient data. He assumed that at large separations the potential is 
that given by Buckingham, Eq. 3.9-6a. He then found two expressions 
for the potential in the region of the minimum, 

<p(r) = [-1.923 + 5.344(r - 3.8267)* - 6.726(r - 3.8267)* 

+ 2.043(r — 3.8267) 4 ] X lO" 14 erg (3.9-8) 

rtr) = [-1.945 + 5.430(r - 3.8608)* - 4.885(r - 3.8608)*] X 10-'* erg 

in which r is in angstroms. The two potentials were obtained from 
different assumptions about the disorder in the solid. 


iv. Krypton 

The agreement between the experimental second virial coefficient data 
of Beattie, Brierley, and Barriault 18 and values calculated on the basis of 
the Lennard-Jones (6-12) potential are shown in Fig. 3.9-4. This is 
typical of the agreement to be expected for spherical molecules where 
there are no forces acting besides the short-range valence and the long- 
range dispersion force. 

b. Non-spherical molecules 

Two examples are given of molecules which are somewhat asymmetrical, 
N 2 and C0 2 . Because they are so nearly spherical, the dependence of 


*• R. J. Lunbeck (Doctoral Dissertation, Amsterdam, 1951) gives the constants 
o = 3.405 and elk = 119.8 as the best choice of constants to fit the data of A. Michels, 
Hub. Wijker, and Hk Wijker [Physica, 15, 627 (1949)] between 0° and 150°C. 

17 O. K. Rice, J. Am. Chem. Soc ., 63, 3 (1941). 

18 J. A. Beattie, J. S. Brierley, and R. J. Barriault, J. Chem. Phys., 20, 1615 (1952). 
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the second virial coefficient on temperature is quite well represented by 
the Lennard-Jones (6-12) potential. Whereas the second virial coefficient 
is not sensitive to the shape of the molecules, the effect of asymmetry 
manifests itself in the temperature dependence of the third virial co¬ 
efficient. However, it would be very difficult to distinguish between 
those deviations in the third virial coefficient which are due to asymmetry 
and those which can be explained by the inaccuracy of the radial 
dependence of a spherical potential 

i. Nitrogen 

Excellent experimental measurements have been made of the equation 
of state of nitrogen both by Holborn and Otto 8 and by Michels, Wouters, 
and de Boer. 19 The former covers a considerably larger temperature 
range. Figure 3.9-5 compares the experimental values of the second 
virial coefficient with theoretical values based on: (a) the Lennard- 
Jones (6-12) potential with constants adjusted to the Holborn and Otto 
data, (b) the Kihara spherocylindrical and generalized ellipsoidal models 
(see § 3.8b and 3.8c), and (c) the four-center model of Corner (see § 3.8d). 
The agreement in all cases is good. From Table 3.8-2 the ratio of the 
length to the breadth of the nitrogen molecule is seen to be approximately 
1.3 so that the molecule is only slightly asymmetrical. 

ii. Carbon Dioxide 

The second virial coefficient of carbon dioxide calculated on the basis 
of the potentials discussed in the previous paragraph are shown in Figure 
3.9-6. These are compared with the excellent experimental measure¬ 
ments of Michels and Michels 20 and MacCormack and Schneider. 21 
The carbon dioxide molecule is considerably more asymmetric than the 
nitrogen, having a length-to-breadth ratio (according to Table 3.8-2) 
of about 1.6. However, because of the insensitivity of the second virial 
coefficient to molecule shape, all these potentials give good agreement 
with experiment. 

c. Comparison of different types of potential energy functions 

In the figures comparing the second virial coefficients for the noble 
gases, nitrogen, and carbon dioxide are plotted the potential energy 
functions of different types which are fitted to give the best agreement 
with the experimental second virial coefficients as functions of temperature. 

*• A. Michels, H. Wouters, and J. de Boer, Physica, I, 587 (1934). 

,0 A. Michels and C. Michels, Proc. Roy. Soc. (London), A153, 201 (1936). 

11 K. MacCormack and W. Schneider,/. Chem. Phys., 18, 1269 (1950). 
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Th e ce different potentials have quite different shapes and depth of their 
iima vet thej all fit the experimental data reasonably well over a 
rather large temperature range. These graphical comparisons emphasize 
the fact that the temperature dependence of B(T) is insensitive to 
form of the functions chosen to represent the intermolecular potential. 
The one feature which all of these curves seem to have in common is that 
the area contained within the potential well is approximately the same. 

This area, J<p(r)dr, for the Lennard-Jones (6-12) potential is (24/55 )ea; 


for the square-well potential the area is (R - l)«<r. The ratio of the 
square-well to the Lennard-Jones (6-12) areas is given in Table 3.9-1 tor 
the five gases under consideration. It is seen that the ratio is very close 

to unity. 


TABLE 3.9-1 


Molecule 

Ne 

A 

Kr 

N, 

CO, 


(/? ~ l)(€g)s,W. 1 
(24/55) («t)l.j. J 
0.96 
1.03 
1.05 
0.99 
1.06 


Hill 22 has adjusted the parameters in the Buckingham potential, 

<p = b exp (— r/a) — c/r 6 (3.9-9) 

so as to obtain the best agreement with the experimental second virial 
coefficient of helium, neon, and argon. He compared these potentials 
with the Lennard-Jones (6-12) potentials in which the constants were also 
adjusted the same second virial coefficient data, and expressed the constants 
in the Buckingham potential in terms of the constants in the Lennard- 
Jones potential. He found that 

b = 828000c a = 0.0826a c = 4.50ca 6 (3.9-10) 

The minimum of the Buckingham potential occurs at a separation of 
1.1310a (as compared to 1.2616a for the Lennard-Jones potential), and 
the minimum value of the potential is —1.210c. The zero in the 
Buckingham potential occurs as a separation of 1.003a. 


2 * T. L. Hill, J. Chem. Phys. % 16, 399 (1948). 
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The Buckingham potential (an exponential repulsion term and inverse 
sixth [and eighth] power attraction terms) has the defect that at a very 
small separation, r max , the potential has a maximum, and, as r approaches 
zero, the potential becomes negative and approaches minus infinity. 
Table 3.9-2 gives the separation and energy of this maximum for a few 
examples. It is seen that the energy of the maximum is extremely large 
from the standpoint of thermal collisions. There is little need to divide 
the potential into two portions in the manner of the Buckingham-Comer 
potential. Rather, it is easier to set the potential equal to infinity 
for all separations smaller than r max and use the Buckingham potential 
for all separations larger than r max . 


TABLE 3.9-2 

Spurious Maximum in Buckingham Potential 


Substance 

Name of Potential 

r max 

^K^max) 

(A) 

(10“ 12 erg) 

(Kcal/mole) 

Helium 

Yntema-Schneider, 
Eq. 3.9-2 

0.82 

11.7 

168 


Slater-Kirkwood, 

Eq. 3.9-la 

0.65 

19.0 

270 

Neon 

Corner, 

Table 3.7-1 

0.73 

55.2 

795 

Argon 

Corner, 

Table 3.7-1 

0.78 

520 

7490 


The test of a good potential function is that it describes both the equilib¬ 
rium and non-equilibrium properties of the bulk substance in the solid, 
liquid, and gaseous phase. The square-well parameters determined for 
three substances from second virial data and also from viscosity measure¬ 
ments (see § 8.3d) are shown in Table 3.9-3. It is evident that those param¬ 
eters determined from one property are not useful for calculating 
another bulk property. The same comparison is also shown for the 
Lennard-Jones potential. The agreement is considerably better than for 
the square-well, in accordance with the fact that the potential function is 
more realistic. 
























[Eq. 3.9-10] VIRIAL COEFFICIENTS FOR POLAR GASES 

TABLE 3.9-3 


Comparison of Potential Parameters from Second Virial 
Coefficients and from Viscosity Coefficients 



Square-well Potential 

Lennard-Jones Potential 

Gas 

Force 

From 

From 

Force 

From 

From 


Constants 

B(T) 

rj(T) 

Constants 

B(T) 



a 


2.38 

a 

2.74 

2.80 

Ne 

€lk 

R 

19.5 

1.87 

101. 

1.54 

«/* 

35.7 

35.7 


a 

3.16 

2.98 

• 

a 

mm 

3.418 

A 

«/* 

R 

69.4 

1.85 

167. 

1.96 

c Ik 

■ 

124.0 


a 

3.30 

3.36 

a 

3.698 

3.681 

N a 

«/* 

R 

53.7 

1.87 

80. 

2.08 

elk 

95.05 

91.46 


10. Virial Coefficients for Polar Gases 
(This section was prepared in collaboration with J. S. Rowlinson, 

Lecturer at the University of Manchester. England.) 

Virial coefficient calculations have been described for a great variety 
of potential functions, but thus far the discussion has been restricted to 
molecules which are non-polar. The interaction between two complex 
polar molecules is quite involved, and hence it is sometimes convenient 
to consider the total intermolecular potential as being the sum of several 
contributions: (i) The valence contribution associated with the short- 
range repulsion, «p lva,) . (ii) The London dispersion contributions, which 
vary as r -6 , r~ 8 , etc., and depend only slightly on the orientations of the 
molecules, g> (dto) . (iii) The angle-dependent electrostatic contributions 
due to the interactions of the multipoles, the most important being the 
dipole-dipole interaction (p {t, ‘ ,A) proportional to r -3 and the dipole- 
quadrupole interaction. cp { "’ Q) proportional to r -4 . And, finally, (iv) the 
induction contributions, the most important being the dipole—induced- 
dipole potential ^ (# ' ,lnd/i) proportional to r~ 6 . These various inter¬ 
actions are discussed briefly in § 1.3b and are given detailed consideration 
in § 13.5. 
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In this section we first show how the virial coefficient calculations may 
be performed for the simplest polar-molecule model, namely, rigid 
spheres with imbedded point dipoles. This model embodies the two most 
important contributions to the potential—the short-range repulsive forces 
and the dipole-dipole interaction. Next a discussion is given of the 
calculations which have been made for the Stockmayer potential. This 
potential includes r~ 12 and r~ 6 contributions for the repulsion and induced- 
dipole-induced-dipole attraction and also includes the dipole-dipole 
interaction. Extensive tables have been prepared for this potential which 
enable us to calculate second and third virial coefficients and Joule- 
Thomson coefficients for polar molecules. Good agreement is generally 
obtained between calculated and experimental results. Better agreement 
would no doubt result if the important quadrupole-dipole contribution 
to the potential function were included. Some calculations along this 
line have been made; they are discussed at the end of this section. 

a. Rigid spheres with imbedded point dipoles 

For rigid spheres of diameter a, at the centers of which are imbedded 
point dipoles of strength /*, the interaction potential is given by 

9 >(r, 0„ 0 2 , <f >2 “ <f>\) = co r < o 

f(r, 0„ e 2 , 4, - <£,) = - £ g(0„ 0 2 , *,-*,) r > a (1.3-32) 

g(0 1 , 0 2t <f >2 — <£,) = 2 cos 0 t cos 0 2 — sin 0, sin 0 2 cos (<f> 2 — 4> x ) 

The variables r, 0,, 0 2 , <f> lt and <f> 2 are described by Fig. 3.10-1. The 
second virial coefficient is calculated 1 by substituting this potential into 
Eq. 3.4-15. For r < o the integration gives (27ryVo 3 /3), the second virial 
coefficient for rigid spheres. For r > a, the quantity exp {—(pjkT) may 
be expanded in a power series in (l/AT), whereupon the integration over 
r is easily performed. Subsequent integration over the angles results in 
the disappearance of the odd powers of (\/kT), and the final result is 



(3.10-1) 


1 W. H. Keesom, Comm. Phys. Lab. Leiden , Suppl. 24b, Section 6 (1912). 
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The quantities G k result from the integrations over orientation and are 
defined as 


2>r it 


G * = r JI / f s(0 " ° 2 ' ** ~ ^ sin 01 sin 02 dd> d(>2 d(4>z ~ ^ 

(3.10-2) 


0 0 0 


Keesom also computed the second virial coefficient for rigid spherical 
molecules containing quadruple moments. 2 



Fig. 3.10-1. The coordinates describing the mutual 
orientation of two polar molecules. 


b. The second virial coefficient for the Stockmayer potential 

Most of the calculations of virial coefficients for polar molecules are 
based upon the Stockmayer 3 potential: 

<p(r, 0„ 0 2 , — 4>t) = 4c [ (-) — (7) ] — ^ g( -° u °* ~ ^ 

(1.3-33) 

in which g(0„ 0 2 , <t> 2 — 4>i) is the function defined in the preceding para¬ 
graph. The parameters a and c, which have a slightly different inter¬ 
pretation here than in the Lennard-Jones potential, may be used to define 
the following reduced quantities: 4 

5* = B/b 0 = BldnNa*) T* = kT/e 
B* - T*(dB*ldT*) n * = (3.10-3) 

C* = C/b 0 2 1 * = 8-V 2 

2 W. H. Keesom, Comm. Phys. Lab. Leiden , Suppl. 39a, (1915). 

3 W. H. Stockmayer, J. Chem. Phys. t 9, 398 (1941). 

4 The quantity /* was introduced by Rowlinson 7 ; the factor of was inserted 
for mathematical convenience in certain formulae. 
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When the Stockmayer potential is substituted into Eq. 3.4-15 for the 
second virial coefficient, the integration over r, which may be performed 
as in the integration of B(T) for the Lennard-Jones potential, results in 
an infinite series of gamma functions. The integration over the angles, 
indicated in § 3.10a, gives rise to the coefficients G k defined in Eq. 3.10-2. 
The final result is 






1 ® *< T '«2 

4n-i n\ 


X r ^(3.10-4) 


Hence the second virial coefficient for the Stockmayer potential may be 
written as 


B(T) = b 0 B*(T (3.10-5) 

This is analogous to the result obtained in Eq. 3.6-3 for the Lennard- 
Jones potential, except that the reduced second virial coefficient now 
depends not only on the reduced temperature but also parametrically on 
the reduced dipole moment /**. This latter dependence is illustrated in 
Fig. 3.10-2, where B * is plotted as a function of T * for several values of 
the parameter, /* = 8” 1, The fact that the B* curve for polar mole¬ 
cules lies beneath that for non-polar molecules indicates that polar gases 
are more compressible than non-polar gases (with the same o and c). 
This behavior results from the additional attractive contribution to the 
potential for two molecules containing electric moments. 6 

The information given in Fig. 3.10-2 is also presented in Table II-A. 6 
With this table and the list of force constants given in Table 3.10-1, 


6 A recent extensive tabulation of dipole moments is given by L. G. Wesson, Table 
of Electric Dipole Moments , M.I.T., The Technology Press (1948). 

• This table was prepared by J. S. Rowlinson from the punched-card calculations 
by R. B. Bird, Ph.D. Dissertation, University of Wisconsin (1950). This type of presen¬ 
tation is more convenient for the interpretation of experimental data than that used 
by previous investigators, and is of the form given previously by J. S. Rowlinson, 
Trans. Faraday Soc., 45, 974 (1949). Less extensive tables have also been given by 
J. O. Hirschfelder, F. T. McClure, and I. F. Weeks, J. Chem. Phys. t 10, 201 (1942). 
and by R. J. Lunbeck and C. A. ten Seldam, Physica, 17, 788 (1951). 



(Eq. 3.10-5] THE STOCKMAYER POTENTIAL 

second virial coefficients for polar molecules may be calculated. The 
determination of the force constants from experimental data is discussea 
in the next subsection. 



Fig. 3.10-2. The reduced second virial coefficient, B*, as a function of T* and 

/• for the Stockmayer potential. 
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TABLE 3.10-1 

Force Constants for the Stockmayer Potential a b 


b 0 ( cc/mole) = 2w/Vo 3 /3 = 1.261 S[o( A )] 3 



/• = 


h' 

= /j/Veo 3 


Substance 

/< 

(debyes c ) 

/• 

elk 

(°K) 

0 

(A) 

^0 

(cc/mole) 

Ref. 

for 

B(T) 

Data 

CHCI 3 

1.05 

0.1 


2.98 

33.45 

e 

CHCI 2 F d 

1.29 

0.1 

381 

4.82 

141. 

f 

C 2 H 6 CI 

2.02 

0.2 

320 

5.41 

199.7 

e 

CH 3 C 1 

1.89 


380 

3.43 

50.73 

g 

CH 3 COCH 3 

2.74 

mSM 

520 

3.76 

66.87 

e 

CH 30 H 

1.66 

0.8 

630 

2.40 

17.48 

e 

nh 3 

1.47 

1.0 

320 

2.60 

22.12 

h 

ch 3 f 

1.82 

1.07 

207 

3.36 

47.85 

I 

h 2 o 

1.83 

1.2 

380 

2.65 

23.42 

j 

CH 3 CN 


1.2 

400 

4.02 

82.04 

e 

CH 3 CHO 


1.4 

270 


62.75 

k 


* From a table given by J. S. Rowlinson, Trans. Faraday Soc., 45, 980 (1949). 

6 The values given for CH,F were calculated by R. J. Lunbcck and C. A. ten Seldam, 
Physlca, 27, 788 (1951). 

* 1 dcbye = 1 x 10- |# esu. 

d The force constants for CHCI t F are those calculated in the illustrative example 
in § 3.10c. 

* Lambert, Roberts, Rowlinson, and Wilkinson, Proc. Roy. Soc. (London), A196, 
113 (1949). 

' Thermodynamic Properties of Dichloromonofhiorome thane, Kinetic Chemicals, Inc. 
(1939). 

9 Methyl Chloride, E. I. du Pont de Nemours & Co. The R & H Chemicals Depart¬ 
ment), 5th Ed. (1940). 

A F. G. Keyes, J. Am. Chem. Soc., 60, 1761 (1938), has correlated the experimental 
data of C. H. Meyers and R. S. Jessup, Refrig. Eng., 11, 345 (1925); J. A. Beattie and 
C. K. Lawrence, J. Am. Chem. Soc., 52, 6 (1930) 

1 A. Michels and A. Visser (in preparation). 

1 F. G. Keyes, L. B. Smith, and H. T. Gerry, Proc. Am. Acad. Arts Sci., 70,319 (1936); 
S. C. Collins and F. G. Keyes, ibid, 72, 283 (1938). 

* Alexander and Lambert, Trans. Faraday Soc., 37, 421 (1941). 

Illustrative Example 

Problem, (a) Calculate the compressibility factor (pV/RT) for steam at 15 atm and 
300°C. 

(b) What is the Boyle temperature, T z , for steam? 
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Solution, (a) From ^Table 3.0-. we find16.- 23.42 

* *-** ,-4 750, - -i 1 i.2 cc/mole. This is .he BCD for .he v.n.1 
^ ancion as powers of (1/K). The corresponding quantity in the pressure sen ^ 
e T_ B,RT= P (- 111 2)/(82.06) (573) = -0.002365. The compressibility factor .sth 
LrtZ I + Bp + •■•“! + (-0.002365X15) + ••- = .- 0.03548 - 0.9645. 

(b) The Boyle temperature is that temperature for which B*(T ,t ) 

Table II-A it can be seen that 


0. From 


V 


- 4.876. Hence T B = T B • • e/Ar 
= (4.876)080) = 1853’K = 1580’C. 


c. Determination of the parameters in the Stockmayer potential from 
experimental second virial coefficients 

If the dipole moment of the molecules in the gas is known, the second 
virial coefficient data can be analyzed to find the values of o and € and also 
the value of the parameter /* = Z^/S/eo*) which is consistent with these 
values. Since there are two parameters to determine, it is necessary to 
use two independent experimentally determined quantities. We choose 
to use the value of the second virial coefficient and the slope of the B 
versus T curve at some specified temperature. 7 
First, we define a quantity, y, by 


/ra(r)\/AV8\ TB(T) 
\ f A ^ 3231/x 2 


(3.10-6)* 


which contains only experimentally measured quantities. Second, wc 
introduce the “apparent temperature coefficient,” $, defined by 

B(T) = AT* (3.10-7) 

in which A is a constant. The quantity s , the slope of log | B | versus 
log | r|, is determined graphically. These two quantities correspond to 
a knowledge of the second virial coefficient and its temperature derivative 
at some temperature, T. Making use of the reduced quantities defined 
in Eq. 3.10-3, we may write these quantities as 

y = ^ B*(T* y /*) = y(7*, /*) (3.10-8) 


T* 


y(s-\) = -(B*-B*) = z(T*,t*) 


(3.10-9) 


7 The method described here is a slight modification of the procedure described by 
J. S. Rowlinson, Trans. Faraday Soc ., 45. 974 (1949). 

8 y is expressed in debyes; 1 debye = 1 x 10 " 18 esu. 
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These two simultaneous equations may be solved numerically for /* and 
r*(and hence c/k) with the help of the tables of the functions (T*/t*)B* and 
B* — B * given in the appendix. (See Tables II-B and II-C.) The 
quantities b 0 (and a) are then obtained from b 0 = B/B*. The following 
example serves to illustrate this method. 


Illustrative Example 

Problem. At a temperature of 283’K, the second virial coefficient of CHCI,F is 
— 616 cm*/mole. The temperature index, s, of Eq. 3.10-7 is found to be (-1.72). 
The dipole moment is n = 1.29debye. Find a and c for the Stockmaycr potential. 
Check to be sure that the values of a, e, and /• are consistent. 

Solution. The quantity y of Eq. 3.10-6 must first be calculated. At 283 "K this is 

TB (283) (-616) 

3231/4* (3230(1.29)* 

and 

y(s - 1) - (-32.44) (-2.72) = + 88.24 

We now must solve the simultaneous equation: 

y(7-*.f)- -32.44 (a) 

*(!**» /0 ) “ + 88.24 (b) 

to get /* and T‘; the functions y and z are defined in Eqs. 3.10-8 and 3.10-9, respec¬ 
tively. The function y(r*,/*) is given in Table Il-C, and the function (£,* - B*) 
= (r*/7**) z(T*,/*) is given in Table II-B. 

We begin by picking a value of r\ say 0.3. Using Table II-C, we can solve Eq. a 
numerically to get T* = 0.399. Using these values of T* and/*, we get from Table II-B 
for z(T*,/*) the value 136. This value is far too high, since z - 88.24 according to 
Eq. b. Hence, we repeat the process with other values of /*, until a /• and T* are 
found which satisfy Eq. b. The results may be tabulated as follows: 


/• 

r* 

> - 

B*) 

0.3 

0.399 

136 


0.2 

0.427 

115 


0.1 

0.742 

90 = y(s 

- 1) 


Here we find that the values /• =0.1 and T * = 0.742 satisfy both Eqs. a and b 
within an error consistent with the accuracy of the experimental data. Using these 
values, we then get 

€/k = T/r* = (283)/(0.472) = 381°K 


b 0 = B/B*= (—616)/(—4.3765) = 141 cc/mole 
o = (6 # /1.2615) l /»-(||2)Va =4.82 A 
The consistency may be checked by computing / *: 


/• = 


1.664 


V8 € <t> 16.66 


= 0.0999 = 0.1 
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To check the applicability of the results, we now calculate B(T) and compare it 

• i * . rtf «V>a A<\9 ^ ir ni wan in T Q K1 p 1 1 ft— 111 


239 

250 

283 

311 

339 

366 

394 

422 

450 



B * 

Scaled 

^exptl 

Scaled ” ^exptl 

T* 

(cc/mole) 

(cc/mole) 

^alcd 

0.627 

-5.942 

-838 

-766 

+ 8.6 

0.656 

-5.455 

-769 

-734 

+ 4.6 

0.742 

-4.377 

-616 

-616 

0.0 

0.816 

-3.704 

-522 

-528 

-1.1 

0.890 

-3.180 

-448 

-446 

+ 0.4 

0.960 

-2.784 

-393 

-403 

-2.5 

1.034 

-2.443 

-345 

-354 

-2.6 

1.107 

-2.163 

-305 

-310 

-1.6 

1.181 

-1.925 

-271 

-271 

0.0 


It is thus seen that the parameters /• = 0.1, b 0 - 141 cc/mole, and (e/k) 381 K. 

give calculated values of B{T) which agree with the corresponding experimental values 
within an amount consistent with the accuracy of the experimental data. 


Rowlinson 7 has analyzed the equation of state data for nine polar gases 
to obtain the parameters which are presented in Table 3.10-1. Second 
virial coefficients calculated from these parameters give agreement with 
the experimental data within 2 or 3 per cent, as may be seen in Table 
3.10-2. Also given in Table 3.10-1 are the parameters for methyl 
fluoride determined by Lunbeck and ten Seldam. 9 The sources of the 
experimental data are included. 


TABLE 3.10-2 


Agreement between Experimental B(T) Values and Those 
Computed for the Stockmayer Potential 7 


Gas 

— B(T) 

50°C 

Acetonitrile 

Expt 

4000 


Calc 

3760 

Acetone 

Expt 

1560 


Calc 

1530 

Ethyl chloride 

Expt 

580 

Calc 

560 

Chloroform 

Expt 

1000 


Calc 

1010 


70 J C 

90’C 

110’C 

130°C 

2840 

2110 

1690 

1330 

2750 

2160 

1740 

1410 

1280 

1040 

850 

700 

1230 

1010 

850 

730 

510 

450 

390 

350 

500 

450 

410 

370 

840 

730 

630 

— 

850 

730 

630 

— 


d. Joule-Thomson coefficients for the Stockmayer potential 

The zero-pressure Joule-Thomson coefficient for the Stockmayer 
potential is given by 

n° = A IW*. /•) - B\T *, »*)] 

C p 

9 R. J. Lunbeck and C. A. ten Seldam, Physica, 17, 788 (1951). 


(3.10-10) 
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which is analogous to the expression for the Lennard-Jones potential 
given in Eq. 3.6-14. The function B ,* — B* for polar molecules is 
tabulated in Table II—B as a function of T* for various values of the 
parameter t* =/i* z /V8 . Hence, if the parameters in the Stockmayer 
potential are known, it is easy to calculate the zero-pressure Joule- 
Thomson coefficient. 

Also Joule-Thomson data may be used for the determination of the 
parameters a and c in the same way that equation of state data are used. 
This has been done for steam, 10 and the force constants obtained are 
compared with those calculated from second virial coefficients in Table 
3.10—3. A comparison of calculated and experimental Joule-Thomson 
coefficients 10 is given in Table 3.10-4, and the agreement is seen to be 
excellent. Hence we see that the Joule-Thomson coefficient is a useful 
alternative source of information about the intermolecular forces of polar 
molecules. 

TABLE 3.10-3 
Force Constants 10 for H 2 0 

'• €/* a b 0 

From B(T) Data: ° 1.2 380 2.65 23.42 

From /i°C p ° Data: be 1.2 373 2.68 24.30 

• References given in Table 3.10-1. 

6 Joule-Thomson data from H. N. Davis and R. V. Klcinschmidl, quoted by 
F. G. Keyes. L. B. Smith, and H. T. Gerry, Proc. Am. Acad. Arts and Sci. t 70. 320 
(1936); S. C. Collins and F. G. Keyes. Proc. Am. Acad. Arts and Sci., 72, 283 (1938). 

* Specific heat data from the spectroscopic data quoted by A. R. Gordon [J. Chem. 
Phys. % 2, 65 (1934)] and modified by E. B. Wilson. Jr. [J. Chem. Phys., 4. 526 (1936)]. 


TABLE 3.10-4 

Experimental and Calculated Joule-Thomson Coefficients 10 for H z O 


no 

39 

59 

80 

100 

125 

166 

/i°C n ° (exptl) 

m 

3640 

2710 

2110 

1590 

987 

/*°C; (ealed) 

121 

3620 



1570 

980 

TCQ 

196 

225 

260 

300 

347 


/i’C p c (exptl) 

780 

646 

507 

400 

322 


P c C p ° (ealed) 

780 

640 

510 

400 

320 



10 J. S. Rowlinson, Doctoral Dissertation, Oxford (1950). 
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e. The third virial coefficient for the Stockmayer potential 

Rowlinson 11 has shown how the third virial coefficient for polar mole¬ 
cules may be integrated numerically by making use of the change of 
variables used by Kihara for the third virial coefficient for the Lennard- 
Jones potential (§ 3.6c) and the method used by Stockmayer for the 
integration of the second virial coefficient for polar molecules. The result 
is expressed in terms of a double sum over various powers of t* and 7*, 



Fig. 3.10-4. Summary of the behavior of B(T) and C(7) for polar 
gases. [From J. S. Rowlinson, J. Chem. Phys., 19, 827 (1951).! 


the coefficients of which are complicated eightfold integrals, which are 
not presented here. The third virial coefficient for polar molecules 
may be finally written in the form 

C(T) = 6 0 2 C*(7*, /*) (3.10-11) 

The reduced third virial coefficient is thus a function of the reduced 
temperature and depends parametrically on the reduced dipole moment. 
C* (7*, t*) is tabulated for values of 7* from 0.70 to 400 for a number of 
values of t* in Table II-D. The function C* is shown in Fig. 3.10-3 as a 
function of 7* for several values of t*. It should be noted that the 
deviations from non-polar behavior are in the opposite direction from 
those for the second virial coefficient. Rowlinson estimates, however, 
that the C* curve for t* = 1 becomes negative at about 7* = 1 and that 


11 J. S. Rowlinson, J. Chem. Phys., 19, 827 (1951). 
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[Eq. 3.10-11] 


the polar curve lies beneath the non-polar curve in that region. This 
information is summarized in Fig. 3.10-4. 

Comparison of the calculated results with experimental data has been 
made for only three gases: H 2 0, NH 3 , CH 3 F. This comparison is 
shown in Fig. 3.10-5; the parameters in Table 3.10-1 are used for the 



Fig. 3.10-5. A comparison of the calculated and experimental third virial 
coefficients for ammonia, methyl fluoride, and water vapor. 


reduction of the experimental data. The agreement is reasonably good 
for ammonia and also for methyl fluoride. For both these gases the 
experimental points lie slightly above the calculated curve and have a 
somewhat steeper slope. These deviations are in the same direction and 
of about the same order of magnitude as those which were found for the 
third virial coefficient for the Lennard-Jones (6-12) potential (see § 3.6c). 
The distinct disagreement between the calculated and the experimental 
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values for H z O is undoubtedly due to the neglect of the interaction of higher 
multipoles (particularly the dipole-quadrupole interaction) in the Stock- 
mayer potential function. Even for the second virial coefficient, the 
effect of these is several times larger for water than for ammonia, which 
is symmetrical. 12 Apparently this difference is even more striking in 
the third virial coefficient. The effect is to make the water molecules 
cluster together more than would be expected, so that C* becomes 
negative at temperatures below T* = 1.8, instead of about T* = 1.0. 
The geometry of the water molecules is probably a factor which favors 
this clustering, as it allows them to pack together to form a lattice of the 
wurzite type where each molecule attracts all its neighbors equally. This 
is not possible with either point dipoles or ammonia molecules. The 
effects of the higher multipole interactions are discussed more fully in 
§ 3.10g. 

f. Calculations for mixtures 

The virial coefficients and Joule-Thomson coefficients for mixtures 
may be obtained from Eqs. 3.4-17, 3.4-18, and 3.6-15. In order to make 
any calculations it is necessary to have force constants between all pairs 
of like and unlike molecules in the gas mixture. The force constants for 
pairs of similar polar molecules have been given in Table 3.10-1. The 
parameters for the interaction potential between dissimilar molecules 
can in principle be obtained from the virial coefficients of mixtures or the 
volume of mixing. The difficulties encountered in doing this have already 
been discussed in § 3.6b. Consequently the best we can do is to make use 
of empirical combining laws which relate the force constants between 
unlike molecules to those between like molecules. For interactions 
between two polar molecules of species 1 and 2 the following relations 
may be used: 

*,2 = + °t) (3.10-12) 

<12 = V^c, (3.10-13) 

' 12 * = = V/7%* (3.10-14) 

V 8 < 12 ct 12 3 

There are no available data whereby the applicability of these relations 
may be checked. 


12 J. S. Rowlinson, Trans. Faraday Soc., 47, 120 (1951). 
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[Eq. 3.10-17] 


In mixtures where both polar and non-polar molecules are present, it 
is necessary to specify the interaction between polar and non-polar 
molecules. It may be shown (see § 13.5) that the effective total energy 
of interaction between a polar and a non-polar molecule has the same 
form as that between two non-polar molecules. Hence, for the calcula¬ 
tion of the B lf in mixture formulae, the tables of B*{T*) for the Lennard- 
Jones potential may be used. The force constants describing the potential 
of interaction between a polar (subscript p) and a non-polar (subscript n) 
molecule may be obtained from the empirical combining laws: 


<x np = \(o n + a,)*-'" 


(3.10-15) 


‘■•-V't.c.f* (3.10-16) 

The factor f is given by: 

= f 1 + 0.892 77 - 7 - /ill (3.10-17) 
L (^o)n ** € n J 

in which a n is the polarizability of the non-polar molecule in cubic 
angstroms, o n is the collision diameter of the non-polar molecule in 
angstroms, and (b 0 ) n is expressed in cubic centimeters per mole. The use 
of the various combining formulae is illustrated in a numerical example. 

Illustrative Example 

Problem. Calculate the second virial coefficient at 400°K for a mixture of 50 mole 
per cent air, 45 mole per cent CHCI*F, and 5 mole per cent water vapor. Assume 
that air is four-fifths nitrogen and one-fifth oxygen. 

Solution. The second virial coefficient for a four-component mixture is: 

B(T) = x x 'B xx + zfBn + *,>*„ + * 4**44 

-F 2*,*,*„ + 2x,x,Z? 13 + 2x x x A B XA 

+ 2xix % B t j + 2x Y x 4 £ t4 + 2x,X4ffs4 

We must hence calculate the contributions to the second virial coefficient due to the 
ten different types of interaction occurring. First of all, we must calculate the force 
constants for the various types of interactions. Then, using these parameters, we may 
compute the various B„ from the tables. The calculations are summarized in a tabular 
form in Table 3.10-5 to illustrate how the work may be organized. Footnotes give the 
details of the calculations. 
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TABLE 3.10-5 

Calculation of B ( T ) for a Four-Component 
Polar-Non-polar Mixture 


Components: 

1 = N, 

2 = 0 , 

3 = CHCI.F 

4 = H,0 


Mole Fractions: 
x, = 0.40 
x, = 0.10 
x, = 0.45 
x. = 0.05 


Polarizabilities:' 
a, = 1.76 A* 
a, = 1.60 A* 


i 

1 

(A) 

(bo) tt 

cc/mole 

€i,lk 

(°K) 

/«• 

D 

J 


Contribution 
to B(T) 
Due to i-j 
Interaction 1 

1 

1 

3.698* 

63.78* 

95.05* 





+ 1.508 

1 

2 

3.58- 

E2 

105.9- 

— 

3.777 

+0.0759 

+4.393 

+0.351 

1 

D 

4.26' 

97.53* 

192' 

— 

2.083 

-0.5637 

-54.98 

EH 

n 

a 

3.14' 

39.05* 

213' 

— 

1.878 

BSB 

ZB 

-1.148 

2 


3.46* 

52.26* 

118* 

— 

3.389 

BS3 

ZB 

-0.004 

2 

3 

4.14/ 


2W 

— 

1.869 

-0.7435 

-66.55 

-5.990 

2 

D 

3.03' 

• 

35.09* 

237' 

— 

1.688 

E3 

ZB 

El 

3 

3 


141* 

□i 

0.1* 

□ 

-2.3750 

-334.9 

El 

3 

□ 

3.74* 

66.0* 

380* 

0.35* 

1.053 

E3 

m 


4 

D 

m 

m 

380* 

1.2* 

1.053 

m 

ES 



B ( T ) - 'ZifCflfiu = 


-102.7 

cc/mole 


• From H. A. Stuart, Molekuhtruktur, Springer (1934); see also Table 13.2-3. 

• Table 3.6-L * Table 3.10-1. - Use Eqs. 3.6-8 and 9. 

‘ (b 0 ),i = | rrtio,,*. r Use Eqs. 3.10-15, 16, and 17. 

• Use Eqs. 3.10-12, 13, and 14. * T u * = kTl€ it = AOOKcJk). 

t For the nonpolar-nonpolar and polar-nonpolar interactions calculate B*(T*) 
from Table I-B. For polar-polar interactions calculate B*(T*, /•) from Table II-A. 
k B(T) = b 0 B*(T*). 

1 For i-i interaction the contribution is x, t B ti and for i-j interaction the contribution 
is 2 x t x,B tl . Then (fi(T)] m ix = £x«* ,B„. 



























































































[Eq 3.10-18] DIPOLE-QUADRUPOLE INTERACTION 225 

g Dipole-quadrupole interaction in complex molecules 

If the molecules have a complex charge distribution it may be necessary 
to include in the potential function terms accounting for the interaction 
of higher multipoles. Such terms are probably quite important in the 
interaction between molecules which have a tendency to form hydrogen 
bonds. The most important contribution of higher-multipole interaction 
is the term <p (/J,g> proportional to r~ 4 , due to the interaction of the 

dipole of one chargedistribution | 

with the quadruple of the 
other. The next term, pro¬ 
portional to r\ is the sum of 

the quadrupole-quadrupole and 
dipole-octupole interactions. 

This term is usually negligible 
even for complex molecules. 

The interactions between 
general charge distributions is 


given 


detailed attention in 



§ 12 . 1 . 

Let us study the effect of the 
dipole-quadrupole interaction 
on the second virial coefficient. 

The expression for this inter¬ 
action is considerably more 
complicated than that for 
the dipole-dipole interaction, 
inasmuch as the quadrupole is 
a tensor and has in general 
more than one non-zero com¬ 
ponent. The most important 
case is that of quadrupoles 
which have cylindrical symmetry about the dipole axis. This includes 
distributions of three or more charges along a line or distributions such 
as that shown in Fig. 3.10-6, where a circular ring of positive charge is 
located in a plane above a negative charge. For molecules which exhibit 
this type of symmetry we may represent the interaction potential by a 
modified Stockmayer potential including a term proportional to r -4 , 
which accounts for the dipole-quadrupole energy: 

<f(r, 0i, 0 2 , 4>2 — <f>i) = 4« [(a/r) 12 — (a/r) 6 ] — (^ 2 //*)£(0„ 0 2 , <£ 2 — <h) 

— (I nQli*) *(0L 0 2 , 4>t — &) (3.10-18) 

in which /x is the dipole moment and Q the cylindrically symmetric 


Fig. 3.10-6. Charge distribution used in 
§3.10 in studying the importance of dipole- 
quadrupole interaction in polar molecules. 




EQUATION OF STATE AT LOW DENSITIES 


226 


[§ 3.10] 


quadrupole moment of the molecule. 13 The function g is defined in 
Eq. 1.3-32, and h has the form 

0* 4>2 — &) = i( cos 0 l — cos 0 2 ) [2 sin 0, sin 0 2 cos (<£ 2 — <£,) 

— 3 cos 0j cos 0 2 — 1] (3.10-19) 

The function A represents the angle dependence of the interaction between 
the dipole of “1” and the quadrupole of “2” plus the interaction between 
the quadrupole of “1” and the dipole of “2.” Margenau and Myers 14 
assumed an angle dependence for the r 4 term similar to that for the 
dipole-dipole term in their calculations of the second virial coefficient 
for water vapor. 

For the potential in Eq. 3.10-18 Rowlinson 12 has derived an expression 
for the second virial coefficient. His results may be given by stating the 
correction which must be added to the result in Eq. 3.10-4 for the 
Stockmayer potential: 




- 3k + 2/ - 3 


12 


) 


x j'*-(6n + 3i-20/12 f **-2Z u *2i 


(3.10-20) 


The coefficients H klt which result from the integrations over angles, are 

2<r * « 

= j J g k ^' h “ »« ®i «“ e 2 d 6 1 dd 2 d(j, t - h) (3.10-21) 
0 0 0 

and u * = (3/V 32) (fiQ/to 4 ). Although this expression is true only for a 
cylindrical charge distribution, it may be readily generalized to describe 
more complex interactions. The number of terms needed in the sum¬ 
mation over / in the expression for A B* depends on the values of T*, f*, 
and u* under consideration. For water vapor above 100°C terms with 
/ > 1 are negligible, and hence only the coefficients H kl are needed. 
The first few of these coefficients are shown in Table 3.10-6. 12 Using 


TABLE 3.10-6 

Values of the Expansion Coefficients H kl 
k 2 3 4 5 6 

H kl 0.8889 -0.2844 1.0464 -1.088 2.283 


these values, Rowlinson 12 has calculated the parameters for water vapor 
appropriate for the potential function in Eq. 3.10-18. These parameters, 

“ Q is defined in § 12.1c. 

14 H. Margenau and V. W. Myers, Phys. Rev., 66, 307 (1944). 
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along with those for the Stockmayer potential, are given in Table 3.10- . 
A comparison of experimental second virial coefficients and lhose f a ' 
ciliated with these two sets of force constants is given in Table 


TABLE 3.10-7 

Force Constants for Water Vapor 


Parameter Stockmayer Potential in 

Potential Eq. 3.10-18 

a 2.65 A 2.725 A 

c Ik 380°K 356°K 

/• 1.2 1.2 

— 0.654 


It is seen that the agreement is not improved by including the dipole- 
quadrupole term, particularly at high temperatures. However, the 
derived parameters are certainly more reliable when the dipole-quadrupole 
interaction is included. In particular the value of o determined from 
Eq. 3.10-18 is much closer to the intermolecular distance in ice. 


TABLE 3.10-8 

Calculated and Experimental 
Second Virial Coefficients for Water Vapor 



-B(T) 



Calculated 7 from 

Calculated 12 from 

T°C 

Experimental 0 

Stockmayer 

Potential in 



Potential 

Eq. 3.10-16 

100 

450 

460 

450 

150 

284 

290 

281 

200 

197 

202 

205 

300 

112 

115 

123 

400 

72 

74 

80 


0 F. G. Keyes, L. B. Smith, H. T. Gerry, Proc. Am. Acad. Arts Sci., 70, 319 (1936). 
S. C. Collins and F. G. Keyes, ibid., 72, 283 (1938). 


Rowlinson’s calculations show that the contribution to the second virial 
coefficient of water vapor in the temperature range 100° to 400°C of the 
dipole-quadrupole interaction is about 25 per cent of that due to the 
dipole-dipole interaction. Hence the dipole-quadrupole interaction 
cannot be neglected in virial coefficient calculation for complex polar 
molecules. 
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APPENDIX A. KIHARA’S EXPANSION OF THE THIRD 
VIRIAL COEFFICIENT 

The last form given for the third virial coefficient in Eq. 3.4-6 may be 
easily transformed into 1 

*/« Vl-y* CO 

C(T)=-4v*N*j j j fufufurf d'lt dx d(y*) (3.A-1) 

o i-v/HTj 

The new variables x and yare defined in Fig. 3.A-1 and bear the following 

relationship to the variables 
and r 13 : 

z' '» = r \\Z* + y* 

/ 1 \ r a = r n^{\ - **) -f y 2 

/ r / \,\ (3-A- 2 ) 

/ r 13 ✓ \ r 23 \ 

/ vr \ \ The integration over r 12 may 

\ / N x \ be performed first, inasmuch 

as r i 2 does not appear in the 

h- xr i 2 ■ - - — I limits of the other integration. 

I*-r l2 -J The integral over r 12 may be 

Fig. 3.A-1. Definition of the variables x and transformed by partial Integra- 

y. The spade-shaped region bounded by the l,on 10 § ,ve 

solid lines is that region to which the third <* 

molecule is restricted to move for a given f f \d(/ 2 [ 3 / 23 )! 

value of r„ consistent with the fact that “ c II -s I r i 2 “ r i 2 

r„ > r„ and r u > r„. 0 L 12 * -v 


The product of the /-functions may be written as the sum: 


in which 


fMn =r - I J {t> + 1 If* 

t-i * i>k 


(3.A-3) 


(3.A-4) 


/"” = exp [- 


^u) + <P( r n) + 


y( r »3) j _ 


/<>< = exp [_ _ , 
/'" = [- **±*4] - > 


(3.A-5) 


1 T. Kihara, J. Phys. Soc. Japan, 3, 265 (1948). 
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3Ji-9J lilt inmu »iiUAii Lucrnum* 

The potential function q> is taken to be the general Lennard-Jones potential 
function of Eq. 1.3-19, with index of repulsion n and index of attraction 
m For the moment m is assumed to be greater than 6; presently the 
limit m-* 6 is considered. 

After the substitution of Eqs. 3.A-4 and 5 into Eq. 3.A-3, the integra¬ 
tion may be performed in a manner similar to that of Eq. 3.6-2. The 
result is that the bracket in Eq. 3.A-1 is expanded to give 

in which / = (fi/kT)(kT/v) m '''. The coefficients A, are functions of the 
variables x and y and are gi ven by the fo llowing expression, in which 
|-i _ Vx 1 + y 2 and rf l = \/(l — x) a -f y 2 : 

r i + r + ,r v 
’ Ld + f" + irr'"J 


a, = (i + r + v' 


tin 


[<1 


.(1 + f" + 
1+f" 1* 


-d + n l(1 + f . r , J 
- (l + ^ [<TT^s]' 

"«■ + 'V [<FTsM' 

+(1 + i* + V*) 

Substitution of the expression in Eq. 3.A-6 into Eq. 3.A-1 and subsequent 
integration of the A, over x and y gives 2 

U(n-m) + 6)/n 

(3.A-8) 


(3.A-7) 


OX) - vl/'V,»> £) 


in which the coefficients c 0) (m, n) are given by the double integrals: 

0 l-Vl-yt 

Numerical integration must be used to compute the c (i \m y n ), although 
for the higher j values analytical integration is possible by the method of 
steepest descents, and simple asymptotic formulae thus result. The 


7(ji)te)' r (V)l L**«» (3A - 9) 


a b 0 = \ttNo*, and a is the value of r for which (p{r) = 0. € is the maximum energy 
of attraction. 
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coefficient c (1) (6, n) contains T[(m — 6)/#i], with m = 6. However, it has 
been shown by Kihara 1 that 


lim 

m-*6 


/m-6\ = (1 + f)(l + r,") (1 + £")(£"+ q") 

\ n ) l + f + tf 1 ^ fd+f + rf) 


, , n (1 + ■?")(!’ + !?") 
n «J*(1 + f" + v") 


(3.A-10) 


For the Lennard-Jones (6-12) potential the expression for C(T) assumes the 
form given in Eq. 3.6-10, and the expansion coefficient c 0) (6, 12) are given 
in Table I-E. Kihara 3 has also computed the expansion coefficients 
c l,) ( 6, 9). 


APPENDIX B. THE THERMODYNAMIC PROPERTIES IN TERMS OF 
THE EQUATION OF STATE AND THE VIRIAL COEFFICIENTS 
The deviations of the thermodynamic functions from the ideal values 
may be written in terms of the equation of state or the virial coefficients. 
In this appendix we tabulate expressions for the various functions directly 
in terms of the equation of state, in terms of the virial coefficients, and in 
terms of the reduced virial coefficients and the reduced molar volume, 
V * = Vlb 0 . 


1. Interna! Energy 

J( r ( 

dC 




+ 


y.-y° = _ r » /v. i -g-i. 

N' \v*^2(V*T^ 


2. Enthalpy 


) 




+ 


H-H 0 


Nt 


* T. Kihara, /. Phys. Soc. Japan, 6, 184 (1951). 


(3.B-1) 


(3.B-2) 



[Efl. 3.B-51 
3. Entropy 1 
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5-5° = 


< 3B - 3 > 


5-5° 

<?- S° 

g 


I TdB B 2 C ,T dC , 1 

-«(ln/’+ - ^+2^ 2^* + 2P 2 dT + " ') 




V , (B*) 2 - C* + C* 


2(V*f 


4. Heat Capacity at Constant Volume 


c, - c.° = 




(3.B-4) 


c„ - e„° = 


!2TdB T*dV) T dC T^dK \ 

“*17 dr + v dr 2 + v 2 df + 2 v 2 df 2+ ’ ’ ’! 


c„ - e,° 


2B,* + B 2 * 2C,* + Cj 

V* 2(V*) 2 


5. Heat Capacity at Constant Pressure 

p (—V . 

’ ’ (*P\ J \dT 2 h 

\dv) T y 


(3.B-5) 




( r<M\ 2 ^ r<*C T 2 d 2 C 

\ B ~ T lf\ ~ C+T d?~~2'dT 2 


V dT 2 


C , ~ C,° _ V {B* - V } 2 - C* + C,* - jC 2 * 
g V* ' (K*)* + 


1 The ideal value S° is defined in such a way that in the limit as p -*■ 0, 

S -* S° - R In p. 
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6. Joule-Thomson Coefficient 


(3.B-6) 


f* = ^ 


1 _ 
C P "° 


T~ 

dT 




2fl2 _ 2r5 |_ 2C+r | 

RT'tPBtdB \ I 1 ""' 

L C P ° dT 2 V dT ) J 




A 


B * + V* 


2(B*f - 2B*Bf - 2C* + Q* 

C, ( 


+ —o AW - «*) 


7. The Velocity of Sound 


’ M \dV/ T 


(3.B-7) 


C ° J ^[ 11 + V* [ 2B * + 2(y° - 1 )V + A*) + • • •] 


in which y = Cp/C,,. 

PROBLEMS 

1. Derive the caloric equation of state (see footnote 1 of §3.1) by two methods: 
(a) Use the relationship given in Chapter 2 between the internal energy and the partition 
function, (b) Use the fact that the internal energy of a gas or liquid at a given tem¬ 
perature and volume is the average over a canonical ensemble of the classical Hamil¬ 
tonian for the system. Show that the results from the two derivations are in agreement. 

2. Assume in § 3.2 that the U t with / ^ 3 are all identically zero. Carry through 
the derivation of the equation of state and obtain an expression for the second virial 
coefficient. 

3. Derive the expression for the change in volume when o, moles of A x are mixed 
with a t moles of A t and simplify the result by expanding and keeping only first order 
terms in the density. We see from this result that the volume change depends upon 
the forces between like molecules as well as upon the forces between unlike molecules. 

4. At low temperatures the curve o{pV versus p has a minimum, which is called the 
Boyle point. As the temperature is increased, the Boyle point shifts towards smaller 
and smaller values of the pressure. Finally for one temperature (the Boyle temperature) 
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the point of zero slope occurs a. p = 0. Afc>ve this temperature the iso-herms have 
no point of zero slope. Show that, for the Boyle temperature B(T) = 0. The 
thisfact to calculate e/k for the Lennard-Jones (6-12) potential from the Boyle tern 
peratures of the following four gases: 


Air, 74°C 
Nitrogen, 50°C 


Argon, 137°C 
Oxygen, 150°C 


5. At low temperatures the Joule-Thomson coefficient is positive, which means that 
an isenthalpic expansion results in cooling. At high temperatures the Joule-Thomson 
coefficient is positive, which corresponds to heating by throttling. For any pressure 
there is a temperature at which the Joule-Thomson coefficient changes sign (an inversion 
point). The temperature at which the zero-pressure Joule-Thomson coefficient changes 
sign is called the inversion temperature. Show that for the inversion temperature 
d(B/T)/dT is zero. Would an inversion temperature be expected for molecules which 
behave as point centers of repulsion? 

6. Using the tables prepared for the Lennard-Jones potential, calculate: (a) The 
volume change when 4 liters of W, and 1 liter of O , are mixed at 10 atm pressure and 
300°K. (b) The second virial coefficient at -50’C for a mixture of 10 mole per cent 
CH 4 , 50 mole per cent CO„ and 40 mole per cent Af,. 

7. Using the tables prepared for the Stockmayer potential, calculate: (a) The 
compressibility factor, p V/RT, of steam at 600'C and 50 atm pressure, (b) The 
change in volume when 10 liters of argon are mixed with 5 liters of ammonia at 50 atm 
pressure and 500°C. (c) The zero-pressure Joule-Thomson coefficient at 400 K for a 
mixture of 25 mole per cent air and 75 mole per cent methyl fluoride. 

8. Plot the potential function: 


9*r) « co 


r <o 


<p(r) - 



r > a 


What is the meaning of the parameters n, c. and a ? Show that the second virial 
coefficient for this potential is: 


9. 


fl(n=-2^2 o( —« = 

For non-spherical molecules, a potential of the form 


nce'i" 

kT 


<p(r, 01, 0J, 4>t- <f> i) = <Pi ( r ) + 9 , «(' , )(cos* 01 + cos* 0J 


may be used. Show that for this potential the classical second virial coefficient is 
given by 

o 

10. Use the Yntema-Schneider potential for the interaction of two He atoms as 
given by Eq. 3.9-2 to calculate the second virial coefficient at 300°K by numerical 
integration. Compare this value with that given by the best potential of the Lennard- 
Jones (6-12) form. 
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The Equation of State 
of Dense Gases 
and Liquids 


In the preceding chapter it is shown that the equation of state may be 
developed by two methods: (i) the partition function method and (ii) 
the pair distribution function method. It is further shown that both 
methods lead to an expression for the compressibility factor as a power 
series in the density. This virial expansion is used quite successfully to 
explain quantitatively the equilibrium properties of gases at low and 
moderate densities. It may also be used to give a qualitative explanation 
of condensation and critical phenomena; this is discussed in Chapter 5. 

In this chapter we discuss the extensions of the above two methods to 
the high-density region. The partition function method may be applied 
by making various approximations to the true partition function for N 
molecules. These approximations form the basis for the so-called 
lattice theories or free volume theories. The lattice theories, in turn, fall 
into two general categories: the “cell theories”, in which each molecule 
is confined to a cell but no account is taken of the fact that some cells are 
really empty, and the “hole theories”, which account for vacant cells. 
Extensive calculations have been made for these lattice theories. 

The pair distribution function method may be applied to the high-density 
region by obtaining the solution of an approximate integral equation for 
the pair distribution function. The comparatively few numerical results 
obtained as yet are in reasonable agreement with experimental values, 
and the method appears to be of value. 

Although a great deal has been learned in recent years during the 
development of these various theories, much work, both theoretical and 
numerical, will have to be done before an adequate description of the 
properties of dense gases and liquids is achieved. Because of the short¬ 
comings of the present theories, we begin this chapter with a discussion of 
the principle of corresponding states. This principle has been useful in 
the correlation of the various properties of substances, and, it is the 
basis for the Hougen and Watson 1 generalized compressibility charts. 

1 O. A. Hougen and K. M. Watson, Chemical Process Principles , Wiley (1947), Part II, 
Ch. XII. 
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[Eq. 4.1-3] THE PRINCIPLE OF CORRESPONDING STATES 

We also present a short discussion of some of the empirical equations of 
state. 

1. The Principle of Corresponding States 2 
The principle of corresponding states is a useful guide for estimating 
the behavior of dense gases and liquids. This principle, in the form 
originally stated by van der Waals, is based on the reduction of the 
variables using the critical constants. This formulation is the basis of 
the generalized compressibility charts of Hougen and Watson. In 
another form of the principle of corresponding states, the variables 
are reduced by means of molecular constants. In this form it is possible 
to introduce additional parameters so as to extend the principle, in a 
theoretically sound manner, to the study of various types of molecules— 
long molecules, polar molecules, and light molecules for which quantum 
effects 3 are important. 

a. The empirical principle of corresponding states 

The critical point is defined as that point for which both ( dp/dV) T and 
(d 2 p/dV 2 ) r are zero; the values of the pressure, volume, and temperature 
at this point—the critical constants—are designated by p 0 V e> and T et 
respectively. We may use these constants to define a set of reduced 
variables: 

Pr=PlPc K = VI Ve T r = T/T e (4.1-1) 

The empirical principle of corresponding states may then be stated in 
the form: “All substances obey the same equation of state in terms of the 
reduced variables.” In general, the state of a system may be described 
by any two of the three variables: pressure, volume, and temperature. 
Thus, according to the principle of corresponding states, any dimension¬ 
less group is a universal function of any two of the three reduced variables. 
In particular the compressibility factor, pV/RT , can be written as a 
universal function of the reduced volume and temperature, 

pV/RT =F(V rt T r ) (4.1-2) 

For actual systems, it is usually somewhat more convenient to use the 
reduced pressure and temperature as the parameters. In this form, 

pV/RT = z(p„ T r ) (4.1-3) 

2 This discussion of the principle of corresponding states is confined to p-V-T 
properties. The same ideas may be applied to the transport properties (see § 9.1). 

2 The principle of corresponding states in quantum mechanics is discussed in 
§ 6.6 (p-V-T properties) and § 10.4 (transport properties). 
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According to the principle of corresponding states both F and z are 
universal functions, identical for all substances. 

In terms of the reduced parameters, the critical point 4 occurs at V r = 1 
and T r = 1. Thus from Eq. 4.1-2 we note that at the critical point 

Pe VjRT e = F( 1,1) (4.1-4) 

Thus the value of the critical ratio—the compressibility at the critical 
point—should be a universal constant. The critical ratios for a number of 
substances are shown in Table 4.1-1. The simple molecules which are 
essentially spherical and non-polar have values of the critical ratio quite 
close to 0.292. Hence these molecules would seem likely to satisfy a 
single equation of state in reduced variables. 

Also shown in Table 4.1-1 are the values of the critical ratio for some 
hydrocarbons. For these substances p e V e IRT e is approximately 0.267. 
Hence we would expect the hydrocarbons to satisfy a single reduced 
equation of state, but one which is different from that appropriate for the 
spherical molecules. Most of the hydrocarbons are more or less ellip¬ 
soidal in shape. Kamerlingh Onnes realized quite early that substances 
containing molecules of the same general shape should have similar bulk 
properties. He termed this the principle of mechanical equivalence. 

A number of polar gases are also listed in Table 4.1-1. Along with 
the values of the critical ratio are the values of t* = (/x 2 /€ct 3 V / 8), which 
is a characteristic parameter for polar molecules (see §3.10). The 
critical ratio may be seen to vary from 0.269 down to 0.181 as the param¬ 
eter increases. It is therefore apparent that a single principle of 
corresponding states can apply to all substances (irrespective of the shape, 
mass, and dipole moment) only in a very rough and approximate sense. 

From the statement of the principle of corresponding states, Eq. 4.1-2, 
it follows that 

* - (jj) © F < y - r -> 

Since the same expression implies that the critical ratio ( p c V c /RT e ) is a 
universal number, it follows that p r is a universal function of V r and T r : 

Pr = G(V n T r ) (4.1-6) 


The nature of this dependence is indicated in Fig. 4.1-1 
4 From Eq. 4.1-2 it follows that 


Now, applying the definition of the critical point, we obtain from this equation two 
equations involving only V r , T r , the function, F, and its first two derivatives. These 
equations are then conditions on the function at the point ( 1 , 1), which are satisfied if 
the function represents the experimental compressibility. 
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TABLE 4.1-1 

The Compressibility Factor, pVjRT\ at the Critical Point 


Simple Almost Spherical Non-polar Molecules 


Substance 

P<VJRT e 

Substance 

p c yjRT e 

He 

0.300 

Xe 

0.293 

h 2 

0.304 

n 2 

0.292 

Ne 

0.296 

o 2 

0.292 

A 

0.291 

ch 4 

0.290 



co 2 

0.287 


Hydrocarbons 


Substance 

P.VJRT e 

Substance 

P C VJRT C 

Ethane 

0.267 

Benzene 

0.265 

Propane 

0.270 

Cyclohexane 

0.276 

Isobutane 

0.276 

Diisopropyl 

0.266 

n -Butane 

0.257 

Diisobutyl 

0.262 

Isopentane 

0.268 

Ethyl ether 

0.262 

w-Pentane 

0.266 

Ethylene 

0.291 

/i-Hexane 

0.260 

Propylene 

0.273 

rt-Heptane 

0.258 

Acetylene 

0.275 

/i-Octane 

0.258 





Polar Molecules 

/ /* 2 

Substance 

p e VJRT e 

' " (caV8 

ch 3 cn 

0.181 

1.2 

h 2 o 

0.224 

1.2 

nh 3 

0.238 

1.0 

ch 3 oh 

0.220 

0.8 

ch 3 ci 

0.258 

0.6 

c 2 h 5 ci 

0.269 

0.2 


The principle of corresponding states provides a convenient and rough 
means for determining the properties of a dense gas or a liquid. The 
only information required is the value of two of the critical constants for 
the substance under consideration. The critical volume is extremely 
difficult to measure with even moderate precision, and consequently it is 
usually more convenient to use the expression for the compressibility in 
terms of/7 r and 7;(Eq. 4.1-3), rather than in terms of V T and 7;(Eq. 4.1-2). 
The values of the critical constants may in turn be estimated from more 
readily available data such as the boiling point, melting point, parachor, 
and liquid density. 1 Hence very meager information is needed to estimate 
the equation of state behavior of a substance to within 10 or 15 per cent. 
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Empirically it has been found that 6 

T„=\T C (4.1-7)®' 7 

T m = 1T C (4.1-8)® 

Pf" = 0.376 V e (4.1-9)® 

PS 00 = 0.321 V c (4.1-10)® 



V r = V/V c 

Fig. 4.1-1. Characteristic pattern of isotherms. 


The first of these relations, which is known as Guldberg's Rule (and was 
proposed independently by Guye), states that at one atmosphere pressure 
the boiling point (on an absolute scale) is approximately two-thirds of the 
critical temperature. Actually the principle of corresponding states 

8 A detailed discussion of empirical relations of this type is given by J. R. Partington, 
Treatise on Physical Chemistry (Longmans, Green (1949)), Vol. I, Sec. 7. 

• Guldberg, Z. physik. Chem., 5, 374 (1890). 

7 Guye, Bull. soc. chim., 4, 262 (1890). 

8 Clark, Am. Chem. J ., 18, 618 (1896); Z. physik. Chem., 21, 183 (1896). van Laar, 
Ann. physik Boltzmann Festschr., 316 (1904). Lorenz and Herz, Z. anorg. Chem., 
116, 103 (1921). 

9 Lorenz, Z. anorg. Chem. u. allgem. Chem., 94, 240 (1916). Herz, Z. Elektrochem., 
25, 215 (1919). Lorenz and Herz, Z. anorg. Chem. u. allgem. Chem., 138, 331 (1924). 
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[Eq. 4.1-10] 


suggests that the boiling point at a fixed reduced pressure (that is, at a 
fixed fraction of the critical pressure) is a universal fraction of the critical 
temperature. Thus the comparison of the boiling points at one atmosphere 
pressure, rather than at a particular value of the reduced pressure p!p c , 
can be justified only to the extent that the critical pressures of most 
substances are of the same order of magnitude, and the boiling point (on 
an absolute scale) is relatively insensitive to the pressure. Trends in the 
value of the ratio TJT C with molecular weight are observed for homologous 
series; this is to be expected because of the corresponding trend in the 
critical pressure. However, we would not expect that the analogous 
relations for the melting point would hold with any appreciable accuracy 
for the following reasons: Some molecules rotate in the liquid phase but 
not in the crystal. Sometimes the melting process is accompanied by a 
change in the basic lattice structure (the number of nearest neighbors 
and the symmetry type). Then, too, quantum effects may be important in 
the crystal and not in the liquid. For these reasons, the phenomena of 
melting may be quite different for different substances, and the principle 
of corresponding states would not be expected to apply. Nevertheless, 
the relations given above may be of value for crude estimates. 


b. The Hougen and Watson generalized charts for the compressibility and 
thermodynamic properties of dense gases and liquids 

The practical utilization of the principle of corresponding states has 
been enhanced by the publication of Hougen and Watson’s charts of the 
generalized compressibility and thermodynamic properties of gases and 
liquids. 1,10 These properties are plotted as functions of the reduced 
pressure, p r = p!p ci for different values of the reduced temperature, 
T r = T/T e . The charts were prepared by averaging data for the following 
seven gases: H 2 , N 2 , CO z , NH 3 , CH 4 , C 3 H 8 , C 5 H 12 . Because this group 
is made up of many types of molecules, the resulting set of curves canno* 
be expected to reproduce accurately the properties of any one of the gases 
listed. However, these charts are highly useful in making approximate 
calculations because of the speed and ease with which the results are 
obtained. For a complete treatment of the use of the charts, the reader 
is referred to the original text. 1 Actual calculations are best made from 
the greatly enlarged charts which are published separately. 10 To indicate 
the characteristics of these charts, Figs. 4.1-2, 3, 4, and 5 are given. 


10 O. A. Hougen and K. M. Waison, Chemical Process Principles Charts , Democrat 
Printing Co., Madison, Wisconsin (1946). Extensive corresponding states charts for 
light, medium, and heavy hydrocarbons, which are similar to the Hougen and Watson 
charts, have been given by J. B. Maxwell, Data Book on Hydrocarbons , Van Nostrand, 
1951. 




Fig. 4.1-2. The compressibility factor as a function of the reduced pressure and the reduced temperature. 
[From O. A. Hougen and K. M. Watson, Chemical Process Principles, Wiley (1947), Part II.J 
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[Eq. 4.1-10) THE GENERALIZED CHARTS 

They show the generalized compressibility factor and the non-ideality 

corrections for the enthalpy, entropy, and heat wpaatyofden^ga^o; 
The charts which show the pressure corrections to he v ^ . 

dynamic properties were obtained by using the generalized compressibility 
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4 6 6 7 


0.02 0.03 0.06 0.1 0.2 0.3 0.6 0.81.0 2 

Reduced pressure, p r 


Fig. 4.1-5. The heat capacity of gas imperfection as a function of the 
reduced pressure and the reduced temperature. (From O. A. Hougen 
and K. M. Watson, Chemical Process Principles , Wiley (1947), Part II.] 

factor together with standard thermodynamic relations (see Appendix 
3.B). The symbols with superscript “0” denote properties of ideal gases 
(that is, values applying in the limit of low pressures) and the unmarked 
symbols refer to the properties of the real gas. Other Hougen and Watson 
charts are available for the following properties: 

Gases. Fugacity, viscosity. 
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Liquids. Enthalpy correction, entropy correction, thermal expansion 
and compression, heat capacity correction, differential effect of pressure 
upon enthalpy. 

These charts are often used in connection with mixtures. It is observed 
that to a good approximation a mixture behaves as a single component 
with critical constants equal to the molar averages: 

T c = 2-i a ‘i(7’c)i (4.1-11) 

Pc = (4.1-12) 

Here x i is the mole fraction of the ith chemical species. However, this 
treatment of mixtures applies only to the vapor phase and breaks down 
within or near the border curve of the mixture. 

c. Theoretical development of the principle of corresponding states for 
spherical non-polar gases 

The existence of corresponding states relationships may be explained 
theoretically for gases whose molecules are spherical and non-polar. 
For such molecules the potential energy of the system is assumed to be 
the sum of terms (f(r it ) each representing the energy of interaction of a 
pair of molecules. Furthermore, it is reasonable to assume that the 
potentials q(r) can be represented by some universal function,/, together 
with two scale factors o and c characteristic of the molecular species: 

<f(r) = c/(r/a) (4.1-13) 

The Lennard-Jones potential, q(r) = 4c[(a/r) 12 - (a/r) 6 ], is of this two- 
constant form and represents an approximation to a universal function. 

According to Eq. 3.1-1, the equation of state of a gas (in which 
the motion of the molecules may be treated by classical mechanics) may 
be written in this form: 

p = kT-L\ n J e -<Mr”)it T dr s (4.1-14) 

That is, the pressure depends only on kT t the volume, the two scale 
factors € and a in the potential function, and the form of the universal 
function /. The quantities * and a may be used to define the reduced 
variables. 11 

P * = po*l* F* = V/fio* T * = kT/t (4.1-15) 

11 The quantities/?* = pbjNt and V * = I '/b 0 may also be used for reduced pressure 
and volume. 
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Now from these considerations and dimensional analysis, it 

it is possible to write the reduced pressure as a universal function ol 

reduced volume and temperature: 

p *=p*(V*,T*) (4.1-16) 

The nature of the function depends only on the nature of the potential 

function /. f 

From this form of the law of corresponding states and the definition ol 
the critical point it follows that the critical constants reduced in terms of 
the molecular constants, p •, V*, and T*. are universal constants. 
The values given in Table 4.1-2 show that there is considerable spread in 
these values. For He and H 2 the derivations are due in part to the 
quantum effects considered in § 6.6. 


TABLE 4.1-2 

Critical Constants for Some Almost Spherical Non-polar Molecules 
Reduced by Means of Lennard-Jones (6-12) Force Constants 


Gas 

T'C K) 

F f (cm 3 ) 

/? e (atm) 

T> 


k* 

Pt* 

Pc* 

P'KI*T C 

He 

5.3 

57.8 

2.26 

0.52 

2.75 

5.75 

0.057 

0.027 


h 2 

33.3 

65.0 

12.8 

0.90 

2.05 

4.30 

0.134 

0.064 


Nc 

44.5 

41.7 

25.9 

1.25 

1.59 

3.33 


0.1 II 

0.296 

A 

151 

75.2 

48 

1.26 

1.51 

3.16 

0.243 

0.116 

0.291 

Xe 

289.81 

120.2 

57.89 

1.31 

1.38 

2.90 

0.276 

0.132 

0.293 

n 2 

126.1 

90.1 

33.5 

1.33 

1.41 

2.96 

0.274 

0.131 

0.292 

0 2 

154.4 

74.4 

49.7 

1.31 

1.28 

2.69 

0.297 

0.142 

0.292 

CH 4 

190.7 

99.0 

45.8 

1.29 

1.41 

2.96 

0.264 

0.126 

0.290 


The approximation that p* t V c *, and T* are universal constants 
leads directly to simple methods of estimating the values of the force 
constants. Thus we obtain the approximate relations for spherical 
non-polar molecules obeying the Lennard-Jones (6-12) potential: 


e/k = 0.777; 

(4.1-17) 

b 0 = 0.75 V c = ItAT'/p' 

(4.1-18) 

The relations between the values of T and V at 

the meltinc, normal 

boiling and critical points discussed in § 4. la then lead to other approximate 
relations: 

t/k= 1.157; 

(4.1-19) 

«/* = 1-92 T m 

(4.1-20) 

b 0 = 2.0PJW 

(4.1-21) 

b 0 = 2.3 FS 0 " 

(4.1-22) 
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Fig. 4.1-6. The compressibilities of some spherical non-polar gases as a 
function of the reduced volume V* for several values of the reduced 
temperature T*. (a) H. Kamerlingh Onnes and C. A. Crommelin, 
Commn. Phys. Lab. Leiden, No. 118b (1910). (6) G. P. Nijhoff and 
W. H. Kceson, ibid.. No. 179b (1925). (c) A. Th. van Urk and 
G. P. Nijhoff. ibid.. No. 169c (1924). (d) H. Kamerlingh Onnes and 
A. Th. van Urk, ibid.. No. 169d (1924). (e) H. Kamerlingh Onnes and 
C. A. Crommelin, ibid., No. 147d (1915). 
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[Eq. 4.1-26] 


Experimentally it is observed that 

b 0 = 2.293 Ki* 00 (4.1-23) 

where PJJ 00 is the molar volume of the solid at 0°K. From the table of 
the second virial coefficient (Table I-B) it is seen that 12 

e/k = 0.292T B (4.1-24) 


where T B is the Boyle temperature. These expressions represent simple 
methods of estimating intermolecular potentials. To obtain information 
about any particular molecule somewhat more accuracy may be obtained 
by applying the principle of corresponding state to molecules of similar 
structure. The results of these procedures should, however, be con¬ 
sidered as rough estimates to be used only when data for more accurate 
methods are not available. 

It is clear from the principle of corresponding states as formulated by 
Eq. 4.1-16 that the compressibility is a universal function of V* and 7'*, 
that is, 


py p*V* _V* 


RT 


r* 


p\V\ T*) 


(4.1-25) 


Experimental verifications of this result are shown in Fig. 4.1-6. Since 
the reduced parameters at the critical point V * and T * have universal 
values, the empirical law of corresponding states, Eq. 4.1-2, follows 
directly from this expression as does the alternate formulation, Eq. 4.1-3. 


d. The principles of corresponding states for polyatomic molecules 

Several specific examples may be given to illustrate how the principle 
of corresponding states may be extended to polyatomic molecules. In 
these examples additional parameters are introduced which describe the 
internal structure of the molecules. The additional parameters appear in 
the expression for the reduced equation of state and show clearly what is 
meant by the idea of mechanical equivalence of Kamerlingh Onnes. 

In § 3.8d Corner’s “four-center” model of cylindrical molecules was 
discussed. This model assumes that long molecules (cigar-shaped) may 
be represented by four centers of force arranged rigidly along a line. The 
length / specifies the distance between the centers of force in a molecule. 
The total intermolecular force is given by the sum of the interactions 
between the force centers, each interaction being of the form shown in 
Eq. 4.1-13, with parameters c and a. From the considerations discussed 
above it follows that the equation of state for such a model has the form 

p = piV 9 kT, c, a, /) (4.1-26) 

13 J. E. Lennard-Jones, Physica, 4, 941 (1937). 
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Introduction of the reduced variables given in Eq. 4.1-15 and the reduced 
distance /* = //<x leads to 

P*= P *(V\T*\n (4.1-27) 

Hence for cylindrical molecules with the same value of the ratio /*, 
the reduced pressure is a universal function of V* and T*. 

A “round” polyatomic molecule of the type XY n (such as NH 3 , CBr 4 , 
SF 6 ) may be regarded as a rigid system of n force centers which are 
identical and occupy equivalent positions at a distance a from the center 
of the molecule. Then, as in the Corner model, the interaction energy 
between a pair of molecules is assumed 13 to be the sum of the interactions 
between these force centers (the central atom being disregarded in these 
interactions). The potential describing the interactions between the 
force centers is assumed to be of the form of Eq. 4.1-13. The equation 
of state for this model is then of the form 

p=p{V t kT t €, a, a, n) (4.1-28) 

Introducing the reduced distance a* = a/o and the reduced variables 
given in Eq. 4.1-15, we get from dimensional considerations 

p*=p*(V\T*;a*,n) (4.1-29) 

This is another example of more generalized types of corresponding 
states relationships. Eq. 4.1-29 may also be obtained by substituting 
the expression for the intermolecular potential into the integral for the 
classical partition function. 14 

e. The principle of corresponding states for polar molecules 

A simple corresponding states relation can be obtained for polar mole¬ 
cules, if the interaction potential is assumed to be of the form 

= c Mo) - {fi 2 lr*)g(O v 0 2 , <f> 2 - A) (4.1-30) 

in which f(r/o) is a universal function of the reduced distance, r/cr, and 
£(0i, 0 2 , <\> 2 — <f>i) describes the angle dependence of the interaction of 
two point dipoles. The equation of state for a substance made up of 
molecules obeying this type of potential is of the form 

P = p(Vy kTy €, cr, p) (4.1-31) 

The scale factors c and a may be used to define reduced variables as was 
done in Eq. 4.1-15, and also a reduced dipole moment, p* = p/V co 3 . 

ia The objections raised to the assumption of this type of interaction have been 
mentioned in a footnote in § 3.8-d. 

14 N. Trappeniers, Physica, 17, 501 (1951). 
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[Eq. 4.1-32] 

Then from dimensional considerations the relation between the reduced 
pressure, volume, and temperature is of the form 

p*=p*(V*,T*-, f i*) (4.1-32) 

This explains the fact that the various equilibrium properties of polar 
substances, in dimensionless form, exhibit systematic deviations from the 
properties of non-polar substances according to the value of p charac¬ 
teristic of the substance. In Chapter 3 the dependence of the vinal 




Non-polar Gases 
• Argon 

a Neon 
O Nitrogen 
e Hydrogen 


Polar Gases 

o Ethyl chloride ■ Ammonia 

■ Methyl chloride o Water 

o Acetone o Acetonitrile 

a Acetaldehyde 


(Wherever the values of the non-polar gases lie very close together, 
only the symbol for Argon is shown.) 

Fig. 4.1-7. The reduced critical constants for polar gases. In this figure 
are shown the variations of the various reduced critical properties with 
the parameter t* = p**/V8. In (a) is plotted the ratio p e V f /RT ( for several 
polar gases; in ( b) is shown p* = p<bJN €; in (c) is given kTJe = T *; and 
the reduced critical volume, V* = V t /b 0 , is plotted in (</). All these 
properties vary but slowly with the parameter /*. Force constants used 
for the reduction of the critical values are those obtained for the Stockmayer 
potential from experimental second virial coefficients. [From J. S. 

Rowlinson, J. Chem. Phys. t 19, 831 (1951).] 
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coefficients on p* was shown explicitly for the Stockmayer potential. 
Similar behavior can be expected for the vapor pressure curves, melting 
lines, and critical properties. The variation in the reduced critical 
constants with the reduced dipole moment is shown in Fig. 4.1-7. 15 

2. Empirical Equations of State 

Numerous empirical relations have been proposed for describing the 
p-V-T behavior of gases and liquids, each of which is designed for a 
particular application. 1 Some of these equations are quite accurate over 
a small range of temperature and density; others apply to the properties 
in the gaseous and liquid phases. First, a discussion is given of several 
two-constant equations of state—those of van der Waals, Dieterici, and 
Berthelot. These equations are handy because of their simple analytic 
form. Of more cumbersome form, but considerably more useful for 
accurate work, are the equations of Beattie and Bridgeman (with five 
arbitrary constants) and of Benedict, Webb, and Rubin (with eight 
adjustable parameters). The section is concluded with a summary of 
the semi-empirical equations which have been used for liquids. 

a. Two-constant equations of state 

For a semi-quantitative understanding of the principal features of the 
equation of state, the following equations are quite useful: 

van der Waals: (p + (P - b) = RT (4.2-1) 

Berthelot : (p + ^*) (V — b) = RT (4.2-2) 

Dieterici: ( pe" lfRT ) (K - b) = RT (4.2-3) 

The constant a is a measure of the cohesion between the molecules, and b 
is proportional to the volume of the molecules. All these equations 
predict a Boyle temperature and a critical isotherm. None of them 
predicts a maximum in the second virial coefficient as a function of 
temperature, and the first two equations have temperature-independent 
third virial coefficients. The critical constants and the virial coefficients 
for these three simple equations of state are summarized in Table 4.2-1. 
The Dieterici equation gives a value of p c VjRT ct which is in excellent 

“ J. S. Rowlinson, /. Chem. Phys. t 19, 831 (1951). 

1 Excellent summaries of empirical equations of state may be found in H. S. Taylor 
and S. Glasstone, States of Matter , Van Nostrand (1951), and in J. R. Partington, 
Advanced Treatise of Physical Chemistry , Longmans, Green (1949), Vol. I, Ch. 7. 
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agreement with the average of the values for twenty-five non-polar gases* 
—0 272. The Dieterici equation is hence remarkably accurate 
neighborhood of the critical point and is the best all-round ana y ica 

two-constant equation of state. . . 

It is interesting to compare the second virial coefficient for the van ae 
Waals (or Dieterici) equation with that for the Lennard-Jones P°‘ e "j ial> 
which has been shown to represent quite faithfully the behavior of dilute 
gases. According to the van der Waals equation, the second viriat 



Fig. 4.2-1. B* vs. 1/r* for the Lennard-Joncs potential. 


coefficient is linear in \/T. In Fig. 4.2-1 it may be seen that B{ 7) for the 
Lennard-Jones potential deviates considerably from linear behavior. 
This fact explains why the van der Waals constants, a and b, vary a great 
deal with temperature or with the manner in which they are determined. 
The maximum in the second virial curve for the Lennard-Jones potential 
should be noted. It occurs between T* = 10 and T* = 100, which is 
the important temperature range in combustion and ballistic powder gas 
problems. In this range the second virial coefficient is very nearly 
independent of temperature and can be satisfactorily represented by a 
simple volume equal approximately to bj 2. 

2 J. A. Beattie and W. H. Stockmayer, Reports on Progress in Physics , 7, 195 (1940). 
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TABLE 4.2-1 

Summary of Information about Two-Constant Equations of State 



van der Waals 

Berthelot 

Dieterici 

Pc 

a 

2Tb 2 

1 aR 

V 216 b 2 

a __ a 

4 e 2 b 2 29.56 b 2 

*0 

K 

3 b 

3 b 

2b 

Tc 

8a 

21bR 

l~8a~ 

V 27 bR 

a 

AbR 

P'VJRT\ 

0.375 

0.375 

0.2706 

B(T) 

*-£ 

‘-*F. 

b - — 

RT 

C(T) 

b 2 

/»* 

b 2 ° b + fl2 
RT 2 R 2 T 2 


For making slight corrections for non-ideality in dilute gases, Berthelot 
proposed the following expression for the second virial coefficient: 



(4.2-4) 


This expression for the second virial coefficient is widely used 3 in the 
determination of molecular weights from gas densities and in the deter¬ 
mination of latent heats from vapor pressures; in both cases small 
corrections for gas imperfections are involved. The use of Eq. 4.2-4 is 
justified, inasmuch as it gives excellent agreement with the temperature 
dependence of B(T) for the Lennard-Jones potential 4 over the range 
between T* = 0.3 to T * = 2. 

The three two-constant equations given above may be applied to 
mixtures. The parameters a and b are taken to vary in the following 
manner with composition: 


a = a n x i 2 + 2*12*1*2 + o 2 2 * 2 2 (4.2-5) 

b = b u x 2 -J- -f- b^ 2 (4.2-6) 

The a:, are the mole fractions of the components, and the constants a ti 
and b u are just the constants for the pure components. The a n and b 12 


3 J. R. Partington, Advanced Treatise of Physical Chemistry, Vol. I, Longmans, 
Green (1949). 

4 J. D. Lambert, G. A. H. Roberts, J. S. Rowlinson, and V. J. Wilkinson, Proc. 
Roy. Soc. {London), A196, 113 (1949). 
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are constants characteristic of collisions between unlike molecules. If 
no experimental data are available to indicate their values, they may be 
estimated roughly by the empirical combining laws: 

= i iVb^L + (4 ' 2 " 7) 

a l2 = Vaufl* (4.2-%) 

These relations correspond to those given in Eqs. 3.6-8 and 9. Equations 
4.2-5 and 6 were originally proposed by van der Waals. 8 In some actual 
examples they have explained experimental results quite accurately. 

b. The Beattie-Bridgeman equation of state 6 

The Beattie-Bridgeman equation is one of the best empirical representa¬ 
tions of p-V-T data for gases up to pressures of the order of 250 atm. 
This equation is: 

py % = RT ( :1 - ( 1 ? + : t ) ~ A ° ( :1 - £) (4 2_9) 

The five adjustable constants, A 0 , * 0 , a, />, and c, have been determined 
for a large number of gases and are given in Table 4.2-2. 

At very high pressures the Beattie-Bridgeman equation fails badly. 
At very low pressures the equation may be examined by expanding it into 
the virial form. The second virial coefficient is 

B(T) =B 0 - ( AJRT) - (c/T 3 ) (4.2-10) 

This expression agrees with the second virial coefficient for the Lennard- 
Jones potential over a wide range of temperatures, provided that the 
constant c is properly chosen. In order to have agreement over the 
physically important range of temperatures, we choose 7 

c = 0.0236(y4o 3 / R 3 B 0 2 ) (4.2-11) 

. and then 

€ = 0.04\21(A 0 IRB 0 ) X 10- ,s (4.2-12) 


b 0 = 1.249Z? 0 


(4.2-13) 


The first relation may be used as a test of the validity of the Lennard- 
Jones potential. Table 4.2-3 compares the values of € and b 0 , calculated 
from Eqs. 4.2-12 and 13 with the values determined directly from second 
virial or viscosity data. In the last two columns the value of c calculated 


5 J. D. van der Waals, Die Continuilat desgasformigen u. fliissigen Zustandes , Barth, 
Leipzig (1899, 1900). 

6 J. A. Beattie and O. C. Bridgeman, J. Am. Chem. Soc., 49. 1665 (1927); Proc. 
Am. Acad. Arts Sci ., 63, 229 (1928). 

7 J. O. Hirschfelder and W. E. Roseveare, J. Phys. Chem., 43, 15 (1939). 
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TABLE 4.2-2 

Values of the Constants of the Beattie-Bridgeman Equation 
of State for Several Gases ' 1 

p = [RT(\ - 6)/V*} [V+B]- A/V 2 

A = A 0 (l-a/V) B=B 0 (\-b/V) 6 = c/VT* 


Units: Normal atmospheres, liters/mole, °K. 


Gas 

A 0 

a 

Bo 

b 

c x 10 -< 

He 

0.0216 

0.05984 

0.01400 

0.0 

0.0040 

Ne 

0.2125 

0.02196 

0.02060 

0.0 

0.101 

A 

1.2907 

0.02328 

0.03931 

0.0 

5.99 

Kr" 

2.4230 

0.02865 

0.05261 

0.0 

14.89 

Xe c 

4.6715 

0.03311 

0.07503 

0.0 

30.02 

»2 

0.1975 

-0.00506 

0.02096 

-0.04359 

0.504 

N 2 

1.3445 

0.02617 

0.05046 

-0.00691 

4.20 

o 2 

1.4911 

0.02562 

0.04624 

0.004208 

4.80 

Air 

1.3012 

0.01931 

0.04611 

-0.01101 

4.34 


17.0 

0.0 

0.325 

0.0 

4000. 

co 2 

5.0065 

0.07132 

0.10476 

0.07235 

66.00 

NH 3 

2.3930 

0.17031 

0.03415 

0.019112 

476.87 

ch 4 

2.2769 

0.01855 

0.05587 

-0.15870 

12.83 

C 2 H, 

6.1520 

0.04964 

0.12156 

0.03597 

22.68 

c 2 h, 

5.8800 

0.05861 

0.09400 

0.01915 

90.00 

QH, 

11.9200 

0.07321 

0.18100 

0.04293 

120.00 

1-C 4 H 8 

16.6979 

0.11988 

0.24046 

0.10690 

300.00 

«o-C 4 H 8 

16.9600 

0.10860 

0.24200 

0.08750 

250.00 

«-c 4 h 10 

17.7940 

0.12161 

0.24620 

0.09423 

350.00 

iro-C 4 H I0 

16.6037 

0.11171 

0.23540 

0.07697 

300.00 

«-C 6 H 12 

28.2600 

0.15099 

0.39400 

0.13960 

400.00 

neo- C 6 H 12 

23.3300 

0.15174 

0.33560 

0.13358 

400.00 

«-c 7 h, 6 

54.520 

0.20066 

0.70816 

0.19179 

400.00 

CHjOH 

33.309 

0.09246 

0.60362 

0.09929 

32.03 

(C 2 H 5 ) 2 0 

31.278 

0.12426 

0.45446 

0.11954 

33.33 


° H. S. Taylor and S. Glasstone, Stales of Matter , D. Van Nostrand (1951). 

6 Constants obtained from J. A. Beattie, J. S. Brierley, and R. A. Barriault,/. Chem. 
Phys., 20,1613(1952). 

* Constants obtained from J. A. Beattie, R. A. Barriault, and J. S. Brierley,/. Chem. 
Phys ., 19, 1219(1951). 

by Eq. 4.2-11 is compared with the observed value. The agreement is 
good in those cases in which other evidence would indicate that the 
Lennard-Jones potential should apply. This seems to form a sensitive 
criterion for the validity of the Lennard-Jones potential. 

The internal energy, U y is one of the most significant properties of 
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[Eq. -12-14] THE BEATTIE-BRIDGEMAN EQUATION OF STATE 

TABLE 4.2-3® 


Values of b 0 , e t and c 


Gas 

bo 

(Calculated 

from 

Beattie- 

Bridge- 

man 

Constants) 

(cc/mole) 

(Calculated 

from 

Lennard- 

Jones 

Potential) 

(cc/mole) 

€ 

(Calculated 

from 

Beattie- 

Bridge- 

man 

Constants) 

(10- ,s erg) 

€ 

(Calculated 

from 

Lennard- 

Jones 

Potential) 

(10 _u erg) 

c x 10 - 4 

(Calculated 
from Eq. 
4.2-11) 

(liters/degree 

mole) 

c x 10 - 4 

(Observed) 

(liters/ 

degree 

mole) 

He 

17.49 

21.17- 

gea 

1.402 

0.00022 

0.0040 

nt 

Ne 

25.73 

25.95 


4.928 

0.0966 

0.101 

I’v 

A 

49.10 

49.80 

ila 

16.529 

5.942 

5.99 

/A 

H. 

26.18 

31.41- 

4.739 

5.075 

0.07488 

0.0504 

»** 

N. 

63.02 

63.78 

13.40 

13.12 

4.077 

4.20 

o. 

57.75 

57.75 

16.22 

16.22 

6.625 

4.80 

Air 

57.59 

55.11 

14.19 

13.69 

4.425 

4.34 

I. 

405.9 


26.30 


198.2 

4000 

CO. 

130.85 

113.9 

24.03 

26.09 

48.84 

66.00 

NH, 

42.65 


35.25 


50.19 

476.87 

CH. 

69.78 

70.16 

20.49 

20.46 

16.15 

12.83 

c,h 4 

151.8 


25.45 


67.30 

22.68 

C,H. 

117.4 

78 

31.46 

33.54 

98.26 

90.00 

C.H, 

226.1 

226 

33.12 

33.40 

220.8 

120.00 

1-C 4 H, 

300.3 


34.92 


343.9 

300.00 

iso-Ci H. 

302.3 


35.25 


355.7 

250.00 

n-C 4 H, 0 

307.5 

155 

36.35 

40.99 

397.0 

350.00 

uo-C 4 H, 0 

294.0 


35.47 


352.8 

300.00 

w-CjHn 

492.1 


36.07 


620.9 

400.00 

neo-Ci Hu 

419.2 


34.96 


481.5 

400.00 

n-C jHu 

884.5 

884 

38.72 

38.92 

1380 

400.00 

CH.OH 

753.9 


27.75 


433200 

32.03 

(CjHj).O 

567.6 


34.61 


632.7 

33.33 


a These force constants were obtained by fitting the experimental data with the 
theoretical expression which includes the quantum effects. 


equations of state. It can be determined (up to an additive function of 
the temperature only) from the thermodynamic equation, 



Internal Thermal External 

pressure pressure pressure 


(4.2-14) 


The internal pressure (dU/dV) T 


is the difference between the thermal 
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pressure and the external pressure. Integrating ( dU/dV) T with respect 
to volume (at constant temperature) gives the internal energy. Thus, 
(1) van der Waals: 

0 = U°(T) — j (4.2-15) 



Fig. 4.2-2. A comparison of the experimental internal energy of argon at 
0 C with values calculated using three empirical equations of state. 
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[Eq. 4.2-17] 

(2) Dieterici: 8 

V-im-le-*** 

(3) Beattie-Bridgeman: 


{^' (si?)- I])} (42 - 16> 


/ 3 Rc\ 1 1 / 

U = V\T)-[A 0 + Y t)j- W2 [- 


aA 0 + 


3 RcB t 


T 2 


■) 


RcbB 0 

T*V* 

(4.2-17) 



0 57.1 106.0 149.9 192 235 284 344 423 531 686 908 1227 1681 2320 3207 p (aim) 

Fig. 4.2-3. A comparison of the experimental internal energy of CO z at 
150 3 C with values calculated using three empirical equations of state. 


8 Ei(x) is the exponential integral function. 
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Figure 4.2-2 compares these calculated internal energies with the experi¬ 
mental measurements for argon at 0°C. The Beattie-Bridgeman constants 
are taken from Table 4.2-2. The constants a and b for use in the 
van der Waals and Dieterici expressions are obtained by setting b — ( a/RT) 
equal to the Beattie-Bridgeman second virial coefficient and a/RT 2 equal 
to the temperature derivative of the Beattie-Bridgeman second virial 
coefficient. The van der Waals form for the internal energy is surprisingly 
accurate. The Beattie-Bridgeman form accidentally errs in the opposite 
direction. The Dieterici form is quite unsuited to high densities where V 
is less than or comparable to b. This is obvious from Eq. 4.2-16 since 
Ei(0) is equal to —co. Usually above a certain pressure, the Beattie- 
Bridgeman equation gives completely erroneous internal energy. For 
example, for carbon dioxide at T= 150°C the internal energy is poorly 
represented by the Beattie-Bridgeman equation at densities above the 
critical density. This is shown in Fig. 4.2-3. 


c. The Benedict-Webb-Rubin equation of state 

Benedict, Webb, and Rubin 9 have generalized the Beattie-Bridgeman 
equation for pure substances and for mixtures. They found that in order 
to fit the observed p-V-T for hydrocarbons up to densities of twice the 
critical density it is necessary to use an eight-parameter equation: 


RT 1 




(4.2-18) 


For mixtures the eight parameters are assumed to have the form 
A - PW^o)!'*] 2 a = 

B 0 = J Z„* ( x,[(+ (5 0 )V>]» b = [E,*,*>;'*]* (4.2-19) 

C 0 = [S^XCo). 1 '*] 1 c = [S.x.cV’P 

a = [Shafts y = [S^yj/.]* 


The x { are the mole fractions of the various components, and the subscripts 
i and j on the constants A 0 , B 0 , • • • indicate the values for the pure 
components. The constants for nitrogen and some hydrocarbons are 
given in Table 4.2-4. The thermodynamic properties corresponding to 
the Benedict-Webb-Rubin equation of state are 

9 M. Benedict, G. B. Webb, and L. C. Rubin, J. Chem. Phys ., 8, 334 (1940); 10, 
747 (1942). 
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(1) Fugacity: 

RT\nf = RTlnfaRT/V) 

IRTXMW] 1 ' + w)'*] s 

- 21A 0 (A 0 ),]'I‘ - (2 IT*) [C 0 (C 0 ),]''>] 


1 

+ f 


+ 2 - 4- 2 [RT(b>b,)'l‘ - (a*a,y>] 

+ ji- 5 Wa 2 *,) 1 '* + <*(a J <J,) ,/ *] 
3(c*c ( )''* ri - e-nf’ e-** 




y*J 2 


1 _ e -yiv* e -viv' 

~W' 2~ 


vlv 

_ jc_ /*\* p— _ ye^] 
V*T*\y) L y/K J 2j> 2 J 

(2) Enthalpy: 

H = ^ [b 0 *T - 2A 0 - ^ 


6fla 

+ — [2 6R r -3a] + IF5 


+ [yd - •-"*> - ^ w? * + Ji ‘- WF '*] 

(3) Entropy: 

5 = 2 l x,[5 l °-^ln(x | ./?r/F)] 

_I|»» 

73 J 2 j > 2 


(4.2-20) 


(4.2-21) 


(4.2-22) 


These equations reproduce the full range from liquid to gas, including 
the critical region for a number of hydrocarbon mixtures. 



TABLE 4.2-4 

Empirical Constants for Benedict-Webb-Rubin Equation' 
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O Q r-> © 
ViQNK 
^ ® " 
o o o — 


© O m 
^ tT vO 

n ri n’ 


O' Q O' vO o> 

VirtOcoar'eoooNQO'O- 
innOrt'O-oxwSfico- 
-TfMM^h^O-OOO'O 
^Nr'TfioQr'-oo--^ 
N - - N’t iO^-MXKOm 

oooo6d-d---N’t 



5 = H 0 lgg| = l 

P *■ >. r= a. a. r r = c 


8 i 8 I 
Si So. 


£03 O ^ - T 2 - So. 

P-5 >» p ££3 5 ^ 5 goo 
Z 2 LU UJ ft- ft. . • . • i 5 i 


a M. Benedict, G. B. Webb, and L. C. Rubin, Chem. Eng. Progress, 47, 419 (1951). The constants for nitrogen are from a personal 
communication from M. Benedict. 











[Eq. 4.2-26] 


EMPIRICAL RELATIONS FOR LIQUIDS 


d. Empirical relations for liquids 

The Tait equation 10 and its modification by Kirkwood are the best 
empirical representations of the equation of state of liquids. Tait’s 
equation, which was originally proposed to describe the compressibility 
of water, is 

dV/dp = K/(L + p) (4.2-23) 


in which A" is a constant and L is a function of the temperature. In its 
integrated form the equation reads (with n = /K): 


In 


(p±L±T)\ =n (Vjr Z V\ 
\p 0 + L(T)J \ V o / 


(4.2-24) 


p 0 is some standard pressure, and V 0 is the corresponding liquid volume. 
There is at the present time little theoretical justification for this equation. 
Nevertheless, studies of the properties of a large number of liquids 11 
have shown that Eq. 4.2-24 gives almost perfect agreement with experi¬ 


mental observations. The equation proves to be applicable to many 
types of liquids (benzene derivatives, salt solutions, etc.) and suitable 
over a wide range of temperatures and pressures (up to 1000 atm). 

At extremely high pressures the Tait equation requires modification 
since the left-hand side of Eq. 4.2-24 approaches infinity whereas the 
right-hand side cannot exceed n. Hence this modification has been 


suggested: 12 



(4.2-25) 


In this relation entropy, rather than temperature, has been chosen as the 
independent variable, and the increment in the volume has been replaced 
by the logarithm of the ratio of the volume at zero pressure, ^(0, 5), to 
that at some pressure p. This equation has been shown to give an excellent 
representation of the equation of state for water up to 25,000 atm. 13 

Equation 4.2-25 may be written in a form reminiscent of perfect 
gas adiabats: 

Ip + A(S)) V" = F (S) (4.2-26) 


10 D. M. Newitt, High Pressure Plant and the Properties of Fluids at High Pressures, 
Oxford University Press (1940). 

“ R. E. Gibson and O. H. Loeffler, Ann. N.Y. Acad. Sci., 51, 111 (1949); J. Am. 
Chem.Soc ., 61.2515 (1939). 

12 J. G. Kirkwood and H. Bethe. “The Pressure Wave Produced by an Underwater 
Explosion.” Part I, OSRD Report No. 588 (Dept, of Comm. Bibliography No. 
PB32I82); J. G. Kirkwood and J. M. Richardson. “The Pressure Wave Produced by 
an Underwater Explosion,” Part III, OSRD Report No. 813 (Dept, of Comm. Biblio¬ 
graphy No. PB32184). 

13 J. M. Richardson, A. B. Arons, and R. R. Halverson,./. Chem. Phys., 15, 785 (1947). 
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in which F(S) = /1(S) [^(O, S)] n . The internal energy may then be 
obtained from {dU/dV) s = —p, which after integration becomes 

U(p, S) - 1/(0, S) = /«(S)[K(0, S) - V) 

(4.2-27) 

The first term, pV/(n — 1), is the principal contribution. The second 
term expresses the correction due to the volume increment [F(0, S) — V). 
As long as the latter is small, it is clear that Eqs. 4.2-27 and 4.2-25 are 
capable of fitting the experimental data. However, for large changes in 
the volume we would expect to find it necessary to include additional 
terms in the internal energy proportional to higher powers of the volume 
increment. It is interesting to note that n is equal to the specific heat 
ratio, y, only in the case of a perfect gas, where pV = RT and /t(S) = 0. 
A crude but convenient equation of state for liquid adiabats is 

pV z = F(S) (4.2-28) 

This corresponds to setting n = 3 and neglecting the correction term 
corresponding to /4(S). For this equation both the velocity of sound 
and the Riemann characteristic (see §11.5) are proportional to the 
pressure. 

3. Gases at Very High Pressures 

In this section we discuss some of the problems which are encountered 
in the study of powder gas combustion, detonations, and other processes 
where very high pressures are involved. First some empirical equations 
useful for describing the p-V-T behavior of gases at very high pressures 
are discussed. Then we consider the distortion of the molecules at high 
pressures. In this latter discussion the virial theorem is invoked to 
examine the increase in the kinetic energy of the electrons due to high 
compression. 

a. An equation of state for powder gases 
For gases at moderately high pressure, the following equation has been 
recommended: 1 

pV/RT = 1 + B(T)/V + 0.6256,, 2 / V 2 + 0.2869VK 3 + 0.1928V/F 4 

(4.3-1) 

B(T) is the second virial coefficient and b 0 is the usual van der Waals 

1 J. O. Hirschfelder and W. E. Roseveare, /. Chem. Phys ., 43, 15 (1939); J. O. 
Hirschfelder, D. P. Stevenson, and H. Eyring, J. Chem. Phys.> 5, 896 (1937). 
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constant. The third and fourth virial coefficient would be correct for 
rigid spheres with volumes equal to b 0 /4f). The fifth virial coefficient is 
adjusted to make the compressibility agree with the Eyring equation 
(Eq. 4.5-3) in the range of liquid densities. 

For powder gases at temperatures around 2500°C, the second virial 
coefficient is almost'independent of temperature. This may be seen from 
Fig. 4.2-1 or from the tabulation of B(T) for the Lennard-Jones potential 
given in Table I-B. The value of B(T) changes very little between 
X* = kTje = 10 and T* = 100. There is a maximum value of 
B(T) = 0.527b 0 at about T* = 30 which corresponds to the high tempera¬ 
tures found in powder-gas flames. Thus for such problems B(T) is set 
equal to b , and b is taken to be 0.527b 0 . The value of b 0 for the powder 
gas mixture can be estimated by the combining rule (which is simple 
though not particularly accurate): 

(Urn* = (4.3-2) 

is the mole fraction of the xth component and the (6 0 ), are the Lennard- 
Jones V s f° r individual components. Because of the accidental 
maximum in the second virial coefficient in this temperature range, 
studies of ballistics in which the molecules are considered to be rigid 
spheres with the covolume described above have been remarkably 
successful. 

b. Equation of state behavior in detonations 

In detonation problems in which the pressure may increase to 200,000 
atm, the Lennard-Jones-Devonshire equation of state (see § 4.7) might 
seem to be the most accurate representation. However, the Halford- 
Kistiakowsky-Wilson 2 equation has been used to good advantage: 

pV/RT = 1 + exp (0.3/r/r 1 '*) (4.3-3) 

The constant K is given by 

K = Sn./f, (4.3-4) 

where n, is the number of moles in the /th component per cubic centi¬ 
meter of mixture. The AT, are empirical constants characteristic of each 
of the chemical species and are taken to be 5.5 times the values of the 
Lennard-Jones b 0 for the species. For water and ammonia the K ( are 
108 and. 164 cm 3 per mole, respectively. Much of the success of this 
equation is due to the fact that most detonation phenomena are not 
sensitive to the equation of state. 

* This modified Becker equation was formulated by R. S. Halford and reported in 
Div. B. NDRC Report Serial No. 52 (OSRD 114), by G. Kistiakowsky and E. B. 
Wilson, Jr.; J. Kirkwood, S. Brinkley, and J. Richardson, Div. B. NDRC (OSRD 
2022), p. 113; Final Report NDRC, Div. 8. 
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c. Use of the virial theorem to study distortion of molecules at extremely 
high pressures 

When a substance is subjected to extremely high pressures the con¬ 
stituent molecules become distorted, the electronic energy levels are 
shifted, and the chemical bonds are weakened or destroyed. The 
tremendous change brought about in the properties of matter at high 
pressures may be illustrated by the electrical conductivity—at low pressures 
a gas is an insulator, as the pressure is raised it becomes a semi-conductor, 
and finally at extremely high pressures it becomes a metallic conductor. 
At the present time it would appear that this metallic state is reached at 
a pressure of the order of 1,000,000 atm, depending upon the substance. 
A great deal of experimental research is needed in this very high range of 
pressures. Many interesting results can be anticipated. For example, 
some chemical reactions which at atmospheric pressure take place at 
exceedingly high temperature may occur at room temperature and high 
pressure. 

The quantum mechanical energy levels of the molecules are shifted and 
the kinetic energy of the system is increased as the pressure is raised. 
This behavior can be explained in terms of the virial theorem. The 
change in the internal energy and the change in the kinetic energy of the 
system can be expressed in terms of the experimental equation of state. 
Absorbtion spectroscopy would provide the most direct experimental 
information, but there are no experimental data available along these 
lines at the present time. In principle the variations in the dielectric 
constant or the index of refraction should indicate the compression of 
the molecules, but at the present time the theoretical understanding of 
these properties (see § 12.2) is not sufficiently well developed for this 
purpose. 

In §3.1 the virial theorem is used to develop a formal expression for 
the equation of state in terms of intermolecular forces. In that derivation 
the gas is assumed to be made up of molecules, and the internal structure 
of the molecules is completely ignored. In this section we apply the 
virial theorem to the equation of state, considering the gas to be made up 
of nuclei and electrons. According to Eq. 3.1-10 the average kinetic 
energy of the particles may be written as the sum of the virial due to the 
external forces (that is, the effect of the containing walls), \pV, and the 
virial due to the interparticle forces: 

K = lpV-\ ItrrW mt) ( 4 - 3 " 5 ) 

Here (F,) int is the force on the ith particle (nucleus or electron) due to all 
the other particles. Inasmuch as the nuclei and electrons interact accord¬ 
ing to the Coulombic force law, the virial of the interparticle forces can 
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[Eq. 4.3-12J 

be expressed in terms of d>, the total potential energy of the system (see 

Eq. 1.4-29): _ 

i I ,(r* (FXt) = i O (4 ' 3 ~ 6) 

Hence Eq. 4.3-5 may be rewritten as 

+ ( 4 - 3_7) 

The sum of the average kinetic energy and the average potential energy is 
just the internal energy U of thermodynamics: 

U = R + O- ( 4 - 3 - g ) 

The last two relations give the p ^-product and the internal energy in 
terms of K and <t>. 

These relations may be solved to get K and <|> in terms of experimentally 
measurable thermodynamic quantities: 

R = -U+3pV (4.3-9) 

-O = -2U+3pV (4.3-10) 

Differentiation of these equations (known as Schottky's Relations 3 ) and 
use of standard thermodynamic formulae 4 give 5 

-* - I s ' (I f),- 2C -\ “ T+ [ w+2T &). + Q J * 

(4.3-12) 

The total kinetic energy K is the sum of the kinetic energy of the atomic 
nuclei, K a ,, and the kinetic energy of the electrons, K r . If the translational 
and vibrational motions of the atomic nuclei behaved classically, R nt 
would be a function of the temperature only and would be independent 
of pressure. In this case the change in K f with pressure would be exactly 
equal to the change in K. Although this cannot be strictly true, it is 
clear that the change in K e is an appreciable fraction of the change in R. 

Bridgman 5 used Eq. 4.3-11 to obtain the change of R with pressure in 
solids. From his experimental data the increase in the kinetic energy 
in lithium is 18 kcal per mole, 30 kcal per mole for bismuth, 14 kcal per 
mole for aluminum, and 9 kcal per mole for iron at 19,000 atm pressure. 

3 W. Schottky, Physik. Z., 21. 232 (1920). 

4 Specifically one uses the relation 

to eliminate dU. 

1 P. W. Bridgman, Revs. Mod. Phys., 7, 1 (1935); Phys. Rev., 46, 930 (1934). 
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For gases Michels and his coworkers 6-8 showed that the change in the 
kinetic energy is proportional to the pressure. Figure 4.3-1 shows that, 
for C0 2 , the kinetic energy changes by 8 kcal per mole at a pressure of 
2800 atm, and Fig. 4.3-2 shows that for nitrogen it changes 15 kcal per 
mole at 7800 atm. For ethylene, the kinetic energy increases 9 kcal per 
mole when the pressure is raised to 2500 atm; 9 for argon, 4 kcal per mole 
when the pressure is raised to 2000 atm. 10 



Fig. 4.3-1. Change of kinetic energy in carbon dioxide as a function of 
pressure. (From A. Michels and S. R. de Groot, Nederland. Tijdschr. 

Naluurk., 12, 77 (1946).) 

Originally Michels and others had thought that there would be a large 
shift in the total (kinetic plus potential) energy of the electrons correspond¬ 
ing to the large shift in the kinetic energy with pressure. If this had been 
the case, chemical bonds would be weakened or non-existent at pressures 
as low as 50,000 atm. However, Cottrell 11-12 applied the virial theorem 
to show that the total electronic energy shifts only approximately one- 
twentieth as much as the kinetic energy. Thus pressures of the order of 
1,000,000 atm would be required to destroy the chemical bonds. 

• A. Michels, J. dc Boer, and A. Bijl, Physica, 4, 981 (1937). 

7 A. Michels and S. R. de Groot, Nederland. Tijdschr. Natuurk ., 12, 77 (1946). 

8 A. Michels, R. J. Lunbeck, and G. J. Wolkers, Physica , 17, 801 (1951). 

9 A. Michels, S. R. de Groot, and M. Geldermans, Applied Sci. Research , Al, 55 
(1947); Physica, 12, 105 (1946). 

10 A. Michels, R. J. Lunbeck, and G. J. Wolkers, Physica , 15, 689 (1949); A. Michels, 
Hub. Wijker, and Hk. Wijker, Physica, 15, 627 (1949). 

11 T. L. Cottrell, Trans. Faraday Soc., 47, 337 (1951). 

17 T. L. Cottrell, /. Chem. Phys. t 18, 1117 (1950). 
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[Eq. 4.3-14] 


Cottrell considered a gas made up of diatomic molecules. Suppose that 
the potential energy functions (Morse curves for example), O n (r), are 
known for these molecules as a function of the separation r between the 



Fig. 4.3-2. Change of kinetic energy in nitrogen as a function of 
pressure. [From A. Michels, R. J. Lunbeck, and G. J. Wolkers, Physica , 

17, 801 (1951).] 


two nuclei. Then, according to Slater’s application of the virial theorem 
to molecular problems (see § 13.1c), the average electronic kinetic energy 
is a known function of r: 

d ( I) 

KM = -<D„(r) - r —" 1 (4.3-13) 

ar 


or if r 0 is the equilibrium separation, the shift in the electronic kinetic 
energy when the molecule is compressed from r 0 to r is given by 

A Ke = KM - KM) = 4>„(r 0 ) - O n (r) - r ~ n 

dr 


(4.3-14) 
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This same compression leads to a shift in the average total electronic 
energy 

= $,(') - *,(/■«) = O.M - 4>.(r„) (4.3-15) 

From experimental p-V-T measurements, such as those of Bridgman or 
Michels, the shift in the electronic kinetic energy, A£„ for a given sub¬ 
stance is known at a particular pressure. From Eq. 4.3-14, the corres¬ 
ponding value for r can be found. Then this value of r can be substituted 
into Eq. 4.3-15 to give the shift in the total electronic energy, A<j>„ 
corresponding to the experimentally observed shift in the kinetic energy, 
A*,. 

In order to check the validity of this procedure, Cottrell developed the 
following test. For each value of r we know the force required to com¬ 
press the molecule to this internuclear separation, F= —dQJdr. Thus 
at each pressure p we can determine a force F which acts on the molecule. 
Let us express this force as the product of an effective area of the molecule, 
A , times the pressure. Then the p-V-T measurements suffice to determine 
A for different molecules. If A remained constant as the pressure 
increased, we could reverse the foregoing arguments and predict the 
change of the kinetic energy with pressure at pressures much higher than 
have ever been measured. Thus from the work of Michels, de Boer, and 
Bijl 6 it is found that for N 2 the effective area of the molecule is A = 145 A 2 , 
and remains constant up to 3000 atm, the limit of the experimental data. 
If this cross-sectional area remained constant, at 100,000 atm the average 
electronic kinetic energy would have shifted by 180 kcal per mole, whereas 
the total electronic energy <!>„(/•) would have increased by only 4 kcal per 
mole. As a matter of fact it would require pressures of the order of 
millions of atmospheres to increase <J> n ( r ) by the amount of the energy 
of dissociation. Long before this million atmospheres was reached, the 
neighboring nitrogen molecules would strongly perturb each other so 
that the meaning of Cottrell's extrapolation to very high pressures is not 
clear. However, the large ratio of the shift in the kinetic energy to the 
shift in the electronic total energy should serve as a warning to those who 
expect loosening of chemical bonds and other changes in the electronic 
structures to take place at comparatively low pressures. 

d. Quantum mechanical treatment of the distortion of molecules at high 

pressure 

Another method of studying the effect of very high pressures on sub¬ 
stances is the use of quantum mechanics to examine theoretically the effect 
of squeezing a single atom. Two problems of this type have received 
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[Eq. 43-15] 


consideration: a hydrogen atom in a rigid spherical container, 13 and a 
hydrogen molecule ion (H 2 *) in a spheroidal enclosure." We consider 
here only the treatment of the H-atom by de Groot and ten Seldam. 

A free hydrogen atom has an infinite number of bound (negative) 
energy states and a continuum of positive energy states. When the atom 
is enclosed in a large spherical box the continuum becomes discrete and 


Is 2p 2s 



Fig. 4.3-3. Kinetic, potential, and total energy of a hydrogen atom in a 
rigid spherical container of radius r 0 . (From S. R. de Groot and 
C. A. ten Seldam, Physica, 12, 669 (1946).) 


the number of bound states becomes finite. As the radius r 0 of the 
spherical box is made smaller the energy levels of the bound states gradually 
rise and those at the top of the potential well become positive—that is, 
the electron in those energy states prefers to be free. The 2j-state has 


13 S. R. de Groot and C. A. ten Seldam, Physica , 12, 669 (1946). 
i« Recently q a. ten Seldam has summarized the quantum mechanical treatment in 
his doctoral dissertation, "Energies and Polarizabilities of Compressed Atoms,” 
University of Utrecht, Holland (1953). Also ten Seldam and dc Groot have made 
quantum mechanical calculations of the properties of compressed helium and argon. 
(C. A. ten Seldam and S. R. de Groot, Physica , 18, 891, 905, 910 (1952).] 
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an energy of zero for r 0 = 6.153<7 0 , the 2/7-state for r 0 = 5.086j 0 , and the 
15-state at r 0 = 1.835a 0 . In Fig. 4.3-3 is shown the energy £, the average 
electron kinetic energy R y and the average electron potential energy O 
for various values of the radius r 0 of the enclosing box for the 15, 25, and 
2/7 states. In Fig. 4.3-4 is shown the change in the electronic kinetic 
energy as a function of the pressure exerted by the atom on the walls of 
the circular enclosure. It is surprising that at 2700 atm the change in 



Fig. 4.3-4. Change of kinetic energy Fig. 4.3-5. Fractional change of polarizability 

as a function of pressure of a of a hydrogen atom in a spherical container as a 

hydrogen atom in a spherical con- function of the pressure. [From S. R. de Groot 

taincr. [From S. R. de Groot and and C. A. ten Seldam, Physica, 12, 669 (1946).] 

C. A. ten Seldam, Physica, 12, 669 
(1946).! 


the electronic kinetic energy is 8 kcal per mole. This is in substantial 
agreement with the observed experimental values for C0 2 and N 2 . 
Perhaps one of the most significant features of the molecular compression 
is the change of polarizability with pressure. This is shown in Fig. 4.3-5 
for the atomic hydrogen calculations. 

Another approach to the problem has been made by Wigner and 
Huntington, 15 who considered the possibility of a metallic modification of 
hydrogen. They calculated the physical properties of a body-centered 
cubic lattice made up of hydrogen atoms. They found that it may be 
possible to compress hydrogen into a metallic crystal of density 0.80 (as 
compared to the normal density of solid hydrogen of 0.087). Actually 
the metallic form may not be stable at any pressure. However, Wigner 


16 E. P. Wigner and H. Huntington, J. Chem. Phys., 3, 764 (1935). 
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[Eq. 4.3—15] 


and Huntington state: “One calculates easily, that even under the assump¬ 
tion of the most advantageous compressibility at high pressures, the 
pressure which is necessary for this transformation is 250,000 atmospheres. 
A similar conclusion was reached by Kronig, de Boer, and Korringa. 


e. Optical and electrical methods for studying the distortion of molecules 
at high pressure 14 

The variation of the index of refraction rj or the dielectric constant c' 
with pressure provide simple experimental methods for studying the 
distortion of molecules at high pressures. To a first approximation the 
Clausius-Mosotti function, (1/p) (c' — 1 )/(«' ■+■ 2), and the Lorentz-Lorenz 
function, (1/p) (rf - 1 )l(rj 2 + 2), depend only on the polarizability of the 
molecules. Variations in these functions should therefore provide an 
experimental method for determining changes of the polarizability as 
the molecules become distorted. In § 12.2 we see that refinements in 
the theory of electric susceptibility lead to corrections in the Clausius- 
Mosotti and Lorentz-Lorenz functions at high densities because of the 
addition of the electric field of the induced dipoles to the electric field 
acting on the surrounding molecules. Taking these corrections into 
account Bottcher 17 has examined the experimental data of Michels, de Boer, 
and Bijl 6 for the index of refraction for carbon dioxide as a function of 
density, and has found that the polarizability of the C0 2 decreases by 10 
per cent when a pressure of only 100 to 200 atm is applied and by 20 per 
cent when the pressure is of the order of 2000 atm. This is somewhat 
larger but still in accord with the theoretical calculation for the compressed 
hydrogen atom. 

Considerable improvements must be made in the theoretical treatment 
of electric susceptibilities before the variations of the polarizability of 
molecules with pressure can be determined with high accuracy. 


4. Some General Considerations about the Cell Methods 

Thus far the discussion has been confined to empirical considerations 
and general results obtainable from the principle of corresponding states. 
We now turn to the theoretical investigation of the behavior of liquids 
and dense gases. A liquid or a dense gas may be regarded either as a 
very imperfect gas in which multiple collisions are frequent or as a distorted 
crystal in which the long-range order has been lost. 

,e R. Kronig, J. de Boer, and J. Korringa, Physica , 12, 245 (1946). 

17 C. J. F. Bottcher, Physica , 9, 937 and 945 (1942); S. R. de Groot and C. A. ten 
Seldam, Physica, 13, 47 (1947). 
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The gas-like approach is exemplified by the virial development, which 
was described in Chapter 3. The results of the latter theory are quite 
satisfactory from a theoretical point of view except for possible convergence 
difficulties in the liquid range. The theory has been used in the study of 
condensation phenomena (see § 5.2e). However, the virial equation of 
state is at present of no value in making practical numerical calculations 
in the high-density region. 

The crystal-like approach, on the other hand, has not led to formal 
solutions. Nevertheless, it has proved valuable, inasmuch as it has led to 
several approximate treatments which can be used to give numerical 
results. There are two main types of approaches which have been used: 
(i) the cell theories , in which the liquid is regarded as a distorted crystal 
with one molecule located at or near each lattice point, and (ii) the hole 
theories , in which it is realized that liquids differ from crystals in that some 
of the lattice sites are vacant. In this and the following three sections we 
discuss the cell theories in detail. In § 4.8 various hole theory calculations 
are summarized. 

a. Crystal structure as the basis for cell methods 

A solid composed of molecules without internal degrees of freedom is 
pictured as a set of particles executing small vibrations about their equili¬ 
brium positions. The partition function of such a system is the product 
of harmonic oscillator partition functions, each representing one of the 
(mathematical) oscillators. If it were possible to analyze the vibrations 
into the normal modes it would be possible to write down the exact 
partition function of the system. But to a reasonable approximation 
(the Einstein or Griineisen approximation) we can picture each of the 
molecules as vibrating independently in that field which would be present 
if all the neighboring molecules were at their equilibrium positions. To 
this approximation all the vibration frequencies are the same, and the 
partition function for a system of N particles is simply the product of N 
identical factors. 1 

For a liquid in which the density of particles is slightly less than in a 
solid, the amplitude of the motion of the molecules is larger. The concept 
of small vibrations is not valid in liquids. However, the specific heat 
of a material in the liquid phase just above the melting point is almost 
the same as that for the solid phase. This fact makes it tempting to 
retain the idea of the molecule moving in the force field which would 
exist if all the neighboring molecules were in their mean positions. This 

1 For the statistical mechanical theory of crystals, see, for example, J. E. Mayer and 
M. G. Mayer, Statistical Mechanics , Wiley (1940), Ch. 11, or R. H. Fowler and E. A. 
Guggenheim, Statistical Thermodynamics , Cambridge University Press (1949), Ch. 4. 



[Eq. 4.4-2] THE CONCEPT OF COMMUNAL ENTROPY 

is the essence of the “cell methods” of obtaining the equation of state. 
The space is divided into a regular lattice of cells with one molecule per 
cell. Such a model for the liquid state has quite clearly two defects, 
(i) There is no correlation between the motion of molecules in neighboring 
cells. Because of the lack of long-range order in a liquid or dense gas, 
the neglect of correlations between motions of neighboring molecules is 
probably a better approximation than the Einstein approximation in a 
solid, (ii) Free interchange of molecules between cells is completely 
denied. This restriction introduces an error in the entropy of the system, 
which is usually corrected by the addition of what is termed the communal 
entropy. The communal entropy problem is discussed in the next 
subsection. 

There have been two major developments of the cell theories: that of 
Eyring and his colleagues and that due to Lennard-Jones and Devonshire. 
Both these groups of investigators established their theories of the liquid 
state by means of well-founded physical intuition. The basic expressions 
which were the starting point for their researches have recently been 
justified by Kirkwood; 2 he has shown rigorously what assumptions are 
inherent in the theories of Eyring and of Lennard-Jones and Devonshire. 
Consequently, we depart from the historical order and present first a 
summary of Kirkwood’s results. 

b. The concept of communal entropy 

The problem of communal entropy may be understood by considering 
an idealized system of N non-interacting particles. Let us calculate 
the difference in entropy of the two states of this system, which are repre¬ 
sented pictorially in Fig. 4.4-1. In State I the total volume V is shared by 
all of the molecules. The classical partition function is then just that for 
an ideal gas of N molecules: 


Zy = \-*»(V*IN\) (4.4-1) 

in which A 2 = h^lnmkT. In State II, where each molecule is restricted 
to move within its own cell of volume V\N y the partition function is 

Z[$ l) = (z)* v = (A- 3 V/N) y = A- 3 *( V/N)» (4.4-2) 

In the latter expression there is no TV! because of the virtual distinguish- 
ability of the particles. The two partition functions Zf and Z[i l) give 
exactly the same expressions for the internal energy and the pressure. 
Hence, as far as internal energy and pressure are concerned, the presence 

* J. G. Kirkwood, /. Chem. Phys ., 18, 380 (1950). 
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of the partitions is immaterial if the particles are non-interacting. How¬ 
ever, the two partition functions do give different values for the entropy, 
S = k In Z N -f- U/T. The entropy difference between the two states is 

s"> - S<"> = k In [Zjj'/zy"] = k In (N"/N<) = Nk (4.4-3) 

Here Stirling’s formula for In N\ has been used. 

This last result means that the cell model for a gas gives, in the low 
density limit, an entropy too low by Nk and a free energy too high by 
NkT. This defect may be corrected by inserting a factor of e s in the 
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to a cell of volume V/N 


Fig. 4.4-1. Illustration of the concept of communal entropy. 


expression for the partition function Z}} 0 . This method is, however, 
not very satisfactory: a factor e s is needed in the perfect gas limit but 
not for a system in the crystalline state. Somewhere between these two 
limits the “communal entropy” becomes effective. One suggestion is 3 
that this “communal entropy” appears discontinuously at the melting 
point, where it contributes an extra amount of entropy, R per mole, to the 
liquid. This view has, however, been criticized by Rice, 4 who maintains 
that the factor e N in the partition function appears more gradually. This 
would make it a function of volume as well as of temperature and so 
would cause it to contribute to the equation of state. 

A more complete understanding of the communal entropy problem 
may be obtained by the following 2 more formal treatment, in which a 
system of N identical interacting particles is considered. In § 3.1a it was 

* J. O. Hirschfelder, D. P. Stevenson, and H. Eyring, J. Chem. Phys ., 5, 896 (1937). 

4 O. K. Rice, J. Chem. Phys. t 6, 476 (1938). 
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shown how the equation of state may be written in terms of the partition 
function Z s : 

z v = (N^r 1 JJ exp [-H(r",p")/kT) dr » dp" 

= (N\X 3 ")~ l J exp [— <Hi J, )/kT] dr" = X~ 3 "Q N (4.4-4) 

in which Q s is called the configurational integral. Let us now divide 
the coordinate space into N cells, A„ A 2 , • • • A* in any arbitrary manner. 
The configurational integral can then be written as a sum of terms in 
which the coordinates of each molecule are confined to a particular cell. 
When there are N molecules and N cells, Q s contains N y terms, corres¬ 
ponding to the N y ways of placing N molecules in N cells: 

Q s = (N'.)- 1 f I I j J • • • J ex p[- Q(r")/kT] dr t dr 2 ■■■ dr N 

/i-i /,-l a, 

(4.4-5) 

Since the molecules are indistinguishable, the value of a term is unchanged 
by a permutation of the molecules in the cells. 

Let us denote by Q N (m lt m 2 , . . . , m N ) the various terms in Eq. 4.4-5 
which correspond to m x molecules in cell 1 , m 2 molecules in cell 2, . . . m N 
molecules in cell N. Because of the possible permutations of the N 
molecules, there are (AH/n.m,!) ways of obtaining a particular set 
{j m } = Wj, m 2 , . . . m s . Consequently the total configuration integral is 
given by 

Q n = m~ l 2 {m) m 2 , • • • m N ) 

= 2 {m) Qs( m i. " * m N )l( Ilim, !) (4.4-6) 

The summations are over all sets of occupation numbers {m} subject to 
the constraint that = N. 

The last expression may be written formally as 

e.v=* Ar ey ) ( 4 . 4 - 7 ) 

in which 

CB’ *■ Qd 1.1, ■ • •, 1) (4.4-8) 

= £ (m) (n.m, !)- 1 IQrffHt, m 2 , ■ • ■, m N )/Q N w ] (4.4-9) 

At sufficiently high densities the repulsive forces between the molecules 
prevent multiple occupancy, and all Q iW (m ly w 2 , . . ., m y ) except Qfg> 
are equal to zero, so that: 

a = 1 (high density limit) (4.4-10) 
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For an extremely dilute gas there is effectively no interaction between 
the molecules so that all the Q N (m lt m 2 , . . . m N ) are equal, with the 
result that 5 

d = e ( low density limit) (4.4-11) 

These two results are in agreement with the results of the simple picture 
described earlier. 

In general d lies between 1 and e , and the change in the value of d with 
density represents the appearance of the communal entropy. In the free 
volume treatments described in the following two sections it is assumed 
that d = e. This may well be a source of error in the resulting equations 
of state, inasmuch as the derivative of a with respect to the specific 
volume gives a contribution to the pressure. An approximate evaluation 
of a may be obtained by considering the effect of multiple occupancy of 
the cells (see § 4.6b and § 4.7d). The problem may be avoided by allowing 
holes in the lattice structure (see § 4.8). 

c. The concept of free volume 2 

It may now be shown that the result given in Eq. 4.4-7 can be used to 
obtain the starting expressions for the cell methods described in the next 
section. This development makes clear the assumptions which are 
inherent in the cell methods. 

We begin by defining the probability densities P[ N \r y ,p y ) and P[ N \r N ) 
by 

py\r* 9 p N ) = [W/i^Z*”]- 1 exp [-//(r‘ v , p y )/kT] (4.4-12) 

P[ N \r N ) = [W!A 3A 'ZJ} ) ]- 1 exp [-d>(r* v )/*r] (4.4-13) 

The partition function Zj} ) = is for a system of N interacting 

molecules, which are required to remain within the confines of their 
particular cells (with one molecule per cell). These distribution functions 
differ from those in Eqs. 2.1-1 and 3 only in the fact that the molecules 
are not allowed to move beyond the boundaries of their own private 
cells, although they may still interact with the molecules in other cells. 
We now introduce the approximation that the probability density in 
configuration space may be expressed as a product of functions, each 
of which is a function of the coordinate of only one molecule: 6 

PfKr*) = n^(r,) (4.4-14) 

5 For this case Eq. 4.4-9 simplifies to 

d N = 2{ m j (If./n,!) -1 ; S,m 4 = N 

so that a is just equal to the number of terms in the original summation (Eq. 4.4-6) 
divided by N\\ that is, d N = N S IN\ = e y according to Stirling’s formula. 

• This approximation is similar to that employed by Hartree in the solution of the 
Schrodinger equation for the many-body problem. 
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The function s(r ) is normalized over one cell: 

s(r) dr = 1 


f 


111 


(4.4-15) 


The vector r is taken to be the position vector of the molecule referred to 
some convenient origin in the cell. The best choice of the function 
s(r) is obtained by minimizing the Helmholtz free energy, A = U — TS, 
at constant T and A subject to the constraint given by the normalization 
condition for s(r). 

The Helmholtz free energy is given by 

A = -kT\ n Z N = -kT In (X~* N Q N ) 

= -NkT\ no- kT In (A- 3 *$}>) 

= —NkT\nd + A™ (4.4-16) 

The quantity A IU = U ll) — TS m is the work function for a system of N 
interacting particles which are confined to their cells. U {1) and 5 (1> are 
given by 7 


U w =JJ P[ N \r N , p N )H(r y , p N ) dr" dp" 

A A 

= J dr" + INkT 


(4.4-17) 


TS<" = -kT j J P["\r", p") In P?\r", p") dr" dp" - kT In (N'.h™) 

A A 


= —kT j P[ y) (r N ) In P< y \r y ) dr* + *NkT — AT In (A'.U 3 ^) 


(4.4-18) 


The quantity A a> in terms of the functions j(r) is, accordingly, 
A al /NkT = J s(r) In s(r) dr + — J J E(r - r') i(r)s(r') dr dr' 


A A A 

+ (I/W) In (N\X 3N ) 

In this expression the quantity E(r) is defined by 


N 


m = 2 9<\Rv + r\) 


3=2 


(4.4-19) 


(4.4-20) 


and is the contribution to the total potential energy due to the interaction 
of particle 1 at location r with respect to the origin of its cell with particles 

7 See Problem 12, Chapter 2. 
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2, 3,... N located at the origins of their respective cells. The vector 
Rij is the position vector of the origin of the y'th cell with respect to the 
origin of cell 1. Now regarding A as a function of j(r), we obtain for 
the extremalization condition: 


dA = J {In s(r) + J 

A A 


E(r — r')s(r') dr'} 6s dr = 0 (4.4-21) 


along with the restraint 

J 6s dr = 0 (4.4-22) 

A 

Using Lagrangian multipliers, we may obtain from Eqs. 4.4-21 and 22 
an integral equation for j(r). We choose rather to write this as an integral 
equation for y»(r), which bears the following relation to $(r): 


s(r) = exp [(a - v )/kT] 



exp l-f(r)lkT] dr 


Then the integral equation for tp(r) is 


V(r) = j w(r — r') exp ((a — y(r'))/kT] dr' 

A 

in which 

"(r) = E(r) - E 0 

E° = J J E(r - r'WrW) dr dr' 

A A 


(4.4-23) 

(4.4-24) 

(4.4-25) 

(4.4-26) 

(4.4-27) 


The solution of the integral equation in Eq. 4.4-25 determines the best 
approximation to P[ !i \r y ) as a product of functions s(r). 

The preceding development allows the partition function, Z v , to be 
written in terms of the partition function z for a single molecule: 

Z N = z N = (X-*dv f exp [-£ 0 / 2 * 71 )* (4.4-28) 


in which v f is the free volume defined by 

»/ = J exp (-t^r)/kT) dr 

A 


(4.4-29) 


From these expressions the other thermodynamic properties and the 
equation of state can be obtained. 



[Eq. 4.4-32] FREE VOLUME AND LATTICE ENERGY i/y 

As a Oth approximation it may be assumed that the molecules are 
located at the centers of their cells. Accordingly, when the s(r) are 
represented by Dirac ^-functions, 8 we get for a first approximation 9 to 
the molecular partition function and the free volume 

2 = X~ 3 dv f exp l-E(0)/2kT] (4.4-30) 

v / — j ex P {- [£(r) - E{Q))jkT}dr (4.4-31) 

A 


in which £(r) is given by Eq. 4.4-20, and A 1 2 = h 2 /27rmkT. 
These equations, along with the relation 



(4.4-32) 


form the starting point for the cell theories given in the next three sections. 
We have thus seen what approximations enter into the foundations of 
the cell methods. Though the cell methods represent an important 
advance in the theory of liquids and dense gases, it is clear that the power 
of such methods is limited because of the difficulty in evaluating 5. The 
hole theories, which are discussed in § 4.8, are superior to the cell theories 
in this respect. 


5. A Simple Cell Model for Liquids and Dense Gases 1 • 2 

A surprisingly good simple theory for liquids may be obtained from the 
final equations of the last section by making rough approximations for 
the free volume, v /y and the “lattice energy,” NE(0)/2. The results of this 
simple cell model are compared with the experimental and calculated 
values for several equilibrium properties. Trouton’s rule and the 
Hildebrand rule for vapor pressures can be obtained from this model. 

a. Approximate expressions for the free volume and the lattice energy 

For the evaluation of the free volume we assume that the molecules are 
rigid spheres of diameter a. We fix all the molecules but one (the 
“wanderer”) at their equilibrium positions on a regular cubic lattice. 

8 The use of Gaussian functions in this connection has recently been considered by 
G. Careri, /. Chem. Phys., 20, 1001 (1952). 

9 Substitution of the zeroth approximation for y>(r) into the right-hand side of 
Eq. 4.4-25 gives y,(r), the first approximation to y(r). y, may, in turn, be substituted 
into the integral to get the next approximation y^r). The usefulness of this is doubtful 
in view of the inherent error due to the difficulty of evaluating d. 

1 H. Eyring and J. O. Hirschfelder, J. Phys. Chem., 41, 249 (1937). 

2 J. O. Hirschfelder, J. Chem. Ed., 16. 540 (1939). 
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The wanderer is free to bounce around in the cell formed by the “nearest 
neighbors.” This “free volume” has a very complicated geometrical 
shape. 3 For the purpose of this simple theory, however, the free volume 
is calculated in the following way: Consider a row of molecules along 
the ar-axis in the lattice as shown in Fig. 4.5-1. The center of the wanderer 
(the shaded molecule) moves a maximum distance of 2 [v 1 * — o] along 



«fr H *2 (v H -<r) 


Fig. 4.5-1. The approximate free-volume for simple cubic packing of 

molecules. 

the ar-direction and has a similar range of freedom along the y - and 
z-directions. The free volume is then given approximately by 

v / = 8 [u /j — <r] 3 [simplified free volume) (4.5-1) 

= 8[(F/ i V) ,/ »-0.7816(A/iV) l/ »] 3 

in which we have introduced b = 2irfto*/3 9 the van der Waals b. 

Let us now consider the lattice energy per mole, \NE( 0). A fairly 
good approximation to the lattice energy may be obtained by saying that 
it is just the negative of the internal energy of vaporization per mole, 
Atfvnp- Hildebrand 4 has shown that A£ vap may be expressed by a 
function of the form a(T)/V\ In Table 4.5-1 it is shown that, for a 
great many substances, n = 1 is quite satisfactory. Making this choice 
for //, we may write for the lattice energy 

2 N £(0) = — AOy ap = ~ a ( T)l V (simplified lattice energy) (4.5-2) 

The function a[T) may be seen later in the development to be the van der 
Waals a. 


3 The exact shape is considered in § 4.6. 

4 J. L. Hildebrand and R. L. Scott, Solubility of Non-Electrolytes , 3rd ed., Reinhold 
(1950), p. 97. 
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TABLE 4.5-1 

Internal Energy of Vaporization 4 
Experimentally determined values of n in the formula 
At/vap = a(T)/y n 


w-Heptane 

1.09 

Chloroform 

1.02 

Silicon tetrachloride 

1.09 

Ethyl ether 

1.01 

Carbon tetrachloride 

1.07 

Acetone 

0.89 

Benzene 

1.05 

Carbon disulfide 

0.89 

Silicon tetrabromide 

1.04 

Methanol 

0.34 

Stannic chloride 

1.04 

Mercury 

0.33 

Titanium tetrachloride 

1.02 




Strictly speaking, the lattice energy and the free volume depend on 
both the attractive and the repulsive forces between the molecules. In 
this simplified approach, however, use is made of the fact that the free 
volume depends primarily on the repulsive force (the van dcr Waals b) 
and that the lattice energy depends primarily on the force of attraction 
(the van der Waals a). 

b. The Eyring equation of state 

Substitution of these simplified expressions for the free volume and the 
lattice energy into the formula for the molecular partition function 
(Eq. 4.4-30) and use of Eq. 4.4-32 give 

[p + (K - 0.78166V’'*) = RT (4.5—3) s 

which is the Eyring equation of state. The constant 0.7816 is appropriate 
for a simple cubic lattice. For a body-centered cubic lattice the constant 
is 0.7163, and for face-centered cubic packing it is 0.6962. This equation 
is similar to the van der Waals equation except that the excluded volume 
now varies as the two-thirds power of the volume instead of being a 
constant. 

Actually the Eyring equation may be considered as the limiting form of 
the van der Waals equation when the latter is corrected for the over¬ 
lapping of the hard spheres. The necessity for doing this was recognized 

s To show the explicit dependence on v f , this may also be written as 

(/> + ^ ) (W* »*'*) = kT (4.5—3a) 

with v, given by Eq. 4.5-1. 



282 EQUATION OF STATE OF DENSE GASES [§ 4.5] 

both by van der Waals and by Boltzmann. They wrote the equation of 
state as an infinite series of the form 

(p + (a/V 2 )) = ( RT/V ) ll+(b/V) + 0.625(6/ V) 2 + 0.2869(6/ V) z 

+ • * ] (4.5-4) 

Boltzmann and Jaeger computed the term 0.625(6/ V) 2 by considering 
the simultaneous collisions of three molecules. Happel 6 and Majumdar 7 
calculated the coefficient of the next term by considering the simultaneous 
collisions of four molecules. In order to make Eq. 4.5-4 agree with the 
Eyring equation throughout the range of liquid densities, 8 the series may 
be terminated with a term 0.1928(6/1') 4 . Inasmuch as this term is of 
the same order of magnitude as the other terms, the Eyring equation 
seems to be a logical extension of the van der Waals equation for the 
region of close packing. 

Tables can be prepared showing excellent numerical agreement between 
the constants, a and 6, determined from the liquid and from the gas. 
But the different methods for calculating them from the gas data give 
such varied values that the tabulated agreement is illusory. A rather 
sensitive test for the equation of state is given by a comparison of calculated 
and experimental coefficients of compressibility and coefficients of thermal 
expansion. A sample of the agreement which is obtained is shown in 
Table 4.5-2. 

TABLE 4.5-2 

The Coefficients of Compressibility and Thermal Expansion 

for Liquids 


Coefficient of compressibility: p = V’\dV/dp) T 
Coefficient of expansion: a = V~H d V/dT) v 


Substance 

P x 10 4 atm -1 

a x 10 3 deg' 1 

Calculated 0 

Observed 

Calculated 0 

Observed 

(QH^O 

2.12 

1.29 

1.68 

1.58 

CCI 4 

1.07 

1.05 

1.14 

1.23 

CHCI 3 

1.03 

1.00 

1.31 

1.27 

c 6 h 6 

0.85 

0.95 

1.12 

1.24 


° Calculated from Eq. 4.5-3. 


• H. Happel, Ann. phys. (4), 21, 342 (1906). 

7 R. Majumdar, Bull. Calcutta Math. Soc ., 21, 107 (1929). 

8 J. O. Hirschfelder and W. E. Roseveare, J. Phys. Chem., 43, 15 (1939). J. O. 
Hirschfelder, D. P. Stevenson, H. Eyring,/. Chem. Phys. t 5, 896 (1937). 
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c. The vapor pressure: Hildebrand’s rule and Trouton’s rule 4 

An expression for the vapor pressure may be obtained by equating the 
Gibbs free energy G of a mole of the liquid to that of a mole of the gas. 
We assume that the gas is ideal and further that pV for the liquid is 
negligible in comparison with pV for the gas. These assumptions enable 
us to write for the free energies per mole: 

<5 vbp = _*nn [X-'kT/p] ( 4 - 5 ~ 5 > 

G l|(| = -RT In exp (-E(0)/2kT)) (4.5-6) 

in which X 2 = h'finmkT. Equating the free energies in the two phases, 
we obtain 

PnP = (kT/dv,) exp [£(0)/2A:rj (4.5-7) 

We see thus that a appears in the expression for the vapor pressure. In 
this simple theory we assume that a = 1 in the solid phase and that it 
assumes the value e discontinuously at the melting point. Accordingly in 
this treatment of liquid-vapor equilibrium 5 is given the value e. 

If it is assumed that the lattice energy is the negative of the internal 
energy of vaporization, the expression for the vapor pressure may be 
written as 

£v. P = <W«V) C *P (-A// vnp //?r) (4.5-8) 

in which A// vap is the molar enthalpy of vaporization. Using the Eyring 
equation of state in the form given in Eq. 4.5-3a, we may write the free 
volume in the form 

v, = 8 NWPV-* Ip + (fl/K 2 )]” 3 

= 8 (V/N) H^HyjRT) - l]- 3 (4.5-9) 

In the second form we have assumed that the pressure p can be neglected 
with respect to the internal pressure, a/P 2 , which may be written in terms 
of the molar heat of vaporization according to Eq. 4.5-2. Substitution 
of this expression for the free volume into that for the vapor pressure gives 

£ vap = (RTj%V) [(A// vap //?D - 1] 3 exp [-A ff v jRT) (4.5-10) 

Mayer 9 has shown that p vav V/RT is a universal function of A// V) , I> /£7’ for 
a great many substances, which result is in agreement with this equation. 
From this result we can obtain the Hildebrand rule for vapor pressure. 
The concentration of the vapor, c vap = p xat JRT t is a universal function of 
A//yap/ RT- According to Eq. 4.5-10 this statement is true except for a 
factor V" 1 . However, the variation of this factor from compound to 
compound is unimportant when compared to the strong temperature 
dependence of the exponential factor. 

9 J. E. Mayer, J. Chem. Phys. t 5, 67 (1937); J. E. Mayer and P. G. Ackermann, 
J. Chem. Phys. t 5, 74 (1937). 
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Trouton’s rule may be obtained by approximating RTj%V by a universal 
number. For T = 300°K and V = 82 cc per mole, 

Aa P = 35[(A H V JRT) - I]* exp [- Mi y jRT] (4.5-11) 

At the normal boiling point, characterized by T =T b and p = 1 atm, 
this equation may be solved for the heat of vaporization to obtain 

[A H v JRT b ) = 10.4 (4.5-12) 

This is Trouton’s rule with the best value of the numerical constant. 

This constant is quite insensitive to the 
number which is taken for RTfiV: 
when the latter is changed by a factor 
of two the Trouton constant is altered 
by only a few per cent. For the noble 
gases, which have very low boiling 
points and small molal volumes, Eq. 
4.5-10 gives a Trouton constant of 
about 12; such a value is in accord 
with experiment. 

d. Heat capacities 

The simple theory of liquids requires 
further corrections before we can calcu¬ 
late the heat capacity. Up to this point 
we have assumed that the potential field 
in which the molecules move is a box 
similar to that shown in drawing A of 
Fig. 4.5-2. The perpendicular walls 
correspond to rigid, elastic molecules. 
But we know that in a solid, where 
the molecules are almost always in a 
state of collision with their neighbors, 
the potential field is nearly parabolic 
(as shown in the drawing B) and has 
a curvature related to the characteristic temperature. In improving the 
potential field for the molecules in the liquid we assume: (1) In between 
collisions the molecules move in a force-free space as before. (2) During 
collisions the molecules are repelled by their neighbors with exactly the 
same forces as in the solid. Thus the walls of the potential well for the 
liquid have the same curvature as the potential for the solid. The 
improved free volume is formed by splitting the potential for the solid B 
along the dotted line in the middle and inserting a force-free region as 


A 



C 


Fig. 4.5-2. Potential energy of a 
molecule in a cell: A is the simplest 
version of the liquid. B is the solid. 
C is the potential for a molecule in 
the liquid which leads to the correct 
heat capacity. 
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shown in drawing C. In this manner, Kincaid and Eyring were able 
to calculate the heat capacity and most of the other thermodynamica 
properties of liquid mercury to within the experimental errors. To be 
sure, the few constants occurring in their equations were determined from 
experimental data, but the agreements establish the theoretical relation¬ 
ships as at least good empirical interpolation formulas. 

e. The entropy change on melting 

It has already been stated that in this simple theory a is assumed to jump 
discontinuously from 1 to e at the melting point. This discontinuity in 
d corresponds to an entropy of fusion of R per mole. This “communal 
entropy” has been discussed in § 4.4b. According to this theory it would 
seem reasonable to expect that the entropy of fusion would be about 
2 e.u. per mole. Experimentally it has been found that the average entropy 
of fusion of a large number of monatomic substances is 2.2 e.u. 

The entropy of fusion of polyatomic molecules is further complicated 
by vibrations in the solid phase. The entropy of vibration, S c , can be 
estimated if the vibration frequencies are known from Raman spectra or 
other data. Here, for the purpose of numerical calculations, the value 
50 enr 1 is used in accordance with Pauling’s 11 observations. The entropy 
of rotation S r in the liquid phase can be computed from the moments of 
inertia. The entropy of fusion S f is then 

$,= *+$ r _S p (4.5-13) 

Table 4.5-3 shows the sort of agreement which is obtained. In general 
the entropy of fusion of polyatomic molecules should be roughly 
5/ = 2 -f 3D e.u., where D is the number of degrees of vibration which 
are converted into rotations during the melting process. 


TABLE 4.5-3 


Substance 


s. 

(S/)ca|cd 

(S,U 

Cl 2 

13.6 

8.8 

6.8 

6.8 

Br 2 

16.1 

9.9 

8.2 

9.5 

h 

18.3 

10.7 

9.6 

9.5 

cs 2 

14.5 

7.2 

9.3 

8.4 

n 2 o 

13.4 

7.7 

7.7 

8.6 


Although the picture of the melting process described here is reasonably 
convincing and the agreement of the predictions with experiment reason¬ 
ably good, the concept should not be accepted too seriously. For it was 

10 J. F. Kincaid and H. Eyring, J. Client. Phys ., 5, 587 (1937); 6, 620 (1938); J. Phys. 
Client., 43, 37 (1939). 

11 L. Pauling, Phys. Rev., 36, 430 (1930). 
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shown in §4.4c that there is substantial theoretical evidence that the 
parameter d varies smoothly from the melting point of the substance up to 
its boiling point. 

Lennard-Jones and Devonshire 12 assume that, in the process of melting, 
a number of new lattice positions (called ft- sites) equal in number to the 
original sites (a-sites) appear. The redistribution of the atoms between the 
old a-sites and the new ft -sites involves an increase in entropy, energy, and 
volume, and with a suitable and reasonable choice of parameters excellent 
agreement with experiment has been obtained by these authors. 


6 . The Equation of State for Rigid Non-attracting Spheres 

In the preceding section a simple cell model was described for dense 
gases and liquids. In this model assumptions were made as to the free 
volume and the lattice energy, and it is difficult to determine the extent to 
which the assumptions are reasonable. In this section we discuss rigid 
spherical molecules and introduce no assumptions other than those 
discussed in § 4.4. First of all, we examine the calculation of the exact 
free volume and the errors involved in “smearing’* the free volume. We 
also consider the effects of choosing points in the cell other than the 
central point as the “origin” in the cell. We find that by an appropriate 
choice of the origin we can obtain an equation of state for dense gases 
which gives the correct second virial coefficient at low densities. 

a. The exact and “smeared” free volume 

In this discussion we consider rigid spheres of diameter o, occupying 
a volume V and arranged in the form of a face-centered cubic lattice. 
Each molecule in the lattice has twelve nearest neighbors, a distance of 
a away. This may best be pictured, as in Fig. 4.6-1, by realizing that 
the nearest neighbors occupy the midpoints of the twelve edges of an 
imaginary cube constructed about any given molecule. The volume per 
molecule, = V/N, is related to the distance between nearest neighbors 
by the relation 

v = tf/Vl (4.6-1) 

As may be seen in Fig. 4.6-1 the cell corresponding to this volume is a 
dodecahedron. The total volume V may then be regarded as being made 
up of these dodecahedral cells with one molecule in each cell. These 
cells are the same as those used in the discussion in § 4.4. 

Let us now label the central molecule in Fig. 4.6-1 the “wanderer.” 
It is free to move about while its neighbors remain fixed in their lattice 

11 J. E. Lennard-Jones and A. F. Devonshire, Proc. Roy. Soc. {London), A169, 
317 (1939); A170, 464 (1939). J. E. Lennard-Jones, Proc. Phys. Soc., 52, 38 (1940). 
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[Eq . 4.6-1] THE EXACT AND “SMEARED” FREE VOLUME 

positions, as iong as . > (the specific volume correspondmg to Ae 

tightest possible packing). At high densities (v <2 ) (J . 

cannot escape from the “cage’* formed by its nearest neighbors. Under 
such conditions the free volume, defined according to Eq. 4.4-31, jus 
that volume available to the center of the wandering molecule a 
moderately low densities (v > 2a 3 ) the wanderer is no longer confined to 


z 



Fig. 4.6-1. The dodecahedron formed by planes bisecting the distances 
between a molecule located at the origin and its twelve nearest neighbor^ 

The dodecahedron represents the volume per molecule, v = VIN = a*I^2. 

(From R. J. Buehler, R. H. Wentorf, J. O. Hirschfelder, C. F. Curtiss, 

J. Chem. Phys., 19, 61 (1951).] 

the cage formed by the nearest neighbors. The free volume is, however, 
still defined by Eq. 4.4-31. According to this definition the wanderer is 
confined to move in a region bounded partially by nearest neighbors and 
partially by the imaginary boundaries of the dodecahedral cell. At very 
low densities (v > tVlo*) the wanderer suffers no collisions with its 
nearest neighbors and is free to move about the whole cell (that is, v, = v). 
In terms of the reduced specific volume, v* = v/a 3 , the above information 
may be summarized as: 

t7* = 1/V2 tightest possible packing 

v* = 2 wanderer can just escape from cage 

v* > W2 entire cell available to wanderer 
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In Fig. 4.6-2 are shown several examples of the exact shapes of the free 
volume for the model under consideration. The geometry of the model 
and the analytical expression for the exact free volume are very complicated 
and are not given here. 1 

Because of the great complexity of the exact free volume, even for rigid 
spheres, it is customary in free volume calculations to employ a “smeared” 
or “sphericalized” free volume. This is done by replacing the angle- 
dependent quantity [£(/*) — £(0)] in Eq. 4.4-31 by an approximately 
equivalent spherically symmetric function. We first take an angle 
average of the interaction <p( \a -f r |) between the wanderer (at position r 
in its cell) and one nearest neighbor (at position a with respect to the 
center of the wanderer’s cell). We denote the result of this averaging 
by | a + r |). The total interaction of the wanderer with all its c neighbors 
is then taken to be cy{\ a -}- r |). That is, we let 

£(r) - £(0) = c [1 J J,< | a + r |) sin 0 dO d* - <p(a) 

= eM | « + r |) — <f(a)] (4.6-2) 


with the result that 


*V = J e *P [- I« + r I)- ?<°)] 


47 rr 2 dr (4.6-3) 


For rigid sphere lattice under consideration the sphericalization is par¬ 
ticularly simple. The smeared free volume is the largest sphere which 
can fit inside the exact free volume discussed above: 



(4.6-4) 


The equation of state is then 


pV 

NkT 



(4.6-5) 


The free volume and the equation of state for this sphericalized model are 

1 R. J. Buehler, R. H. Wentorf, J. O. Hirschfelder, C. F. Curtiss, J. Chem. Phys., 
19, 61 (1951). 




Fig. 4.6-2. The figures in the top row show the shape of the exact free volumes. The corresponding "smeared” 
free volumes are shown in the bottom row. [From R. J. Buehler, R. H. Wentorf, J. O. Hirschfcldcr, and 

C. F. Curtiss, J. Chem. Phys., 19, 61 (1951).] 
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compared in Table 4.6-1, with analogous results for the exact treatment. 
This comparison shows that the errors in the equation of state introduced 
by sphericalization are not serious, in the density range in which a molecule 
is actually confined to a cell by its nearest neighbors. 


TABLE 4.6-1 


Comparison of Results for Exact and Smeared Free Volume 


V* 

Exact Treatment 

Sphericalization 

V 

pV/NkT 

•/ 

pV/NkT 

0.7071 

0.0000 

CO 

0.0000 

CO 

0.8104 

0.0006 

23. 

0.0004 

22.50 

0.8779 


14. 


14.37 

1.0240 


9.04 


8.61 

1.1854 

0.0407 

6.48 

0.0275 

6.32 

1.5573 

0.1767 

4.53 

0.1143 

4.32 

2.0000 

0.4912 

3.77 

0.2977 

3.41 


b. The equation of state at low density: hard and soft center free volumes 

In the development of § 4.4 it was assumed that in the zeroth approxi¬ 
mation the molecules are located at the centers of their cells. As long 
as the density is sufficiently great the molecules are confined to their cages, 
and it is reasonable to put the equilibrium lattice points of the molecules 
at the centers of their cells. At low densities, however, the confining of 
the molecules to their cells is altogether artificial. Consequently in the 
limit of low density the cell model just gives the perfect gas law. We 
now show how it is possible to modify the cell model in such a way as to 
obtain a low-density equation of state correct through the second virial 
coefficient. 

Let us examine several ways in which a two-dimensional hexagonal 
array of N molecules may be put into a latticework of cells. In Fig. 

4.6- 3a is shown the usual type of lattice, with the molecules located at 
the centers of their cells. Clearly at low densities binary collisions are 
excluded. The cells may also be arranged in such a way that each mole¬ 
cule lies on the side of its cell; then binary collisions may occur (see Fig. 

4.6- 3b). Another method of achieving the same effect is to replace the 
vertical partitions with new ones passing through the molecules (as in 
Fig. 4.6-3c). For the three-dimensional face-centered cubic lattice it has 
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[Eq . 4.6-5] HARD AND SOFT CENTER FREE VOLUMES 

been found that the choice analogous to Fig. 4.6-3c is simpler to handle. 
Both the last two models, (b) and (c), give the correct value for the second 
virial coefficient. However, the overall equation of state of the two 
patterns is different. It therefore appears that the requirement of giving 
the correct second virial coefficient does not uniquely specify the cell. 




Fig. 4.6-3. Several methods of arranging a network of cells about a hex¬ 
agonal lattice of molecules. The black molecule is the "wanderer." 

All other molecules are held fixed. 

Let us consider the arrangement described in Fig. 4.6-3c. When the 
wanderer is in the left half of the unit cell, it behaves as if it were alone in 
the cell of the type in Fig. 4.6-3a, with twelve nearest neighbors. On 
the other hand, when the wanderer is in the right half of the cell, it behaves 
as if it were in a hexagonal cell with another molecule at the center and 



Fig. 4.6-4. Replacement of the free volume by an "average free volume," 
v /a . The volumes labeled v fi and v /k are the "soft center” and "hard 
center” free volumes, respectively. The black molecule is the wanderer. 


with eleven nearest neighbors. Hence this approach may be represented 
by using an arithmetic average of the two types of free volume. We 
refer to this average free volume as being a sum of a soft center free volume 
(the wanderer alone in the cell) and a hard center free volume (the wanderer 
in a cell with another molecule at the center of the cell and eleven nearest 
neighbors. This is illustrated in Fig. 4.6-4. 
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The free volume and the equation of state have been calculated for a 
face-centered cubic lattice of rigid spherical molecules using a “soft- 
center” model (which corresponds to the usual technique of centering 
the cells on lattice positions as described in a of this section) and also for 
the “average” free volume just described. The two methods give identical 
results at high density. For low density the soft-center model gives the 
ideal gas law with zero second virial coefficient whereas the average free 



Fig. 4.6-5. A comparison of the compressibility factors obtained by the 
“soft center" model (curve I) and by the “averaged free volume" method 
(curve II). (From R. J. Buchlcr, R. H. Wentorf, J. O. Hirschfeldcr, and 
C. F. Curtiss, J. Chem. Phys., 19, 61 (1951).] 


volume model gives the proper value for the second virial coefficient of 
rigid spheres: 


p_V 

RT 



= 1 +*»*+... 

V V 2 


(4.6-6) 


The third virial coefficient by this procedure is incorrect, being b 0 2 instead 
of SV- The compressibility factors for the two models are shown 
graphically in Fig. 4.6-5. 

Pople 2 has considered in more detail some of the implications of 
Kirkwood’s development, which was described in § 4.4. By an approxi¬ 
mate procedure, Pople obtained an expression for 5. The expression 
takes into account the effect of multiple occupancy of the cells. If we 
consider only the results of double occupancy, Pople’s result can be 


* J. Pople, Phil. Mag., 42, 459-467 (1951). Pople’s work is summarized at the end 
of § 4.7. 
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[Eq. 4.7-2] 

written formally in 
defined above: 


terms of the soft-center and hard-center 
V, - di>„ = v„ + V2v„v- k 


free volume 


(4.6-7) 


This result leads to an equation of state which is somewhat different 
from those which we have thus far described. It gives a second virial 
coefficient which is 58.6 per cent of the correct value. 


7. The Equation of State of Lennard-Jones and Devonshire 1 

As in the preceding two sections we take as our starting point 2 the last 
three equations of §4.4. This time, however, we use a more realistic 
potential function for the calculations, namely the Lennard-Jones (6-12) 
potential: 

*>■ 


The parameters, o and *, in this function may be used to define the follow¬ 
ing reduced variables: 

T* = kT/c reduced temperature 


r * = r/cr 
a* = a/a 
v * = v/o 3 


reduced distance 

reduced nearest-neighbor distance 

reduced cell size = a**/V2 and 
reduced volume per molecule 


v* = Vj/o* reduced free volume 

p* = po^/c reduced pressure (4.7-1) 

In addition it is usual to define two other dimensionless quantities: 

y = W *) 2 = (r */«*) 2 


g = (*,/2 na») = (v/*l2na* 3 ) (4.7-2) 

the use of which simplifies some of the formulae. 

Since the Lennard-Jones potential function gives quite a good descrip¬ 
tion of the equation of state and transport properties of dilute gases, its 
use in the cell method should provide a fairly good test of the validity of 
this method. As is to be expected from the previous discussions, good 
agreement is obtained in the density range of liquids, but unsatisfactory 


1 J. E. Lennard-Jones and A. F. Devonshire, Proc. Roy. Soc. ( London ), A163, 53 
(1937). 

2 As was mentioned in § 4.4 the order of the subject material is not historical. 
The development described in this section was originally obtained on a semi-intuitive 

basis. Kirkwood’s justification of the method came considerably later. 
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results are found at critical densities and lower. Calculations of Pople 3 
and of Janssens and Prigogine 4 indicate that the model may be somewhat 
improved by taking into account double occupancy. 

a. Development of the equation of state 

Once again we use for our model the face-centered cubic lattice. The 
actual potential within a unit cell is of course angle-dependent. To 
simplify the calculations, an equivalent sphericalized potential is used. 
The nature of the potential field within a cell for various cell sizes is shown 
in Fig. 4.7-1. The situation when the gas density is quite low is shown 



Fig. 4.7-1. The potential field within a cell for various cell sizes. [From 
J. E. Lennard-Jones and A. F. Devonshire, Proc. Roy. Soc. (London), AI63, 

53 (1937).] 

in Fig. 4.7-la. The potential within the unit cell is then uniform except 
for a region of low potential near the edge, and the sides act as adsorbing 
surfaces for the molecule inside. For normal liquid density, the low 
potential regions overlap, with the formation of an energy barrier between 
them as shown in Fig. 4.7-16. As the density is increased to normal 
crystal density, a stage is reached at which the barrier disappears and the 
two minima coincide as in c. With further increase in the density, the 
overlapping repulsive fields cause the minimum to rise. 

a J. Pople, Phil. Mag., 42, 459 (1951). 

4 P. Janssens and I. Prigogine, Physica , 16, 851 (1950). 
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Let us assume for the moment that the wanderer interacts with no 
molecules farther removed than the shell of twelve nearest neighbors. 
Accordingly we replace the quantity [£(r) — £(0)] of Eq. 4.4-31 by the 
smeared function described in § 4.6a. For the Lennard-Jones potential 
the result is 

[£( r ) _ £( 0 )] = c [4" J J 'fly/ a 2 + r 2 — 2 ar cos 0) sin 0 dO d<j> — <f(a) j 


\i(y) ~™(y)' 


(4.7-3) 


in which 

m - (1 + 12 y + 25.2y 2 + 12y* + y 4 ) (1 - y)" 10 - 1 
m(y) = (1 + y) (1 — y)~ A — 1 (4.7-4) 

Substitution of this expression for [£(r) — £(0)] into Eq. 4.4-31 gives 
the free volume. We may then calculate the equation of state from Eqs. 
4.4-30 and 32, and, assuming that a is volume independent, we get 5 

mr~ 1 +fIjM 1 + 7 ) ~M' + 7 *)] (4M) 

The quantity g is the dimensionless free volume defined in Eq. 4.7-2, and 
g t and g m are combinations 6 of the derivatives of g with respect to T* and 
v*. These quantities are given by the following integrals: 7 

^.,r*) = /vyexp(— ^[Jg-2^]} dy (4.7-6) 

0 

*.(’’. r ’> = J v ~y «P(- fi [52- 2 5t])* (4.7-7) 
0 

gjv*, r*) = J m(y) Vy ex P { “ fi [J 2 “ 2 *$ 2 ] ) 4 f 

° (4.7-8) 

5 In their original treatment Lennard-Jones and Devonshire used (1.2 + Qgjg)) 
as the coefficient of the 1/t;* 2 term instead of [1.0 + (2 gjg)\. This accounts for the 
effect of the second and third shells on the lattice energy but not on the free volume. 


• In particular, 


T’(fyldT') = (c/r*) - 2^=) 


7 The limiting values of the integrals g y g,, and g m at high and low temperatures 
have been given by J. S. Rowlinson and C. F. Curtiss, J. Chem. Phys., 19, 1519 (1951). 
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In these integrals the upper limit of integration is 

y 0 - (3/4jt%/2) ,/ * = 0.30544 (4.7-9) 

for a face-centered cubic lattice. 

Equation 4.7-5 is the Lennard-Jones-Devonshire equation of state. It 
gives the compressibility factor pV/NkT as a function of the reduced 
temperature T* and the reduced specific volume (that is, the reduced cell 
size) v*. This is consistent with the principle of corresponding states 
discussed in §4.1. The compressibility factor clearly approaches unity 
in the limit of high temperatures and/or low densities. The equation 
predicts a critical isotherm and at lower temperatures the p-V curves are 
S-shaped like the isotherms of the van der Waals equation. That the 
isotherms do not have a horizontal portion connecting the gas and liquid 
phases is a result of approximations inherent in the theory. As described 
in Chapter 5, it is possible to use ordinary thermodynamic arguments to 
introduce the horizontal portion and discuss liquid-vapor equilibria. 

The integrals g , and g m have been evaluated by Lennard-Jones and 
Devonshire, 1 by Prigogine and Raulier, 8 by Prigogine and Garikian, 9 
and by Hill. 10 The results of their calculations are in substantial agree¬ 
ment. Prigogine and Garikian made their calculations for the Lennard- 
Jones (6-12) potential and also the Sutherland model. They found that 
the thermodynamic properties, as calculated by the cell method, are 
relatively insensitive to the form of the potential. Consequently, it does 
not seem worthwhile to make calculations for the Lennard-Jones- 
Devonshire equation of state, using more elaborate intermolecular 
potential functions. Quantum corrections to the Lennard-Jones- 
Devonshire equation have been calculated by Lunbeck ; n these calculations 
are discussed in § 6.6b. 

b. The three-shell modification of the Lennard-Jones and Devonshire 

equation of state 

The most extensive calculations which have been made for the Lennard- 
Jones-Devonshire equation of state are those performed by Wentorf, 
Buehler, Hirschfelder, and Curtiss. 12 In their calculations the interaction 
of the wanderer with the first three neighboring shells of molecules is 

* I. Prigogine and S. Raulier, Physica, 9, 396 (1942). 

• I. Prigogine and G. Garikian, J. Chim. Physique, 45, 273 (1948). 

10 T. L. Hill, J. Phys. Colloid Chem ., 51, 1219 (1947). 

11 R. J. Lunbeck, Doctor-! Dissertation, Amsterdam (1951). 

11 R. H. Wentorf, R. J. Buehler, J. O. Hirschfelder, and C. F. Curtiss, J. Chem. Phys. t 
18,1484 (1950). 
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[Eq. 4.7-1 OJ 


included. (The first shell of 12 molecujes is at a distance a , the second 
shell of 6 molecules at a distance a\/2, and the third shell of 24 at a 
distance aVJ.) With this modification the equation of state is given by 



1.0110 


2 G 




2045 + 



The quantities G , G Lt and G u are integrals like those for g , and 



Fig. 4.7-2. Reduced pressure p * = /jcr 3 /^ as a function of the reduced volume, 
v*. The curves are isotherms and are labeled with the values of the reduced 
temperature, T*. [From R. H. Wentorf, R. J. Buehler, J. O. Hirschfelder, 
and C. F. Curtiss, /. Chem. Phys. t 18, 1484 (1950).] 
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except that the functions l(y) and m(y) are replaced by the functions 
L(y) and M(y) t which are 


L{y) = Ky) + j^g Kiy) + ^Kiv) 


M(y) = ™(y) + »'(\y) + ^ m(\y) 


(4.7-11) 



Fig. 4.7-3. The compressibility factor as a function of the reduced 
density. The curves are isotherms and are labeled with the values of 
the reduced temperature T*. (From R. H. Wentorf, R. J. Buehler, 
J. O. Hirschfelder, and C. F. Curtiss, J. Client. Phys. t 18, 1484 (1950).] 
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In Fie. 4.7-2 p* is shown as a function of v* and T* 9 as calculated accord¬ 
ing to Eq. 4.7-10. Also calculated from this equation is the graph of the 
compressibility factor, pVlNkT , which is given in Fig. 4.7-3. This 
same information is given in tabular form in Table I-H. The effect on 
the compressibility factor of including the interaction of the wanderer with 
next-nearest neighbors is indicated by the comparison given in Table 4.7-1. 


TABLE 4.7-1 

Effects of Next-Nearest Neighbors on the Compressibility in 
the Model of Lennard-Jones and Devonshire 

(a) Calculations include only one shell of neighbors. (Based on the ^-functions 
of Prigogine and Garikian* and using Eq. 4.7-5.) 

(b) Calculations include one shell of neighbors in the calculations of the free 
volume and three shells in the computation of the lattice energy. (Based 
on the one-shell ^-functions of Prigogine and Garikian* and using Eq. 4.7-5, 
with the coefficient 1.2—see footnote 5.) 

(c) Calculations include three shells of neighbors in both the computation of 
the free volume and the lattice energy. (Based on the three-shell G-functions 
of Wentorf, Buehler, Hirschfelder, and Curtiss 12 and using Eq. 4.7-10.) 


pV/NkT 


T • 

V* 

0.7 

1.0 

1.7 

1.195 a 


3.764 

2.000 

b 


0.459 


c 

-3.292 

-0.344 

2.194 

1.414 a 

0.018 

1.935 

2.994 

b 

-3.395 

-0.453 

1.588 

c 

-3.566 

-0.852 

1.515 

1.826 a 

0.071 

1.194 

2.181 

b 

-1.998 

-0.255 

1.329 

c 

-2.142 

-0.325 

1.300 

2.575 a 

0.099 

0.888 

1.667 

b 

-0.951 

-0.255 

1.235 

c 

-0.923 

-0.325 

1.200 
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l/v* -► 

Fig. 4.1-4. Reduced internal energy of gas imperfection U'/Ne as a 
function of the reduced density. The curves are isotherms and are 
labeled with the values of the reduced temperature, T*. (From 
R. H. Wentorf, R. J. Buehler, J. O. Hirschfelder, and C. F. Curtiss, 
J. Chem. Phys., 18, 1484 (1950).] 





C 0 '/Nk 


[Eq. 4-7-12] LENNARD-JONES AND DEVONSHIRE JU1 

Differences between the values of the thermodynamic properties for 
the non-ideal substance and the corresponding values for the ideal gas at 
the same temperature are denoted by primes, that is, 

U'(v, T) = U(v, T) - U\T) 

C,\v, T) = C,(v, T) - C°(T) (4-7-12) 

S'(v, T) = S(v, T) - S»(T) + R In p(v, T) 

U°(T) and C V °(T) are the values of the internal energy and specific heat 
at temperature T and zero pressure. S°(T) is defined as the limit of 
(5 4- R In p) as p -►0. In Fig. 4.7-4, 5 and 6 are shown the quantities 



I/O* 


Fig. 4.7-5. Reduced heat capacity of gas imperfection, C t '/Nk, vs. reduced 
density. The curves are isotherms and are labeled with the values of the 
reduced temperature, T*. [From R. H. Wcntorf, R. J. Buehler, 
J. O. Hirschfelder, and C. F. Curtiss, J. Chem. Phys., 18, 1484 (1950).] 
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Fig. 4.7-6. Reduced entropy of gas imperfection, S'/Nk, vs. reduced 
density. The curves are isotherms and are labeled with the values of the 
reduced temperature, T m . [From R. H. Wentorf, R. J. Buehler, 
J. O. Hirschfcldcr, and C. F. Curtiss, J. Chem. Phys ., 18, 1484 (1950).) 
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[Eq. 4.7-13J COMPARISON WITH EXPERIMENTAL RESULTS 

V\ c v \ and S' as functions of T* and v* 9 which were calculated from the 
integrals G , G Lt and G M . The same information may be found in the 
appendix in tabular form (see Tables I-J, K, L). 

c. Comparison with experimental results 

A sensitive test of any theoretical equation of state is its description of 
the critical phenomena. From Table I-H it may be found that 

T* = kTje =1.30 

v * = vJo* = 1.77 (4.7-13) 

P S= Pe o*l c =0.434 

Pe vJkT e = 0.591 


These values may be compared with the corresponding experimental values 
in Table 4.1-2. 13 The Lennard-Jones and Devonshire method is seen to 
predict T* quite well, but the theoretical values for p c * y v e *, and p c v e /kT e 
are clearly in error. Prigogine and Garikian 9 showed that the value of 
p c vJkT e is relatively insensitive to the form of the potential function, 
and hence it is not likely that this model can give a satisfactory quanti¬ 
tative treatment of the critical region. It is shown in the next section that 
the introduction of holes in the liquid enables us to obtain a much better 
value of the critical ratio. 

In Table 4.7-2 theoretical and experimental values of the volume of 
the liquid in equilibrium with its vapor at various temperatures are 
compared. The agreement is fair and shows the proper trend. This 
comparison, however, does not offer a very sensitive test because of the 
rapid variation of pressure with volume in the region under consideration. 

Experimental and calculated compressibility factors are compared in 
Table 4.7-3 for argon, nitrogen, and hydrogen. It is clear that the theory 
is most satisfactory at low temperatures and high densities. Under such 
conditions the molecules are more nearly restricted to move in cells as 
pictured by the theory. At low densities and high temperatures the 
increased molecular motion makes a cell-type picture much less attractive. 

* 

13 He and H 2 are given in this tabulation. Their reduced critical constants deviate 
considerably from the values of the heavier gases because of quantum effects. This 
behavior receives further attention in Chapter 6. 
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To illustrate the accuracy which we may expect in the calculation of 
thermodynamic properties with the Lennard-Jones-Devonshire method, 
calculated and experimental values of the imperfections in the internal 
energy, heat capacity, and entropy are compared in Tables 4.7-4, 5, and 6. 
The “experimental” values are those obtained by numerical analysis of 
the compressibility data. It may be seen that the internal energy agrees 
somewhat more closely for argon than for nitrogen. This might be 
attributed to the fact that diatomic nitrogen molecules have a large 


TABLE 4.7-2 

Comparison of Calculated and Experimental Liquid Volumes 0 


Gas 

7X° K) 

T* 

Experimental 

Liquid 

Density 

(g/cc) 

Pressure 

(atm) 

V 

(exptl) 

V 

(calcd) 

Nitrogen 

77 

0.844 

0.804 

1 

1.16 

1.09 

Neon 

27.26 

0.764 

1.204 

1 

1.27 

1.07 

Argon 

90 

0.726 

1.374 

1.5 

1.209 

1.05 


111 

0.9026 

1.224 

7.4 

1.357 

1.11 


122 

0.9871 

1.138 

13.7 

1.459 

1.17 

Methane 

111.6 

0.818 

0.4245 

1 

1.07 

1.08 


133 

0.976 

0.3916 

4.38 

1.16 

1.15 


153 

1.122 

0.3547 

11.84 

1.28 

1.27 


191.05 

1.400 

0.1615 

45.8 

2.82 

1.77 


0 R. H. Wcntorf, R. J. Buehler, J. O. Hirschfelder, and C. F. Curtiss, J. Chem. Phys ., 
18, 1484 (1950). 


quadrupole moment and do not interact according to a spherically 
symmetric potential. For specific heat, the discrepancy between calculated 
and experimental values increases markedly with increasing temperature. 
The nature of the disagreement in the entropy shows that the theory 
attributes more order to the system than it actually possesses at low density, 
that is, the model allows the molecules to roam from their cells considerably 
less than is actually the case. 
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[Eq 4.7-18] uuuuLt-utLurAi^t i 

d. The double-occupancy modification of the Lennard-Jones-Devonshire 
equation of state 

At low densities, the Lennard-Jones-Devonshire equation of state is 
physically unsatisfactory because it does not allow the molecules to roam 
from cell to cell. Because of this freedom of movement, some cells 
become multiply occupied while some become vacant. 

The effects of multiple occupancy have recently been studied independ¬ 
ently and along almost identical lines by Janssens and Prigogine 4 and 
by Pople. 3 Let us restrict the discussion here to double occupancy, 
that is, the cells may contain 0, 1, or 2 molecules but no more. The results 
of such considerations are quite similar to those of Lennard-Jones and 
Devonshire, except that the quantity a (which is usually taken to be e in 
the L-J-D treatment) becomes 

,/ 2 ) _ 

o= 1 + ' V2 (4.7-14) 


The quantities i>} !) and tfp are, respectively, free volumes for one and two 
particles in the unit cell formed by the nearest neighbors: 

i^D = J e ~ m(r ' ytT dri (4.7-15) 


•MJJ 


e - «(',>/* T e -w{r t )lkT e -9(r lt )lkT ( f r 


1 * 2 ] 


(4.7-16) 


in which to(r) is used as an abbreviation for the quantity c[(p(a + r) — <p(a )]. 
The limiting values of a from Eq. 4.7-14 are 1 in the high density limit and 
1 -j- V2 in the low density limit. The value at the low density limit 
should be e\ this indicates that at low density 88 per cent of the communal 
entropy is due to double occupation. 

The free volumes v ( f l) and vf ] are related to the hard- and soft-center 
free volumes, v /h and v /%t described in the preceding section by 3 

= v n (4.7-17) 

(4.7-18) 


It is from these relations that Eq. 4.6-6 was derived. Hence the hard- 
and-soft-center technique is very nearly equivalent to taking into account 
double occupancy. 

The double-occupancy modification gives results identical with the 
original Lennard-Jones and Devonshire treatment at high densities, but 
deviates from it considerably at low densities, as would be expected. 
Only limited calculations have been made for the model, and they indicate 
that the critical constants for argon can be calculated more accurately 
than when the model is restricted to single occupancy. 4 
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' A. Michels and M. Goudeket. Physica, 8. 347 (1941). 
p Calculations based on classical theory. 






TABLE 4.7-4 

Comparison of Experimental and Calculated Internal Energy of Gas Imperfection, O' (in cal/mole) 
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° A. Michels, R. J. Lunbeck, and G. Wolkers, Physica, 15. 689 (1949). 
* A. Michels, H. Wouters. and J. de Boer, Physica, 3, 597 (1936). 











































TABLE 4.7-5 

Comparison of Experimental and Calculated Heat Capacity of Gas Imperfection, C/ (in cal/mole degree) 


[Eq. 4.7-18 J 
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. Michels, R. J. Lunbeck, and G. Wolkers. Physica , 15. 689 (1949) 
. Michels, H. Wouiers, and J. de Boer, Physica, 3, 597 (1936). 


TABLE 4.7-6 

Comparison of Experimental and Calculated Entropy of Gas Imperfection, S' (in cal/mole degree) 
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A. Michels. R. J. Lunbeck. and G. Wolkers, Physica. 15. 689 (1949). 
A. Michels. H. Wouters, and J. dc Boer. Physica, 3. 597 (1936). 
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8 . Hole Theories of Liquids and Dense Gases 1 
In the preceding section it is indicated that one«of the difficulties of 
the Lennard-Jones-Devonshire theory is that it fails to allow for vacant 
sites in the lattice. It has long been realized that there are many holes in 
the lattice structure of liquids (about 0.5 per cent for normal liquids and 
about 50 per cent near the critical point). Various theories have been 
proposed to account for this behavior. In these theories the communal 
entropy factor 5 does not appear. We begin the discussion by showing 
how the idea of vacant lattice sites may be incorporated into the theory. 
Thereafter four methods of calculating the free volume are discussed. 

a. General theory of holes in liquids 2 

As in the development of the general cell theory in § 4.4 the starting 
point for the derivation is the classical partition function, Z v , or the 
associated configurational integral, £? v , for an assembly of N monatomic 
molecules: 

Z N = = (4.8-1) 

where X 2 = h 2 /27rmkT t and the integrations are over the entire volume, 
V, of the vessel. We now divide this volume into a number of cells. 
In order to allow for the presence of holes in the liquid structure we choose 
the number of cells, L y to be somewhat larger than the number of molecules, 
N. The cell size, < 7 , and the volume per molecule, v, are then different: 3 

q= V/L v= V/N (4.8-2) 

It is always assumed that the cell is (a) sufficiently small that there is a 
negligible probability of finding two molecules in the same cell, and ( b) 
sufficiently large that the intermodular forces do not extend beyond 
immediately adjacent cells. Both these conditions can be satisfied only 
if the intermodular forces are sufficiently short ranged. This is, however, 
the case for the interactions between non-polar neutral molecules. The 
exact choice of the cell-size will be discussed presently. 

The configurational integral may now be written as a sum of integrals 
over the cells: 

Qk= jr. 2 2 ■ ■ ■ 2 kk-k e -*ir*VkT (4, 8 _3) 

yvi/j-i/,-1 i M ~ij J J 

A<I Al v 

1 J. S. Rowlinson and C. F. Curtiss, J. Chem. Phys., 19, 1519 (1951). 

2 This development follows closely that given by S. Ono, Memoirs of the Faculty 
of Engineering (Kyushu University, Japan), 10, 190, No. 4 (1947). 

3 In the preceding sections the cell size and the volume per molecule are the same, 
and both are indicated by the symbol v. 
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The sum contains L N terms corresponding to the L different cells to which 
the coordinates of e^ch of the N different molecules may be restricted. 
Since the cells are chosen so that the probability of finding two molecules 
in the same cell is negligible, the terms in the sum in Eq. 4.8-3, 
corresponding to multiple occupancy of a cell, can be discarded. The 
sum thus contains only L\/(L — N)\ non-negligible terms corresponding 
to the total number of ways in which the N molecules can be arranged in 
the L cells with no more than one molecule per cell. These terms consist 
of L\/N\(L — N)\ groups of N\ terms, each of which differs from the 
others only in that the molecules are numbered differently. Since the 
molecules are identical, these terms have the same numerical value. 
Consequently, the configurational integral may be rewritten 

0,v = 2 J ^ j dr t • • • J dr s e~^ tr (4.8-4) 

A|| ^l| A|y 

where the sum is over all the arrangements of the N molecules in L cells 
which differ by more than a permutation (or renumbering) of the mole¬ 
cules and in which there is no more than one molecule per cell. 

As in the cell methods just discussed, the evaluation of the integral 
depends upon the choice of the lattice system and the shape and orienta¬ 
tion of the cells. Let us consider a lattice system such that for any one 
lattice site there are c nearest neighbors at a distance a. (For face- 
centered cubic packing c= 12, and cfi=qV2.) For any given con¬ 
figuration we may define: 

co, = fraction of nearest neighbor sites of the /'th 

molecule which are vacant (4.8-5) 

N 

fi = 2> ( 

i-l 

When all the molecules are at the origins of the various cells in space, 
the potential energy of the /th molecule is c(l — c o,)cp(a). Accordingly, 
the total potential energy of the system is 

<D(r A ) = (c/2) (N — 0)(f(a) (molecules at origins of cells ) (4.8-6) 

When the molecules are not located at the origins of the various cells, 
the potential energy of the system may be approximated in a manner 
similar to that used in the cell theories. First we consider the interaction 
of a wanderer with one nearest neighbor, the latter being located at the 
origin of its cell. When the wanderer is at position r in its cell, it has a 
potential energy [rp(a -f r) — tp(a )] greater than it does at the origin of 
its cell. The analogous potential difference when there are (1 — o { )c 
nearest neighbors is obtained by a sphericalization process as described 
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in § 4.6. That is, we assume that the potential energy of the wanderer 
depends, not on the location of its neighbors, but only on the number of 
neighbors. Consequently, the total potential energy of the system is 
assumed to be given very nearly by 

N _ 

<D(r lV ) = (c/2) (N — Q)<p(a) + 2 c(l — eo,) [<p(a + r.) — (p{a )] 

{molecules not at origins of cells) (4.8-7) 

Actually, of course, the energy does not have such a simple dependence on 
to. and does depend on the arrangement of the vacant sites as well as 
their number. 

The partition function, Z >v , may now be obtained by substituting this 
last result into Eq. 4.8-4: 

Z jV = A" 3 * 2 {jicoMcoJ • • • j{co N ) ) e W*'* T (4.8-8) 


in which 


i 

j(w) = J exp k f C (<f(a + r) — 9>(a))J 4t rr 2 dr (4.8-9) 


A 

The function j{co) is a generalized free volume , in that it accounts for 
neighboring lattice sites which are vacant. When no nearest neighbors 
are missing, (o is equal to zero, and j{co) becomes exactly the same as the 
sphericalized free volume defined in Eq. 4.6-3. When all the nearest 
neighbors are missing, (o equals unity, and j{(o) is just the cell size. 

From Eq. 4.8-8 the limiting forms of the partition function at high and 
low densities may be obtained: 

Z N = \~™[j(Oj] N e~ Naia)l2kT (high density limit) (4.8-10) 


Z,v = A- 3 "[y(l)]- v ^ Ny ± X-^e^iV/Nf 

{low density limit) (4.8-11) 
The first of these equations is just the Einstein approximation for the 
partition function of a crystal. The second equation contains the factor 
e N t which is necessary in the perfect gas limit (see § 4.4b). We see thus 
that Eq. 4.8-3 avoids all mention of the doubtful “communal entropy” 
and allows for a smooth transition from the highest to the lowest densities. 


b. The linear approximation for the logarithm of the free volume 

In order to carry out the summation in Eq. 4.8-8 it is necessary to 
assume some simple functional dependence for j(co). The exact depend¬ 
ence on o) is very complicated as may be seen in Eq. 4.8-9. Comparison 
of Eq. 4.8-9 with Eq. 4.6-3 shows that j{oj) at temperature T is the same 
as v f at a temperature T/{ 1 — co) for the same cell size. Hence the 
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functional dependence of /(co) may be obtained from the function g(v* t T*) t 
defined in Eqs. 4.7-2 and 4.7-6: 

T^) < 4 -*- |2 > 

where q* is the reduced cell size q/a 3 . In Fig. 4.8-1 is shown a graph of 
Iny'(co) versus co obtained from this relation and the tables of g(v*, T*) 
described in the preceding section. 


j(aj; q* t T*) = 2na 3 g( 



Fig. 4.8-1. The solid curve shows the true dependence of the generalized 
free volume,y(co), on co as calculated by Eq. 4.8-12. The four dotted lines 
are the linear approximations toy'(co) used by various investigators in hole- 
theory calculations: (a) Cemuschi and Eyring* (1939). (b) Ono* (1947). 

(c) Peek and Hill 1 (1950). (d) Rowlinson and Curtiss* (1951). to is the 
average value of co at the temperature, density, and cell size for which the 
curve was drawn. [From J. S. Rowlinson and C. F. Curtiss, J. Chem. 

Phys. t 19, 1519(1951).) 

Thus far the only calculations which have been made on the basis of 
hole theory have used the assumption that Iny'(co) is a linear function of co: 

In j(co) = lny 0 + co In (jjj 0 ) (4.8-13) 

in whichy 0 and j\ are the intercepts of the straight line at co = 0 and co = I. 
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In pig. 4 . 8 -I are shown the four linear approximations to In j(cv) which 
have been made: the approximations of Cernuschi and Eyring, 4 Ono, 
Peek and Hill, 5 and Rowlinson and Curtiss. 1 Clearly the straight lines 
do not describe well the dependence of In j(oj) on oj. 

When the linear approximation of Eq. 4.8-13 is substituted into Eq. 
4.8-8, the expression for the partition function becomes 

Z v = A' 3 - V {j 0 N 1K(N, L , Q) eP* kT ) (4.8-14) 

ii 

in which 

t = C ?(F(a) + kT Ini* (4.8-15) 

1 Jo 


The quantity K(N, L, Q) is the number of configurations with a particular 
value of ft when N molecules are distributed among L cells. This 
function cannot be evaluated explicitly but has been estimated by means 
of a “quasi-chemical approximation.*' 6 This enables us to write the 
partition function in the final form: 

-SN a -Ncvia)likT \ L! io” ' 


Z v = X 


._ KW i K , / c,2 \ 

l N!(L-N)! A L J 


(4.8-16) 


in which 



x W/?+l-2r\ 
1 - ») [ft - 1 + 2x) 





P = V I -f 4a.r(x — 1) 
a = 1 - exp [-2 C/ckT] 
x = N/L = q/v 


(4.8-17) 


The quantity x is related to the average number of holes around any 
one molecule, ca), thus: 


5 = 2(1 -*)/(/?+ 1) 


(4.8-18) 


At high densities the number of cells is very nearly equal to the number of 
molecules, x approaches unity, and a> approaches zero, that is, on the 
average there are no vacant nearest-neighbor lattice sites. At low 
densities the number of cells is much greater than the number of molecules, 
x approaches zero, and co approaches unity; that is, on the average all 
the nearest-neighbor lattice sites are unoccupied. It has been shown 
that at the critical point approximately half the lattice sites are vacant. 


4 F. Cernuschi and H. Eyring. J. Chem. Phys. % 7, 547 (1939). 

5 H. M. Peek and T. L. Hill, J. Chem. Phys., 18. 1252 (1950). 

4 This technique was worked out in different forms by Guggenheim and Bethe. 
See R. H. Fowler and E. A. Guggenheim, Statistical Thermodynamics, Cambridge 
University Press, London (1939), pp. 246-251, 361-364. 
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From the expression for the partition function in Eq. 4.8-16 may be 
obtained the equation of state and expressions for the various thermo¬ 
dynamic properties. 7 These quantities may not be evaluated explicitly 
until cell size and the parameters j 0 and j\ are specified. When this has 
been done the various properties are given as functions of temperature 
and density. The parameters j 0 and j\ may be chosen in a number of 
ways; we discuss later the choices which have been indicated in Fig. 
4.8-1. The cell size may be put equal to some arbitrary constant 
independent of the density and temperature; for example, the cell size 
may be put equal to the volume per molecule in the crystal at absolute 
zero. Or it may be chosen so as to make the Helmholtz free energy, 
A = U — TS, a minimum at each density and temperature. The latter 
is to be preferred on theoretical grounds. The former, however, has the 
advantage that it sometimes allows explicit expressions to be written down 
for the critical constants. 

c. Comparison of hole-theory calculations with experiment 

It is disappointing that these four hole theories show little improvement 
over the treatment of Lennard-Jones and Devonshire. It is particularly 
significant that the approximation of Rowlinson and Curtiss (line d in 
Fig. 4.8-1) does not provide a better description of dense gases and 
liquids. Their approximation should be the best of the four shown in 
Fig. 4.8-1, inasmuch as their line is chosen so that both j(oj) and its first 
derivative are given correctly at w = oj. The fact that this choice of 
linear approximation seems only slightly better than the others seems to 
indicate that little further progress can be made without removing some 
of the assumptions inherent in the fundamental theory. 

We conclude this section by comparing the results of the four hole- 
theory calculations with each other and with available experimental data. 

i. The Low Density Limit: Second Virial Coefficient 

These theories are designed primarily to give the equation of state of 
liquids. It is a severe test to expect them to give good values of the 
second virial coefficient. On the other hand, there is reason to believe 
that any model which does not give a reasonable value for the second 
virial coefficient will not give a good value for the critical ratio, p e V c /RT c . 

The theory of Lennard-Jones and Devonshire gives zero for the second 
virial coefficient inasmuch as the first term in the non-ideality correction 
is proportional to v*~ 2 . The second virial coefficients for the four hole 
theories are given in Fig. 4.8-2, along with the curve of for the 

1 Explicit expressions for the four hole theories have been given by J. S. Rowlinson 
and C. F. Curtiss (Ref. 1). 
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(Eq. 4.S-19] 


Lennard-Jones (6-12) potential calculated from Eq. 3.6-3. Approximation 
(d) gives the best curve for the second virial coefficient. It is an interesting 
fact that approximations b, c , and d y with cell size determined by 
minimizing A = U - TS, all give at high temperatures: 


B*(T *) = const X T*~ u (4.8-19) 



Fig. 4.8-2. The calculated second virial coefficient as a function of the 
reduced temperature according to the four hole theories given in this section: 

(a) Ccrnuschi and Eyring, 4 (b) Ono,* (c) Peek and Hill, 5 and (</) Rowlinson 
and Curtiss. 1 The inset shows the variation of cell size with the reduced 
temperature according to (d). (From J. S. Rowlinson and C. F. Curtiss, 

J. Chem. Phys. t 19, 1519 (1951).] 

The dependence on T* is correct in the high temperature limit as may be 
seen in Eq. 3.6-3, and the proportionality constant is surprisingly good, 
being about 15 per cent too large. 

ii. Compressibility Factor in the Dense Gas Region 

The success with the second virial coefficient made it seem likely that 
the calculations of the equation of state on the basis of hole theories 
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might give good agreement with experiment at high densities. The 
comparison in Fig. 4.8-3 indicates that such is not the case. There a 
comparison is made between the high density measurements of hydrogen 
and the results of the Lennard-Jones and Devonshire and Rowlinson and 
Curtiss calculations. It is seen that the two calculated curves approach 
each other as <o -*■ 0, but that neither is an adequate representation of the 
experimental results. 



Fig. 4.8-3. The equation of state of hydrogen at 0° C according to the 
theory of Lennard-Jones and Devonshire and according to Rowlinson and 
Curtiss. The experimental curve is from A. Michels and M. Goudeket, 
Physica, 8, 347 (1941). [From J. S. Rowlinson and C. F. Curtiss, J. 

Chem. Phys., 20(1952).) 


iii. The Critical Point 

A comparison of the results of the various lattice theories as regards the 
calculation of critical constants is shown in Table 4.8-1. None of the 
theories gives a good set of values for the critical constants. No values 
are given for the method of Rowlinson and Curtiss since the critical point 
appears to lie at a cell size of about 5, which is outside the region of the 
tabulated values of g , g lt and g m . This is in itself a weakness of the theory, 
for one of the conditions to which the cell size should conform is that it 
should be sufficiently small that there is a negligible chance that any cell 
contains more than one molecule. 


[Eq. 4.8-19J 
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P'VJRT, 

77 

Pc ■ 



Mean Value for 

MM 

1.28 

0.119 

3.15 

- 

Ne, A, N 2 






Lennard-Jones and 

0.591 

1.30 

0.434 

1.77 

0.000 

Devonshire 






Cernuschi and Eyring 0 

0.342 

2.74 

0.469 

2.00 


Ono 6 

0.342 

0.75 

0.128 

2.00 

WSZm 

Peek and Hill® 

0.719 

1.18 

0.261 

3.25 

0.175 


* F. Ccrnuschi and H. Eyring, J. Chem. Phys. t 7, 547 (1939). 

b S. Ono, Memoirs of the Faculty of Engineering (Kyushu University, Japan), 10, 
190, No. 4 (1947). 

e H. M. Peek and T. L. Hill, J. Chem. Phys. t 18, 1252 (1950). 

iv. Liquid Vapor Equilibrium 

Comparisons have been made 1 of the experimental vapor pressures and 
those obtained from the theory of Lennard-Jones and Devonshire and 
that of Ono. The calculated curves show the linear variation of /? vnp 
with 1 IT characteristic of the experimental curves. The Lennard-Jones 
and Devonshire treatment gives somewhat better agreement than the 
theory of Ono. 

v. Boiling Point 

The boiling point of a liquid at one atmosphere is not a quantity which 
can be calculated from equations of the “corresponding states" kind. 
However, if it is assumed that most critical pressures are about 40 atm, 
the boiling point maybe taken as that temperature at which p ya Jp e = 1/40. 
The experimental value of T b * is about 0.87. The theory of Lennard- 
Jones and Devonshire gives about 0.80 and that of Ono about 0.51. 
However, the ratios of T b * to T * are remarkably constant. 

(Experimental) T b */T* = 0.67 

(L.J.D.) T b */T ( * = 0.62 

(Ono) T b */T ( * = 0.68 

These results are in substantial agreement with the older empirical rule 
of Guldberg and Guye (see § 4.1a). 
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vi. Entropies of Evaporation at the Boiling Point 
The experimental value of the entropy of vaporization at the boiling 
point is about 16.8 cal per mole for the rare gases and about 21 cal per 
mole for the higher boiling non-polar compounds. The theory of 
Lennard-Jones and Devonshire and that of Ono give 20.3 and 23.2 cal 
per mole, respectively. 

It is fairly evident from the results of this and the previous sections 
that the various lattice theories contain assumptions which seriously 
restrict the applicability of the results. At the present time it seems as if 
more accurate results may be obtainable from the method of the radial 
distribution function, which is discussed in the following § 4.9. 


9. The Equation of State in Terms of the Pair Distribution Function 1 


The various lattice theories of the equation of state discussed in the 
preceding section are based upon various approximations to the N-particle 
partition function. The approximations involved are appropriate at very 
high densities when the system is more or less characterized by a lattice¬ 
like configuration. For intermediate densities no satisfactory results have 
yet been obtained. 

The most promising alternative approach to the problem is based on 
an expression for the equation of state in terms of the pair distribution 
function , n (2) (r 12 ), or the radial distribution function , 2 g(r l2 ), which are 
defined in Eq. 3.1-14. In Section 3.1-b it was shown that the equation 
of state may be expressed as 


pV = NkT — (■/,) J J (d<pldr n )n (t \r ,, r 2 )r 12 dr, dr 2 (3.1- 


13) 


or 

p = nkT — (n 2 / 6) J (d<p/dr lt )g(r l2 )47rr l2 * dr l2 

Inherent in these expressions are the assumptions that (/) the intermolecular 
forces are two-body forces (that is, the force between any pair of molecules 
is independent of the presence of any additional molecules), (ii) the inter- 
molecular potential rp{r) is angle independent, and (iii) classical mechanics 
applies to the description of the system. The fact that the equation of 
state depends only on the pair distribution function and not upon higher 
order distribution functions is a consequence of the assumption of two- 
body forces. 

First we discuss the behavior of the pair distribution function and its 
relation to the potential of average force. We then derive exact integral 

1 J. de Boer, Reports on Progress in Physics , 12, 354-370 (1949). 

* In liquids g(r) is usually referred to as the Debye-Menke distribution function. 
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equations for * ,2, (r 12 ) by several methods. The difficulty encountered 
here is that these equations also contain >i (3, (fi» r 2 , r 3 ), the distribution 
function for triples. Hence approximations must be made to eliminate 
these functions from the equations; this is generally accomplished by 
means of the so-called superposition approximation . Much numerical 
work remains to be done in order to assess the applicability of these 
methods 

a. Behavior of the pair distribution function 3 

The pair distribution function, /i <2, (r„ r 2 ), and the radial distribution 
function, g(r 12 ), have been defined by 

n«(r 1# r 2 ) = n 2 g(r 12 ) = [(N - 2)\Q N ]~' J '-«**»** dr*-' (3.1-14) 

The function g(r) approaches unity as r becomes infinite and the quantity 
£ Nng(r) 4nr 2 dr is the number of pairs of molecules for which the separa¬ 
tion r lies between r and r •+■ dr. 

It is shown in § 3.3c that the radial distribution function has the follow¬ 
ing limiting form at low densities: 

g(r n ) = n {2) /n 2 = *“ f<r »* )/ * T (low density limit) (4.9-1) 

For moderate densities the radial distribution function may be expanded 
in a power series in the number density as shown in Eq. 3.3-8. When the 
additivity of intermolecular forces is assumed, this equation becomes 

g(r 12 ) = e-« r *#* T [l + n J (*-«'.»>'* T - I) ( e -"'*»' kT - 1) dr 3 + 0(n 2 )) 

( moderate densities) (4.9-2) 

Comparison of this expression with Eqs. 3.3-8 and 3.3-10 shows that 
the term in the bracket proportional to n is related to the third virial 
coefficient. 

Calculations 4 of g(r u ) have been made for the Lennard-Jones (6-12) 
potential. In Fig. 4.9-1 are shown the results corresponding to Eq. 
4.9-1 for several values of the reduced temperature T* in the limit of 
low density. The distribution function has a single maximum corres¬ 
ponding to the fact that there is a somewhat higher probability of finding 
a pair of molecules at a separation equal to the distance for which the 
potential energy is a minimum (r = 2 ,; ‘(r) than at any other distance. 
The decrease in the height of the maximum with increasing T* corresponds 
to the disorder which accompanies increased thermal motion. 

3 For the various kinds of distribution functions in classical statistical mechanics, 
see §2.1. 

4 Evaluations of the pair distribution function have been performed by J. de Boer 
and A. Michels, Physica, 6 , 97 (1939), and also by E. Montroll and J. E. Mayer, J. Chem. 
Phys. t 9, 626 (1941). The results of the two groups are essentially in agreement. 
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In Fig. 4.9-2 are shown the curves of g(r) in the second approximation 4 
as given by Eq. 4.9-2 for the Lennard-Jones potential. The graph (a) 
shows the change of g(r) with density at constant temperature, and (6) 
indicates the change of g(r) with temperature at constant density. These 
functions have two maxima—that is, about any given molecule there are 
two shells in which there is a relatively high probability of finding another 



Fig. 4.9-1. Pair distribution function in the first approximation, as 
given in Eq. 4.9-1. These curves arc drawn for the Lennard-Jones (6-12) 
potential. [J. de Boer, Reports on Progress in Physics , 12, 355 (1949).! 

molecule. The third, fourth . . . approximations to g(r) lead to curves 
with three, four, . . . humps. This corresponds to the increase of “local 
order” with increasing density. 

The curves of g(r) may be calculated from x-ray scattering, 6 - 10 and 
the curves thus obtained exhibit the same general behavior as is predicted 
from the theory. 10 Indeed we might wonder why x-ray data cannot be 

11 H. Menke, Physik. Z., 33, 593 (1932). 

6 P. Debye and H. Menke, Physik. Z., 31, 797 (1930); Ergeb der Tech. Rontgenkunde 
II (1937). 

7 F. Zemike and J. A. Prins, Z. Physik, 41, 184 (1927). 

8 A. Eisenstein and N. S. Gingrich, Phys. Rev., 58, 307 (1940); 62, 261 (1942). 

• B. E. Warren, /. Appl. Phys., 8, 645 (1937). 

10 W. E. Morrell and J. H. Hildebrand, J. Chem. Phys., 4 , 224 (1936). 
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(a) Variation of the pair distribution function 
with density for T* = 2 



(b) Variation of the pair distribution function 
with temperature for n* = 1 


Fig. 4.9-2. The pair distribution function in the second approximation, 
as given in Eq. 4.9-2. The curves are drawn for the Lennard-Jones (6-12) 
potential. [J. de Boer, Reports on Progress in Physics , 12, 355 (1949).] 
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used to calculate the equation of state. Unfortunately this is at the 
present time almost impossible because (i) extremely accurate experi¬ 
mental measurements are required, (ii) measurements over a wide range of 
temperature and density are needed, (iii) the atomic scattering factors 
must be known accurately, and (iv) in polyatomic molecules there are 
interference effects due to the scattering by the different atoms in the 
molecules. 


b. The “potential of the average force” 

Another way of thinking of the pair distribution function is in terms of 
the average force exerted on one of the molecules of a pair. Let us con¬ 
sider a pair of molecules, 1 and 2, and inquire as to the average force 
exerted on molecule 1 due to all the other molecules, as a function of the 
intermolecular distance r 12 . This is obtained by taking the appropriate 
average of F^r*) = —over the canonical ensemble represent¬ 
ing the system of molecules: 


r 2) = 


jj (- dp" dr"~ 2 


J J e-m^ikT dp s jfX-i (4.9-3) 




g-WukT jpN—2 


From the definition of n C2, (r lf rj it is clear the Fi(r lt r 2 ) bears the follow¬ 
ing relation to the pair distribution function: 


B/ \ <W( r i> r t) . _d In n (2, (r 1 , r 2 ) 

* 2 ) =- 3 ^ = kT - 2; (4.9-4) 


Here we have also introduced the potential of average force, T(r lf r^. 
Accordingly, the pair distribution function is given by 


n {t) (r l9 rj = n 2 (4.9-5) 


The factor n 2 , appearing in connection with the arbitrary constant of 
integration, is so chosen that x F(r 1 rj -►() as r 12 -> co. Clearly, in the 
low density limit, the potential of average force approaches the inter- 
molecular potential function 9 <r 12 ). 

The expressions given in the last two equations may be generalized to 



0T(r») 

0ri 


= kT 


d In n< h \r h ) 


n |A ’(r‘) = n h e-' r( ^ kT 


(4.9-6) 

(4.9-7) 



[Eq. 4.9-11] DERIVATION OF INTEGRAL EQUATIONS 

Here Fi(r h ) is the force exerted by the other molecules on molecule 1 as a 
function of the configuration of the group of molecules {/*} = 1, 2, 3, • • • h. 

c. Derivation of integral equations for the pair distribution function 

It has been shown that the equation of state may be expressed in terms 
of the pair distribution function, n i2) . We now discuss the derivation of 
an integral equation for this function. The resulting equation contains 
not only n {2) but also n l3) . Similarly, the equation for n <3) contains the 
distribution function of one higher order, and so on. Hence in order 
to obtain an exact solution for n l2) it is necessary to solve a set of N 
coupled integral equations. 

We present here three different derivations which result in such a set 
of N integral equations. In the next subsection the methods of solving 
these equations approximately are discussed. 


i. Derivation from the Potential of Average Force 
The concept of the potential of average force may be used as the starting 
point for the derivation of an equation for the pair distribution function. 
If the intermolecular forces are two body forces, then 

-F. = -i <t>(r K ) = | £ <p(r lk ) (4.9-8) 

or1 k — 2 

Using this relation and the expression for F x in Eq. 4.9-3 along with the 
definition of n {3 \ we obtain 



dff( r i3) ^ (3> (r 1 , r 2 , r 3 ) 
0r, « <2, (r 1 , r 2 ) 


(4.9-9) 


The first term on the right-hand side of this equality is the direct force 
acting on molecule 1 due to molecule 2. The second term gives the 
contribution of the other molecules to the average force—the quantity 
n l3) /n l2) being the probability of finding a third molecule in a position r 3 
when molecules 1 and 2 are held fixed. Equating this last expression with 


that for Ft in Eq. 4.9-4, we get 
d In n i2) (r lt rj d<p(r 12 ) 


kT 


a n 




/ 


d<f>(r 13 ) n i3) (r ly r 2t r 2 ) 
0/-J /i (2, (r„ r 2 ) 


dr, (4.9-10) 


In a similar fashion we may obtain equations for other n {h) in which the 
higher order function n lh+1) occurs also. 

The foregoing result may be somewhat simplified by recognizing that 
the functions n lh) are functions only of the relative coordinates: 11 

n l2) (r :l9 r ,) = *<»(r 12 ) ^ rigf 

n iZ) (r i, r 2 , r 3 ) = n ( 3 ) (r 12i r a , r 13 ) == n[V, 

11 These relations are valid only at equilibrium. 


(4.9-11) 
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Multiplication of Eq. 4.9-10 by (r lt /r lt ) = (r, - rj/r lt then results in 

= _ _ f £^12 (r 12 r I3 \ 

3r it J 3r a n ( ?Ar,,' rj d 3 


kT ^E 


13 *'12 'M2 


= _a^,_ r r /r 13 ' 

dr„ 


+ 'it 2 - 


2'i 2 


) 


0 l r i«“ r ul 

X r^dr^dr^ (4.9-12) 

The latter form of the equation is written in “two-center” coordinates, 
ii. Derivation from the Liouville Equation 

The distribution functions /i ( *»(r A ) are obtainable from the distribution 
functions / ( ‘ v >(#•*, p‘ v ) by integration over p v and r*-\ as described in 
§2.1. The time behavior of/<‘ v >(r*, p v ) is given by the Liouville equation 
(Eq. 2.1-10). It is thus possible to get an equation for n {h) (r h ) by integrat¬ 
ing the Liouville equation over p s and r*-\ and making use of the fact 
that we are considering an equilibrium situation. 

The Liouville equation for /<*>(/•*, p‘ v ) may be written in the form 

in which F k is the force on the A:th molecule due to all the other molecules. 
An equation for the lower-order distribution function f [h) (for the mole¬ 
cules in the set {A} = 1, 2, 3, • • • h) may be obtained by integrating this 
equation over the remaining N — h coordinates: 

ir+iife o 

(4.9-14) 

To obtain this. Green’s theorem is used, and it is assumed that f {N) 
vanishes sufficiently rapidly for \p k \ -► oo and |<y*| -* co. When it 
is assumed that the forces are two-body forces, relations like Eq. 4.9-8 
may be used to rewrite Eq. 4.9-14: 


dt 


*f {h) * [7p* Q a/ (A, \l 

*-i Llm dr k ) \ dr k 0p*/J 


dr M dP >+1 (4.9-15) 


Thus the single equation for the function f (N) has been transformed into 
a set of coupled equations for the distribution functions of various orders. 
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The equation for each/ (A) involves the next higher function f (h+l) . That 
there are distribution functions of two different orders appearing in these 
equations is a consequence of the assumption of two body forces. 

Since the set of equations just obtained above is coupled and involves 
6N variables, it is of no more practical value than the original Liouville 
equation unless some approximation is introduced which permits a 
closure. The sequence of equations can be cut off by an approximation 
for/ ( * +1) in terms of the lower-order distribution functions. For example, 
if it is assumed that the system is nearly a perfect gas so that only binary 
collisions are of importance, and, if “molecular chaos” is assumed, then 
it is possible to write / <2) exactly in terms of / (1> . This approximation 
leads to the ordinary Boltzmann equation of kinetic theory (see § 7.1). 

The properties of dense gases may be expressed in terms of 
f {2) (r lt r 2 , pj, p 2 ). Actually for equilibrium properties we need only 
rt (2, (r„ r 2 ). An equation for this function may be obtained by multiplying 
Eq. 4.9-15 by p, and integrating over the momenta p\ We make use of 
the relations 

Jpj ,h, dp h = 0 /= 1,2,3, •••/! (4.9-16) 

2^ J P,!/■'*’ dp » = ikT i = I, 2, 3. • • • h (4.9-17) 


The first relation is the statement that the average momentum is equal to 
zero, and the second is the kinetic theory definition of temperature (see 
§ 7.2). The equation for n (h) (r h ) is then readily obtained: 


kT 


a In w<»> 

0r, 




-s 


*P,. » + . r> ,M ' (r* 1 ) 


a r t 




(r*) 


dr 


h +1 


(4.9-18) 


When h = 2 this is the same result as that given in Eq. 4.9-10. 


iii. Derivation by the Coupling Parameter Method 12 
Another way of attacking the problem is to write the total potential 
energy of the system, 0(r iV ), in such a form as to include a coupling 
parameter, £: 

4>(r* v ) = f Z Vu + 2 I <P* k (4-9-19) 

i“2 i-2 *->+1 

The actual situation is of course represented by £ = 1. When $ = 0, the 
total potential energy does not include the interaction molecule 1 with 
the other molecules, that is, molecule 1 is “uncoupled.” Wben the 
distribution functions are written for the potential in Eq. 4.9-19, they are 
accordingly functions of the parameter £. 

11 J- G- Kirkwood, J. Chem. Phys. y 3, 300 (1935). 
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Substitution of the above expression for <D(r*) into the formula for 
n {2) and subsequent differentiation with respect to the coupling parameter 
gives: 


kT 


d In n ( ?2 


= —rf'it) 




” (3) (*V r 2> r 3 ) _ K (2) (r„ r 2 ) ~ 
n l2 \r lt rj n 


dr, 






0 k.«-r,,l 


r 13 r 2 3 
r 12 


^ f 23 ^ r l3 

(4.9-20) 


By this procedure we arrive at a set of coupled integral equations which is 
different from, but equivalent to, that obtained by the two other methods 
described. 


d. Solution of the integral equation for the pair distribution function: 
the superposition approximation 

The integral equations given in Eq. 4.9-12 and Eq. 4.9-20 cannot be 
solved for n l2) until something has been done about writing w (3) approxi¬ 
mately in terms of n {2) . For this purpose the so-called superposition 
approximation has been suggested. The extent to which it is valid is not 
known. 

It is customary to assume that the potential energy of a system of three 
molecules may be written as 

®( r i> r 3 ) = <p(r I2 ) + >p(r l3 ) + <pi r a) (4.9-21) 

If the same relation is written for the potential of average force, 

nr l9 r 2 , r 3 ) = T(r 12 ) + T(r 13 ) + T(r tt ) (4.9-22) 

then it follows from Eq. 4.9-7 that 

(4.9-23) 

This “superposition approximation” is clearly exact in the low density 
limit. At higher densities it is an approximation which has not yet been 
fully justified. 13,14 

** This superposition approximation may be regarded as analogous to the Hartree 
approximation in quantum mechanics applied to the function n {i) in the configuration 
space of molecule triples as the product of the functions n (,) in the configuration space 
of molecule pairs. The corresponding Hartree-like approximation in the configuration 
space for a single molecule leads to the free-volume theory of dense gases and liquids 
(see § 4.4). 

14 B. R. A. Nijboer and L. van Hove [Koninklijke Nederlandse Akademie van Weten- 
schappen, 54, 256 (1951); Phys. Rev. t 85, 777 (1952)1 have recently suggested another 
type of approximation which gives better results for rigid spheres than the superposition 
approximation. 
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The superposition approximation has been used to eliminate « (3) from 
the two integral equations for n i2) . Because Eq. 4.9-23 is not exact its 
use in Eqs. 4.9-12 and 20 leads to two different approximate integral 
equations for the pair distribution function—that of Born and Green and 
Yvon and that due to Kirkwood. The solutions of these two equations 
are different, and the difference is a measure of the validity of the super¬ 
position approximation. Inasmuch as the superposition principle treats 
n (3) exactly in the limit of low densities, the resulting solution for n ,2) as a 
power series in n is correct through the second term. Therefore the 
resulting equation of state has the correct third virial coefficient. The 
expressions for the higher virial coefficients, however, are only 
approximate. 15 

i. The Born-Green- Yvon Approximate Integral Equation ,8 * 17 
Let us now consider the first integral equation for n {2) (Eq. 4.9-12) and 
make use of the superposition approximation. The equation can be 
integrated explicitly over r l2 from an arbitrary value r 12 = r to r 12 = co. 
We make use of the limiting values: n {2) ->n 2 and (p -*0 as r 12 ->-co. 
In order to evaluate the integral over r 12 , r n9 r, 3 the order of integration 
must be changed. However, in this particular case the convergence of 
the integrals is not such as to permit the simple interchange of the order 
of integration. Straightforward (but lengthy) manipulations result in the 
following equation for g(r) = n i2) /n 2 : 


® r+r„ 

kT\ng(r) = — <p(r) + 2irn J J 1) 

0 r-r„ r ' 3 

- ('23 ~ ') 


f >.3» ~ ('23 ~ ')* 

L 2 r 


f 23 23 ^ 13 


(4.9-24) 


Here <p and g with negative arguments are defined by tp(—r) = <p(r) 
and g(—r) = g(r ), and g if = g(r if ). This approximate equation was 
obtained independently by Born and Green 17 and by Yvon. 16 Green 18 has 

16 For rigid spheres the exact value of the fourth virial coefficient is D = 0.2869V- 
According to the superposition principle and the approximate integral equation of 
Yvon, Bom, and Green, D = 0.2252V. (This value has recently been obtained by 
R. W. Hart, R. Wallis, and L. Pode, J. Chem. Phys. t 19, 139 (1951), and also by 
G. S. Rushbrooke and H. I. Scoins, Nature , 167, 366 (1951).) According to the approxi¬ 
mation of Nijboer and van Hove (Ref. 14), D = 0.2500V- 

16 J. Yvon, Actuates scientifiques et industrielles, Hermann & Clf, Paris (1935), 
p. 203. 

17 M. Bom and H. S. Green, Proc. Roy. Soc. {London), A188, 10 (1946). 

18 H. S. Green, Proc. Roy. Soc. {London), A189, 103 (1947). 
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succeeded in solving this integral equation by introducing further assump¬ 
tions which are somewhat difficult to analyze. From the solution approxi¬ 
mate integrals for the virial coefficients have been obtained; these integrals 
are considerably easier to handle than the corresponding exact ones 
discussed in Chapter 3. The equation of state has been calculated for 
rigid spheres by means of Eq. 4.9-24. 19 

ii. The Approximate Integral Equations of Kirkwood 12 

Now we examine the application of the superposition principle to the 
second integral equation for n ,2i (Eq. 4.9-20). Integrating this equation 
over £ and using the fact that g -+ 1 for £ 0, we can obtain 

kT\n g(r, £) = 

-£?</■) -2 nnjj j <p li g li (g n - 1) ^ dr n </£ dr l2 (4.9-25) 

o 0 lr-r.,1 

This is the approximate integral equation developed by Kirkwood. 12 It 
has recently been used to calculate the pair distribution function for rigid 
spheres. 20 

iii. Comparison of the Two Approximate Integral Equations 

The two approximate integral equations just described may be written 
in a common form. We introduce the coupling parameter £ into the Born 
and Green equations and define a kernel K(t t £) for the two cases as 

00 

£) = !£ J ~T^ gn( r \z 2 “ t 2 ) dr 13 (Born-Green-Yvon) (4.9-26) 

1*1 13 
£ CO 

K(t, £) = — J J 9*i3Si3 r i 3 dr n d( (Kirkwood) (4.9-27) 

o in 

In terms of these functions both the approximate integral equations take 
the form: 

kT\ng(r, £) = - £?(r) 

CO 

+ 2tw J [K(r - r a , f)- K(r + r„, £)] (g a - 1 ) ^ ^ (4 . 9 _ 28 ) 

0 

19 J. G. Kirkwood and E. M. Boggs. J. Chem. Phys ., 10, 394 (1942). 

20 J. G. Kirkwood, E. K. Maun and B. J. Alder, J. Chem. Phys. t 18, 1040 (1950). 
The results of Kirkwood, Maun, and Alder have recently been verified and extended 
by A. G. McLellan, Proc. Roy. Soc. (London), A210, 509 (1952). 
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[Eq. 4.9-28] SOLUTION OF THE INTEGRAL EQUATION 
iv. The Numerical Solution of the Approximate Integral Equations 

The integral equations for the radial distribution function have been 
solved both for rigid-sphere molecules 20 and for molecules which interact 
according to a modified Lennard-Jones (6-12) potential. 21 Figure 4.9- 



V5VEV^=£) 3 = ‘*3 


Fig. 4.9-3. Compressibility factor pv/kT as a function of the reduced 
volume, v* t for rigid spherical molecules of diameter o. (A) From the 
Kirkwood approximate integral equation, Eq. 4.9-25. ( B) From the Born- 
Green-Yvon approximate integral equation, Eq. 4.9-24. (C) From the 
sphericalized free volume theory, Eq. 4.6-5. (From J. G. Kirkwood, 

V. A. Lewinson, and B. J. Alder, J. Chem. Phys. t 20, 929 (1952).] 

compares the compressibility factors calculated from the Born-Green- 
Yvon equation and the Kirkwood equation for rigid-sphere molecules. 
The corresponding curve obtained from the sphericalized free-volume 
theory of rigid spheres Eq. 4.6-5 is also shown. It may be seen from this 

21 J. G. Kirkwood, V. A. Lewinson, and B. J. Alder, /. Chem. Phys., 20, 929 (1952). 
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graphical representation that the Born-Green-Yvon equation gives a 
value of pV/N/cT, almost the same as the Kirkwood equation in the low- 
density limit. For higher densities the agreement is moderately good. 



Fig. 4.9-4. A comparison of experimental and 
theoretical radial distribution functions for liquid 
argon at 91.8° K and 1.8 atm. The experimental 
values are those of A. Eisenstein and N. S. Gingrich, 
Phys. Rev. 62, 261 (1942). [From J. G. Kirkwood, 
V. A. Lewinson, and B. J. Alder, J. Chem. Phys., 
20, 929 (1952).] 


Fig. 4.9-5. A comparison of ex¬ 
perimental and theoretical values of 
the compressibility factor of argon 
at 273° K. {A) experimental values, 
A. Michels, Hub. Wijkcr, and Hk. 
Wijker, Physica, 15, 627 (1949). (B) 
Theoretical values based on the 
radial distribution function method. 
(C) Theoretical values based on 
the cell method. (From J. G. 
Kirkwood, V. A. Lewinson, and B. J. 
Alder, J. Chem. Phys., 20,929 (1952).! 


The modified Lennard-Jones (6-12) potential used in the solution of 
the equations for the radial distribution function is a Lennard-Jones 
(6-12) potential for r > o but is infinite for r < o. The compressibility factor 
and the corrections to the internal energy and entropy at a number of values 
of the reduced volume and temperature as calculated from Born-Green- 
Yvon equations are given in Tables 4.9-1, 2, and 3. The values of the 
reduced critical constants are 
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p c * = 0.199 V* = 2.585 

T* = 1.433 p c VjRT e = 0.358 

A comparison of the theoretical and experimental radial distribution 
functions of liquid argon at 91.8°K and 1.8 aims is indicated in Fig. 
4 . 9 _ 4 . The value of o in the intermodular potential function was 
chosen so that the first peaks of the two curves coincide. It is seen that 
the agreement between the two curves is good. In Fig. 4.9-5, experi¬ 
mental measurements of the compressibility factor of argon at 273 K 
as a function of density are compared with the theoretical values obtained 
from the radial distribution function and also with the theoretical values 
obtained by the cell method of Lennard-Jones and Devonshire (see § 4.7). 


TABLE 4.9-1 

The Compressibility Factor as Obtained from the 
Radial Distribution Function 21 



0.833 


1.250 

1.677 

2.500 

5.000 

CO 

13.82 


0.629 

H 

0.883 



1.167 

3.632 

-0.594 

-0.156 


0.670 

1.064 

1.456 

1.833 

2.260 

-1.445 

-0.734 



1.326 

1.998 

2.667 

1.483 

-2.433 

-1.268 

-0.115 

1.018 

2.139 

3.242 

4.333 

1.222 

-2.829 

-1.382 

0.052 

1.467 

2.856 

4.223 

5.567 


Nc 


TABLE 4.9-2 

A# M 

U ~ U , the Reduced “Excess” Internal Energy 21 
Nc 


T * 

0.833 


1.250 

1.667 

2.500 

5.000 

13.82 


0.741 

0.621 

0.537 



3.632 

2.280 

2.148 

2.035 

1.939 

1.856 

1.787 

2.260 

3.370 

3.277 

3.192 

3.118 

3.050 

2.990 

1.483 

5.073 

5.024 

4.974 

4.925 

4.873 

4.822 

1.222 

6.313 

6.280 

6.232 

6.181 

6.125 

6.066 



























334 


EQUATION OF STATE OF DENSE GASES 


[§ 4.9] 


TABLE 4.9-3 



a This tabic differs from that of Ref. 21 because of the difference in the definition of 
the ‘'excess" entropy. (See § 4.7b.) 


PROBLEMS 

1. For the rigid-sphere model, with diameter a, use Eq. 4.9-2 to calculate the radial 
distribution function. Let /?• = no 9 be the reduced number density; let r* ■= rja be 
the reduced intermolecular separation, so that the potential is 

- oo r* < I 

<p(r*) « 0 r* > 1 

Show that 1 

g{r) = 0 r* < 1 

Ann* 

gir •) = 1 + — [1 - |r* + |r«] 1 < r* < 2 

g( r *) = 1 2 < r* 

Compare this result with that shown for the Lennard-Jones potential. 

2. For the rigid-sphere model calculate the potential of average force 'F(r ll *) for 
/*• = !. Plot Hf(r*) and <p{r •) on the same graph. Note that for r* < 2, T(r*) 
decreases with decreasing distance, giving rise to an attractive force. This average 
force, which acts on molecule 1 in the direction of molecule 2, may be interpreted as 
follows: Molecule 2 shields molecule 1 from collisions with the remaining N —2 
molecules, and hence, for r* < 2, there is a resultant force on 1 in the direction of 2 . 

3. Use the principle of the corresponding states to estimate the compressibility 
factor, the enthalpy, the entropy, and C 9 for N, at 60 atm and 1Q0°K. 

4. Use the van der Waals, the Bertholet, the Dieterici, the Beattie-Bridgeman, and 
the Benedict-Webb-Rubin equations to estimate the compressibility factor of N, at 
60 atm and lOO’K. 

5. Use the theory of Lennard-Jones and Devonshire to calculate the compressibility 
factor, the enthalpy, the entropy, and the specific heat of N, at 60°K and 1 atm. 

1 J. de Boer, Reports on Progress in Physics, 12, 305 (1949). 
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6. The following two constant equation of state has recently been proposed:* 

RT _ a_ 

P ~ V — by~ x ii 

Show that a = 0.9099/? T*!*V*I» and b = 0.1567P//*, and that this equation of state 
gives a value ofp t VJRT e of 0.276, which is in good agreement with experiment. 

• S. W. Benson and R. A. Golding,/. Chem. Phys. t 19, 1413 (1951). 



Vapor-Liquid Equilibria 
and Critical Phenomena 

(This chapter was prepared in collaboration with Professor Charles A. Boyd, 
formerly of the University of Wisconsin.) 


In the preceding two chapters the equilibrium properties of gas-phase 
systems and liquid-phase systems have been considered. This chapter 
deals with the behavior of systems in which both the gaseous and the 
liquid phases are present in equilibrium with one another. 

We discuss first the nature of the interfacial region between the liquid 
and vapor phases. A thermodynamic approach to the study of inter¬ 
faces relates the surface tension to the thermodynamic properties of the 
surface. A statistical mechanical approach, on the other hand, gives an 
insight into the microscopic nature of the transition region. It is found 
that the transition zone or surface layer between the gas and the liquid 
phases becomes progressively broader as the temperature of the substance 
is raised. When the temperature approaches the critical temperature, 
then, under the influence of gravity there is a density gradient throughout 
the entire containing vessel. At this point the distinction between liquid 
and vapor is meaningless. One method of determining the critical point 
makes use of the disappearance of the meniscus as the temperature is 
raised. There is some question at the present time as to whether the 
temperature of the disappearance of the meniscus is really the same as 
the critical temperature defined by the geometrical characteristics of the 
isotherms. Present experimental measurements indicate that the difference 
between the critical points as determined by the two methods cannot be 
more than a few hundredths of a degree. 

Then we turn to a discussion of the classical theory of phase behavior 
and critical phenomena. This theory is based upon the artificial notion 
that two well-defined, completely homogeneous phases exist right up to 
the critical point, and a well-defined meniscus separates the two pKases. 
This theory gives an adequate explanation for many phenomena associated 
with phase transitions and critical phenomena. There are, however, a 
number of deviations from this classical behavior such as the density 
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gradients in a fluid and the hysteresis effect which require a considerably 
more detailed analysis of the problem. These “anomalies” can be 
explained to a greater or lesser extent by considering the effects of gravity 
and density fluctuations. A considerable amount of experimental and 
theoretical work needs yet to be done in order to understand this subject. 
We attempt here to summarize the present status of the research and to 
indicate how the results of the two preceding chapters may be used to 
interpret some of the phenomena associated with two-phase systems. 

This chapter concludes with a discussion of some of the interesting 
phenomena which have been observed in connection with the phase 
transitions in binary systems. The phenomena of retrograde condensa¬ 
tion, important in connection with petroleum recovery, are discussed in 
terms of phase diagrams. The two-phase behavior of binary systems is 
also considered from a thermodynamic viewpoint. 

1. The Interfacial Region between a Liquid and a Vapor 

A theoretical treatment of two phase systems must consider the inter¬ 
facial region and the nature of surface tension. In the theoretical descrip¬ 
tion of surface tension the same two approaches may be used as have been 
employed for the equilibrium properties of liquids, 1 the free volume 
method and the radial distribution function method. Calculations using the 
former method have been carried out by Lennard-Jones and Corner; 
the latter method has been used by Kirkwood and Buff. 2 We discuss the 
work of these two groups of investigators and then give some considera¬ 
tion to the surface tension of droplets and the relationship between the 
parachor and the intermolecular forces. 

a. Definition of surface tension 

A two-phase system in a tall box arranged along the z-axis is pictured 
in Fig. 5.1-1. A plot of the variation in number density with height is 
shown in an accompanying graph. In the body of the liquid phase the 
number density has a value n il) which does not change with height; 
similarly, in the body of the vapor phase the number density has a constant 
value n lv) . From a macroscopic standpoint the number density jumps 
discontinuoqsly from one value to the other at the interface. For the 


1 In addition the hole theory of liquids (discussed in § 4.8) has been used to study 
the surface tension of liquids. See S. Ono, Memoirs of the Faculty of Engineering , 
Kyushu University, 10, 195 (1947). This theory leads to density versus distance curves 
similar to those given in Fig. 5.1-2. 

2 A. G. MacLellan, Proc. Roy. Soc. (London), A213, 274 (1952), has recently com¬ 
pared and extended the two approaches. 
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Fig. 5.1-1. Schematic representation of a two-phase system composed of a 
liquid phase (/) and a vapor phase (v), separated by a surface film (j). The 
choice of the “cquimolecular dividing surface” (that is, the location of z = 0 
in the physical system) is given by Eq. 5.1-1. This equation requires that the 
sail-shaped areas A and B be equal. 


r/r, = o.50 


wa 


3 -2 


Fig. 5.1-2. Change of density with distance in the interfacial region. (From 
T. L. Hill, J. Chem. Phys 20, 141 (1952).] 
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[Eq. 5.1-1] 


formulation of a microscopic theory of surface tension it must be taken 
into account that such a discontinuity does not really exist. The number 
density actually varies continuously across the interface as indicated in 
Fig. 5.1-2. 3 The other equilibrium properties of the substance vary in a 
similar manner. The pressure tensor, for example, has the value p 0 U in 
the liquid and vapor phases alike ( p 0 is the static pressure). In the tran¬ 
sition region between the two phases the pressure tensor p( 2 ) varies 
smoothly from the liquid region to the vapor region. 

It was pointed out by Gibbs 4 that it is convenient from a mathematical 
standpoint to introduce a “dividing surface” between the liquid and vapor 
phases. This dividing surface is normal to the density gradient. The 
position of the dividing surface is arbitrary. A convenient choice is to 
require that z = 0 be defined in such a way that 



(5.1-1) 


as illustrated pictorially in Fig. 5.1-1. We call this choice of dividing 
surface the equimolecular dividing surface. For this choice of dividing 
surface, a hypothetical system in which the density changes discontinuously 
from that of the homogeneous liquid to that of the homogeneous vapor 
at the dividing surface would contain the same number of molecules as 
the actual system. 

Let us now imagine that the shaded wall of the container is displaced 
reversibly and isothermally in the positive ^-direction an amount bx t as 


a Terrell L. Hill [J. Chem. Phys ., 19. 261 and 1203 (1951), and 20. 141 (1952)] has 
developed a very simple but rough method for calculating surface tension. He requires 
that the chemical potential have the same value not only in the homogenous liquid 
and gas phases but also at all intermediate points through the interface. The chemical 
potential is determined from the free volume and the energy of interaction of the 
molecules. The free volume as a function of the density is obtained from a modified 
van dcr Waals equation. The molecular density is “smeared" in the sense that the 
radial distribution function is taken to be zero up to a rigid-sphere collision diameter 
and unity for all larger separations. This makes it easy to calculate the energy of 
interaction of the molecules as a function of the variation of the density with height. 
The equality of the chemical potential at arbitrary heights provides an integral equation 
for the density distribution. Once the density distribution has been determined it is 
easy to find the stress as a function of height and hence the surface tension. The 
present calculations are for molecules which are rigid up to a collision diameter, a, and 
at larger separations attract each other with an energy inversely proportional to the 
sixth power of the separation. 

4 J. W. Gibbs, The Collected Works , Vol. I, p. 219, Longmans, Green (1928). 
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shown in Fig. 5.1-1. 


The work done by the system in this process is 
+*«•> 



(5.1-2) 


The only component of the pressure tensor which need be considered is 
the xz-component, which is related to the force in the z-direction on an 
element of surface perpendicular to the ar-direction. Let us now push in 
the top and bottom of the container reversibly and isothermally so as to 
return the system to its original volume. The work done by the system 
in this process is 

+**•> 


bw 2 = —(z {v) -f- 2 (,) ) bp 0 bx = —b bx 



(5.1-3) 


-I 


(II 


At the conclusion of this manipulation the system finds itself at the same 
volume, pressure, and temperature as it was initially. The distribution 
of molecules above and below the dividing surface is the same before and 
after the entire process. 5 The only difference is that the area of the 
surface film has been increased. The work done on the system to cause a 
unit increase in the area of the film is called the surface tension, y. Accord¬ 
ingly, we may write for an increase, bet = b bx y in the area of the film: 

y bet = —bw = bet J (p 0 — p„( z )) dz (5.1-4) 

The surface tension is thus the stress acting in the x-direction on a strip 
of unit area in the yz-plane in addition to the uniform normal pressure, 
/?„, which acts on both phases. 


4 Because of the definition of the cquimolecular dividing surface the number of 
molecules above the surface (this is referred to as the number of molecules of the 
vapor) is abz {v) n iv) . Thus the condition that the number of molecules of vapor be the 
same before and after the two-stage manipulation just described is 

abz' 9) n' 9) = (a + <fcr)6z<’>'/i<*> 

Similarly for the liquid phase: 

abz' l W l > = (a + bx)bz' l ''n' 1 ' 

Here z"’ 1 ' and z' 1 *' are the distances from the dividing surface of the ends of the con¬ 
tainer after the manipulation. Thus 

z‘*»' z' l ' f a 
**•» = 7 1 * ” a + bx 

From this it is clear that the volumes of the vapor phase and of the liquid remain 
unchanged by the whole process. It is, therefore, a change at constant volume (and 
also a change at constant pressure, since the vapor pressure is constant in an isothermal 
process), in which the amounts of the two phases are unchanged. It should be noticed 
that this result is a direct consequence of the definition of the equimolecular dividing 
surface and is not true for other dividing surfaces. 
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[Eq. 5.1-11] 


Let us now consider the contributions of the surface layer to the thermo¬ 
dynamic functions in a two-phase system. Each of the thermodynamic 
properties of the entire system can be considered to be the sum of three 
contributions: that due to the liquid, that due to the vapor, and that due 
to the surface. For example, the Helmholtz free energy of a two-phase 
system is 

A = A'" + A'" + A'" (5.1-5) 


Here A (l) is the free energy per unit volume of the homogeneous liquid 
(that is, in the body of the liquid) multiplied by the volume of the system 
contained below the equimolecular dividing surface. A lv) is defined 
similarly for the vapor phase. Since the free energy of the total system, 
A , is well defined, Eq. 5.1-5 is used as the defining equation for A'". 

We now examine the thermodynamics of the two-phase system. The 


element of work, dw, which appears in the first law is 

dw = p dV — y da. (5.1-6) 

Thus the change in the Helmholtz free energy of the system is 

dA = dU — d{TS) = —S dT — p dV y da (5.1-7) 

For the liquid and vapor phases 

dA { " = -S'" dT - p dV'" (5.1-8) 

dA'" = —S' v) dT — p dV' v) (5.1-9) 

Combining these last three relations and making use of the fact that 
V 1 " + V' v) = V, we obtain 

dA' 9) = —S'" dT+ydx (5.1-10) 


Because of the additivity of the volumes, 6 A'" = G (,) , and thus the surface 
tension is 7 


(5.1-11) 



8 The equality of A 1 *' and C'*’ depends upon the use of the equimolecular dividing 
surface for the definition of the liquid-vapor interface. For example, this would not 
quite be true if the liquid-vapor interface were specified by the “surface of tension” 
discussed later in this section in connection with curved surfaces. 

7 R. H. Fowler, Proc. Roy . Soc. {London), A159, 229 (1937), and Physica , 5, 39 
(1938), pointed out that the surface tension is not the increase in the potential energy 
of the surface as assumed by Bradley, Phil. Mag., 11, 846 (1936), and Margenau, Phvs. 
Rev., 38, 365 (1931). 6 7 
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Other thermodynamical quantities of the interfacial film can be expressed 
in terms of y and its derivatives. For example, from the Gibbs-Helmholtz 
equation an expression can be obtained for the internal energy of the 
surface: 



(5.1-12) 


This quantity can clearly be obtained from surface tension measurements, 
and is frequently used for making comparisons between theory and 
experiment. The thermodynamic development just given is restricted to 
the equimolecular dividing surface and single-component systems. 

The surface tension may also be considered from the corresponding 
states standpoint discussed in § 4.1. In terms of reduction of the variables 
by the use of critical constants, we would expect that the reduced surface 
tension y r = yV''*(kT e )- 1 would be a universal function of the reduced 
temperature T r = T/T c . When the variables are reduced by using 
molecular units (for example, the a and e of the Lennard-Jones potential) 
the reduced surface tension y * = yo 2 /c is a universal function of the 
reduced temperature T * = kT/t. For purposes of correlating data and 
predicting the surface tension of substances which have not been studied 
experimentally the principle of corresponding states may be of use, 
inasmuch as rigorous theories have not yet been developed to the stage 
where extensive practical calculations have been made. 


b. Surface tension from free-volume methods 

Lennard-Jones and Corner 8,9 have developed a theory of surface 
tension, beginning with Eq. 5.1-11. Their work is an extension of the 
Lennard-Jones-Devonshire free-volume theory of liquids to include a 
surface layer. By this approach they were able to calculate the Helmholtz 
free energy associated with a unit area of surface. The following assump¬ 
tions are made in their development: 

(i) The vapor density is so low that the molecules in the vapor phase 
can be neglected in calculating the surface tension. 

(ii) The liquid and its surface forms a semi-infinite column. The 
structure of the liquid is considered to be of a lattice-like form, the lattice 
points being the positions of equilibrium of the molecules. The surface 
tension then depends upon which crystal plane is exposed. Calculations 
of the surface tension have been made assuming the different faces are 


8 J. E. Lennard-Jones and J. Comer, Trans. Faraday Soc ., 36, 1156 (1940). 

9 J. Corner, Trans. Faraday Soc., 44, 1036 (1948). 
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exposed. Actually the liquid would be expected to expose that face which 
leads to the lowest surface tension. 

(iii) The lattice points for the surface layer are shifted slightly towards 
the main body of the liquid so as to minimize the potential energy of the 
system consisting of all the molecules located at their lattice points in the 
semi-infinite column. Except for the surface layer, the lattice points are 
considered to be unaffected by the presence of the surface. 

(iv) The free volumes of the molecules in the interior of the liquid are 
assumed to be unaffected by the presence of the surface. The free volume 
of a molecule in the surface layer is calculated by assuming that all 
the neighboring molecules are fixed in their lattice points and that 
the molecule under consideration wanders in the resulting potential 
field. 

To calculate the free energy of the surface film, Lennard-Jones and 
Corner calculated the free energy of a mole of liquid bounded by a surface 
film of area a and subtracted from this the free energy of a mole of liquid 
in the interior of the liquid phase. The latter quantity, which is unaffected 
by the surface film, is given by the Lennard-Jones-Devonshire theory: 

A 1 *> = - NkTln A- 3 - NkT\ n - NkT (5.1-13) 

where A 2 = h^lirmkT, and the superscript (,) indicates quantities cal¬ 
culated for the interior of the liquid phase. d> (,) is just the total potential 
energy of N molecules located at their lattice positions. 

For a mole of liquid which is bounded by a surface film the total 
potential energy of the molecules is designated by <I> (,,, (z). This depends 
on the distance, z, by which the surface layer of molecules is displaced 
towards the body of liquid. A displacement z 0 may be found, for which 
<D (,/, (z) is a minimum, 10 and henceforth this displacement defines the 
position of the lattice points in the surface layer. Accordingly the free 
energy per mole of the liquid bounded by the surface film is: 

A"'' = O<''>(z 0 ) - MTIn A" 3 - (N - N")kT In vf 

—N M kT\n t$f> - NkT (5.1-14) 

The superscript (I,) denotes properties of the liquid phase which is bounded 
by the surface film. N ls) is the number of molecules exposed in the 


10 It would be more correct to choose the distance z 0 so as to minimize the Helmholtz 
free energy (or the calculated surface tension). However, this process would be 
considerably more difficult to do and would not lead to results appreciably different. 
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surface film and v, is the free volume of a surface molecule. The surface 
tension is then given by 11 

A (,/) — A (l) IT \ i 

y= ---= -[(«""’(*o) -<*>'") + N'»kT In (^)J (5.1-15) 

according to Eq. 5.1-11. 

Corner 9 used this result to calculate the surface tension of a liquid made 
up of spherical non-polar molecules interacting according to the Lennard- 
Jones potential and arranged in a face-centered cubic lattice. It is first 
necessary to decide which face of the lattice is exposed. This is the face 
which corresponds to the lowest surface free energy or surface tension. 
Of the three principal planes in this lattice, the (100) can be excluded 
immediately 14 as it corresponds to breaking four nearest neighbor bonds 
per a 2 surface area (a is the distance between nearest neighbors), whereas 
the (llO)-plane corresponds to breaking 3.54, and the (lll)-plane corres¬ 
ponds to breaking 3.56. The breaking of nearest neighbor bonds requires 
considerable energy and therefore the (llO)-plane or the (lll)-plane is 
more probably the exposed face. Careful calculations show that the 
(lll)-plane is slightly preferred, and therefore the remaining discussion 
is limited to this case. 

Some of the results of these calculations are given in Table 5.1-1. 
First is given the displacement, z 0 , of the surface layer toward the 
interior of the liquid. Also given is the potential energy of a surface 
molecule, *(z 0 ), when the surface layer has been displaced by z 0 , the 
quantity *(0) is the potential energy of a surface molecule in the absence of 


11 The law of Eotvos follows directly from this equation. 

yV'l, = K(T, - T) 


Eotvos’ law is 

(5.1-15a) 


Here K and T 0 are constants. The value of K is usually 2.1 ergs per degree, and 7* 0 
is approximately the critical temperature. To obtain the relation it is assumed that 
the ratio of the free volumes (tjP/tjf)J is independent of temperature. It is clear that 
[^"'’(zo) — G' 1 ’] and N ,a) are proportional to the number of molecules on a unit of 
surface, and of course this is proportional to V X U. However, a better empirical 
relation for the surface tension of simple molecules has been given by Guggenheim : la » “ 


Y = Yo 



(5.1-15b) 


Here y 0 is such a value that y 0 F e %/r e = 4.4 ergs deg -1 mole - */*. 

11 E. A. Guggenheim, J. Chem. Phys., 13, 253 (1945). 

13 E. A. Guggenheim, Thermodynamics, North Holland Publishing Co. (1950), 
2nd Ed., p. 168. 

14 A. Harasima [Proc. Phys. Math. Soc. Japan, 22, 825 (1940)] calculated 
IO (l ')(*b) “ but unfortunately only for the (100)-plane. 
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such a displacement. The quantity [<I> (|,, ( 2 o) — O c,) ] in Eq. 5.1-15 
(which is just the increase in the potential energy of the perfect lattice 
when two semi-infinite blocks of liquid with plane surfaces are moved 
from zero to infinite separation) is given in the last column. These 
values were calculated by painstakingly summing the contributions of 
over 400 lattice points and approximating the contributions of all those 
molecules at distances greater than 5 a from the surface. 

TABLE 5.1-1 

Summary of Some Intermediate Results in the Free-Volume 
Calculations of Surface Tension 9 

€, a = parameters in Lennard-Jones potential 
a = distance between nearest neighbors 
aV 3/2 = distance between (1 1 l)-planes 


?Y 

2 o 

_ *(Zq) 

x(Q) 

[4»< i# )( 2 0 ) - a 2 

v ) 

(aV3l2) 

€ 

€ 

a € 

0.7 

0.075 

10.6524 

10.1361 

1.550 

0.8 

0.054 

11.1648 

10.8585 

1.990 

0.9 

0.036 

11.5496 

11.3994 

2.377 

1.0 

0.020 

11.8077 

11.7589 

2.703 


The free volume of the molecules in the surface layer was calculated 
by a modification of the Lennard-Jones-Devonshire procedure. The 
symmetry of the hexagonal packing in the surface layer enables the 
potential to be replaced to a good approximation by one having cylindrical 
symmetry. The potential was calculated for each individual case, one 
example of which is shown in Fig. 5.1-3. 

In order to make numerical calculations of surface tension it is necessary 
to know the density of the liquid (in equilibrium with its vapor) as a 
function of the temperature. For simple liquids, Guggenheim 12 showed 
empirically that this relation can be represented by the following equation 
in terms of the reduced variables V r = V/V et T r = T/T c : 

y = 1 + K1 - T r ) + 1(1 - T r ) l,t (5.1-16) 

Corner 9 made use of the empirical relations fcTje = 1.29 and 
VjNo* = 3.05 and Eq. 5.1-16 to obtain t>* as a function of T*. The values 
of T* in Table 5.1-2 were calculated from such a relation. In this table 
are given some of the results of the free-volume calculations. It is 
interesting to note that when the temperature gets larger than 0.627; the 
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free volume for the surface molecules actually become less than for the 
molecules in the interior of the liquid. For liquid argon at 90°K, where 
T/T 0 = 0.60, the surface tension is 1.63e/a 3 = 23.1 dynes per cm. The 
experimental value 16,16 is 11.9 dynes per cm. According to the cal¬ 
culations of Kirkwood and Buff, which are discussed in §5.1c, the radial 
distribution function approach gives a calculated value of 14.9 dynes per 
cm, which is considerably more in agreement with the experimental value. 



Fig. 5.1-3. Potential energy of a molecule on the surface as a function of its 
distance from its undisplaced lattice position outward in units of the average 
distance between (111) planes. This curve is for (1/v*)* = 0.9. [From 
J. Comer, Trans. Faraday Soc ., 44, 1036 (1948).] 

TABLE 5.1-2 

Summary of Results of the Free-Volume Calculations of 

Surface Tension 9 



(Based on 

the Lennard-Jones (6-12) Potential) 


1 


1 

v <•> 

yo 2 

^2 

T r 

r* 

,n v* 

y* = — 

0.7 

0.620 

1.2495 

0.009 

1.545 

0.8 

0.521 

1.4871 

0.153 

1.902 

0.9 

0.421 

1.8432 

0.295 

2.236 

1.0 

0.319 

2.4280 

0.427 

2.542 


14 Baly and Donnan, J. Chem. Soc., 81, 907 (1902). 
“ G. Rudorf, Ann. Physik, 29, 751 (1909). 
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The free-volume theory of surface tension provides an interesting 
viewpoint and a simple qualitative picture of surface phenomena. How¬ 
ever, it is too crude to provide a means for making accurate numerica 
calculations. Furthermore, it is not suitable for considerations ot 
the effect of the curvature of the surface on the value of the surface 
tension. At the present time it would seem that the theories based on the 
radial distribution function (discussed in the next subsection) show greater 
promise. 

c. Surface tension from the radial distribution function 17 

The pressure in a homogeneous phase is given in terms of the radial 
distribution function by Eq. 3.1-13, 

p = nkT — £w 2 J g(r) ^ r dr (5.1-17) 

It is shown in § 9.4 that, in general, the pressure tensor may be expressed 
in terms of the radial distribution function by the relation 


P(r,) = n( ri )kTU - Mr,) f *(r z )g(r„ r 2) ) ^ ^ d r u (5.1-18) 

J ar 2l r 2l 

In this case, the radial distribution function depends parametrically on 
the position of molecule 1. That is, n(r 2 )g(r ly r 21 ) dr 2X is the number of 
molecules lying in the volume element dr 2X about a molecule at r v 1 he 
vector Tj is measured from a fixed origin whereas r 21 is measured from the 
point r x . This expression applies to the non-homogeneous region of 
transition between the two homogeneous phases. (It also applies equally 
well to non-equilibrium situations.) 

From Eq. 5.1-18 an expression for p„(z) may be obtained which may 
be substituted into Eq. 5.1-4 for the surface tension. The result is 

y = -kT n» + j f q?>(r 21 ) -J- 5a* dr n (5.1-19) 

j ar 2l r 2l 


P 0 l) and T™ are called the superficial number density and the superficial 
pair density and are special cases of the following functions: 


CO 


n» = J VM*,) - n' 11 ] * 1 + J VW^i) - » ,,, J dh (5-1-20) 


17 J. G. Kirkwood and F. P. Buff, /. Chem. Phys. t 17, 338 (1949). 
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o 

I ? 1 = J r n) — n , "V , '(r n )] dz t 

— CO 
CO 

+ J z i'[n( z iH z 2 )g(z s , r 21 ) — n'*igi*)(rji)] dz l ( 5 . 1 - 21 ) 

0 

g (,) and g lv) are the ordinary radial distribution functions in the liquid and 
vapor phases away from the surface. 

The surface tension for a multicomponent system is a generalization of 
Eq. 5.1-19: 

Y = -kTZ.m + i I f (UV,.)),, 5 s X -f- dr 21 ( 5 . 1 - 22 ) 

i>jJ ur 2l r 2l 

Here (Tj, 0 )* is the superficial number density for molecules of the ith 
species defined by an equation similar to Eq. 5.1-20. (r}, 2 % is the super¬ 
ficial pair density for molecules of types i and j defined by an equation 
similar to Eq. 5.1-21, where now one member of the pair of molecules 
is of species / and the other is of species j. <p it (r 2 i) is the energy of inter¬ 
action between molecules 1 and 2, which are of species / and j. 

Up to this point nothing has been said about the location of the dividing 
surface between liquid and vapor, that is the origin of the z-coordinate. 
The value of the calculated surface tension clearly does not depend upon 
the choice of the dividing surface. For the equimolecular dividing surface 
defined in Eq. 5.1-1 (which simply states that rj > ,) = 0) the expression for 
the surface tension simplifies to 

y = i f n?’( r 2i) TT T 5 " *21 (5.1-23) 

J ar 2l r 2l 

This is a rigorous expression for the surface tension. It is completely 
free of the assumptions introduced in the free-volume approach. The 
difficulty, of course, is that our knowledge of the density and the pair 
distribution function in the neighborhood of the interface is incomplete. 
Nevertheless, this approach seems quite promising as a method for investi¬ 
gating surface phenomena. In §5.1e we summarize some simple 
calculations based upon the technique just described. 

d. Effect of radius of curvature on surface tension 

A thermodynamical theory of the effect of the radius of curvature on 
surface tension has been developed by Tolman 18 and subsequently extended 

« R. C. Tolman, /. Chem. Phys. t 16, 758 (1948); 17, 118, 333 (1949). 
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by Kirkwood and Buff. 19 ’ 20 The theory describes the thermodynamical 
properties of extremely small droplets or clusters such as occur in tne 
nucleation of supersaturated vapors. In the future it should be uselul 
in helping to solve the mysteries of the critical phenomena where very 


large clusters are prevalent. . 

For droplets it turns out that th t equimolecular dividing surface is not tne 

most convenient one. Gibbs 4 showed that there is a dividing surface 
called the surface of tension which, when used for thecalculation of thermo¬ 
dynamic properties, gives simpler results for droplets. 21,2 " 

For spherical surfaces. Buff and Kirkwood 19 have concluded that the 
surface of tension has a radius smaller by z 0 than the equimolecular 


dividing surface, and z 0 is given by 


+ ® 

J (2 + z 0 ) [po - pj*)\ dz = 0 


(5.1-24) 


Using the expression for surface tension given in Eq. 5.1-19 and the 
definitions of the functions l) l) and we obtain for z 0 

In §4.9 we described the Kirkwood and the Born-Green-Yvon approxi¬ 
mate integro-differential equations, which relate the pair distribution 
function to the number density. From these equations it follows that 19 



1 

(J+ WT 



(5.1-26) 


*• J. G. Kirkwood and F. P. Buff, /. Chem. Phys., 17, 338 (1949). F. P. Buff and 
J. G. Kirkwood, 7. Chem. Phys., 18, 991 (1950). 

10 F. P. Buff,/. Chem. Phys., 19, 1591 (1951). 

u The work of formation of a spherical droplet is a well-defined quantity. It is 
equal to the surface tension times the surface area, 

W = -A A = 4 nr*y 

In this section, r is the radius of curvature of the surface of tension, and y is the surface 
tension defined with respect to this dividing surface. For any other dividing surface 
having a radius of curvature, r' and a surface area 4nr' % , the surface tension is y\ To 
a good approximation 

4wr*y = Anr'^' 

It is only for very small droplets that y and y' are significantly different. 

11 The precise definition of this surface of tension is founded on somewhat lengthy 
thermodynamic arguments. We do not give the definition here but refer the interested 
reader to the discussion given by Tolman in Ref. 18. 
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Substitution of this result for j = 1 into the preceding equation gives 

*o=~r (* IVn 2l (»-»i) + ** n 2, (r„)] -J (5.1-27) 

ly J <*r 2l r 2l 

These expressions for Zq apply, strictly speaking only in the case of plane 
surfaces. If the surfaces are curved, the T}- 0 and rj‘ 2) should be modified 
by replacing the integration over the cartesian coordinate by a similar 
integration over the radial coordinate. This effect has been ignored, and, 
up to the present time, Zq has been assumed to be independent of the 
radius of curvature. 

However, in evaluating the superficial number density, rj ) ,) , the effect 
of the curvature is important. For a droplet whose surface of tension 
has a radius of curvature, r, the superficial density (which is the 
difference, per unit area of dividing surface, between the actual amount 
of fluid in the two-phase system and the amount it would contain if the 
liquid and and vapor phases retained uniform densities up to the dividing 
surface) is 

o ® 

n»= J [,,(*)+?)*</*+ J Hz) - (i +dz 

0 (5.1-28) 

If the surface of tension is taken to be a distance, z 0 , beneath the surface 
for which P 0 l) is zero, it follows that relative to the surface of tension as 
origin the value of the superficial density is 

U" = r« = r, K> - /.<•>] [l + 7 + 5 ( 7 )*] (5-1-29) 


Gibbs derived an equation for the change of the surface tension with 
the chemical potential, p t in the following form: 

dy = — T* dp (5.1-30) 

For isothermal changes which preserve the equilibrium between the two 
phases, 

dp'" dp'" 


dft n"' n M 


(5-1-31) 


Here p' v) is the pressure in the vapor, and p' l] is the pressure in the liquid 
or droplet. In addition, the familiar Gibbs-Kelvin equation gives the 
excess of the pressure within the droplet over the pressure on the outside, 




r 


(5.1-32) 
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\Eq. 5.1-35J 


Differentiating this last expression and making use of the three previous 
equations, we get the Gibbs-Tolman-Koenig 23 relation: 


rdy 
y dr 


TbMfc)' 

+ t [' +7+5(7)' 


(5.1-33) 


Integrating Eq. 5.1-33 from r = co (corresponding to a plane surface) 
to any radius of curvature of the droplet, r, leads to the result 



CO 




dr 


(5.1-34) 


Here y 0 is the surface tension of a plane surface. Table 5.1-3 gives the 
ratio of (y/y 0 ) for small radii of curvature. 

To the first approximation, 

1 = 1-225 (5.1-35) 

Yo r 

It is doubtful that the value of z 0 remains constant and independent of 
the radius of curvature for droplets so small that r is of the same order 
as z 0 . On this account the numerical values shown in Table 5.1-3 should 
not be regarded as accurate. Surface tension of very small drops con¬ 
taining as few as one hundred molecules is of considerable interest in 
connection with theories of nucleation. A great deal of work remains 
to be done on the variation of surface tension with drop size before the 
theory can be regarded as satisfactory. 


TABLE 5.1-3 

Change in Surface Tension with Radius of Curvature of the 

Surface of Tension, r 


z ol r 

YlYo 

2 o lr 

YlYo 

0.00 

1.00 

0.40 

0.52 

0.01 

0.98 

0.50 

0.46 

0.02 

0.96 

0.60 

0.41 

0.05 

0.91 

0.70 

0.36 

0.10 

0.83 

0.80 

0.33 

0.20 

0.70 

0.90 

0.30 

0.30 

0.60 

1.00 

0.28 


“ F. O. Koenig, /. Chem. Phys ., 18, 449 (1950). 
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e. First-order calculations of surface tension 


The calculation of surface tension requires a detailed knowledge of the 
density distribution, /*(/*), and the radial distribution function, g(r„ r 21 ), 
in the neighborhood of the surface, Kirkwood and Buff 19 indicate that 
these can be calculated in principle by the use of the Born and Green 24 
theory of liquids. However, let us consider here two very simplified 
models. 

(i) Liquid with normal density up to Gibbs' dividing surface in contact 
with a vacuum. In this case, 

**i) = n'" *1 < 0 

n(*i) = 0 zj > 0 (5.1-36) 

g(h. r n) = g W (' u) *i + * 2 i < 0 


and the only part of r® which is different from zero arises from the 
integration between z, = —z 21 and z, = 0, provided that z 2 , is positive. 
Thus 


ri+t 


rf> = ( _i)m _ji_ n «>y.. (rjl) 

rj*> = o 


*21 >o 

(5.1-37) 

*21 <° 


Consequently, Eqs. 5.1-23 and 27 give for the surface tension and the 
location of the surface of tension 



(5.1-38) 


2 o 


4_ 

15 



(5.1-39) 


It is easy to show that the surface internal energy U i$) is given by 


£/<•> = J J U 2 V('2i) dr 2l (5.1-40) 


(here, r{, 2) is referred to the equimolecular dividing surface) so that U {,) 
reduces to 


u «•' = -” /.«>■ J g"\rMry 
0 


dr 


(5.1^41) 


M M. Bom and H. S. Green, Proc. Roy. Soc. {London), A188,10 (1946). H. S. Green, 
Proc. Roy. Soc. {London), A189, 103 (1947). 
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Kirkwood and Buff 19 used these equations to calculate the surface 
properties of liquid argon. They used a Lennard-Jones potential and 
g {l) (r) curve experimentally determined by Eisenstein and Gingrich. 
At 90°K, they calculated 

y = 14.9 dynes/cm (Exptl: 11.9) 

U l,) = 27.2 dynes/cm (Exptl: 35) 

T* = 4.99 X 10- 8 e/cm 2 


z 0 = 3.63 X 10“ 8 cm 


The values in parentheses are the experimental values of Baly and 
Donnan. 15,16 The agreements are surprisingly good. It will be 
remembered that Corner 9 used the cell method to calculate y = 23.1 
dynes per cm for this case. Thus the radial distribution function method 
shows much greater promise for the calculation of surface tensions. 

(ii) Liquid with normal density up to an equimolecular dividing surface 
in contact with a gas of constant density. In this case, 


n(z x ) = /!“> 2l < 0 

n(z x ) = n lv) z x > 0 


(5.1-42) 


g(h* r 2i) = S (,, ( r 2i) *i < 0 and *x + z 21 < 0 

g(h> r 2 i) = g lv) ( r 21 ) *i > 0 and z x + z 21 > 0 (5.1-43) 

g(h> r 2 i) = # <,,P) ( r 2 i) Hither z x < 0 and ^ -f z 21 > 0 or z x > 0 

and z x Zjj < 0 

It is clear that g'H'td and ^ <v> ( r 2 i) are the normal radial distribution 
functions characteristic of the bulk liquid and gas, respectively. However, 
the function g ll,v \r 2 i) is some sort of correlation between the molecules in 
the liquid and those in the gas phase which cannot be precisely specified 
in the present crude approximation. 

From Eq. 5.1-21 we obtain 


zi +1 

!?> = (— 




r<» = (—iy+1 


4r 

j + 1 


[«««««V’frn) - » (,l V ,l (^i)] 


Z 21 > 0 

(5.1-44) 
z 21 < 0 


35 A. Eisenstein and N. H. Gingrich, Phys. Rev., 62, 261 (1942). 
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Then, using polar coordinates to evaluate the angular parts of the triple 
integral over r 21 , we obtain from Eqs. 5.1-23 and 40 the followingexpressions 
for the surface tension and the surface internal energy: 

CO 

V = 1 J ' 4 Tr - 2f»">»<V"'(r) + Ii<*>y •>(/•)] dr (5.1-45) 
0 

<o 

V* = - jJ rMrW’y"(r) - 2n"'n< V’M + '’(/■)] dr (5.1-46) 

0 

These are the same results which Fowler 7 obtained making a direct 
calculation applicable only to this model. Equation 5.1-46 forms the 
basis for Fowler’s theory of the parachor, which we discuss presently. 


f. McLeod's equation and the parachor 

McLeod 26 proposed an empirical equation for the surface tension, 

y = constant ( p ll) — p {v) ) A (5.1-47) 


Here the p {l) and p iv) are the actual densities of the liquid and vapor. 
Sugden 27 has expressed this result in the form 



(5.1-48) 


The constant P is called the parachor. To a good approximation, the 
parachor is the sum of constants characteristic of the individual atoms or 
groups within the molecule. Sugden thought of the parachor as being 
associated with the molecular volume. In any case, the parachor for 
any given substance remains very nearly independent of temperature 
over a wide temperature range. 

Fowler 7 derived the McLeod equation in the following manner. 
The general equation of state can be expanded in the neighborhood of 
the critical point in the form 

p=P' + V~ r «> (|), + M - ^(em) c 

+ i ( K-K, )3 (|^ (5.1-49) 

The terms omitted are negligible compared to the terms retained. Eq. 
5.1-49 is a cubic equation in the volume so that for any pressure there are 

*• McLeod, Trans. Faraday Soc. t 19, 38 (1923). 

17 S. Sugden, The Parachor and Valency , George Routledge and Sons, London 
(1930). 
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three values of V which satisfy the equation. In the region of two phases 
all three roots are real: V' l \ V lv \ and an extraneous third volume resuiu g 
from the 5-shape of the equation of state isotherms. The thermodynam 
relation, 

k<*> 

j pd9=pl9"*-9 m 1 ( 5 , - 50) 

P(') 

may then be used to fix the vapor pressure for a given temperature (see 
§ 5.2b). From these relations Fowler showed that in the neighborhood 
of the critical point, to a first approximation, 

(5.1-51) 


24a 


[„<«> _ /,<*>] i = — n e \T c - T) 

Here V e is the molar volume at the critical point; n e is the number density 
at the critical point; a = ( dp/dT) e ; and = (d 3 pldV 3 ) e . 

Now, the radial distribution functions for the liquid, gas, and mixed 
regions approach each other at the critical point so that 

g {l) (r) = g e (r) + l(T c - T)/T e ] G l,) (r) + • • • 

g (vi (r) = g e (r) + [(T e - T)/T e ] G'«(r) + • • • (5.1-52) 

g"' v) (r) = g e (r) + l(T e - 71/rj G" '\r) + • • • 

Here G(r) is a function about which we know very little. 

Substituting these expressions into Eq. 5.1-46, we may write the surface 
energy in the neighborhood of the critical point as 

CO 

{/<*> = [n«i — n 1 ' 1 ] 2 ? jgMfiry dr 

0 

co 

_ (lyZj Z „* J + G<*>(r) - 2G<'«(r)] dr 

(5.1-53) 

Thus, making use of Eq. 5.1-51, we obtain 

U lt) = B(T C - T) (5.1-54) 


where 


CO 

B = - n* jgMfGy dr 

0 

eo 

+ Y~jr*<p(r)[G'‘\r) + G<-'(r) - 2G™(r)]dr 


(5.1-55) 
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Substituting U l9) from Eq. 5.1-54 into the Gibbs-Helmholtz equation, 
integrating from T to T e to obtain the surface tension, and expanding in 
the neighborhood of the critical point, we obtain the surface tension: 


y 




(5.1-56) 


and, from Eq. 5.1-51, 


y = i 



(n (l > - /i<’>) 4 


Thus the parachor is 



(5.1-57) 


(5.1-58) 


The values of the parachor as given by Sugden for a few substances are 
given in Table 5.1-4. 

Lennard-Jones and Corner 9 show, as seen from Table 5.1-4, that for 
simple molecules the parachor is given empirically to within 3.6 per cent 
by the equation 

P = (7.1 X 10») «'•»*'• (5.1-59) 

in which crand € are the parameters in the Lennard-Jones (6-12) potential. 
They suggest therefore, that the parachor may provide a sensitive 
method to obtain the molecular collision diameter a (since c ,4 is always 
easy to estimate). The fact that P is almost proportional to o 3 bears out 
Sugden’s contention that it is almost the molecular volume. Fowler has 
calculated the parachor for a number of examples, using a set of simplifying 
assumptions which make the results semi-empirical. At the present time 
there is no satisfactory explanation of why the parachor remains independ¬ 
ent of temperature. 


TABLE 5.1-4 


The Parachor in Terms of Physical Constants 27 


Substance 

A 

Ne 

N 2 

CO 

ch 4 


Parachor , P 

54 

25 

60.4 

61.6 

73.2 



7.0 

7.6 

7.0 

6.8 

7.1 

Average 7.1 
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2. Phase Behavior of One-Component Systems 

The greater part of this section is devoted to a discussion of phase 
transitions and critical phenomena in pure substances from a macroscopic 
viewpoint. The approach presented here is based upon the geometrical 
analysis of the surface p=p(V,T) which represents the equation ot 
state. Both the experimental surfaces and those described by simple 
analytical equations of state receive attention here. A molecular approach 
to critical phenomena has been developed by means of statistical mechanics. 
The theory is an extension of the development of the equation of state 
given in § 3.2. This section concludes with a brief account of the present 
status of this theory. 

a. Methods of determining the critical point 

The equation of state of a one-component system may be represented 
geometrically by the surface p = p(y, T). Such a surface is sketched in 
Fig. 5.2-1, where the p-V-T behavior in the liquid and vapor phases is 
shown. The curve ADCEB is called the coexistence line. The point on 
this curve for which the temperature is greatest is the critical point. The 
portion of the coexistence curve ADC on one side of the critical point is 
called the “liquidus,” and the other portion is called the “vaporus.” 
The tongue-shaped region bounded by the coexistence line describes the 
conditions under which a system breaks up into a liquid and a vapor 
phase which coexist in equilibrium. 

Inasmuch as the three-dimensional representation of the p-V-T behavior 
is somewhat inconvenient to use, it is customary to discuss the phase 
behavior of a system by means of the three two-dimensional diagrams 
shown in Fig. 5.2-1. The upper right projection shows the familiar 
isotherms on a p-V diagram. These are formed by slicing the surface 
p=p(y t T) with planes perpendicular to the T-axis, and then projecting 
the curves of intersection (the isotherms) onto the p-V plane. The iso¬ 
therm passing through C is called the “critical isotherm”, and at the 
critical point (C) on this isotherm, (dp/dy) T = (d 2 p/dV 2 ) T = 0. The 
upper left projection is a p-T plot showing the isochores. It is formed by 
slicing the surface p=p(y t T) with planes perpendicular to the K-axis and 
then projecting the curves of intersection. The curve (A, B) (Z), £) (C), 
terminating at C, is the projection of the tongue-shaped coexistence 
region onto the p-T plane and is the familiar vapor pressure curve. The 
lower projection shows the isobars on a T-V plot, and this plot is obtained 
by slicing the surface p = p(V y T) by means of planes perpendicular to 
the /7-axis. Any one of these three plots contains sufficient information 
to reconstruct the original surface in three dimensions. These three 
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Fig. 5.2-1. The p-9-T behavior of the liquid and gas phases of a one-component 
system. In the center is sketched the surface p = p(V,T). In the upper-right pro¬ 
jection is shown the p - V diagram with several isotherms. In the upper-left projection 
the p-T diagram is shown with several isochores. The diagram at the bottom shows 

several isobars on a T-V diagram. 


projections form the basis of discussions of the methods of determining 
the critical constants from equation of state measurements. 


i. Determination of the Critical Point from Isotherms 

The critical temperature may be estimated to within a few hundredths 
of a degree by an analysis of the geometry of the isotherms. This method 
is illustrated in Fig. 5.2-2a, where the experimental data of Michels, 
Blaisse, and Michels, 1 for C0 2 are shown. The recent measurements 


1 A. Michels, B. Blaisse, and C. Michels, Proc. Roy. Soc. (London), A160, 358 (1937). 
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Fig. 5.2-2a. Pressure-volume isotherms of carbon dioxide in the critical 
region. [From A. Michels, B. Blaisse, and C. Michels, Proc. Roy . Soc. 

(London), A160, 358 (1937).] 

of Wentorf and Boyd 2 very close to the critical point are given in 
Fig. 5.2-2b. 

ii. Determination of the Critical Point from Isochores 

There are two methods for studying the critical phenomena by means of 
loading a bomb of constant volume with a known weight of the substance 
and then studying the behavior of the system with change in temperature. 
In the first method we measure the pressure of the system, that is, actually 


* R. H. Wentorf and C. A. Boyd, University of Wisconsin Naval Research Labora¬ 
tory Report, CM-724 (May 1952). R. H. Wentorf, Doctoral Dissertation, University 
of Wisconsin, December 1951. 
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Fig. 5.2-2b. Pressure-volume isotherms of carbon dioxide in the critical region. [From R. H. Wentorf 
and C. A. Boyd, University of Wisconsin Naval Research Laboratory Report, CM-724 (May 1952).] 
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plot the isochores. 3 4 In the second method we study the behavior of the 
meniscus 4,5 as the temperature is changed. 

The first method amounts to measuring the isochores shown in rig. 
5.2-1, and the problem is to find the overall density of loading for which 
the curve p versus T does not exhibit a discontinuity. It can be seen in 
the figure that the isochores behave quite differently, depending upon 
whether the overall (gas -f- liquid) density of loading p is less than, 
greater than, or equal to the critical density p c . Examples of the three 
cases are (see Fig. 5.2-1): 


When 

the system follows the curve p versus T: 

P<P» 

(A, B)EE' 

P> P<> 

(A, B)DD' 

P = Pc> 

(A, B)(D 9 E)C 


The last case represents the limit of discontinuous behavior and gives a 
measurement of the critical density. 

The second method is similar to the first in every way except that, 
instead of measuring the pressure of the system, we observe the height of 
the meniscus separating the liquid and gaseous phases. 5 Once again there 
are three types of behavior, depending upon the overall density of loading: 

When: 

p < p c The meniscus falls until the entire vessel is filled with gas. 

p > p e The meniscus rises until the entire vessel is filled with 
liquid. 

P = p e The meniscus disappears at a point about halfway up the 
container. 

The last condition may be taken as a criterion for the critical point. 

The behavior of the meniscus may be explained as follows. Let p 
be the average density of the substance in the container and p iv) and p {l) 
be the densities of the coexisting vapor and liquid phases. Then the 
fraction of the volume made up of the liquid phase is (p — p iv) )l(p il) — p {v) ). 
If the bomb is loaded to a density p > p c , as the bomb is heated a tempera¬ 
ture is reached at which p = p {l \ and the system becomes all liquid. 

3 Sajontschewski, Ann. phys. Beibl., 3, 741 (1879). Cailletet and Colardeau, Compt. 
rend., 112, 563 (1891). Ipatieff and Monroe, Ind. Eng. Chem. (Anal. Ed.), 14,171 (1942). 

4 D. White, A. Friedman and H. JohnstOn, J. Am. Chem. Soc ., 72, 3565 (1950). 

6 Cagnaird de la Tour, Ann. chim. (Ser. 2), 21, 127 (1922). 
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Similarly, if p < p et as the bomb is heated a temperature is reached at 
which p = p {v) , and the system becomes all vapor. If the density of 
loading is chosen so that p = p et as the bomb is heated a temperature is 
reached at which p = p e = p {9) = p {l) . At this temperature the meniscus 
disappears at a point approximately halfway up the bomb. 8 



reo— 

Fig. 5.2-3. Determination of the critical point from measurements of the 
liquid density p m and the vapor density p'* 1 according to the method of 
Cailletet and Mathias. The data plotted here are for hydrogen. [E. Mathias, 
C. A. Crommelin, and H. Kamerlingh Onnes, Comm. Phys. Lab. Leiden, 
No. 154b (1921).] The critical temperature and density obtained in this 
manner are in excellent agreement with that determined by visual observation 
of the meniscus. [D. White, A. S. Friedman, H. L. Johnston, J. Am. Chem. 

Soc. t 72, 3565 (1950).] 


iii. Determination of the Critical Point from Liquid and Vapor Densities 
(Law of Cailletet and Mathias) 

Another method of determining the critical point may be discussed in 
terms of the T-V plot in Fig. 5.2-1. Actually, it is customary to plot the 
temperature versus the density rather than the volume. To determine the 
critical density, Cailletet and Mathias 7 suggested plotting the average 
densities of the coexisting liquid and vapor. This average density, 

• In the neighborhood of the critical point i(p ( ” + p rtl ) = pe + a(T — T t ). If 
a = 0 the point at which the meniscus disappears is exactly halfway up the bomb. 

7 Cailletet and Mathias, Compt. rend., 102, 1202 (1886); 104, 1563 (1887); J.Phys ., 
5, 549 (1886). 
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i( p M 4 . is known as the rectilinear diameter* The point of inter- 
section of the rectilinear diameter with the coexistence curve gives, th 
critical density and temperature. This method is illustrated for hydr g 
in Fig. 5.2-3. 


b. Stable and metastable states 

The tongue-shaped region in Fig. 5.2-1 bounded by the coexistence 
line requires further consideration. The true equilibrium condition 
described by the graph is not always the one obtained experimentally. 
For example, let us imagine that a vapor is being compressed. A state of 
supersaturation can occur in which the homogeneous vapor phase persists, 
although the phase diagram indicates that a part of this vapor should 
condense so that a liquid and a vapor phase coexist in equilibrium. This 
supersaturation is a metastable state, but it may persist for a considerable 
length of time. In order for the liquid phase to be formed, it is necessary 
for the substance to condense on nuclei. These nuclei can form spon¬ 
taneously, they can be formed by ions (as in a Wilson cloud chamber), 
or they can already be present in the form of dust or other small particles 
of solid impurities .®- 11 Once the substance begins to condense on nuclei, 
the vapor-liquid equilibrium is rapidly established. 

Another type of metastable condition is obtained by means of the 
overexpansion of a liquid. Let us imagine that a homogeneous liquid is 
contained in a cylinder at high pressure. Now if the piston is moved in 
such a way that the liquid is expanded, it would be expected that a vapor 
phase would be formed when the pressure becomes less than the satura¬ 
tion pressure. Instead, however, the homogeneous liquid phase can 
persist for a considerable length of time even if the pressure is negative 
(in the sense of trying to tear the liquid apart). In order for the liquid to 
vaporize it must evaporate molecules into small bubbles or cavities. 
These cavities can be formed spontaneously, but more often they are 
formed by gases dissolved in the liquid or upon the surface of solid 
impurities which are present . 12,13 

• A very exhaustive discussion of the subject of rectilinear diameters is given by 
J. R. Partington, Treatise on Physical Chemistry, Longman, Green (1949), Vol. I, p. 639. 
The law of Cailletet and Mathias states that the rectilinear diameter is independent of 
the temperature and equal to the critical density. This law is only approximately correct. 
Actually, the rectilinear diameter varies linearly or quadratically with the temperature. 

9 R. Becker and W. Doring, Ann. Physik (5), 24, 719 (1935). R. Becker, Trans. 
Faraday Soc., 45, 55 (1949). 

10 H. Reiss, /. Chem. Phys., 18, 529 (1950). 

11 D. Turnbull and J. Fisher, /. Chem. Phys., 17, 71 (1949). 

11 A. F. Scott, D. P. Shoemaker, K. N. Tanner, and J. G. Wendel, J. Chem. Phys., 
16, 495 (1948). 

“ M. S. Plesset, J. Appl. Mech ., 16, 277 (1949). 
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Let us now consider the isotherms on a p-V diagram which describe 
these metastable states. This may be conveniently done by considering 
a simple analytical equation of state, such as the van der Waals equation. 
For this equation the isotherms below the critical isotherm are not 
characterized by a horizontal section corresponding to vapor-liquid 
equilibrium, but they have the familiar S-shaped form shown in Fig. 
5.2-4. For example, at temperature T t the analytical equations give the 
curve DQRSE , whereas the true equilibrium p-V behavior is indicated 



Fig. 5.2-4. The pressure-volume isotherms as given by the approximate 
simple analytical equations of state such as the van der Waals equation. 
The equilibrium behavior is given by the tie lines DE and AB. The segments 
of the curves, DQ and AX, represent states of overexpansion of the liquid; 
SE and ZB represent supersaturation of the vapor. The segments QRS 
and XYZ cannot be given any physical interpretation. 


by the dotted line DE. This line indicates the vapor pressure for the 
temperature T 2 . It was Maxwell 14 who suggested a means for finding 
the vapor pressure (that is, locating the dotted line DE) from the isotherms 
of the simple analytical equations. When a mole of liquid is transformed 
into vapor, the change in the Gibbs free energy G = H — TS is given by 


G M 


- G«‘» = J 


Vdp 


(5.2-1) 


14 The Scientific Papers of James Clerk Maxwell, Cambridge University Press (1890), 
Vol. II, p. 425. 
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\Eq. 5.2—1J 


where the integration is along the S-shaped portion of the isotherm 
(such as DQRSE). Inasmuch as the liquid and vapor are in equilibrium 
G lv) equals G {1 \ and the integral is zero. This means that the tie line 
DE must be chosen so as to make the area bounded by the line DR and 
the curve DQR equal to the area bounded by RE and RSE. It should 
be noted that this argument does not make use of any particular inter¬ 
pretation of the various regions of the loops (except that they represent 
an analytical continuation of the physically realizable portions of the 
isotherms). 



o 

Volume, V 


Fig. 5.2-5. Isothermal variation of the Helmholtz free energy, A, with 
volume for a hypothetical stable system. 


The true equilibrium behavior is described by the tie lines, such as DE. 
It is possible to interpret the portions DQ and S£of the S-shaped analytical 
curve in terms of metastable conditions which are experimentally realizable. 
The segment SE of the isotherm for temperature T 2 corresponds to states 
of super saturation, and the segment DQ corresponds to states of over¬ 
expansion. It is interesting to note that even the negative pressures of 
the metastable liquid isotherm for temperature T x of Fig. 5.2-4 are not 
without significance. These metastable states are observed in the 
laboratory 10 and are of considerable importance in the study of cavitation 
in liquids. 11 The portions QRS and XYZ of the isotherms have no 
physical significance. A more complete interpretation of the various 
portions of the S-shaped isotherms may be obtained from the thermo¬ 
dynamical arguments which follow. 

Let us consider the isothermal variation of the Helmholtz free energy 
(A = U — TS) with volume for a hypothetical system as shown in Fig. 
5.2-5. It is a direct consequence of the second law of thermodynamics 
that a stable state is one having a minimum value of A with respect to 
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variations at constant temperature and volume. Let us consider a 
quantity of the substance in the state represented by the point a. It is 
possible to alter the state of a system by compressing a portion of the 
system to state b and expanding the remainder to state c, the amounts of 
the two portions being such as to maintain the same total volume. Clearly 
the value of A corresponding to the new state of the system is given by 
the state point d. Hence, if the curve is concave upward the new state 
of the system has a larger free energy and is unstable. Conversely, if 
the curve is concave downward, the new state of the system has a lower 
free energy and is more stable than the original state. In this latter case 
the system will actually break up in such a manner so that the Helmholtz 
free energy is as low as possible. 

Since the curve in Fig. 5.2-5 is concave upward, that is, 

(d*A/dV*)r>0 (5.2-2) 

it represents a series of stable states. Because of the relation of the 
Helmholtz free energy to the pressure 

(dA/dV) T = -p (5.2-3) 

it follows that an equation of state can represent a series of stable states 
only if 

(dpldV) T < 0 (5.2-4) 

Unless this condition is satisfied, the system is unstable with respect to 
infinitesimal density fluctuations. 

The variation of the Helmholtz free energy, A , along an S-shaped 
/>F-isotherm is illustrated in Fig. 5.2-6. According to Eq. 5.2-3 the 
negative of the slope of the curve at any point is the pressure corresponding 
to this point. Furthermore, from the relation 

G = A + pV = A — V(dA/dV) T (5.2-5) 

it follows that the intercept of the tangent to the curve at any point with 
the vertical axis is the Gibbs free energy of the corresponding point. 
Since the liquid and vapor phases in equilibrium are at the same pressure 
and have the same value of G, it follows that the tangents to the curve at 
the points representing the liquid and vapor phases in equilibrium are 
parallel and have a common intercept. This is illustrated in Fig. 5.2-6 
by the dotted line which goes through points D and E. 

Let us now consider the various portions of the curve DQRSE in Fig. 
5.2-4 (this curve corresponds to the curve DQRSE in Fig. 5.2-6). The 
portions DQ and SE , which have negative slope, satisfy Eq. 5.2-4 and 
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thus represents states of the system which are stable with respect to small 
fluctuations in the density. Since these portions of the curve lie inside 
the tie line, they represent states of the system which are unstable with 
respect to a phase change involving finite fluctuations in the density. 
These points represent the metastable states of supersaturation and 
overexpansion. The portion QRS of the isotherm in Fig. 5.2-4 does not 
meet the requirement of Eq. 5.2-4, and hence the states described by this 
segment are not even metastable and are completely unobtainable. 



Fig. 5.2-6. Isothermal variation of the Helmholtz free energy with volume for 
a van der Waals gas below the critical point. The points D, Q, R, S, E 
correspond to the similarly labeled points in Fig. 5.2-4 on isotherm T t . 

c. Thermodynamic properties in the critical region 

Now let us examine the thermodynamic properties of a one-component 
system in the neighborhood of the critical point. The heat capacity 
at constant pressure, C p , becomes infinite at the critical point, but the heat 
capacity at constant volume C„ the velocity of sound c, and the Joule- 
Thomson coefficient all remain finite. 

i. Heat Capacity at Constant Volume 

The heat capacity at constant volume can be calculated as the sum of 
the ideal gas capacity heat, C p °, and an integral involving the second 
derivative of the pressure with respect to temperature: 

v 

c. = c. # + r (5.2-6) 

V= CO 

The second term can be evaluated from experimental compressibility 
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data. The results of such calculations for C0 2 in the neighborhood of 
the critical point 16 are shown in Fig. 5.2-7. The existence of a very 
pronounced maximum in the neighborhood of the critical point is quite 
evident. This maximum can be interpreted in terms of fluctuations. 



It is shown in §2.6 that the heat capacity at constant volume is proportional 
to the mean square deviation of the internal energy: 




0 ) ! 


(5.2-7) 


The large fluctuations and formation of molecular clusters in the neighbor¬ 
hood of the critical point therefore result in an abnormally large specific 


If a bomb of constant volume containing a mixture of liquid and vapor 
“ A. Michels, A. Bijl, and C. Michels, Proc. Roy. Soc. (London), A160, 376 (1937). 
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is heated, the energy absorbed is the sum of the energies required to heat 
the liquid and the vapor phases separately plus the energy required to 
vaporize enough of the liquid to maintain the phase equilibrium at the 
higher temperature. If the density of loading of the bomb is either 
greater than or less than the critical density, the curve of apparent specific 
heat versus temperature becomes discontinuous at the point where the 
system becomes a single phase. If, on the other hand, the bomb is filled 
to the critical density, the apparent heat capacity remains continuous. 
Recent measurements of the heat capacity of carbon dioxide 16 by means of 
this procedure led to values of the specific heat more than twice as large 
as those calculated from p-V-T data. The reason for this discrepancy 
is not yet known. 


ii. Heat Capacity at Constant Pressure 

The heat capacity at constant pressure may be considered in terms of a 
bomb equipped with a frictionless piston which applies a constant pressure 
on the system. Initially the temperature of the system is sufficiently low 
that the system is entirely liquid. The addition of small amounts of heat 
results in finite increases in temperature, with a resulting increase in volume, 
and the value of C p is finite. Similar considerations apply if the tempera¬ 
ture is sufficiently high that the system is entirely vapor. However, 
when the temperature of the system is increased to a value such that the 
pressure on the system is the equilibrium vapor pressure, a vapor phase 
starts to appear. Further small additions of heat are absorbed as latent 
heat of vaporization with no accompanying increase in temperature. 
Consequently, at this point the value of C p becomes infinite, and remains 
so until the phase transition is complete and the system is entirely in the 
vapor state. Thus it is seen that for any pressure less than the critical 
pressure there is a range of volumes (or overall densities) over which C p 
is infinite. In the limit of the critical pressure, p c> the range of volume 
approaches a single volume (or density), the critical volume (or density). 
Thus as a system approaches the critical point from the single-phase 
region, the value of C p approaches infinity. 


iii. Velocity of Sound 


The velocity of sound at zero frequency 17 is 



1 / dp \ " _ y / dp \ l,t 


(5.2-8) 


1# A. Michels and J. C. Strijland, Physica , 15, 813 (1950). 

17 One must distinguish between the velocity of sound at zero frequency, c 0 , which 
is a thermodynamically defined quantity and the velocity of sound at any other 
frequency, c, which depends upon relaxation times and other rate constants (see § 11.4). 
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where M is the molecular weight of the material. The second form of 
this equation becomes indeterminate at the critical point since the ratio 
y = CjC v becomes infinite while ( dp/dV) T becomes zero. By straight¬ 
forward thermodynamic manipulation, 18 however, Eq. 5.2-8 can be 
rearranged into the for/n 

_ „ [, C Adp/dVh V 1 ' 5 2 

C '‘~ V \McJ \37-M T(dpldT)y*\ ( - } 

Now, since (dp/dV) T becomes zero at the critical point while the other 
quantities remain finite, it follows that 

' \*/«//*n\ 

(5.2-10) 


(^o)crlUcal 


-'(&) 


JTJv 


The value of (dp/dT)? at the critical point may be obtained either from 
ordinary p-V-T data or from the vapor pressure curve. Because of the 
continuity of the phases, the vapor pressure curve becomes identical with 
the critical isochore and ( dp/dT)y is its slope. 

At the present time there are unfortunately no experimental measure¬ 
ments of the velocity of sound in the critical region at frequencies sufficiently 
low that c % Cq. Hence it is not possible to test the validity of Eq. 
5.2-10. 19 The behavior of the velocity of sound at finite frequencies in 
the critical region is illustrated in Fig. 5.2-8a, where the experimental 
measurements 20 for C0 2 are plotted. The recent measurements of 
Schneider 21 are shown in Fig. 5.2-8b for SF 6 . 


(5.2-11) 


iv. The Joule-Thomson Coefficient 

The Joule-Thomson coefficient may be written in the form 

/an -V + 7X3 PldT), 

^ \ dp) h C v 

This form is indeterminate at the critical point. By straightforward 
thermodynamic arguments, this expression may be rearranged 18 to give the 
exact thermodynamic relation: 

[1 + (VlT)(dpldV) T l(dpldT) v \ 


V- = 


(dp/dT)y[ 1 - (CjT) (dpldV) T l(dpldT)y 2 ] 


(5.2-12) 


18 C. F. Curtiss, C. A. Boyd, and H. B. Palmer, J. Chem. Phys. t 19, 801 (1951). 

” W. G. Schneider (private correspondence. March 1952) has measured the^etocity 
and dispersion of sound of xenon in its critical region, using frequencies of 250 750, 
1250 1750. and 2250 kc. The velocity decreases as the frequency becomes lower. 
An extrapolation to zero frequency is very rough but is in the right direction to give the 
value of Cn predicted from Eq. 5.2-10. 

C. M. Herget, J. Chem. Phys., 8. 537 (1940). Data for C.H. are also g.ven m 
th 'spub | ira , ron.|^jd^r, ^ ^ jg I3W ( , 950); Canadian J. Chem., 29, 243 

(1951). 



[Eq. 5.2-12] 


THERMODYNAMIC PROPERTIES 


371 



20 40 60 80 100 

Pressure, p (atm) 


Fig. 5.2-8a. Behavior of the velocity of sound in CO, near the critical point, 
for a frequency of 260 kc. The minimum in the velocity versus pressure 
curve is the lowest for the critical isotherm. (From C. M. Hergct, J. Chem. 

Phys ., 8, 537 (1940).) 



Temperature (°C) 


Fig. 5.2-8b. Sound velocity and sound absorption (frequency, 600 kc) in 
SF 6 in the critical region. Measurements made at critical loading density. 
The absorption coefficient a is defined by the equation A — /t 0 e“ aJ,/A , where 
A and A 0 are amplitudes and ?. the wavelength. (From W. G. Schneider, 

J. Chem. Phys., 18. 1300 (1950).] 
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At the critical point this expression reduces to the remarkably simple 
result 

(/^critical = 1 KWdT)y (5.2-13) 

That is, the Joule-Thomson coefficient at the critical point is the reciprocal 
of the limiting slope of the curve of vapor pressure versus temperature. 

In Fig. 5.2-9 the experimental Joule-Thomson measurements on C0 2 
are shown as a function of temperature for several pressures. 22 



Fig. 5.2-9. Joule-Thomson coefficient of CO* in the critical region. (From 
J R. Roebuck, T. A. Murrell and E. E. Miller, J. Am. Chem. Soc. t 64, 400 

(1942).] 


d. Behavior of substances in the critical region 

(This discussion was prepared in collaboration with Dr. H. B. Palmer.) 

In the previous paragraphs we have discussed the nature of phase 
transitions and critical phenomena. This discussion is based upon the 
concept that each phase is uniform in all its properties and that the 
boundary between the two phases is sharp. Let us now consider in detail 
the properties of a fluid in the immediate neighborhood of the critical 
point. We first summarize the effects which assume a particular impor¬ 
tance in the vicinity of the critical point, and then we proceed to examine 
the various observed phenomena in terms of these effects. 

The surface, or transition region, between the two phases is diffuse, 
particularly in the neighborhood of the critical point. The nature of the 

” J. R. Roebuck, T. A. Murrell, and E. E. Miller, /. Am. Chem. Soc ., 64,400 (1942). 
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[Eq. 5.2-13] 


transition region is discussed in detail in §5.1. As the substance 
approaches the critical point, the transition region becomes progressively 
broader, and at the same time the density difference between the two 
phases becomes progressively smaller. This lack of a distinct boundary 
between the liquid and vapor phases is exaggerated by the effects of gravity 
and the fact that (dp/dV) T is small. In a vessel containing a fluid there 
is slow change in the pressure, with height, due to the change in the 
hydrostatic head of the fluid above. This fact, coupled with the fact that 
(dp/dV) r is small, leads to a variation of the density of the fluid with 
height. These two effects, the diffuseness of the surface and the importance 
of gravity, are experimentally indistinguishable and lead to macroscopic 
density gradients. 

The statistical theory of fluctuations is discussed in § 2.6. It is there 
shown that the fluctuations in the density become very large in the neigh¬ 
borhood of the critical point. That is, there are large microscopic density 
gradients in random directions superimposed upon the macroscopic 
density gradients in the vertical direction discussed above. It is shown 
in § 12.7 that these microscopic density fluctuations lead to a scattering 
of light. In the neighborhood of the critical point this scattering is great 
and is referred to as “critical opalescence.” 

Experimentally it is observed that in the neighborhood of the critical 
point it is difficult to obtain equilibrium conditions throughout the system. 
This gives rise to a number of interesting phenomena, such as that 
illustrated by the inverted U -tube experiment. If liquid is placed in one 
arm of an inverted U -tube and the system heated slightly above the 
critical point, on cooling the liquid tends to recondense in the arm which 
originally contained the liquid. 

Macroscopic density gradients in a fluid near the critical point have 
been observed by several investigators. 23- 26 Maass and coworkers 24,25 
have used a method in which the density of the fluid at various points in 
the cell is measured by means of the buoyancy of a small bob. A typical 
density gradient curve obtained by this method is illustrated in Fig. 5.2-10. 
More recently Palmer 26 has measured the density gradients by means of a 
Schlieren optical technique. His results are given in Fig. 5.2-11. By 
both methods it was found that the density gradients depend not only 
upon the temperature but also on the previous thermal treatment of the 
system. These “hystereris” effects are discussed in detail presently. 

The density gradients in a fluid under the action of gravity may be 


23 P. Hein, Z. physik. Chem., 86. 385 (1914). 

24 O. Maass, Chem. Revs., 23, 17 (1938). 

25 R. L. McIntosh, J. R. Dacey, and O. Maass, Canadian J. Research, 17B, 241 (1939). 
24 H. B. Palmer, Doctoral Dissertation, University of Wisconsin (1952). 
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Fig. 5.2-10. Density of methyl ether 
as a function of height in a bomb. The 
experimental data are those of C. A. 
Winkler and O. Maass, Canadian J. 
Research, 9, 613 (1933). The solid line 
is the curve calculated from Eq. 5.2-16 
on the assumption that the molecular 
clusters contain 1.8 xlO 7 molecules. 


85.2] 



Fig. 5.2-11. Density of ethane as a 
function of height at several temperatures 
above the critical temperature. (From 
H. B. Palmer, Doctoral Dissertation, 
University of Wisconsin, 1952.] 


related simply to the equation of state . 27 The pressure in a fluid varies 
with the height due to the weight of the fluid above according to the 
relation 



(5.2-14) 


Then, since the temperature is constant throughout the fluid, the variation 
of the density with height is 

d ± = _ PS 

dz ( dp/dp) T 


(5.2-15) 


11 J. Yvon, Actuality scientifiques and industrielles, Hermann & Cie (1937), p. 542. 
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Since ( dp/dp) T is small in the neighborhood of the critical pent, this 

expression explains the large density gradjenu terms 0 f 

Equation 5.2-15 is an expression for the density gradient 
macroscopic variables. It is possible to obtain an f f de 

density distribution in terms of microscopic: quantit.es; by mean 
statistical arguments. A fluid, such as that described by 'he density 
distribution in Fig. 5.2-10, may be considered as a liquid phase of den y 
JotpSed from a vapor pha* of density ,*" by a r^rjxooi 
transition region. This fluid is made up of a large number of clusters ol 
molecules of various sizes. The system may be idealized by assuming 
that the liquid consists of clusters of volume *<“, and density , that 
the vapor phase consists of the homogeneous medium of density #> . 
and that the transition region consists of a barometric distribution of the 
clusters from the liquid in the vapor phase. If it is further assu ™ ed 
the liquid phase consists of spherical clusters in a close-packed array, 
then ,< c > = [3%/2/»],"> = 1.3505,*". If the origin of the z-axis is taken 
to be at the surface of the liquid, the mean density as a function of z is 


The quantity appearing in this density distribution is an empirical 
constant which represents a mean cluster size. It may be obtained by 
fitting Eq. 5.2-16 to the experimental data. The solid curve for methyl 
ether in Fig. 5.2-10 is that given by this equation with t> (f) - 6 X 10 
cm 3 . Clusters of this size have a molecular weight of 8.5 X 10 and 
contain 2 X 10 7 methyl ether molecules. The diameter of such clusters 
is approximately 270 molecular diameters. This cluster size is of the 
same order of magnitude as that determined by light-scattering experi¬ 
ments on ethylene in the critical region. 28 - 29 
Because of the long times required to establish equilibrium, it is very 
difficult to determine the thermodynamically stable density gradients in a 
fluid. Figure 5.2-10 shows a typical curve of density plotted as a function 
of height in the cell. Now let us fix our attention on some point in the 
lower half of the cell below the level of the normal liquid. Figure 5.2-12 
shows how the density at this point varies as the temperature is raised 
or lowered (at a rate of about 0.01 degree per hour). The top curve 
shows the behavior with increasing temperature whereas the bottom 
curve illustrates the behavior with decreasing temperature. Neither of 
these curves gives evidence of instability. After stirring, the system 

18 H. A. Cataldi and H. G. Drickamer, J. Chem. Phys., 18, 650 (1950). 

n See the discussion of light scattering in § 12.7. 
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resumes its former density distribution, and neither density distribution 
is appreciably affected by standing for periods of the order of days. 
This “hysteresis” behavior in the density gradients is probably due to the 
fact that under equilibrium conditions with increasing temperature the 
clusters become smaller, whereas with decreasing temperature the clusters 
grow. With increasing temperature the clusters tend to become smaller 
at a sufficiently rapid rate that equilibrium is easily attained. With 
decreasing temperature, on the other hand, the rate of growth of the 



Fig. 5.2-12. A schematic illustration of the variation of density of the liquid 
phase in the neighborhood of the critical temperature. 

clusters is extremely slow, and equilibrium is not obtained in a period of 
days. Thus the rising-temperature portion of the curve in Fig. 5.2-12 
probably represents equilibrium states of the system, whereas the 
decreasing-temperature portion of the curve represents non-equilibrium 
states. 30 

e. Statistical mechanical theory of condensation 

The discussion thus far has been limited to thermodynamic and empirical 
considerations. The exact statistical mechanical treatment of the equation. 
of state of fluids should lead to an understanding of the phenomena of 

ao M. A. Weinberger and W. G. Schneider, Canadian J. Chem. y 31 (1953), have 
measured the relative density distribution with height in xenon in the critical region, 
using a radioactive tracer technique. They observe density distributions at tempera¬ 
tures above the critical temperature having the general character predicted by the 
classical theory of the critical point and some of the recent P-V-T data in the critical 
region. Interestingly, they did not find a hysteresis behavior. 
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phase change and the critical point. Some Pre'—ry devdopments 
have been made along these lines, but much work ^" s to * "J 
before the theory is clear-cut. Mayer— first propped - ^ 
condensation based on the cluster theory of .mperfect gases dwcusse 
in § 3.2. Later he and his coworkers presented arguments for the 
existence of an anomalous region above the temperature of the usually 
observed critical point. In particular, it was predicted that for a unite 
temperature interval above the temperature at which the meniscus 
disappears isotherms exist having no variation in pressure over a unite 
density range, but having at all densities continuous derivatives with 
respect to the pressure. Various objections to this theory of condensation 
have been raised, and the existence of such an anomalous region near 
the critical point is an interesting question which requires experimental 
investigation. 

For a system in a finite volume, the isotherms are continuous functions 
of the density. The discontinuous derivative, indicating a phase change, 
occurs only in the limit that the volume and the number of molecules 
become large in such a manner that the volume per molecule remains 
constant. It is always this limit which is tacitly assumed in the develop¬ 
ment of equations of state. 

In § 3.2, it is shown that 


4 v 


p = kT 2 b t z' 

i-1 


(3.2-23) 


Here z is the active number density , and the b t are the cluster integrals 
defined by Eq. 3.2-5. The cluster integrals are integrals over the co¬ 
ordinates of / molecules in a volume K, the integrand of which depends 
on the potential energy and coordinates of / molecules. For low values 
of / the b t are nearly independent of V. For larger, but finite, values of 
/ the bi approach limits, b ( , 0) t as V approaches infinity, provided the 
intermodular potential approaches zero sufficiently rapidly with increas¬ 
ing separation. 

Since the sum in Eq. 3.2-23 is a finite sum, the isotherm represented 
by the equation is analytic and does not have discontinuous derivatives. 
The discontinuous first derivative, indicating a phase change, appears 
only in the limit that V and TV approach infinity with V\N = t>, a constant. 
The pressure, p si at which condensation occurs may therefore be associated 

31 J. E. Mayer, J. Chem. Phys., 5, 67 (1937). 

32 J. E. Mayer and P. G. Ackermann, J. Chem. Phys., 5, 74 (1937). 

33 J. E. Mayer and S. F. Harrison, J. Chem. Phys., 6, 87, (1938). 

31 S. F. Harrison and J. E. Mayer, J. Chem. Phys., 6, 101 (1938). 
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with the first singularity (that is, the singularity corresponding to the 
smallest value of z) of the equation 

Vlv 

p = kT lim 2 b t z l (5.2-17) 

F—*«o /-I ' 

Mayer assumed that this is the same as the first singularity of 


P = k T 'f b\ 0, z‘ (5.2-18) 

Katsura and Fujita 35 point out that since the active number density z 
depends on V (as well as T and v = V/N), this is not necessarily correct. 
They believe that the first singularities of Eqs. 5.2-17 and 18 differ. 

By purely formal manipulations, Eq. 5.2-18 may be transformed to 
the virial form 

' - "‘ r [‘ - < 5 ' 2 - 1 ’) 

The 0 k are defined by Eq. 3.2-25 in terms of the integrals b\ 0) for / < k -f 1. 
This expression leads directly to 

(D,-‘ r [ i -,i 1 H < sm »> 

for the derivative of the isotherm. 

It has been shown 38 that the first singularity of Eq. 5.2-18 occurs at 
the lowest value of n for which either 


J (5.2-21) 

is singular or at which 

2^ kfi k n k = 1 (5.2-22) 

Mayer defines fi 0 {T) as the limit 37 

/? 0 (7)= lim [/?*]’'* (5.2-23) 

k— co 

Thus condensation occurs at n = \/p 0 unless Eq. 5.2-22 is satisfied for 
a smaller value of n , in which case condensation occurs at the lower 
density. In the former case ( dp/dn) T > 0 in the limit at the point of 

,s S. Katsura and H. Fujita, J. Chem. Phys., 19, 795 (1951). 

M M. Bom and K. Fuchs, Proc. Roy. Soc. {London), A166, 391 (1938). 

* 7 It should be pointed out that it has only been shown that for finite / the b t approach 
finite limits /> < / ) . Since the 0 k are defined in terms of the 6 < J > , it may very well be that 
the value of /? 0 (7') depends on the order in which the limits are taken. 
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condensation, and a discontinuity appears in the slope of the isotherm. 
This corresponds to the usual ideas of condensation below the critical 
point. If any finite temperature interval exists in which Eq. 5.2-22 
determines the density at which condensation occurs, from Eq. 5.2-20, 
(dp/dn) T approaches zero as this density is approached, and these isotherms 

are continuous. 



Fig. 5.2-13. The isotherms in neighborhood of the critical point according 
to the theory of Mayer and co-workers. (From J. E. Mayer and M. G. 
Mayer, Statistical Mechanics, Wiley, 1940, p. 312.) 


Such a temperature interval and such an anomalous region exist unless 
the p k are such that the following four conditions are simultaneously 
satisfied: 

(1) :/?*/!* is singular. 

(2) The position of the singularity is a branch point. 

(3) 'L k kp k jfi -> 1 as the singularity is approached. 

(4) 'L k k 2 p i rf —► 0 as the singularity is approached. 

The last condition is equivalent to a statement that the second derivative 
of the pressure with respect to the density along an isotherm is zero. 
The “plausibility” arguments of Mayer for the existence of the anomalous 
region are that the four conditions are more than can be expected to be 
satisfied. If the anomalous region exists the isotherms are of the form 
indicated in Fig. 5.2-13. Below the temperature, T fy the isotherms have 
a discontinuous derivative at the point of condensation; above this 
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temperature and below T e ' the isotherms have at least a point of zero 
slope but have a continuous slope. Within the shaded region associated 
with these isotherms the fluid would be expected to have very peculiar 
properties. Mayer states that there would be no surface tension between 
the two phases. In view of the effects of gravity on the density distri¬ 
bution within a cell as discussed in § 5.2d we would surely expect to find 
a broad transition region between the two phases with no apparent 
discontinuity. Furthermore, in view of the theory of fluctuations dis¬ 
cussed in § 2.6, we would expect large fluctuations in the density. 
Actually if the isotherms have a flat portion in which all of the derivatives 
are zero, the fluctuations would be essentially infinite (except for the 
restriction imposed by the fact that the total sample of fluid is finite). 

This theory of condensation due to Mayer has been subject to objections 
by various authors for various reasons. Kahn and Uhlenbcck 38 * 39 have 
offered objections to the Mayer theory and have proposed an alternative 
theory of condensation. Mayer 40 does not believe that the objections 
are justified. 

Zimm 41 has shown that the “principle of superposition” of the potentials 
of average force (see § 4.9) leads to the result that the critical point is a 
singularity in the isotherm. At this singularity the derivatives of every 
order of the pressure as a function of the density are zero, not just the first 
two, as is usually assumed. Furthermore, Zimm showed that, if the 
critical point is such a singularity, the Mayer theory of condensation leads 
to a single critical temperature and the anomalous region is no longer 
predicted. Mayer 40 points out that the only conclusion to be drawn from 
Zimm’s argument is that the existence of the anomalous region is in¬ 
consistent with the principle of superposition. It is clear that the existence 
of the anomalous region remains subject to question, both from the 
point of view of theory and from the point of view of experiment. 

3. Phase Behavior of Two-Component Systems 1 - 2 

In one-component systems the phenomenon of condensation is 
associated with lowering the temperature and raising the pressure, and 
the phenomenon of vaporization is associated with raising the tempera¬ 
ture and lowering the pressure. The phase behavior of two-component 
systems is further complicated by the possibility of retrograde phenomena. 

” B. Kahn and G. E. Uhlenbeck, Physica, 5, 399 (1938). 

39 B. Kahn. Doctoral Dissertation, Utrecht (1938). 

40 J. E. Mayer, J. Chem. Phys ., 19. 1024 (1951). 

41 B. H. Zimm, J. Chem. Phys., 19, 1019 (1951). 

1 O. A. Hougen and K. M. Watson, Chemical Process Principles, Wiley (1947), 
Part II, Ch. XIV. 

2 C. A. Boyd, J. Phys. Colloid. Chem., 54, 1347 (1950). 
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If a gaseous mixture is compressed, a pressure may be reached where a 
liquid phase appears. Under certain conditions of temperature ana 
composition, however, a further increase in pressure causes the amount 
of liquid phase to decrease and eventually to disappear completely. This 
phenomenon was first observed by Cailletet 3 in connection with his studies 
on the liquefaction of C0 2 -air mixtures; it is referred to as retrograde 
condensation of the first kind. A similar phenomenon may occur when 
the temperature of the system is varied at constant pressure. It is known 
as retrograde condensation of the second kind. These retrograde 
phenomena may be explained by an analysis of the p-V-T-x diagram for 
the binary mixture. This section concludes with a thermodynamic 
analysis of two-phase systems. 


a. The critical point and retrograde behavior 

In § 5.2a it is shown how the equation of state behavior of a pure 
substance may be interpreted in terms of three two-dimensional pro¬ 
jections of the surface, p=p{y t T) t shown in Fig. 5.2-1. When the 
system is in a state in which there are two coexisting phases in equilibrium, 
the system is represented by a point on the tongue-shaped region (enclosed 
by the coexistence curve A DCEB). The projection of the tongue-shaped 
region on the p-T plane is the familiar vapor-pressure curve, /> vop (T), 
which terminates at the critical point. 

The complete phase behavior of a binary system is represented by the 
surface (in four dimensions) p = p{V t T t x), where x is the mole fraction 
of one of the two components. This surface may be studied by means 
of various three-dimensional projections. In particular, for the purpose 
of studying vapor-liquid equilibria it is convenient to examine in detail 
the three-dimensional surface, which is the projection of that part of the 
surface p = p(V, 7, x), which represents the states characterized by two 
coexisting phases in equilibrium. This surface p vtp (T, x) is shown in 
Fig. 5.3-1 4 and is the two-component analog of the vapor-pressure curve 
for pure substances. 5 The curve K X C X is the vapor-pressure curve for 
pure component 1, terminating at C Xt which is the critical point for that 
component. Similarly, K 2 C 2 , terminating at C 2 , is the vapor-pressure 
curve for the pure component 2. At any point ( p , x, T) within the surface 
a line may be constructed parallel to the x-axis. This line pierces the 


3 L. Cailletet, Compt. rend., 90. 210 (1880). 

4 This figure is a drawing of a three-dimensional model made by C. A. Boyd 2 
and N. A. Eckstein. 

5 It should be noted that the surface /> V ap(T, x) is not a representation of the 
function p = p(V, T, x ) at constant V, just as /> va fJ) is not the function p = p(Y>T) 
at constant V. For this reason the subscript “vap” is used. 
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surfa ce at two points. These two points of intersection give the com- 
position of the iquid and vapor phases in equilibrium at the given value 
of ^ and T. A pressure and temperature (and composition) at which 
these two points are .dentical is referred to as a critical point of the 
mixture. The curve QCoQ is the locus of the critical points for mixtures 


These lines belong 



Fig. 5.3-1. Three-dimensional representation 4 of the surface p v . p (r, x) for the system 
ethane-heptane [from the experimental data of W. B. Kay, Ind. Eng. Chem. % 30, 459 
(1938)]. C, and C, are the critical points of heptane and ethane, respectively. The 
curves AT,C, and K t C, are the corresponding vapor pressure curves. The curve CiC 0 C, 
is the locus of critical points for mixtures of various compositions. 

A critical point of a mixture, as well as that of a one-component system, may be 
defined as the limiting condition under which the two phases have the same properties. 
Note that it is only in the case of a pure substance that the critical point is the highest 
temperature and pressure at which two phases coexist. 
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of various compositions. This curve divides the surface into two parts 
—the liquid side and the vapor side. 

In order to facilitate the understanding of the three-dimensional surface 
shown in Fig. 5.3-1, three two-dimensional projections can be prepared 
exactly as was done in Fig. 5.2-1. These projections are shown in Figs. 
5.3-2, 3, and 4. Let us now discuss the liquid-vapor equilibria of two 



Fig. 5.3-2. Isobars on a T-x plot for the system cthanc-hcptanc. This 
plot is obtained by slicing the surface /7 v4p (r, x) with planes perpendicular to 
the /7-axis and projecting the curves of intersection onto the T-x plane. This 
plot may be used to illustrate retrograde condensation of the second kind along 
the line ae for the 600 psi isobar. (From O. A. Hougcn and K. M. Watson, 
Chemical Process Principles, Wiley, 1947.) 

phase systems and the phenomenon of retrograde condensation in terms 
of these various diagrams. 

In Fig. 5.3-2 isobars are shown on the T-x plane. The curves are 
obtained by slicing the surface p vzp = p vajt {T t x) mth planes parallel to 
the T-x plane and then projecting the curves of intersection on the 
T-x plane. These curves are the familiar liquid-vapor equilibrium 
curves, which are frequently used in the analysis of the phase behavior of 
binary systems. Let us now discuss several types of behavior in terms of 
this diagram. 
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Let us first consider the system in a state represented by point A on the 
T-x diagram and let the system be at a pressure of 200 psi. As the 
temperature of the system is increased and the volume increased so that 
the pressure remains constant, the point representing the system moves 
up the dotted ordinate until point B is reached. At this temperature, a 
vapor phase (that is, a phase of lower density) represented by B\ appears 



Fig. 5.3-3. Isotherms on a p-x plot for the system ethane-heptane. These 
curves are obtained by slicing the surface /> v . p (r, x) with planes perpendicular 
to the T-axis and projecting the curves of intersection onto the p-x plane. 
The line illustrates retrograde condensation of the first kind at 150°C. 


in equilibrium with the liquid. Further increase in temperature results 
in an increasing amount of vapor phase and a corresponding decrease in 
the amount of liquid until point D is reached, where the last trace of liquid 
having a composition D' disappears. 

At higher pressures the liquid and vapor boundaries of the curves occur 
at higher temperatures. The variation with pressure of the boiling points 
of the pure components (x = 0 and x = 1) follows the vapor-pressure 
curves for the two pure substances. With increasing pressure the boiling 
points of the pure components continue to increase until the critical 
temperature for one of them is reached. For the ethane-heptane system 
under consideration this occurs for heptane at a pressure slightly less than 
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400 psi. The corresponding critical temperature is approximately 250°C. 
At or above this temperature two fluid phases cannot exist in the system 
beyond some limiting composition which is determined by the pressure. 

Let us now examine the behavior of the system at 600 psi. The 
heterogeneous area bounded by the liquid and vapor curves does not 
extend to the left of about a: = 0.18. Consequently, if a mixture of 



Fig. 5.3-4. Lines of constant composition on a p-T plot. The curves shown 
here are obtained by slicing the surface shown in Fig. 5.3-1 with planes per¬ 
pendicular to the ar-axis and then projecting the resulting curves of intersection 
onto the p-T plane. The dotted lines a« and ae represent the paths followed 
by the system in retrograde condensation of the first and second kind re¬ 
spectively, for a composition of x = 0.265 mole fraction ethane. (From 
O. A. Hougen and K. M. Watson, Chemical Process Principles , Wiley, 1947.) 

composition x = 0.15 is heated at constant pressure, there is no phase 
separation such as is observed at 200 psi. The liquid boundary of the 
600 psi isobar goes through a minimum in the ethane content with increas¬ 
ing temperature before it joins with the vapor boundary at the point 
indicated by c. Point c, which is the point at which the boundary curve 
has a horizontal tangent, is then the critical point for a mixture of approxi¬ 
mately 0.22 mole fraction of ethane. At this point only are the vapor 
and liquid phases indistinguishable in density and composition. 

The composition minimum in the liquid boundary gives rise to one type 
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of retrograde condensation. Consider a mixture at 600 psi whose state 
is represented by point a in Fig. 5.3-2. As the temperature is increased 
while holding the pressure and composition constant, the system point 
moves upward from a to the point 6, under which condition a vapor 
phase appears having, a composition given by b\ When the tempera¬ 
ture is further increased the amount of liquid phase decreases, 
reaches a minimum, and then increases until point d is reached, under 
which condition the last trace of vapor having a composition represented 
by d' disappears and the system again returns to the single liquid phase. 
Thus, by increasing the temperature of the system, the initial vapor 
formation has been followed by condensation. This phenomenon is 
referred to as retrograde condensation of the second kind . 7 * ~ 9 The 
phenomenon is observed, of course, only if the point a is chosen to lie 
to the left, of the critical point c, and to the right of the leftmost point of 
the liquidus curve. A similar type of behavior (in which a liquid phase 
appears and then disappears as the temperature is increased) occurs when 
the critical temperature of the second component is exceeded. 

In Fig. 5.3-3 isotherms are shown on the p-x plane. These curves are 
obtained by slicing the surface in Fig. 5.3-1 with planes perpendicular 
to the T-axis and then projecting the resulting curves of intersection onto 
the p-x plane. Curves of this type may be used to illustrate the 
phenomenon of retrograde condensation of the first kind. 3 6 9 Let us 
consider the system at 150°K and represented by the point a. Only one 
phase is present since this point is not within the heterogeneous region. 
As the pressure on the system is increased, the temperature being held 
constant, the representative point moves up the line a c. At the point p 
a liquid phase of composition represented by the point /?' appears. As 
the pressure is increased further, the amount of liquid first increases and 
then decreases. At the point 6 the last trace of liquid, of composition 
d\ disappears. This retrograde behavior would of course not be observed 
with mixtures containing less ethane than the critical mixtures at this 
pressure (represented by the point C) or with mixtures containing more 
ethane than the rightmost point on the vaporous curve. 

In general, retrograde behavior occurs whenever the path of the repre¬ 
sentative point in the three-dimensional representation enters and leaves 
the heterogeneous volume through the same phase boundary surface, 
whether it be liquid or vapor. The path need not be parallel to the 


7 "Retrograde condensation of the first kind" is the analogous phenomenon which 
occurs by varying the pressure instead of the temperature. This problem is discussed 
presently. 

» J. P. Kuenen, Arch. Neerland. Sci., 26. 354 (1893). 

9 D. L. Katz and F. Kurata, Ind. Eng. Chem ., 32, 817 (1946). 
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temperature axis or to the pressure axis, but can combine changes in both 
pressure and temperature. 

In Fig. 5.3-4 we show the lines of constant composition on a pressure- 
temperature diagram. These curves are formed by slicing the surface 
in Fig. 5.3-1 with planes perpendicular to the z-axis, and then projecting 
the resulting curves of intersection onto the p-T plane. That portion of 
the curve which is formed by the intersection of the plane with the liquidus 
surface is usually referred to as the bubble-point line and the intersection 
with the vaporus surface as the dew-point line. The critical point for the 
mixture of a given composition is then the point of juncture of the dew¬ 
point and bubble-point lines. As the point representing a system moves 
into the two-phase region across the dew-point line, a liquid phase of 
some other composition appears. If it enters across the bubble-point line, 
a vapor phase appears. The two types of retrograde condensation are 
illustrated in Fig. 5.3-4 by means of the lines a-e and a-c. 

In recent years the petroleum industry has given much attention to 
these problems of retrograde phenomena, since they are of importance 
in the high-pressure distillation of hydrocarbons. Furthermore, the 
phenomena are regularly employed to increase the yield of petroleum from 
wells. By maintaining a moderate pressure in the condensate reservoir 
one avoids losses of the higher boiling components which would occur if 
the pressure were allowed to decrease. 

The physical properties of solutions of non-volatile solutes in the 
neighborhood of the critical region of the solvent are quite interesting. 
The following phenomena have been observed: 

(1) The usual ionic condition in the liquid persists in alcohol above 
the critical point. 10 This was shown by studying the absorption spectrum 
of cobalt chloride-alcohol solutions above and below the critical tempera¬ 
ture. The absorption spectrum of the ionized salt remained the same. 

(2) Iodine molecules remain solvated by carbon tetrachloride mole¬ 
cule when such a solution passes through the critical point of the solvent. 11 
This was shown by the fact that the absorption spectrum of the iodine 
remained that of the iodine dissolved in liquid rather than becoming that 
of gaseous iodine. This demonstrates the persistence of solvent action 
above the critical point. 

(3) The electrical conductivity of methyl alcohol solutions of either 
KI or NH 4 C1 shows a discontinuous temperature derivative in passing 
through the critical point. 12 As can be seen from Fig. 5.3-5, in the 

10 V. B. Hannay, Proc. Roy. Soc. {London), 30, 478, 484 (1880). V. B. Hannay and 
J. Hogarth, Proc. Roy. Soc. {London), 29, 324 (1879); 30, 178 (1880). 

11 P. Villard, Compt. rend., 120, 182 (1895). 

M C. A. Kraus, Phys. Rev., 18, 40, 89 (1904). 
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neighborhood of the critical point the electrical conductivity of the vapor 
increases and the electrical conductivity of the liquid decreases. Above 
the critical point, the conductivity gradually decreases. 

(4) For dilute solutions, the elevation of the critical point is proportional 
to the molar concentration of the solute. 13 For example, for liquid CO 
the raising of the critical point is 8.8°C per mole per cent of solute; for 
liquid ammonia, 13.0°C per mole per cent of solute. 



Fig. 5.3-5. Variation of electrical conductivity of solutions of NH 4 CI in 
CH,OH in the neighborhood of the critical point. [From C. A. Kraus, 

Phys. Rev., 18, 40, 89 (1904).! 

b. Thermodynamic considerations 

An empirical equation of state of a mixture may be used to obtain 
information about the phase behavior of the mixture. In §5.2b it was 
pointed out that the vapor pressure of a single component may be esti¬ 
mated from the empirical equations of state by drawing a horizontal line 
on the p-V diagram in such a manner that the areas bounded by the 
isotherm on the two sides of the line are equal. The generalization of 
this idea to a binary mixture is straightforward but not so simple. 

If several phases of a multicomponent mixture are in equilibrium, 
thermodynamic conditions require that the chemical potential (that is, 
the partial molar Gibbs free energy) of the /th chemical species be the 
same in each of the phases. In the special case of liquid-vapor equilibrium 
in a binary system the requirement is 

M'P = ft? / 4 ' l = /4"’ (5.3-1) 

where the superscripts / and v refer to the liquid and vapor phases and the 
subscripts 1 and 2 refer to the components. 

13 H. S. Booth and R. M. Bidwell, Chem. Revs., 44, 477 (1949). 
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(Eq. 5.3—6] 


In a mixture of perfect gases, the chemical potential of component i is 


pJLT, p) = fl\T) + RT In p + RT In (5.3-2) 


Here x, is the mole fraction of component / and pf\T) is the chemical 
potential or Gibbs free energy per mole of pure / at the temperature of 
the mixture and at unit fugacity. Deviations of the behavior of real gases 
from this expression may be written in terms of the equation of state of 
the mixture. From thermodynamic arguments it follows that 



(5.3-3) 


where F, is the partial molar volume of component i. Thus, in a mixture 
of real gases, the chemical potential of component i is 

v 

fi,(T,p) = fl\T) + RT In (px,) + J [ F, - y] dp (5.3-4) 


the integral being taken at constant temperature. 

The composition of a binary mixture may be specified by the mole 
fraction of one component. Let us use x, and define 

f(T, P , x ,) = [p,(T,p) - pf\T))IRT 


= In p -f In x, -f- 


irll*- 


RT 
P J 


dp 


(5.3-5) 


Since the partial molar volume may be evaluated in terms of the 
equation of state of the mixture, the function f(T y p y x,) may also be 
determined from a knowledge of the equation of state. As was pointed 
out in § 5.2, empirical equations of state are such that some of the iso¬ 
therms are S-shaped. Thus in a certain range of conditions there may 
be three points on an isotherm corresponding to a particular pressure, 
and f{T,p>x j) is a triple-valued function. The middle value is 
meaningless, but it is necessary to distinguish between the value associated 
with the vapor side of the isotherm, f\ v) (T, p , x,), and the value associated 
with the liquid side of the isotherm, /?, x,). 

In terms of the functions just defined the conditions for equilibrium 
between two phases of a binary mixture (Eq. 5.3-1) become 

f?(T, p y x</>) =/i r >(r, p y C ) 

For specified values of temperature and pressure, this is a pair of equations 
for xj 0 and x^, the mole fractions of component “1” in the liquid and 
vapor phases. In general, the compositions of the two phases are different. 
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The critical composition for a particular temperature and pressure is 
defined as the value of x x such that x[ v) = Below the critical tempera¬ 

tures of both components there is no such composition. As discussed 
in the previous subsection, at higher temperatures there may be 0, 1 , or 
2 such points. 

The analytic form of the functions/(7", p, x,) for a mixture obeying the 
van der Waals equation of state is given in Appendix A, at the end of 
this chapter. The nature of these functions is indicated in Fig. 5.3-6. 



Fig. 5.3-6. An illustration of the form of the functions /'/' and f\ vt which 
determine the coexistence surface for two component mixtures. 


These curves are drawn with constants characteristic of the ethane- 
heptane system for a temperature of 400°K and a pressure of 20 atm. 
The dotted portions of the curves arise from the unattainable center 
portions of the van der Waals isotherms. The solutions to the Eqs. 
5.3-6 are indicated at x[ v) = 0.30 and x[ n = 0.75. It is evident from the 
nature of the heterogeneous region, as indicated in Fig. 5.3-1, that under 
some conditions of temperature and pressure no solutions to the equation 
exist. 
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[Eq. 5.A-3] 
appendix a. 


THE CHEMICAL POTENTIAL OF A VAN DER WAALS 
MIXTURE 


The van der Waals equation of state is 


RT a 

p ~ ~ F 2 


(5.A-1) 


Although this equation was originally proposed to account for the 
p-V-T relations in a pure gas, van der Waals also applied the equation to 
mixtures. In applications to a binary mixture the constants a and b 
are taken to depend upon the composition according to Eqs. 4.2-5, 6. 

Using this equation of state, we may evaluate the functions f(T,p, x } ) 
defined by Eq. 5.3-5. The result is 


x RT 

f(T,p t x l ) = In-V 


+ 7F 


Bi 


(V — b) ( V-b) 


VRT 


(5.A-2) 


The quantities A ( and B ( are defined by the relations 
A i = 2(*i«u + Vii) 

Bi = *i. ~ V(*,i - 2 b n + b n ) (5.A-3) 


with analogous relations for A 2 and B 2 . 

PROBLEMS 

1. Use the van der Waals equation to find the specific volume of the vapor, the 
specific volume of the liquid, and the vapor pressure for a one-component system when 
the temperature is fT*. 

2. Suppose that a set of isotherms has been determined in the neighborhood of the 
critical point by experimental measurements of the pressure and temperature at various 
values of the density in a cell of height h. How would you correct the isotherms to 
take into account the variation of pressure and density in the cell due to the force of 
gravity? (See R. H. Wentorf and C. A. Boyd, University of Wisconsin Naval Research 
Laboratory, CM 724 (1952).] 

3. For a mixture containing an equal number of moles of ethane and heptane at 
100°C, calculate the composition and specific volume of both the liquid and the vapor 
phases. Use the van der Waals equation, together with the mixing law given by Eqs. 
4.2-5 and 6._ Assume that a xl = (<j n + o tl )/2 and b xt = (Mit) 1 /*. Take b = \V c 
and a = 3 p t V*. [See C. A. Boyd, /. Phys. and Coll. Chem., 54, 1347 (1950). Experi¬ 
mental data for the ethane-heptane system are given by W. B. Kay, Ind. Eng. Chem., 
30,459(1938).] 




Quantum Theory and 
the Equation of State 

by J. de Boer 1 and R. Byron Bird 


Thus far the discussion of the equilibrium properties of gases has been 
restricted to those substances and those conditions for which classical 
mechanics provides an adequate description of the system. There are 
two types of quantum effects which have to be considered under certain 
conditions: (i) diffraction effects , which result from the wave nature of 
the molecules and are important when the de Broglie wavelength associated 
with the molecules is of the order of magnitude of the molecular diameter; 
(ii) symmetry effects , which result from the statistics of the particles and 
are of importance when the de Broglie wavelength of the molecules is of 
the order of magnitude of the average distance between the molecules in 
the gas. At room temperatures the diffraction effects are measurable in 
helium and hydrogen but unimportant for heavier gases. At lower 
temperatures the quantum deviations associated with these effects are 
quite appreciable for helium and hydrogen and of some importance for 
the heavier gases. Symmetry effects are important only at high densities 
or very low temperatures. 

This chapter deals with the calculation of these quantum effects and, 
except for the final section, concerns itself only with monatomic gases. 
After a brief discussion of the canonical ensemble in quantum mechanics, 
we discuss the development of the equation of state according to the two 
general methods which were described in Chapter 3 in connection with 
the classical equation of state. From these results may be obtained the 
equation of state of perfect gases, for which the various equilibrium 
properties may be expressed in closed form. This gives us information 
about the “symmetry effects” mentioned above and also about the 
phenomenon of Bose-Einstein condensation. We then consider in detail 
the quantum mechanical calculation of the second virial coefficient and 

1 Director of the Instituut voor Theore/ische Physica, University of Amsterdam, 
The Netherlands. 
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the zero-pressure Joule-Thomson coefficient. Wherever possible com¬ 
parisons are made between the calculated and experimental values. 

At the beginning of Chapter 4 we discuss the principle of corresponding 
states in classical mechanics. The analogous principle in quantum 
mechanics has the form p* = p*(V*< T*\ A*). Thus this pnnc.ple 
states that deviations from classical behavior depend on the magnitude oi 
the quantity A* = h/aVrnc. This quantity is the ratio of the de Broglie 
wavelength (corresponding to a system of reduced mass /* = w/2 
and energy e) to the collision diameter a, and is characteristic for each 
substance. In this chapter this principle of corresponding states is used 
to discuss the quantum effects in liquids and dense gases. 

1. Statistical Mechanical Preliminaries 

Before beginning with the discussion of the development of the equation 
of state, we summarize briefly some information about the canonical 
ensemble in quantum mechanics. First, several forms for the probability 
density matrix are set forth, and then the partition function, average 
values, and the “Slater sum” are discussed. The Slater sum is the quantum 
mechanical analog of the Boltzmann factor. It is shown that the Slater 
sum approaches the Boltzmann factor in the correspondence limit. 

a. The probability density matrix for a canonical ensemble 

For a closed system in equilibrium at temperature T the probability 
density operator is given by 

= Z s ~ l e~ jrikT (6.1-1) 

in which is the quantum mechanical Hamiltonian operator for a 
system of N particles and the operator exp (— J%f/kT) is defined to be 
/kiy/jl The factor Z N ~ X is a normalizing constant. 

According to Eq. 2.2-19 the probability density matrix ; r' N ) 

in Hilbert space is given by 

r'*) = Z** (e~*' kT ) (r*; r'") 

= Z.vr 1 W(r'*) fjr”) (6.1-2) 

The diagonal element 

r N ) = Z** (6.1-3) 

is the quantum mechanical expression for the probability density of a 
configuration rN - Z Nq is the quantum mechanical partition function as 
obtained from Eq. 2.2-22 and given in Eq. 2.4-2. The functions <£ p (r*) 
are a complete orthonormal set of eigenfunctions which have been 
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properly symmetrized. An important property of the density matrix in 
these last two expressions is that they are independent of the set of ortho- 
normal functions ^(r^), chosen for the expansion of the system wave 
function (see §2.2). There are two sets of functions which are used in 
connection with subsequent derivations: 

i. Energy Eigenfunctions 

The system wave function T(r A ) (Eq. 2.2-1) may be expanded in terms 
of the eigenfunctions xp a (r*) of the Hamiltonian operator £tf. Then the 
probability density matrix in Eq. 6.1-3 becomes 


& {y) (r N ; r* v ) = Z s -*L m | y* 0 (r* v ) |* 


(6.1-4) 


Here exp (— EJkT) represents the probability of an energy state {a}, and 
| Va(r s ) | 2 denotes the probability density in that state. In this form the 
interpretation of ^ s \r s \ r y ) as the probability of a configuration r* 
is easy to understand. It is shown later on that this expression approaches 
the classical expression /> ( *>(r*) = f p N ) dp N at high tempera¬ 

tures, where the deviations from the classical behavior are small. 

ii. Momentum Eigenfunctions 

The system wave function ¥(r*) (Eq. 2.2-1) may be expanded in terms 

of the momentum eigenfunctions exp ^ (p s •/**)]. If the system is 

contained in a cubical box of side-length L, the values which p , may 
assume are limited to a certain number of discrete values. It is therefore 
convenient to introduce the dimensionless vector cr* = (L/h)p N , which 
may assume all positive or negative integral values. The set of functions 
used in the expansion of the system wave function must of course be 
consistent with the symmetry requirements of the system. Consequently, 
the set of symmetrized momentum eigenfunctions which should be used 
is 


+ {rS ’° N)= WW* 1A±X)Ve 




(6.1-5) 


P is any permutation (of order p)* of the N particles, that is, any permuta¬ 
tion of the indices of r N = r„ r 2 , • • •, r lV . The plus sign is for Bose- 
Einstein statistics, and the minus sign for Fermi-Dirac statistics. 


1 Here p is the number of interchanges between pairs of molecules required to 
bring (he permuted state back to the initial arrangement. 
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The expression in Eq. 6.1-2 for the density matrix then becomes 
1 


Z iW9 L™N\ 

1 




*T < a * Pr ’ ) do N 


Jzp(± 1Y* 




_ . -- .. - - do 

Z Nq L 3l, N\ 

1 JZp(±.)^-^-'>;— 


N 


( 6 . 1 - 6 ) 

The second expression given here for ^ y \r y ;r ,y ) is made possible by the 
invariance of the Hamiltonian operator under the permutation operation 
P. The third expression results from changing back to p y from a . 
The summation over p in Eq. 6.1-2, which is to be carried out for all 
different sets of quantum numbers, is here replaced by an integration 
over a y . However, this is an independent integration over all possible 
momentum components from —oo to -f co. Hence an additional factor 
N\ has been included in Eq. 6.1-6 to compensate for the fact that, owing 
to the identity of the particles, all momentum states resulting simply from 
permutations of the particles are included inherently in the integration. 
The probability matrix may also be written in the form of Eq. 2.2-20: 

= ( r ‘ v ) e~*' tT (r*’) dr” (6.1-7) 

This matrix depends upon the system of orthonormal functions which is 
chosen as a basis. The change to another system has been indicated in 
Eq. 2.2-11. If, in particular, energy wave functions are selected (that is 
those satisfying ££*y g = E a %), then & {y ) assumes the diagonal form: 


an- 


^ 55 > = ^ e-*+ T 


( 6 . 1 - 8 ) 


A'o 


and & { „ y) is the probability that the system finds itself in the eigenstate 
{o} with energy E g . Z Sq is the quantum mechanical partition function as 
obtained from the normalizing condition in Eq. 2.2-22 and given in Eq. 
2.4-1. 


b. The probability density matrix in the classical limit 


The diagonal element of the quantum mechanical probability density 
matrix and the corresponding classical expression are 

•^(•'V v ; r x ) = -L (2> e * (r- v ) e~* ltT +, (r A )] (6.1 -9) 

and 3 - v « 

(6 ‘ M0) 

3 This comes from Eqs. 2.1-3 and 20. 
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Here <!>(r A ) is the potential energy of the system, and X 2 = h 2 /27rmkT 
The factor X~ 3A arises from the integration over the momenta These 
two equations may be written in the following form in order to bring out 
the similarity between the classical and quantum formulations: 

(6.1-11) 

P <x \r x ) = —A-— ff' v (r A ') ( 6 .I- 12) 

^v(j“ N ) is known as the Slater sum , 4 and its classical counterpart 
), is commonly referred to as the Boltzmann factor. These 
quantities are defined by 

^»(r*) = N\X^^(r^)e-^T^ (rK) (6 M3) 

(6.1-14) 

We now show 5 that the Slater sum approaches the Boltzmann factor in 
the correspondence limit, that is, in the high-temperature region, where 
the deviation from classical behavior is small. 

For the purpose of this proof it is convenient to use as the expansion 
functions, <£(r A ), the properly symmetrized momentum eigenfunctions 
given in Eq. 6.1-5. Accordingly, the following expression may be 
obtained for the Slater sum: 

r#*) = (£f* J L<±1 

(6.1-15) 

The application of the operator e-* ltT to its operand in this equation 
is somewhat difficult because the operators for kinetic energy and potential 
energy do not commute. Hence we resort to another method of evaluating 
the function: 6 

Hr*. P N > T) = e-*'” e+X- ^ (6.1-16) 

which occurs in the integrand. This function may be shown to satisfy 
the Bloch differential equation, 

<%*X(r N ,p N ; T) = — w fL f) X{r N , pP ; T) (6.1-17) 


4 Slater sums for a few simple systems are calculated in problem 1 at the end of 
this chapter. 

5 This proof is due to J. G. Kirkwood, Phys. Rev., 44, 31 (1933). 
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and must have as asymptotic solution for T -* co the form X exp 
[(///)) (p N • r*)]. For T < co a solution of the following form is assumed: 

X = e*** ‘ rS) e' m ^f P — Y(r N ,p* v ; T) (6.1-18) 


Substitution of this expression into the Bloch differential equation gives 
a differential equation for Y which must be solved with the boundary 
condition that Y approach unity when T -+ co. This equation has been 
solved 6 by substituting for Y the series development: 

Y='Z i h*y i (r N .p s ) (6.1-19) 

The y j are determined by substituting this expression for Y into the 
differential equation for Y and equating terms on both sides containing 
equal powers of Planck’s constant. This having been done, the expression 
for Y is substituted back into Eq. 6.1-15, and the integration over the 
momenta is performed. (During the last operation terms containing odd 
powers of Planck’s constant vanish.) The final expression for the Slater 
sum is then: 7,8 


Trja*) 

= WJr*) 


+ terms with higher powers of h } 

±{1LI*'«P [-^(0-r*)*] [I + jP+4M» + •••]} 

+ {other terms involving higher permutations} 


in which A 2 = h 2 l2nmkT y and 


( 6 . 1 - 20 ) 



( 6 . 1 - 21 ) 

( 6 . 1 - 22 ) 


• Other ways have been suggested for solving this equation. See, for example, 
K. Husimi, Proc. Phys.-Math. Soc. Japan, Ser. 3, 22, 264 (1940), Part I, Sect. 7. Also 
J. E. Mayer and W. Band,/. Chem. Phys ., 15,141 (1947). 

7 2,2* means summation over all j and k, excluding those terms for which j = k. 

8 To understand the meaning of the terms in this expression, let us consider the 
case where W = 3. Then in Eq. 6.1-15 the summing over all permutations would 
amount to 

2 P (± D p = ± [Pm + Pm + P„,l + [Pm + P, It ] 

The terms in the first {} in Eq. 6.1-20 result from the application of the identity permu¬ 
tation P, M . The next three permutation operators give rise to the second {} in Eq. 6.1-18, 
that is, interchanges of two molecules only are involved. The third {} results from the 
last two permutation operators which involve third-order permutations. 
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Equation 6.1-20 may be used to calculate the deviations from the classical 
behavior of the Boltzmann function, provided that the temperature 
is sufficiently high, so that the quantum effects are quite small; for 
lower temperatures the series expansion in powers of Planck’s constant 
diverges. The terms involving the higher order permutations would 
have to be considered in the third and higher virial coefficients but do not 
affect the second virial coefficient. 

From the above results it is clear that the Slater sum ^ N (r*') approaches 
the Boltzmann factor in the high-temperature limit. It also follows 

that the quantum mechanical sum over states (given by Eq. 2.4-1 or 2) 
goes over into the classical partition function (given in Eq. 2.4-3). As 
was mentioned in the introduction to this chapter, deviations from classical 
behavior result from the wave nature of the molecules (“diffraction 
effects”) and from the statistics of the molecules (“symmetry effects”). 
These two contributions manifest themselves in Eq. 6.1-20. The terms 
contained in the first set of braces result solely from the diffraction effects; 
the remaining terms have their origin in the symmetry requirements for 
the wave functions of a system of N particles. 

2. Development of the Equation of State from Statistical Mechanics 

This section parallels quite closely the discussion given in §3.1 on 
classical systems. We show that the equation of state 1 may be obtained 
from the quantum mechanical partition function and also from the 
quantum mechanical virial theorem, and that the results from the two 
procedures are the same. In this chapter we do not give the detailed 
derivation of the virial form of the equation of state as was done in 
§ 3.2 and 3.3, inasmuch as the development is almost identical. We do 
indicate how the final classical results of § 3.4 have to be modified in order 
to be applicable in quantum statistics. 

a. The method of the partition function 

As was shown in Chapter 2 the pV- product is related to the partition 
function by: 

P V = kT(d In Z N Jd In V) T (6.2-1) 

And the quantum mechanical partition function Z Nq may be written in 
either of the two forms: 

= I. e~^T (2.4-1) 

Z N , = J [ 2A*(r- v ) e~'l* T 4>'(r*)] dr" (2.4-2) 

1 As in Chapter 3 we confine the discussion to the thermal equation of state 
[p = p(V, 7*)]. The caloric equation of state [U = U(V, T)\ is discussed in problem 2 
at the end of this chapter. 
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[Eq. 6.2-5] 


where = JT+ <I>, the sum of the kinetic energy and potential energy 
operators. The first expression is the usual “sum-over-states” form for 
the partition function. In this form the volume dependence of Z Nq is 
contained in the energy levels E gt which depend in a complicated way on 
the external mechanical parameters of the system. The second expression 
for Z Sq is of such a form that its volume dependence is contained in the 
limits of integration and also in the boundary conditions which the 
functions «£„(/**) must satisfy. In terms of this second formulation we 
may write 

pV= h vkT w\ ** < 6 - 2 - 2 > 


for the equation of state. 

b. The method based on the virial theorem of quantum mechanics 

The />F-product may also be calculated from an ensemble average 
according to Eqs. 2.3-33. In order to make use of this expression 
we must have an expression for the /jK-operator. From the quantum 
mechanical virial theorem given in § I.6f, the following expression is 
obtained analogous to Eq. 3.1-11: 


(pv) bp-ltar-Hj 



(6.2-3) 


in which and E, are respectively the kinetic energy operator and the 
operator corresponding to the virial of the intermolecular forces of the 
system. The pV -product is then 

P V =J~\ dr x (6.2-4) 

^ Nq * 


When the assumption of two-body forces is made, this may be written in 
the form 

P V=NkT-i jj ‘*(r» r 2 ; r„ (d<fjdr l2 ) dr , dr 2 (6.2-5) 

which is exactly like Eq. 3.1-13 except that the classical pair distribution 
function n {2) has been replaced by its quantum mechanical analogue, 
~^ (2) , defined in Eq. 2.2-24. 
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c. The equivalence of the equation of state from the partition function and 
that from the virial theorem 2 

If in Eq. 6.2-2 we use the momentum eigenfunctions given in Eq. 
6.1-5, the expression for pV from the partition function becomes 

P y =]£rjjzlj Zp(± 1 y e -™ k ” F ' M >e-''* T e+™ k ”-' K >d k lr dr* 

(6.2-6) 

Here we have used wave numbers k j = pjh rather than momenta, and 
we have let V = L 3 [so that V(d/dV) = J L(d/dL)\. In order to perform 
the differentiation, 3 we introduce the reduced variables r i = rjL and 
k f = kJL. Then the last expression becomes 4 

pV = ^ | ± 

[- \ (*^pj e -jr, * r ] '*"> dR» j?" (6.2-7) 

The differential operator has been brought inside the integral sign since 
the only /.-dependence is in the Hamiltonian operator: 

+ ( 6 . 2 - 8 , 

It is easy to show that the differentiation with respect to L yields 

L d<%? 2 

- 3 - 3 I-*' - “j (62 ' 9) 

Substitution of this result into Eq. 6.2-7 and transformation back to the 
original variables give exactly Eq. 6.2-4, which was obtained from the 
virial theorem. 

d. Final expressions for the quantum mechanical equation of state 

The partition function method may be used to get the equation of 
state in virial form in a manner exactly analogous to that used in § 3.2. 
The only difference is thatZ v and W' A .(r v ) must everywhere be replaced by 

2 The proof outlined here is due to J. de Boer. Physica, 15. 843 (1949). A similar 
proof based on the “sum-over-states” representation of the partition function has been 
given by C. R. Yvon, Acad. Sci. (Paris), 227, 763 (1948). 

3 This method was introduced in the analogous classical proof (see § 3.1c) by 
H. S. Green, Proc. Roy. Soc. (London), A189, 103 (1947). 

4 Use is here made of the fact that, although the operators djr/dL and exp(— ^jkT) 
do not in general commute, the order of the operators is immaterial in computing 
the trace. (See J. de Boer, Physica, 15, 843 (1949), appendix.) 



(Eq. 6.2-9] 
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Z Nr and v (r‘ v ). The final expressions for the second and third virial 
coefficients given in Eq. 3.4-5 and 6 are also valid in quantum mechanics 
when the same changes are effected (the formulae in terms of th tf, are 
not, however, applicable in quantum theory). 

The method based upon the virial theorem may also be developed just 
as in the classical case in § 3.3. The power-series development of n {2) 
given in Eq. 3.3-8 applies equally well for ^ ni . The only change is that 
in all the formulae the Boltzmann factor must be replaced by the Slater 
sum. 5,6 


3. The Properties of a Perfect Gas 

We now consider the special case of a perfect gas for which there is 
no energy of interaction between the molecules 1 (<l>(r A ) = 0). The 
indistinguishability of the molecules imposes certain symmetry restrictions 
on the form of the system wave function, as is discussed in § 1.6d. For 
systems composed of molecules in which there is an odd number of 
nucleons and electrons, the system wave function must be antisymmetrical 
in the interchange of any two molecules. For systems of molecules with 
even numbers of nucleons and electrons, the system wave function must 
be symmetrical. 2 Most molecules belong to the latter category, notable 
exceptions being He 3 and HD. 

Throughout the discussion of the Slater sum and the equation of state 
of a perfect gas it should be noted that, although there are no forces 
between perfect gas molecules, Fermi-Dirac gases deviate from classical 
perfect gas behavior in somewhat the same way as gases composed of 
molecules which repel one another. The opposite behavior is found in 
Bose-Einstein gases. Consequently, it is convenient to speak of the 
apparent repulsion between molecules of a gas having antisymmetric 
wave functions (that is, which satisfy the Pauli principle) and the apparent 
attraction between molecules of a gas having symmetric wave functions. 
This latter behavior is closely related to the phenomenon of Bose-Einstein 
condensation. 


a. The Slater sum for a perfect gas composed of molecules with zero spin 
The Hamiltonian operator for a perfect gas is just the kinetic energy 

operator St' = —— 2^— •—j. Since the exponential functions in 

Eq. 6.1-15 are just the eigenfunctions of the linear momentum operator, 


6 J. de Boer, Nuovo Cimento, Suppl. al Vol. VI, Ser. IX (1949). 

• See problem 3 at the end of this chapter. 

1 Quantities associated with such a system are designated by the superscript 0. 

2 P. Ehrenfest and J. R. Oppenheimer, Phys. Rev., 37, 333 (1931). 
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the operator gif = gif may just be replaced by its eigenvalue Y.pfjlm. 
When the integration is performed, the Slater sum becomes 3 




(Upper sign = B.E.) 

(Lower sign = F.D.) (6.3-1) 


The symbol r rk gives the position of that particle which corresponds to 
the permutation P applied to the *th particle. The identity permutation 
operator makes the argument of the exponent zero. Hence in the absence 
of symmetry effects ^ 0 = 1, which is the value of the classical Boltzmann 
factor when <I>(r A ) = 0. 

In a system of two particles Eq. 6.3-1 reduces to 


?r o (r l9 r 2 ) = 1 ± e -2-r lt *M« 


(Upper sign = B.E.) 

(Lower sign = F.D.) (6.3-2) 


The positive sign is to be used when the system wave function is symmetric 
in the interchange of the two particles, and the negative sign is to be used 
for antisymmetric wave functions. For the symmetric wave functions the 
probability of finding two molecules at a distance r 12 rises above unity 
as r, 2 decreases and approaches 2 as r 12 approaches zero—an example of 
the “apparent attraction" between molecules in Bose-Einstein systems. 
For the antisymmetric wave functions the probability of finding the two 
molecules at a distance r 12 decreases with decreasing distance and 
approaches zero as r 12 approaches zero. Thus the probability of finding 
two Fermi-Dirac molecules in exactly the same place is zero, although 
for the ideal gas the molecules have no extension in space (that is, there 
are no intermolecular forces). This is an example of the “apparent 
repulsion" between the molecules of the gas having antisymmetrical wave 
functions (that is, which satisfy the Pauli principle). 

In both cases the distance over which the molecules influence each other 
due to the required symmetry of the wave function is of the order of 
magnitude of X = hlVl-nnikT. This distance is, aside from a numerical 
factor of the order of unity, the de Broglie wavelength associated with 
molecules in a system at temperature T. If the average distance between 
the molecules is of the order of magnitude of this de Broglie wavelength, 

3 The integration reduces to the evaluation of 

+ a> 

J exp (ibx) exp (-fl’x*) dz — — exp (-6 s /4a l ) 

— CO o 



[Eq. 6.3—3] 
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the “symmetry effects” are of importance, and the system is said to be 
“degenerate” or “in a state of degeneracy.” 

b. The Slater sum for a perfect gas composed of molecules with non-zero 
spin 

Thus far the atoms have been treated as mass points. It frequently 
occurs, however, that the atoms of a gas possess an intrinsic, constant 
angular momentum. This “nuclear spin” has an influence on the weights 
and symmetry properties of the different states. 

Consider, for the sake of simplicity, a system of two identical particles, 
each with an angular momentum sh. This spin can have (Is + 1) 
different directions with respect to a fixed axis, and all these orientations 
have the same energy. In Boltzmann statistics, where the two spins may 
be chosen independently, the existence of spin merely has the effect that 
each state of the two-particle system is (2s + 1 ) 2 -fold degenerate, and 
consequently the partition function is simply multiplied by this factor. 
In practice, we sometimes redefine the partition function (and Slater 
sum) by dividing it by this factor, so that the factor does not appear in 
any of the formulae. The spin has no influence upon the thermodynamical 
properties of the system. In Bose-Einstein and Fermi-Dirac statistics, 
however, the effect of spin may not be neglected. 

The Slater sums for molecules with spin, 2^ u, (r„ r 2 ), can be expressed 
in terms of Slater sums for molecules without spin, 7/^ m (r lt r 2 ), in the 
following manner. Let us consider once again a two-particle system, 
but this time particles which obey Bose-Einstein statistics. The total 
wave function of the system must then be symmetrical with respect to the 
interchange of the two particles. If the particles possess no intrinsic 
spin, this means that the space wave function must be symmetrical. 
When the particles possess spin, however, it is the product of the space and 
spin wave functions which must be symmetrical. From the (2s -f l) 2 
different spin functions we can form (s -f 1)(25+ 1) symmetrical and 
j(2y-f- 1) antisymmetrical combinations. In order to form symmetrical 
total wave functions, the latter spin function must be multiplied by a 
symmetrical space function and the former by an antisymmetrical one. 
Hence in the expression for the Slater sum, the states with symmetrical 
space functions appear with weight (s + \)/(2s + 1), and the states with 
antisymmetrical space functions with weight s/(2s -f 1). In this way we 
obtain for Bose-Einstein particles: 


r 2 ) = (l±i) ^< B \(r,. r 2 ) + (^-J r 2 ) 

(6.3-3) 
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in which the upper index on ^ (r„ r 2 ) denotes the value of the spin 
quantum number, s. Similarly, for Fermi-Dirac particles: 

^a,(ri, r 2 ) = (^±L) ar r t ) + (^) r 2 ) 

(6.3-4) 

We note that if the spin angular momentum is very large, ^ (r„ r 2 ) 

and ^u.EXr,, r 2 ) are mixed in almost equal proportions, and we obtain 
very nearly the Slater sum for Boltzmann statistics. Qualitatively, then, 
the effect of the non-zero spin is to diminish the influence of the exclusion 
principle. 

c. The equation of state for a perfect gas 4 * 5 

The cluster integrals for an ideal gas may be obtained from Eq. 3.2-10, 
when the expression for ^ 0 in Eq. 6.3-1 is used. The result is 

6,° = (±l) , - , /-V,A3 ( '- , > (6.3-5) 

From these cluster integrals are obtained the pressure and the number 
density as power series expansions in the “active number density,” z, 
defined in § 3.2c: 

p°lkT=X->i(±\y-'l-\Pzy (6.3-6) 

"° = ^ 3 J I (±1) , - 1/ -* , «[P 2 ] 1 (6.3-7) 

In all these equations the upper sign is to be used for symmetrical eigen¬ 
functions (Bose-Einstein statistics) and the lower for antisymmetrical 
eigenfunctions (Fermi-Dirac statistics). 

Of particular interest is the second virial coefficient: 

B°(T) = -NbJ> = TNP2-' 1 * = TN2-I' ] '* 

llnnikT] 

(Upper sign = B.E.) 

(Lower sign = F.D.) (6.3-8) 

We see thus that the second virial coefficient is proportional to ( mT ~ 3,t ) and 
can be important only for particles of small mass and low temperatures. 
For Bose-Einstein statistics, B°(T) is negative; and for Fermi-Dirac 
statistics, it is positive. This is consistent with the notions of apparent 
attraction and repulsion. 

4 B. Kahn and G. E. Uhlenbeck, Physica , 5, 399 (1938). 

6 B. Kahn, Doctoral Dissertation, Utrecht (1938). 
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d. Bose-Einstein condensation 4 8 

Let us now examine the results in Eqs. 6.3-6 and 7 for Bose-Einstein 
statistics and study their behavior as the gas density is increased. At 
sufficiently low densities the product Pz is less than unity, and there is 
no question of the convergence or the two series. As the density is 
increased, the product Pz becomes unity, and these equations become 

p'/kT = A- 3 f /-*/• = 1.34A- 3 (6.3-9) 

/-i 

/i c ° = A- 3 £ /-*/« = 2.61A- 3 (6.3-10) 

/-i 


As the density is further increased, the product Pz becomes greater than 
unity, and the series diverge. According to Einstein, 8 who was the first 
to study this phenomenon, n e ° is the maximum number density which can 
be reached for a given temperature T. By further compression of the 
gas, some of the molecules “condense” into a state of zero energy and 
contribute neither to the pressure nor to the density of the system, the 
pressure remaining/?, 0 . We have thusa sort of condensation phenomenon: 
for all temperatures there exists a number density, n c °, at which “condensa¬ 
tion” begins to occur, and, associated with this, a saturation pressure, 
p s °. There is no temperature above which this condensation will not 
occur, as may be seen from Eqs. 6.3-9 and 10. That is to say, there is 
no critical point such as is associated with the condensation of real gases. 

In real gas condensation the derivative (dp/dV) T is discontinuous at 
the transition point. From Eqs. 6.3-6 and 7 it may be seen that for the 
perfect Bose-Einstein gas this derivative is 



(6.3-11) 


which exhibits no discontinuity at the condensation point. For Pz = 1 
this derivative becomes 0 and remains so for Pz > 1 because of the 
divergence of the series With this information we may plot the 

isotherms of the ideal Bose-Einstein gas which are shown in Fig. 6.3-1. 
We see that the p-V-T behavior of the system predicts a condensed phase 
with zero volume. 


6 F. London, Phys. Rev., 54, 948 (1938). 

7 F. London, International Conference Report, Vol. II (Physical Society, London), 
1947. This is a rather complete review article on the subject, and complete references 
arc given to the theory and applications of Bose-Einstein condensation. 

8 A. Einstein, Berl. Ber., p. 261 (1924); p. 3 (1925). 
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Let us now examine the condensing system from the thermodynamic 
standpoint. First, we write the expressions for a number of thermo¬ 
dynamic properties and specialize them where Pz = 1: 

A 0 = RT In (zP)-p 0 yo^ p oyo 

S° = iP°y°/T — R In (zP) Up $ °y°IT) 

G° = RT\n (zP) -*0 (6.3-12) 

U 0 = §p 0 V 0 -+ip t °V 0 

C,° = Wp°P°IT) - i(Nk) [HX'zyi-’U] — Y(/K°/r) 



Fig. 6.3-1. Isotherms of He* to illustrate the behavior of the perfect Bose- 
Einstein gas. (From B. Kahn, Dissertation, Utrecht, 1938.) 

The difference between the values of the thermodynamic quantities for 
the two phases are obtained from the last group of formulae by putting 
V = V c and V = 0 for the vapor and “liquid” phases, respectively. 
We see, first, that AG° = 0, which is the thermodynamic requirement 
that the vapor and liquid phases be in equilibrium. From Eq. 6.3-9 it 
follows that 

WldT) = Up.VT) = A 5°/AK° (6.3-13) 

which is consistent with the difference in entropy and volume between the 
liquid and vapor phases; that is, Clapeyron’s equation is satisfied. 

Thus we see that the thermodynamic requirements of a condensation 
phenomenon are satisfied. But we have seen that 

(i) The volume of the condensed phase is zero. 

(ii) A critical temperature does not exist. 

(iii) (dp/dV) T suffers no discontinuity at V = V e . 

(iv) C v has no discontinuity for V = V c . 
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THE SECOND VIRIAL COEFFICIENTS 


In these points this phenomenon differs from the condensation of real 
gases. The Fermi-Dirac gas does not exhibit a condensation phenomenon. 
In Fig. 6.3-2 the graphs of C v versus T for the perfect Fermi-Dirac and 
Bose-Einstein gases are compared. 



Fig. 6.3-2. Qualitative behavior of the specific heat at constant volume as a 
function of the temperature. The dotted line is the classical value for mon¬ 
atomic gases. (From J. de Boer, Neder lands Tijdschrifi voor Natuurkunde , 16, 

89 (1950), p. 96.) 


4. The Second Virial Coefficient for Real Gases at Very Low Temperatures 1 
The second virial coefficient in quantum mechanics depends on the 
partition function of two interacting molecules. The energy levels to be 
used in the partition function are obtained from the solution of the two- 
particle Schrodinger wave equation. Two types of solutions are obtained: 
solutions corresponding to the pair of molecules being trapped in the 
potential well as “double molecules”, and solutions corresponding to the 
pair of molecules undergoing a collision. These two types of solutions 
are discussed in § 1.7 and shown in Fig. 1.7-1. In this section we show 
how the two-molecule partition function (and hence the second virial 
coefficient) can be expressed in terms of stationary energy states (corres¬ 
ponding to double molecules) and the “phase-shifts” in the radial wave 
equation (corresponding to collisions). We describe briefly the calculation 
of phase shifts for some simple potentials and for the Lennard-Jones 
potential. At the end of the section we summarize the low-temperature 
calculation of B(T ) for the isotopes of helium and hydrogen. 


a. The second virial coefficients in terms of phase shifts and stationary states 

The second virial coefficient in classical statistical mechanics is given in 
Eq. 3.4-5 in terms of the classical partition function. It has been 

1 A knowledge of the quantum mechanics of two-body systems and the quantum 
theory of binary collisions is needed for the understanding of this section. This 
information has been given in the introductory chapter in § 1.7. 
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mentioned that this formula is also valid in the quantum mechanical 
theory of the equation of state when the classical partition functions, 
Zj and Z 2 , are replaced by the quantum mechanical partition functions, 
and Accordingly, we may write for the non-ideal gas and for 
the ideal gas (in which 0(r* v ) = 0): 

Non-ideal: B(T) = -0V/2*0* 6 [2Z* - Z,, 2 ] (6.4-1) 

Ideal: B°(T) = — (yv/2[2Z^° - (Z l0 °) 2 ] (6.4-2) 

in which A 2 = h 2 l2nmkT. Z u is the sum-over-states for a single molecule 
and is the same as Z 1<7 °. Z^ is the sum-over-states for a pair of inter¬ 
acting molecules; Z^° is the analogous quantity for a pair of non¬ 
interacting molecules. Subtraction of the second of these equations from 
the first gives 

B(T) - B«{T) = -(MvmZto - Z* 0 ] 

= -{NlV)X*[Z a e- E o' kT - Z. o e- E ° 0,kT )- (6.4-3) 

The E a are the eigenstates of a two-molecule system with molecular inter¬ 
action (p(r) and the E a ° are the eigenstates when rp(r) = 0. Each eigen¬ 
state is characterized by a set of six quantum numbers, {a}. 

As described in § 1.7, the wave function for a system of two particles 
may be written as a product of a translational wave function (representing 
the overall translatory motion of the system) and the wave function for the 
relative motion: 

V(r 1# if) = ip (tT) (r f )y> (rd) (r 12 ) 

= ¥ u) (r e )tpMYr(e t <f>) (6.4-4) 

Here r e = \(r x + r 2 ) is the coordinate of the center of mass, and 
r, 2 = (rj — r 2 ) is the coordinate of relative motion. The wave function 
of relative motion has been separated into a radial wave function, xp nlt 
and an angular part, T, m , the latter being the spherical harmonics. 
Writing the wave function as a product corresponds to writing the energy 
as a sum: 

£ = £<‘ r > + £< re » (6.4-5) 

Hence the sums-over-states in Eq. 6.4-3 can be written 

^2* = Z ( 2 ,r > 2 /I . / , m e- 2W * r = 2 S '*KA- 3 2,(2/ + 1) Z. n e- B *' lkT (6.4-6) 

Z*,° = Z" r) Z. Htlm e-^ lkT = l^VX^ 2,(2/ + 1) 2 n e"^ r (6.4-7) 

Here we have inserted the proper expression for the translational partition 
function from Eq. 2.5-28. The factor 2 S/ * appears since we are dealing 
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[Eq. 6.4-11) 

with a system of mass 2m. The energy levels ofThe^ re,a ^ e sla tes 

depend upon the quantum number m but the.sx.sten ^ ^ 

must be taken into account in the partitionJ funchor.^g 8 The 
a multiplicity (2/ + 1) as has been done in these last t q um 

state of the two-molecule system is then specified y f , he 

numbers, n and /, which give the energy and angular momentum 

^Substitution of these expressions for the partition functions into the 
expression for the second virial coefficient gives 

[B(T)~ B°(T)] = —N2 ,I >PT.,(2I+ l)[E„e- £ "' ir — 1 <6,4 

The contributions to the sums over n may now be separated into 
due to the negative energy states and those due to the P«|tive energy 
stales- The negative energy spectrum is discrete and repres 
molecule” formation with discrete levels. There is, of cjne. no contrj 
bution of this sort for non-interacting molecules and hence the second 
summation over n in Eq. 6.4-8 can be ignored. The sum over n becomes 

Simply 2 e -*.n* r (6.4-9) 

The values of the discrete negative energy states arc obtained from the 
solution of the radial wave equation for v„(r lt ). The positive energy 
spectrum is continuous and arises from the transitory collisions between 
two molecules. The energy of relative motion is just the relative kinetic 
energy of a system of reduced mass p: E = p 2 /2p - h k / 2p. lh 
summations over n have then to be replaced by integrations over *; 
hence the term in the square bracket on the right-hand side of Eq. 6.4-8 
becomes 

[ 1 d JlM 1 dx (6.4-10) 

dx J 




Equation 1.7-14 has been used to introduce the phase shifts, rj t (x) t 
which are determined from the solution of the radial wave equation for 

positive energies. . 

The final quantum mechanical expression for the second virial co¬ 
efficient is obtained by combining the last three relations: 

B(T) = ±N2~'*P 


-f)2^P 2,(2/ + 1) 2 n e-*- r/ * T 

-N2+*I*P 2,(2/ + 1) | e-*#** T d - n j^ 


(6.4-11) 


dx 
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Here we have written out the expression for B°(T) explicitly, which was 
obtained in Eq. 6.3-8. The minus sign is to be used for Bose-Einstein 
statistics and the plus sign for Fermi-Dirac statistics. It should also be 
pointed out that in the summations over /, only the even /-values are 
used in Bose-Einstein statistics and only odd /-values are used in Fermi- 
Dirac statistics. 2 

We see in Eq. 6.4-11 that the expression for B(T) consists of three 
parts, each of which has a definite physical significance. The first term 
shows how the “apparent attraction” (or repulsion) decreases (or increases) 
the pressure in the gas. The second contribution shows how the pressure 
is diminished by the formation of double molecules. The integral over 
k indicates the contributions to non-ideality resulting from bimolecular 
collisions in the gas. 

The results up to this point are valid only for molecules with zero spin. 
For molecules with spin, s t we must write [analogously to Eqs. 6.3-3 and 4]: 










(6.4-12) 

(6.4-13) 


The B {0) are those calculated for zero spin, that is, from Eq. 6.4-11. 
In § 6.4c the second virial coefficient of He 3 is discussed. This atom has 
an odd number of nucleons and a spin of }, and hence Eq. 6.4-13 must 
be used. 


b. Phase shifts for simple potentials 

The phase shifts needed for the calculation of the second virial coefficient 
have been obtained formally in Eq. 1.7-10. In order to make calculations 
of phase shifts it is necessary to specify the intermolecular potential 
function in the radial wave equation. It is not in general possible to 
obtain analytical expressions for the phase shifts in terms of the inter- 
molecular potential. However, solutions in closed form may be obtained 
for rigid spheres (for all /) and for the square-well potential (for / = 0). 
From the results of calculations based on these simple potentials, a certain 
amount of insight may be obtained about the nature of the phase shifts. 

* The reason for this is as follows: When we sum over the states of relative motion 
in Eq. 6.4-8 only those states are to be included for which the eigenfunctions are either 
symmetrical or antisymmetrical in the interchange of the two particles. Interchanging 
of the particles means replacement of <f> by (<f> + n) and of 0 by (n — 0). The angular 
part of the wave function, Y t m , remains unchanged under this substitution for even /, 
but changes sign for odd /. Hence for Bose-Einstein particles we sum over the even 
/-states and for Fermi-Dirac particles we sum over the odd /-states. 
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PHASE SHIFTS FOR SIMPLE POTENTIALS 


i. Rigid Spheres . * 

Since for rigid spheres of collision diameter <r the potential is zero to 
, > we may use Eq. 1.7-8 for the radial wave function in this reg _ 
The ratio [B,(«)//<,(«)) may be determined from the boundary con ■ 
that otp(p) = 0. Hence, according to Eq. 1.7-10, the phase sh 
given by 

„ lW = ar c tan lf-n'«^^ , l 




which for / = 0 reduces to %(«) = ~« a - The P hase shlfts for f r '^ 
spheres are shown graphically in Fig. 6.4-1. That the phase shift for 
rigid spheres should always be negative can easily be understood by 
considering its geometrical meaning. Also </>?,/</* is everywhere negative, 
which makes the density of energy states in the partition function ol two 
interacting molecules everywhere smaller than that of the non-interacting 
molecules. This, in turn, makes the contribution of the interaction to the 
second virial coefficient positive as may be seen from Eqs. 6.4-10 and 11. 
Introduction of Eq. 6.4-14 into Eq. 6.4-11 gives the following expressions 
for the reduced second virial coefficients B* = BI\vNo 3 for Bose-Einstein 
and Fermi-Dirac statistics: 3 


Bl E . = - 


Bio. = + 


W2 

16 tt 


- 4 - 


GMGH «- 5 > 

From this it may be seen th at whe n the de Broglie wavelength (approxi¬ 
mately given by ?. = h/VlirnikT) is greater than the diameter of the 
molecules the predominant contribution is that due to statistics. 


ii. Square - Well Potential 

Let us now consider the square-well potential of Eq. 1.3-24, with R = *> . 
For this potential we wish to find a solution to the radial wave equation 
(Eq. 1.7-3) which describes the relative motion of two particles with 
relative energy E and with / = 0. Since the wave function must vanish 
at r = o, the solution may be written as 

np(r) = A sin K r (r — o) o<r<$o (6.4-17) 

ry(r) = B sin (kt -f- *7o) r > %o (6.4-18) 

where 

/i 2 * 2 = 2 pE JiV 2 = 2 p(E + c) 

3 J. de Boer, Doctoral Dissertation, University of Amsterdam (1940). 


(6.4-19) 
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KO -► 



Fig. 6.4-1. Phase shifts for rigid spheres. (From J. de Boer, Dissertation, 

Amsterdam, 1940, p. 53.) 



corresponds to the rigid-sphere model. (From J. de Boer, Dissertation, 

Amsterdam, 1940, p. 55.) 


[Eq. 6.4-21] CALCULATIONS FOR LENNARD-JONES POTENTIAL 413 

in which , is the depth of the square potential well. Xherequi remcnt 
that r V (r) and d(r V {r))l<lr be continuous at r = So leads directly to 




K k'<J\ 

c) = arctan — tan — — 

Ik 2 j 


(6.4-20) 


The phase shifts as functions of xa are given graphically in Fig. 6.4-2 
for various values of the depth of the potential well. 

In Fig. 6.4-2 we may examine the behavior of the phases as we increase 
the depth of the well. When the depth of the well, €, is less than J/r/ma, 
the phase shift curves begin at zero at ko = 0. When the well depth is 
between ih 2 /ma 2 and %h*lmo* the phase shift curves have the value 77 
at H(J __ 0 . In general the phase shifts at kg = 0 jump discontinuously 
to a value 7 r larger, when [tan *' 0 / 2 ) 4 - 0 = co or € = (n — \) 2 h 2 jmo 2 . It 
may be shown that at these values of € a discrete level exists just exactly 
at the brim of the square well (that is, at E = 0). Hence the behavior 
of the phases at ko = 0 may be useful for ascertaining whether one or 
more discrete levels exist for the colliding pair of molecules. 

Another interesting thing may be deduced from Fig. 6.4-2. It can 
there be seen that, with increasing depth of the potential well, the phases 
become more and more positive for low-energy collisions. That is, under 
these circumstances there is great deviation from the rigid-sphere behavior 
because the interacting system feels the dip in the potential. For high- 
energy collisions the system does not feel the potential hole so strongly, 
and the phase shifts approach those of rigid spheres, as would beexpected. 


c. Calculations for the Lennard-Jones potential 

For potential functions which are more realistic than those just discussed, 
the phase shifts must be evaluated by numerical integration of the radial 
wave equation (Eq. 1.7-3), starting from the boundary condition that 
ri p(r) = 0 for r = 0. The integration must be extended up to the region 
for which the potential energy is essentially zero. In this region we know 
that the wave function has the form given in Eq. 1.7-8. Hence, by joining 
the wave function obtained by numerical integration smoothly with that 
given in Eq. 1.7-8, the values of the coefficients A,(k) and B,(k) may be 
determined. From these coefficients the phase shifts may be calculated 
from Eq. 1.7-10. For each value of / this procedure must be carried out 
for a considerable number of values of k. 

For the Lennard-Jones (6-12) potential, the radial wave equation, 
Eq. 1.7-3, may be written in the reduced form: 


d 2 



/0±1) 16.*M 

r * 2 ‘ A * 2 \r * 12 r* 6 /J V 


= 0 (6.4-21) 



414 


QUANTUM THEORY AND THE EQUATION OF STATE [§ 6.4] 



Fie. 6.4-3. Phase shifts for the isotopes of helium. He J [from J. de Boer. 
J. van Kranendonk, and K. Compaan. Physica, 16. 545 (1950)] and He 4 
[from J. de Boer and A. Michels. Physica, 6. 409 (1939)1, calculated for the 

Lennard-Jones (6-12) potential. 


in which r* = r/a, = «a, and A» = h/oV^. The collisions 
between particles of any chemical species are described by the differential 
equation above. The value of A* varies, of course, from substance to 
substance. This is consistent with the principle of corresponding states 
which is discussed in § 6.6. The method for determining the parameter 
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I 6.4-211 CALCULATIONS FOR LENNARD-JONES POTENTIAL 
A* is given in § 6.5c, and a tabulation of values of A* for various substances 

1$ ExTenswJScufabons of phase shifts have been made for He 3 for the 
I ennard-Jones potential 1 and for He 1 for several potential fields, 
since He 4 has an even number of nucleons and electrons and zero spin, 
only phase shifts with even / need be calculated. F °r He 3 , which has an 
odd number of nucleons and electrons and spin {, phase shifts for both 
even and odd / are required. The phase shifts for the helium isotopes are 
shown in Fig. 6.4-3, and a complete tabulation of calculated results is 

given in Tables I-F and I-G. 

g These results may now be interpreted in the light of the discussion of 
the results for the rigid-sphere and square-well models. For both He 
and He 4 the phase shifts resemble the rigid-sphere behavior for high 
energies. They do not approach the rigid-sphere phase shifts asymptoti¬ 
cally inasmuch as the Lennard-Jones potential allows for a certain amount 
of penetration at high relative energies. The positive phase shifts result 
from the attractive part of the potential. From the behavior of the phase 
shifts for He 3 as ko approaches zero, it is evident that no stationary 
states exist for two interacting He 3 atoms. For He 4 , on the other hand, it 
is difficult to decide whether or not there is a discrete level very near to 
£ = 0. It is rather probable that no discrete level exists 8 for the particular 
form of the potential chosen, but a slight alteration of this potential 
might well bring one into existence. 

From these phase shifts the second virial coefficients of the isotopes of 
helium have been calculated for very low temperatures. It is only for 
temperatures below about T* = 1 that the sums over / in Eq. 6.4-11 
converge sufficiently rapidly to make the series suitable for numerical 
calculation. For He 4 , a Bose-Einstein gas with zero spin, we use Eq. 
6.4-11. For He 3 , a Fermi-Dirac gas with spin \, we use Eq. 6.4-13. 
The calculated results for the Lennard-Jones potential are given for 
both gases in Table 6.4-1. The same results are also given graphically 
in Fig. 6.4-4, where the available experimental data for He 4 are 
plotted. 


4 J de Boer, J. van Kranendonk, and K. Compaan, Physica , 16, 545 (1950). 

4 J. de Boer and A. Michels, Physica , 6, 409 (1939). Calculations based on the 

Lennard-Jones (6-12) potential. 

4 H. S. W. Massey and R. A. Buckingham, Proc. Roy. Soc. ( London ), A168, 378 
(1938); ibid., A169, 205 (1939). Calculations based on the Buckingham potential. 

» R.’A. Buckingham, J. Hamilton, and H. S. W. Massey, Proc. Roy. Soc. {London), 
A179, 103 (1941). Calculations based on the Buckingham-Corncr potential. 

8 For a discussion of the discrete energy levels associated with the Lennard-Jones 
(6-12) potential, see J. E. and M. F. Kilpatrick, J. Chem. Phys., 19, 930 (1951). 
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TABLE 6.4-1 

Calculated Second Virial Coefficients for the Isotopes of Helium 

at Very Low Temperature 3 
(Lennard-Jones (6-12) Potential) 


7TK) 

Z?(r)(He 3 ) 

*(r)(He 4 ) 

0.51 

-293.0 

-1066 

1.02 

-199.3 

-389 

2.04 

-113.5 

-164 

3.07 

-76.52 

-101 

4.09 

-56.70 

-71.6 

5.11 

-44.24 

-54.1 

6.13 

-35.67 

-42.4 

7.15 

-29.35 

-34.2 


T m —- 



Fig. 6.4-4. Quantum mechanical low-temperature calculations of the second 
virial coefficients of He 4 and He*. The Bose-Einstein and Fermi-Dirac 
contributions to the second virial coefficient of He* are also shown. (The 
calculated curves are from J. de Boer, J. van Kranendonk, and K. Compaan, 
Physica, 16, 545 (1950). The sources of the experimental data are: 

J. Kistemaker and W. H. Keesom, Physica, 12, 227 (1946); W. H. Keesom 
and H. H. Kraak, Physica, 2, 37 (1935); W. H. Keesom and W. K. Walstra? 

Physica, 6, 1146 (1939)]. 

In Fig. 6.4-5 we compare the various calculations which have been made 
for He 4 . This enables us to get some idea of the sensitivity of B{T) at 
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[Eq. 6.4-21] 

low temperatures to the form of the intermodular potential function 
In order to make a comparison of the results for these vano p 
fields, a Lennard-Jones (6-12) potential has been selected for each of them 
which fits the potential curve as closely as possible. The values ot tn 
constants, o and e, so determined for these potential fields are shown in 



Fig. 6.4-5. Comparison of the various low-temperature second virial coefficient 
calculations for He 4 . [This figure is taken from J. dc Boer, Reports on Progress in 
Physics, 12, 305 (1949). The sources of the experimental data are given in Fig. 6.4-4.] 
Curve BM: (Calculation of de Boer and Michels. 4 ) Lennard-Jones (6-12) potential 
with the parameters, o and e, so adjusted as to give experimental second virial co¬ 
efficients in the high-temperature range, where quantum effects arc small. 

Curve S: (Calculation of Massey and Buckingham. 4 ) Potential function 1.3 times 
as large as that calculated theoretically by Slater, being of the form: 

<p(r) = b exp (-ar) - c/r 4 

with b = 10 -* erg, c = 1.91 x 10-“ erg A 4 and a = 4.60 A" 1 . 

Curve A: (Calculation of Buckingham, Hamilton, and Massey. 7 ) Potential function 
including a term for the induced-dipole-induced-quadrupole interaction: 

<p(r) = b exp (-ar) — cr~ 4 — c'rr • 

with b = 9.77 x 10- 10 erg, c= 1.50 x 10- w ergA 4 , c' = 2.51 x 10- ,2 ergA 8 , and 
a = 4.60 A" 1 . 

Curve B: (Calculation of Buckingham, Hamilton, and Massey. 7 ) Same potential 
function as used for curve A, with the constants multiplied by a factor 0.83. This 
leaves the minimum of the potential curve in the same place and changes the depth. 

Curve C: (Calculation of Buckingham, Hamilton, and Massey. 7 ) Same potential 
function as used for curve A, with the constants multiplied by 0.67. 
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Table 6.4-2,® where various features of these potential functions are 
compared. With the values of these force constants A* may be calculated. 
In the table is also given information about the stationary states found 
for the various potential functions, and their contributions to the virial 
coefficients at 1°K and' 7°K. It seems from this analysis of the data 
that it would be necessary to decrease A* for He 4 by about 5 per cent 
in order for the calculations based on the Lennard-Jones potential to 
agree perfectly with the experimental data in this temperature region. 

TABLE 6.4-2 

Comparison of Several Potential Functions for He 4 for Which 
Low-Temperature Second Virial Coefficient Calculations Have 

Been Made® 


Curve of 
Fig. 6.4-5 

Discrete 

Level, 

E-/€ 

(«/*)(*K) 

<7 (A) 

A* 

Contribution of 
Discrete Level 
to B(T) 

at 1 °K 

at 7°K 

S 

-0.0058 

11.84 

2.62 

2.42 

12 % 

1.3% 

A 

-0.0004 


2.62 

2.56 

1 % 

o.i% 

BM 

0 

tyi 

2.56 

2.67 



B 

— 


2.62 

2.80 

— 

— 

C 


kd 

2.62 

3.14 

— 

— 


Low-temperature calculations of the second virial coefficient have also 
been made for hydrogen and deuterium by Miyako. 10 His calculations 
are based on the monatomic gas theory discussed thus far and hence the 
effects of the quantized rotational states are not taken into account. 
Miyako has, however, taken into account the fact that hydrogen molecules 
exist iii ortho and para states. This means that the gas must be con¬ 
sidered as a binary mixture of two types of hydrogen molecules, and 
consequently symmetry requirements are applicable only to a certain 
fraction of the total number of collisions. 11 The calculated values are not 
in very good agreement with the experimental values, perhaps because 
the nature of the rotational quantum effects was not considered exactly. 
A brief discussion of these rotational quantum effects is given in § 6.7. 

9 J. de Boer, Reports on Progress in Physics, 12, 305 (1949). 

10 R. Miyako, Proc. Phys. Math. Soc. Japan (Ser. 3), 24, 852 (1942). 

11 O. Halpem and E. Gwathmey, Phys. Rev., 52, 944 (1937). 
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5. The Second Virial Coefficient for Real Gases at 
“Intermediate Temperatures” 

In the last section it was shown how the quantum mechanical e *P ressl °" 
for the second virial coefficient given in Eq. 6.4-11 has been used for the 

computation of the equation of state at very low temperatur In 

Chapter 3 the classical expression for the second virial coefficient wa 
derived, which is valid for high temperatures. We now wish to discuss 
the behavior of the equation of state in that intermedtate temperature 
region for which the quantum deviations from classical behavior are 
small. We show that the quantum mechanical second virial coefficient 
may be written as the classical mechanical second virial coefficient plus 
a correction term. 

It was pointed out in § 1.6e that the WKB method is convenient to use 
when a system deviates only slightly from classical behavior. The first 
WKB approximation gives exactly the classical result, the second WKB 
approximation gives the first quantum correction, and so forth. Kahn 1 
applied this method to the calculation of the discrete negative energy 
states E„r and the phase shifts tj^k) of Eq. 6.4-11. He was thus able to 
obtain the correct classical limiting expression for the second virial 
coefficient and also the first quantum correction. We do not present a 
discussion of this approach here, inasmuch as the same expression for the 
quantum corrections to B(T) may be obtained more simply from Eq. 
6.1-20, which gives the quantum deviations of the Slater sum. Further¬ 
more, the use of the WKB technique is described in detail in connection 
with the quantum deviations of the transport properties in Chapter 10. 


a. General expressions for the quantum deviations of the second virial 2 

The second virial coefficient in classical statistical mechanics is given in 
Eq. 3.4-5 in terms of the Boltzmann factor, W^r x% r 2 ). It has been pointed 
out that this formula is also true in the quantum mechanical theory of the 
equation of state when the Boltzmann factor is replaced by its quantum 
mechanical analog, the Slater sum, ^ 2 (r„ r 2 ). Accordingly, we may 
write for the non-ideal gas and for the ideal gas: 


Non-ideal: B(T) = -( N/2V) J J [^ 2 (r„ r 2 ) - 1] dr, dr 2 (6.5-la) 
B°(T) = — OV/2 V)jj[ 2 °(r,, r 2 ) - 1] dr, dr.. (6.5-1 b) 


Ideal: 


1 B. Kahn, Dissertation, Utrecht (1938), Ch. IV, Sections 6 and 7. 

2 G. E. Uhlenbeck and E. Beth, Physica, 3, 729 (1936). 
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Subtraction of the second of these equations from the first and integration 
over the coordinates of one molecule gives 

[B(D - B°{T)] = -0V/2) J [^ 2 (r 12 ) - 2 °(r 12 )] dr 12 (6.5-2) 

When the expression given in Eq. 6.1-20 for the Slater sum is written for 
two particles and substituted into this last equation, the second virial 
coefficient assumes the form 3 

BIT, = [ S .,m + 0 *,<r> + (*-■)’ W H '] -F Q\(r) 

(6.5-3) 

in which 


«D 

B cl (T) = -2t7 N J [e~ ,i,)liT - 1] r 2 dr 
0 

co 

W + 2 "» (sdw*) J 

0 

co 

I 


(6.5-4) 


(6.5-5) 


.-H’iltT 


(6 “> 

B d (T) is just the ordinary classical expression for the second virial co¬ 
efficient and B°(T) = B 0 (T) is the second virial coefficient of 

the ideal gas as obtained in Eq. 6.3-8. 


b. Series expressions for the quantum deviations of B(T) (Lennard-Jones 

potential) 4 * 5 

It was shown in § 3.6a that the expression for B cX (T) for the Lennard- 
Jones potential could be expanded in a rapidly converging infinite series 
of gamma-functions. A similar development may be made for the 
functions B&T) and B n (T). Using c/A: and b 0 = lirfio* for reducing the 
temperature and the contributions to B(T) t we get for the Lennard-Jones 
potential 

B* = [B c * + A«V + A* 4 # n * + • • •] =F A(6-5-7) 

3 When this substitution is made, only the terms in the first set of braces in Eq. 6.1-20 
are used. 

4 J. de Boer, Dissertation, Amsterdam (1940). 

6 J. de Boer and A. Michels, Physica, 5, 945 (1938). 
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b c *(t*) = i 

j=0 

(6.5-8) 

B t *(T*) = £ 6 ( 1 j) r*- (13+6j)/12 
i-o 

(6.5-9) 

B n *(T*) = I bfflT*- (S3+ ' jm 

j-0 

(6.5-10) 

W> - Ufi) *-"■ 

(6.5-11) 


The expansion coefficients b li) , b { j\ and b$ are given by 5 



(6.5-12) 

(6.5-13) 



(6.5-14) 


Values of the b {i \ b^\ and b { $ are tabulated in Table I-E. The functions 
B c * t /?,*, /?,,*, and B 0 * are given in Table 6.5-1. 6 

The quantity A* which appears in the above expressions is the 
de Broglie wavelength of the relative motion of two molecules, with 
relative kinetic energy c, divided by the collision diameter a : 


A* = A/o = hjaV m€ 


(6.5-15) 


Hence we see that the reduced second virial coefficient depends not only 
on the reduced temperature T* but also on the value of the quantum 
mechanical parameter A*. This is in agreement with the quantum 
mechanical principle of corresponding states, which is discussed in detail 
in the next section. The larger the value of A* for a substance, the greater 
the quantum deviations in the bulk properties. 

6 R. J. Lunbeck, Doctoral Dissertation, Amsterdam (1951). The quantities B cX *, 
B x *> B n * are related to the corresponding quantities £ cl *. /?,*, B u * used by de Boer 
and Lunbeck by the equation B* = (3/2tt)B* as explained in the Note on Notation 
at the front of the book. 
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TABLE 6.5-1 


Classical and Quantum Mechanical Contributions to the 
Reduced Second Virial Coefficient 5 - 6 



** = [*cl* 

+ + A* 2 Z?i,* 

+ ...] + A * 3 B 0 * 


T* 

*cl* 

*i* 

*ii* 

V 

1 

-2.538 

0.4145 

— 0.09463 

0.025359 

2 

-0.6274 

0.08203 

-0.01095 

0.0 2 1895 

4 

+0.1154 

0.03247 

-0.021176 

0.036699 

6 

0.3229 

0.01826 

-0.034227 

0.033646 

9 

0.4406 

0.01057 

-0.031372 

0.031985 

12 

0.4759 

0.027324 

-0.0*6761 

0.031289 

25 

0.5290 

0.023025 

-0.0*117 

0.0*4287 

100 

0.4640 

0.036126 

— 

0.035359 


Note : 0.0*6126 = 0.0006126. 


c. Calculations for the Lennard-Jones potential 

In order to make use of the results of the last section it is necessary to 
know the “force constants" a and c/k for the molecules under considera¬ 
tion. To obtain the proper values of these parameters for use in quantum 
mechanical calculations, we fit the experimental second virial coefficient 
data (or Joule-Thomson coefficient data) with Eq. 6.5-7. This is accom¬ 
plished by successive approximation as follows: First, values of the 
parameters o and e/k are determined by using only the classical contri¬ 
bution to the second virial coefficient. With these parameters a trial 
value of A* can be calculated. Then, using this trial value of A*, we 
may obtain new values of o and c/A: from the experimental data and Eq. 

6.5- 7. This process is repeated until a consistent set of values of a, 
e/A:, and A* is obtained. The values so obtained for a large number of 
gases are shown in Table 6.5-2. 6,7 

Once the parameters have been thus determined, the second virial 
coefficient and the zero-pressure Joule-Thomson coefficient may easily 
be calculated. The expansion in powers of Planck’s constant in Eq. 

6.5- 3 converges less rapidly as the deviations from classical behavior 
become greater. This means that Eq. 6.5-3 may not be used below about 
40°K for helium and below 75°K and 45°K for hydrogen and deuterium, 
respectively. Values for the various terms in the second virial coefficient 
expansion are shown in Table 6.5-3 for four gases. 

7 When the values of o, €, and A * have been determined for one isotope of a molecule, 
the value of A* for any other isotope may be calculated at once, since a and € are essen¬ 
tially the same for the various isotopes of a substance. In this way the parameters 
, * for He 3 and some of the hydrogen isotopes were determined. 
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TABLE 6.5-2® 

Values of the Quantum Mechanical Parameter A* 

Noble Gases 


He 3 

He 4 

Ne 

A 

Kr 

Xe 


3.08 

2.67 

0.593 

0.186 

0.102 

0.064 


Hydrogen Isotopes 

Other Gases 

h 2 

1.729 

ch 4 

0.239 

HD 

1.412 

n 2 

0.226 

Do 

1.223 

CO 

0.220 

HT 

1.223 

o 2 

0.201 

DT 

1.095 



t 2 

1.00 




In Fig. 3.6-1 are shown the calculated curves of the second virial 
coefficient along with the experimental values. It may there be seen that 
the theory predicts quite nicely the quantum deviations in the low density 
equation of state. A similar comparison is made in Fig. 3.6-3 for the 
zero-pressure Joule-Thomson coefficient, which may be written in the 
quantum mechanical form: 

T © 11 ^ (6 ' 5_16) 


4 


which is analogous to Eq. 6.5-3 

In Table I-A there are given two sets of force constants for the lighter 
gases. The parameters designated by Qu were obtained from the experi¬ 
mental data and Eq. 6.5-7. These are the true force constants appropriate 
for the Lennard-Jones potential. It is, however, possible to fit the experi¬ 
mental data with the classical formula given in Eq. 3.6-3. By this means 
the parameters labeled Cl were determined. These quantities must, 
however, be regarded as “effective” force conscants. For accurate 
calculations, high-temperature extrapolations, and very low-temperature 
computations the Qu parameters should be used. 


TABLE 6.5-3 


Order of Magnitude of the Various Contributions 5 to B(T) 


Gas 

re K) 

*c. 

B° 


(/i 2 /m) 2 /?, i 

He 4 

27.3 

-4.87 

0.50 

9.16 

-4.05 


83.5 

8.87 

0.093 

1.82 

-0.19 


256.0 

11.13 

0.017 

0.48 

-0.01 

H 2 

49.2 

-47.1 

0.57 

20.68 

-8.63 

182.8 

7.55 

0.080 

2.26 

-0.19 


592. 

15.7 

0.014 

0.49 

-0.01 

d 2 

37.0 

-78.94 

0.31 

19.60 

-10.21 

182.8 

7.55 

0.029 

1.13 

-0.05 


592.0 

15.7 

0.004 

0.25 

0 

Ne 

35.6 

-66.2 

0.03 

3.80 

-0.47 


95.0 

-6.23 

0.007 

0.55 

-0.01 


392.0 

12.1 

0.0008 

0.07 

0 
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d. Calculations for the Buckingham-Corner potential 8 

Buckingham and Corner 9 have evaluated the second virial coefficient 
and the Joule-Thomson coefficient for the potential function given in 
Eq. 1.3-29. They have expressed their results in the form; 


Z» cl = (2 t rftrj) F 0 ( a, /?; T*) 


B, = ( NrJkT) F,(a, /}; T*) 

(6.5-17) 

/*,!°C, # = (2t rfjrj) G 0 (*. /?; T*) 


tfC' = (HrJkT) <?!<«, T*) 

(6.5-18) 


The functions F 0t C 0 , F lt G, are given in Tables VI-A, B, C, D. The 
tables cover a wide temperature range and are given for five values of a 
and two values of fl. These tables have not been used for computing 
the force constants for the Buckingham-Corner potential taking into 
account the quantum effects in the lighter gases. 

6. The Principle of Corresponding States in Quantum Mechanics 

This discussion parallels to some extent the discussion given in §4.1, 
in which the principle of corresponding states for classical systems was 
discussed. Here we want to formulate the analogous principle for systems 
in which quantum deviations are observed. Then we show how this 
principle can be used for summarizing the nature of quantum effects in 
the liquid phase and for predicting the properties of some of the isotopes 
of hydrogen and helium. The transport coefficients are discussed from 
the stand-point of the quantum mechanical principle of corresponding 
states in § 10.4. 

a. Statement of the principle of corresponding states in quantum mechanics 

The principle of corresponding states has developed in quantum 
mechanics in much the same manner as in classical theory: first came the 
statement in terms of the reduction of variables in terms of critical constant 
(bulk properties) and later in terms of parameters in the intermolecular 
potential (molecular properties). 

It was first suggested by Byk 1 that there should be quantum deviations 
from the principle of corresponding states at high pressures and low 
temperatures. He suggested that the reduced equation of state, as given 
by Eq. 4.1-6, should be modified in such a way that Planck’s constant 

• The symbols used in this discussion have been defined in § 3.7. 

* R. A. Buckingham and J. Corner, Proc. Roy. Soc. ( London ), A189, 118 (1947). 

1 A. Byk, Ann. Physik , 66, 157 (1921); 69, 161 (1922). 
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appears in dimensionless form. Consequently, according to Byk the 
equation of state assumes the form: 

p r =p,(V„T r -,\ r ) (66_1) 

Here the quantity A r is the dimensionless combination 


*_ h _ ( 6 . 6 - 2 ) 

r ~ 

The inclusion of the parameter A r allows then for deviations from the 
classical principle of corresponding states. Actually this parameter is 
not too well-suited for the study of quantum effects, inasmuch as A r is 
itself influenced by the quantum effects through the quantities V e and I c . 
Nevertheless, it is seen that the quantum deviations are greatest for gases 
which are of low molecular weight and have small critical temperatures 
and volumes. 

A corresponding states relationship based on mQlecular parameters, 
analogous to Eq. 4.1-16 may also be developed for the quantum mechanical 
equation of state. 2-4 Quite generally the equation of state may be 
written in the form 

p= p(V IN y kT\h y m, <r, <) (6.6-3) 


provided that the intermodular potential function is of the form of 
Eq. 4.1-13. If the molecular parameters a and c are then used for the 
reduction of the variables, the equation of state assumes the reduced form 


p'=p*(V\ T* \ A*) 


(6.6-4) 


The reduced pressure p* = pa 2 3 4 /c can depend only on the dimensionless 
quantities V * = K/yVo 3 and T* = kT/c and on a dimensionless combina¬ 
tion A*, which is defined by 

A* = —!= (6.6-5) 

(7 V ft1€ 


This must be true, inasmuch as V* y T* y and A* are the only dimensionless 
quantities which can be formed by various combinations of V/N y kT y 
h y m y €, and a. Equation 6.6-4 is the statement of the principle of cor¬ 
responding states in quantum mechanics as applied to the equation of 
state. The result does not depend on any limitation as to the density or 
temperature of the system and must consequently be valid for gases, 
liquids, and solids. 


2 J. de Boer, Physica , 14, 139 (1948). 

3 J. de Boer and B. S. Blaisse, Physica , 14, 149 (1948). 

4 J. de Boer and R. J. Lunbeck, Physica , 14, 520 (1948). 
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Thus in general the reduced pressure becomes a function of the reduced 
volume and temperature and depends parametrically on the parameter 
A*. It should be pointed out that this function is different for molecules 
which obey Bose-Einstein statistics and for those obeying Fermi-Dirac 
statistics. This must be s6, because in the summation over all quantum 
states in the expression for the partition function, only symmetrical 
states should be considered in the first case and only antisymmetrical 
states in the second case. Under conditions of temperature and density, 
however, for which the de Broglie wavelength is small compared with 
the average distance between the molecules, this difference between the 
sum over symmetrical states and the one over antisymmetrical states 
becomes of minor importance, and consequently both reduced equations 
of state approach one and the same reduced quantum mechanical equation 
of state. 

The principle of corresponding states has already been illustrated for 
several equilibrium properties of gases. In Fig. 3.6-1 is shown the classical 
curve of B* versus T*. There are also shown the calculated fl*-curves 
and the experimental points for several of the light gases. It isquiteclear 
that the quantum deviations are greater for those substances with larger 
A* values. Similar behavior has been observed for the third virial 
coefficient (Fig. 3.6-2) and for the zero-pressure Joule-Thomson coefficient 
(Fig. 3.6-3). 

b. Quantum effects in the liquid phase 1 - 4 * 5 

It has been shown that the theoretical investigations of the quantum 
deviations in the gas-phase properties give a satisfactory quantitative 
description of the phenomena. In the liquid phase, however, such 
refined theoretical results have not yet been obtained. Consequently, we 
content ourselves with a semi-empirical investigation of the quantum effects 
in liquids based on the principle of corresponding states in quantum 
mechanics. We make use of the principle in the form given in Eq. 6.6-4 
and use the values of the parameter A* given in Table 6.5-2 based on the 
Lennard-Jones (6-12) potential. To illustrate the general nature of the 
quantum effects, we consider briefly the experimental observations of 
critical properties, liquid volumes, liquid-vapor and solid-vapor equilibria, 
and surface tension. 

i. The Critical Properties 

In Fig. 6.6-1 the reduced critical constants of the noble gases and 
hydrogen are plotted as a function of A*. From this plot the limiting 


5 R. J. Lunbeck, Doctoral Dissertation, Amsterdam (1950). 
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values of the critical constants for A* = 0 have been found to be 

T* = kTjc =1.26 
p*=p c ^ =0.117 ( 6 - 6 ' 6) 

V* = pjfto 3 -- 3.16 

For lighter gases large deviations from the classical behavior may be 
observed, the deviations increasing for the larger values of A . 



Fig. 6.6-1. In this figure are shown the reduced critical properties as functions 
of A*. The extrapolated values for the critical constants at A* — 0 (no 
quantum effects) are given in Eq. 6.6-6. Values of the reduced critical con¬ 
stants for He 1 have been predicted from the graph by extrapolation of the 
three curves. This is a nice illustration of the application of the principle 
of corresponding states in quantum mechanics. (From R. J. Lunbeck, 
Doctoral Dissertation, Amsterdam (1950).] 

ii. Liquid Volumes 

The molar volume of the liquid phase exhibits quite clearly deviations 
due to quantum effects. As may be seen in Fig. 6.6-2, the deviation of 
the reduced molar volume from the classical limiting value is, for not too 
large values of A*, clearly proportional to A* 2 . This proportionality 
has been investigated theoretically, 4,6 using the Lennard-Jones-Devonshire 
theory (§ 4.7) for the equation of state of the liquid. It may be recalled 
that in this theory the partition function for a single molecule in the liquid 

6 The problem of quantum effects in the liquid phase has also been studied by 
S. D. Hamann, Trans. Faraday Soc., 48, 303 (1952), and by H. G. David and S. D 
Hamann, Trans. Faraday Soc., 49, 711 (1953). 
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Here w(r) is the average potential field of the molecule in its cell of volume 
A. In order to make the Lennard-Jones-Devonshire theory apply in 
quantum mechanics, the Boltzmann factor, exp (— oj(r)lkT) t must be 
replaced by its quantum mechanical analog, the Slater sum. The Slater 



Fig. 6.6-2. The reduced molar volume of the monatomic liquids and isotopes 
of hydrogen at several reduced temperatures. It may be seen here that the 
reduced molar volume of liquids is almost a linear function of A**. (From 
J. de Boer and R. J. Lunbeck, Physica, 14, 149 (1948).] 

sum, in turn, may be expanded as indicated by Eq. 6.1-20. The result is 
that the partition function for the single molecule becomes 

2 ,~ J e-"" ,,ir [l + Xhtfr, T) + X*w,{r, T)+---]dr (6.6-8) 

A 

When this expression is substituted into Eq. 4.4-32, we finally obtain the 
reduced equation of state in the form 

P*=P*+ A*V + A*Vii + 


• • • 


(6.6-9) 
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From this quantum mechanical treatment, we may thus show that the 
quantum deviations of various properties of liquids are dir J 
proportional to A* 2 for small values of A*. The value of (Bvjd A ) 
has been calculated* from this theory, but the calculated value^differs y 
about a factor 2 from the slope of the experimental v t versus A cur 
in Fig. 6.6-2. This is not bad, however, considering the approximate 
nature of the Lennard-Jones-Devonshire treatment. 



Fig. 6.6-3. Reduced vapor pressure for several gases. This figure shows that 
for the lighter molecules He, H t , Ne, the quantum deviations may not be 
neglected and that the quantum effects become more appreciable for larger 
A*-values. (From R. J. Lunbeck, Doctoral Dissertation. Amsterdam (1950).] 

iii. Vapor-Liquid and Vapor-Solid Equilibrium 

According to the classical theory of corresponding states the reduced 
vapor pressure should be a universal function of the reduced temperature. 
For the heavy noble gases (A, Kr, Xe) this is indeed corroborated by 
recent experimental data, 7 as may be seen in Fig. 6.6-3. In this figure are 
also shown the vapor pressure curves for the lighter noble gases 8 and three 

7 A. Michels and T. Wassenaar, Physica, 16. 253 (1950), Xenon. A. M. Clark, 
F. Din, J. Robb, A. Michels, T. Wassenaar, and Th. Zwietering, Physica, 17, 876 (1951), 
Argon. A. Michels, T. Wassenaar, and Th. Zwieterling, Physica, 18, 63 (1952), 
Krypton. 

8 R. W. Ditchburn and J. C. Gilmour, Revs. Mod. Phys. t 13, 310 (1941). Landolt- 
Bornstein, Physikalisch-Chemische Tabellen, Berlin (1936). 
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isotopes of hydrogen.® We see that the quantum deviations for these 
lighter gases are appreciable, even for neon. We see also that the vapor 
pressure curves for the three isotopes of hydrogen are distinctly different, 
an effect which is of course not predicted by classical theory at all. It is 
clear that the greater the value of A*, the greater is the deviation from 
classical behavior. An interpretation of this effect may be given 5 in terms 
of the Debye theory of solids and the Lennard-Jones-Devonshire theory 



Fig. 6.6-4. The reduced surface tension y* as a function of the reduced 
temperature 7* and the quantum mechanical parameter, A*. The arrows 
above the atomic and molecular symbols are pointing to the reduced critical 
temperatures of the various substances. 

of liquids. The vapor-solid equilibrium comes out to be in satisfactory 
agreement with the experiments since the solid and gas phases are fairly 
well understood. Quantitative conclusions about the liquid-vapor 
equilibrium are, of course, rather unsatisfactory because of the present 
unsatisfactory status of our knowledge of the liquid state. 

iv. Surface Tension 

The classical theory of surface tension has been discussed in §5.1, 
but as yet the quantum deviations have not been studied from the 
theoretical standpoint. It is clear from Fig. 6.6-4 that quantum effects 

• H. W. Woolley, R. B. Scott, and F. G. Brickwedde,/. Research Natl. Bur. Standards, 
41, 379 (1948). 
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are quite prominent in the surface tension of the lighter substances. 
According to the classical principle of corresponding states we should 
expect that the reduced surface tension, y* = ya 1 /* would be a universal 
function of the reduced temperature 7* = kT/t, for those substances 
which are described adequately by the Lennard-Jones potential. I ne 
available experimental data indicate that y * depends parametrically on 
the quantum mechanical parameter A*. 


c. The properties of the isotopes of helium and hydrogen 

There is at present a great deal of interest in the separation of isotopes 
and their properties. Among the more interesting are the two isotopes 
of helium and the six isotopes of molecular hydrogen for which very 
limited data are available. In this section we indicate how various 
properties for He 3 , D 2 , T 2 , HD, HT, and DT may be estimated. 


i. Properties 10 of He 3 

He 3 has recently become interesting because it does not seem to exhibit 
the unusual properties of He 11 . Inasmuch as o and c are the same for 
both species, and since the mass of He 3 is three-fourths that of He 4 , A* 
for He 3 is V4/3 of A* for He 4 , or 3.08. This is the largest value of A* 
thus far known. 

If we know any reduced physical property as a function of A*, we may 
now extrapolate the curve out to A* = 3.08 and get an estimation of the 
value for He 3 which should be good to within 10 to 20 per cent. By thus 
extrapolating the curves of the critical constants of Fig. 6.6-1, the critical 
constants for He 3 were predicted in 1948. 10 The following year the 
critical constants were measured. 11 The experimental results and the 
results predicted from the quantum mechanical principle of corresponding 
states are compared in Table 6.6-1. 

In a similar way the vapor pressure curve for He 3 was computed 10 
in 1948. Two years later measurements were made of this property. 12 
Experimental and theoretical results are compared in Table 6.6-2, and 
the agreement is seen to be exceptionally good. 

The surface tension of He 3 has also been estimated by means of the 
principle of corresponding states. This was done by fitting the surface 
tension data of H 2 , He 4 , Ne, and A with the equation 

V* = P(T* — r*) n, » (6.6-10) 

The values of ft were plotted as a function of A* (see insert Fig. 6.6-4), 

10 J. de Boer and R. J. LuAbeck. Physica, 14. 510 (1948). 

11 S. G. Sydoriak, E. R. Gilly. and E. F. Hammel, Phys. Rev., 75. 303, 1103 (1949) 

12 B. M. Abraham, D. W. Osborne, and B. Weinstock, Phys. Rev., 80. 366 (1950) 
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and a value of ft = 0.56 for He 3 was found by extrapolation. From this 
value of ft and the value of T* = 0.32, the surface tension curve may be 
constructed. This property of He 3 has not yet been measured. 


TABLE 6.6-1 

Critical Properties of the Isotopes of Helium 


Gas 

Tjm 

y? f (atm) F f (cm 3 /mole) 

V 

Pc' 

K' 

He 4 


5.20 

2.26 

57.76 

0.509 

0.0271 

5.742 

He 3 { 

Extrap 10 

3.37 

1.12 

70. 

0.33 

0.0135 

7.0 

Exptl 11 

3.34 

1.15 

72. 





TABLE 6.6-2 

Vapor Pressure of the Isotopes of Helium 
(Measured in cm Hg.) 


T* 

Gas 

1.21 

1.33 

1.52 

1.63 

1.8 

2.0 

2.4 

2.8 

3.0 

3.2 

3.3 

He 4 

0.07 

0.14 

0.39 

0.64 

1.23 

2.34^ 

6.2J 

13.27 

18.12 

24.05 

27.48 

.1 Fxlran 10 






14. 

27. 

48. 

59. 

75. 

82. 


2.07 

3.10 

5.35 

7.04 


15.2 

29.1 

49.11 

61.79 

76.40 

84.47 


ii. Properties of H 2 -Isotopes 

The determination of properties of He 3 rested on an extrapolation, but 
for the H 2 -isotopes an interpolation process may be used. There is, 
however, an uncertainty in this interpolation, for we must assume that 
(i) the H 2 -isotopes, which are diatomic molecules, still fit into the series 
of noble gases, and (ii) that the various H 2 -isotopes obey the same inter- 
molecular potential field. Since we are dealing here with rotating diatomic 
molecules, we may expect deviations from the principle of corresponding 
states, which is here set up for spherical molecules. Moreover there are 
several reasons why assumption (ii), which is rigorously valid for the 
isotopes of helium, might not be valid for the isotopes of hydrogen. 
The first effect, which is very small, is the fact that the difference in 



[Ea. 6.6-10] THE .SOTOPES OF HELIUM AND HYDROGEN 
zero-point energy would make the force 

u q if wqv hetween the two atoms as is the case with H 2 , D 2 , and i 2 . 

on assumptions (i) and (ii). , , functions 

By means of interpolating the physical propert.es plottedas 

of A* 2 several properties of the various .sotopes of hydrogen have been 

computed. 5, » h. Tables 6.6-3 and 6.6-4 are given the thus calculated 

values of the critical constants and the vapor pressure curves 1 he 

available experimental data for the critical constants are also «•«"■ 

The accuracy of the interpolation process cannot be claimed to be larger 

than 5 per cent. Hence the existing data cannot be sa.d to show quite 

definitely deviations from the interpolated values. This suggests that 

the elfccts mentioned above are not too serious in causing deviations 

from ihe interpolated values. Similar calculations have been performed 

for some other properties. 5 

TABLE 6.6-3 

Critical Properties of Hydrogen Isotopes 


Substance 



HD D 2 ; HT 



TS , 

Pc*- io 2 
VS 


m'k) E5T 

Pc < atm > {Sjd* 

.. , * , x (Theor 5 


V c (cc/mole) 


Exptl 


1.729 


0.897 

6.46 

4.42 


(33.18) 

33.18 

(12.98) 

12.98 

(66.95) 

66.95 



15.5 

14.6 14 

62. 

62.8 14 


13 R. P. Bell, Prcc. Roy. Soc. {London), A174, 504 (1940). 

14 E. F. Hammel,/. Chem. Phys., 18, 228 (1950). 

33 R. D. Arnold and H. J. Hoge, J. Chem. Phys., 18, 1295 (1950). 

16 A. S. Friedman, D. White, and H. L. Johnston, J. Chem. Phys., 19, 126 (1951). 
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TABLE 6.6-4 

Vapor Pressure of Hydrogen Isotopes 5 


(Measured in mm Hg.) 


Ti K) 

h 2 

HD 

D 2 ; HT 

DT 

t 2 

10 

1.7, 

0.28 

0.05 



12 

12.7 

2.94 

0.73 

0.21 

0.09 

14 

55.4 

16.8 

5.44 

1.85 

0.98 

16 

153.3 

65.2 

25.4 

11.5 

7.43 

18 

345.9 

176.4 

87.2 

43.5 

31.6 

20 

675.7 

382.8 

219.9 

130. 

106. 

25 

2525. 

1630. 

1040. 

770. 

700. 

30 

6200. 

4415. 

3180. 

2540. 

2345. 

35 


8060. 

6650. 

5790. 

5400. 


7. Quantum Effects in Diatomic Gases 

The theoretical developments given thus far in this chapter are rigorous 
only for monatomic gases. It is true that we have discussed the equation 
of state of hydrogen at very low temperatures and the quantum deviations 
of hydrogen and deuterium at intermediate temperatures, making use of 
the results of the monatomic gas theory. We now wish to examine more 
closely the quantum mechanical effects associated with the rotational 
motion of these molecules. First, a discussion is given of the theoretical 
approach to the problem, and then the rotational quantum effects in H 2 
are discussed. Calculations have been made for the intermediate tempera¬ 
ture region (analogous to § 6.5), but no computational work has been 
done at very low temperatures (analogous to § 6.4). 

a. Brief summary of the theoretical development 

The quantum statistical theory of the equilibrium bulk properties of 
diatomic molecules has been worked out by Wang Chang. 1 She assumed 
that diatomic molecules may be represented by rigid three dimensional 
rotators of mass m and moment of inertia /, each with five degrees of 
freedom—three translational and two rotational. The Hamiltonian 
operator for a system of N such molecules is the quantum mechanical 
analog of the classical Hamiltonian given in Eq. 3.4-10. Similarly the 
quantum mechanical partition function for the system is very much like 
the classical partition function given in Eq. 3.4-13, except of course that 
the Boltzmann factor must be replaced by the Slater sum. Wang Chang 
showed that the latter may be expanded in terms of U-functions in a 
manner similar to that described in § 3.2a. In this way expressions for 
the virial coefficients were obtained. 

1 C. S. Wang Chang. Doctoral Dissertation, University of Michigan (1944). 
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[Eq. 6.7-5) 

Wang Chang showed that the expressions for «h e virial coeffidenis thus 
derived reduce to those given in Eqs. 3.4-15, 16 lor b 

molecules in classical theory. She then proceeded to obtain the q 
deviations in the second virial coefficient by a scheme ^'^' e Jo 
described in § 6.5a for monatomic gases. It was found > hat here ar ® ‘ f 
types of quantum deviations: those proportional to successive powers ol 
nSm) due to the translational contributions, and those proportionalI to 
successive powers of (/.’/') due to the rotational contributions. The 
final result (analogous to Eq. 6.5-3) is 


A.+[©-p +©>+•■■] 


+ [( 7 )®!'°° + (t ) 2 + ‘ "] 

(6.7-1) 

in which 


S cl (T) = - ^ J J - 1 ) r 2 dr </fi 

(6.7-2) 

j r"m- + !Lw)JJ' '"(J r ' J,dSl 

ir<n-+*( 96 ,, 4 , r> ) JJ.' •'"[(«,,) + (»,) 

(6.7-3) 

+ csc 20 '(aT,) l + cscJ ° 2 © 1 r2</r</Q 

(6.7-4) 


In these expressions: 


(p = (p(r t 0„ 0 2 , <t> 2 — fa) 



• • • sin 0j dO l sin 0 2 d0 2 d(<f> 2 — <^,) 

(6.7-5) 


The next higher order corrections (proportional to /i 4 ) have also been 
worked out. They are not given here because of their length and because 
they have been published elsewhere. 1 The expressions given in Eqs. 
6.7-1 through 5 are not the most general expressions for the second virial 
coefficient. Wang Chang 1 has also given more complex formulae in 
which the ortho-para content of a homopolar diatomic gas is taken into 
account. We do not present the formulae here, but the results are dis¬ 
cussed briefly. 
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b. Comparison of theory and experiment for hydrogen 

In order to calculate the influence of rotational quantum effects in 
hydrogen, Wang Chang assumed that the intermolecular potential of 
hydrogen could be represented approximately by the function 

(fir, 0i, 0 2t <f>) = - ^ + ^(cos 2 0 t -j- cos 2 0 2 ) (6.7-6) 

She adjusted the constants a , b , and c so as to give the best possible 
agreement with the various quantum mechanical calculations which have 
been made for the non-spherical potential field of hydrogen. 2 " 4 

Computations of the second virial coefficient have been made using the 
potential given in Eq. 6.7-6. In Table 6.7-1 the results are summarized 
up through the first quantum corrections. A graph of B versus T makes 
the agreement between theory and experiment seem better at the low 
temperatures where the slope dB/dT is large. This is due to the fact that 
the second-order corrections are always negative, and they are not small 
at the lower temperatures, as may be seen in Table 6.7-2. The second 
rotational quantum corrections have signs opposite to the first-order 
corrections as is also the case for the translational quantum corrections 
(see Table 6.5-3). From the order of magnitude of the functions B[ ToX) 
and B\ T l A) it can be seen that the convergence of the series expansion is 
slow at low temperatures, and hence that the development in powers of 
/i 2 // is valid only at relatively high temperatures. 


TABLE 6.7-1 1 


Contributions to the Second Virial Coefficient of H 2 


T 

*cl 

(**/,,») Bj'" 

(/i 2 //) *i rol) 

*caicd a 

^cxptl 

( K) 

(cc/mole) 

(cc/mole) 

(cc/molc) 

(cc/raole) 

(cc/mole) 

123 

-3.06 

4.23 

1.00 

2.17 

2.56 

173 

+ 5.68 

2.58 

0.46 

8.72 

9.14 

223 

9.49 

1.76 

0.28 

11.53 

12.08 

323 

13.15 

1.13 

0.15 

14.43 

15.14 

373 

14.06 

0.97 

0.12 

15.15 

15.55 

423 

15.22 

0.64 

0.08 

15.94 

15.68 


- B nki = Bn + ^ +j *r> 


* J. dc Boer, Physica, 9, 363 (1943). 

* H. Margenau, Phys. Rev., 64. 131 (1943). 

« The values thus found are: a = 1.25 x lO" 11 erg A‘; b = 4.438 x 10~» erg A“; 
c = 4."‘*4 x 10 -* erg A 1 *. 


[Eq. 6.7-6] 


PROBLEMS 


437 


TABLE 6.7-2 

First- and Second-Order Rotational Quantum Corrections 1 


T 

(h 2 /I) B[ wi) 

(**//)’<'> 

(°K) 

(cc/mol) 

(cc/mol) 

123 

1.00 

-0.42 

173 

0.46 

-0.14 

223 

0.28 

-0.07 

323 

0.15 

-0.02 


Wang Chang 1 has estimated the difference between the second vmal 
coefficients of normal and para hydrogen at 173° and 223°K. She has 
found for these temperatures that £, I? — £ para is 0.19 cc/mole and 0.1 
cc/mole, respectively. These values indicate that the difference ( B ll% — £ par a) 
at temperatures as low as 173°K, is small compared to the experimental 
error of existing equation of state measurements. 


PROBLEMS 

1. Derive the expressions for the Slater sums for the following simple systems: 1 

a. Freely moving mass point in one-dimensional "box" of length L: 



-n'h'lSmkTL * sin > — 
L 


| _ f-inz'lX* 


b. Linear harmonic oscillator* of frequency v: 

7/^(x) = 1 1 20 j e -*o-v* tanh |4 where y - 2ttx and 0 = hv/kT 

c. Two non-interacting mass-points in a one-dimensional box of length L\ use 
Boltzmann, Bose-Einstein, and Fermi-Dirac statistics: 

7/^ is. (*) = (1 ~ WM ’)(1 - e -W/*) 


2^F.D.(*) I 


(*) ± 





Discuss the behavior of the Slater sums in the classical limit. 


1 B. Kahn, Dissertation, Utrecht (1938), pp. 12 et seq. 

* Use needs to be made of the relation: 

f e~" a [H.’(y)l2'n<] = (1 - ? - 20 )-i, 2 ,+v’(i-unh «<» 
n -0 

where H n (y) are the Hermite polynomials. This relation is given by G. E. Uhlenbeck 
and L. S. Ornstein, Phys. Rev., 36, 823 (1930). 
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2. Show how the following expressions for the caloric equation of state may be 
derived, and prove that they are equivalent: 

v = f (r tf. dr « 

z «t J 

3. Derive the following quantum mechanical expression for the pair distribution 
function of an ideal gas: 

= n*(l ± «-*»U 1*) 

Interpret this equation in terms of apparent repulsion and attraction of the molecules. 



PART II 

NON-EQUILIBRIUM 

PROPERTIES 




• 7 * 

The Kinetic Theory 
of Dilute Gases 


The preceding chapters are concerned with the properties of systems in 
equilibrium. In this and the following chapters, statistical methods are 
applied to the description of the non-equilibrium properties, in particular 
the transport phenomena. An elementary discussion of the transport 
phenomena is presented in § 1.2. A summary is given there of the 
rigorous kinetic theory approach used in this chapter, along with the 
assumptions involved in the theory and the limitations to its application. 
In this chapter we arrive at expressions for the hydrodynamical equations 
and formulae for the transport coefficients at low densities. Chapter 8 
deals with the evaluation of and the practical computation of the transport 
coefficients. The present status of the work on high-pressure transport 
phenomena is discussed in Chapter 9, and the quantum theory of transport 
phenomena is discussed in Chapter 10. In Chapter 11 the hydrodynamical 
equations are discussed, and several applications of these equations 
receive detailed consideration. For the most part the theoretical develop¬ 
ments given in these chapters are restricted to monatomic gases, it 
is pointed out in Chapter 8, however, that the coefficients of ordinary 
diffusion and shear viscosity are not very much affected by the internal 
degrees of freedom. Hence some of the results are in practice more 
generally applicable than is indicated by the derivations. On the other 
hand, the coefficient of thermal conductivity is quite dependent on the 
interchange of energy between translational and internal degrees of 
freedom. The theory of transport phenomena in gases made up of 
molecules with internal degrees of freedom is given brief consideration 
in § 7.6. 

We begin by showing that the properties of a dilute gas are completely 
described by the distribution function/(r, v, /). This distribution function 
is given as the solution of an integro-difTerential equation, known as the 
Boltzmann equation. This equation is valid at densities sufficiently low 
that the effect of collisions involving more than two molecules is negligible. 
If the mean free path of the molecules in the gas is short compared with 
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all the macroscopic dimensions, the gas behaves as a continuum. Under 
such conditions the Boltzmann equation leads to the Navier-Stokes 
equations of hydrodynamics and expressions for the flux vectors. The 
transport coefficients are defined in terms of the flux vectors. Expressions 
for the transport coefficients are obtained in terms of a set of integrals 
which involve the intermolecular potential function. 

1. The Kinetic Theory Distribution Functions 1 

The kinetic theory in this chapter is based on the Boltzmann equation, 
which specifies the distribution function /(r, v, /). We give here two 
derivations of the Boltzmann equation. The first, a simple physical 
derivation, gives physical interpretation to the various terms. The second, 
a more rigorous derivation, is based on the integration of the Liouville 
equation. Before presenting these derivations, we discuss some of the 
properties of the various kinetic theory distribution functions and their 
use in describing non-equilibrium systems. 

a. Physical description of non-equilibrium systems 2 

The exact dynamical state of a system of particles is given by specifying 
the complete set of position and momentum coordinates of all the 
individual particles. According to the laws of classical mechanics a 
knowledge of the exact dynamical state at a particular time permits an 
exact prediction of the state at any future time. 

It is virtually impossible to give a complete description of the state of a 
complex macroscopic system. Wc must content ourselves with descrip¬ 
tions of the system which are considerably less than complete. The 
problem of predicting the probable behavior of a system from incomplete 
information about the system at some specified time is a statistical one. 
It is useful to employ the technique of representing the system by means of 
an ensemble consisting of a large number of replicas of the single system. 
The state of the ensemble is then described by a distribution function 
/ <A) (r‘ v , p v , /), in the phase space of the single system. This distribution 
function is so chosen that averages over the ensemble are in exact agree¬ 
ment with the incomplete (macroscopic) knowledge of the state of the 
system at some specified time. Then the probable behavior of the system 
at subsequent times is taken to be the average behavior of members of the 
representative ensemble. There are, of course, many different ways in 
which the ensemble could be formed, and therefore the distribution 
function is not uniquely specified. In the equilibrium case the ensemble is 

1 The distribution functions used in this section have been defined in § 2.1. 

* The discussion presented here is similar to that of H. Grad, Communications on 
Pure and Applied Mathematics, 2, 331 (1949). 
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specified by the ergodic theorem of Birkhoff. Such a theorem has not 
yet been developed in the non-equilibrium case. However, this ott 
difficulties, since the study of non-equilibrium statistical mechanics is 
principally concerned with the lower-order distribution functions J 
and/ (2 >. Equations for. the lower-order distribution functions are derived 
by introducing restrictions, such as the concept of “molecular chaos, 
which effectively restrict the consideration to certain types of distribution 

functions / ( * V) . . . 

The variation of the distribution function / (A, (r* ,p‘ , t) with time is 
described by the Liouville equation, which is derived in § 1.4b. This 
equation, involving 6 N variables, is difficult to solve. Fortunately we are 
usually not interested in a description of the system so complete as that 
afforded by/ (V) . Rather we are satisfied with the less complete description 
given by one of the lower-order distribution functions / (M (r\ p\ t) 
These functions are obtained by integraling/ ( V) over the N — h molecules 
not included in the group 1, 2, 3, • • • //, as described 3 in § 2.1. Of par¬ 
ticular interest are the distribution functions with h = 1 and h = 2. 

In this chapter we are concerned primarily with the function/ m (r, p, 0 
which gives the probability of finding one particular molecule with the 
specified position and momentum. The configuration and momenta of 
the other N — 1 molecules remain unspecified. In considering a system 
made up of identical molecules, the distribution function/ (N) is symmetric 
in the coordinates of all the molecules, inasmuch as no physical experiment 
differentiates among them. Consequently, in obtaining/' 1 * it is immaterial 
which molecule is singled out as special. Clearly/ m is adequate for the 
description of all the properties of gases which do not depend 
upon the relative positions of two or more molecules. This means that 
the level of information corresponding to f il) is sufficient for studying the 


behavior of moderately dilute gases. 

For gases at higher density a knowledge of higher-order distribution 
functions is required. If, however, two-body forces can be assumed 
(that is, <I>(r* v ) = £ the distribution function of order h = 2 is 

sufficient to determine all the macroscopic properties of the system. The 
distribution function / (2, (r„ r 2 , p„p 2 , t) is the distribution in the phase 
space of pairs. The use of this pair distribution function in the study of 
the behavior of dense gases is discussed in §9.4. It may be recalled 
that it was shown in § 3.1b that, as a result of the assumption of addi¬ 
tivity of forces, the equilibrium properties of dense gases may be expressed 
solely in terms of the equilibrium pair distribution function. 

Let us now consider the time dependence of the various distribution 


3 For the definitions and normalizations of these distribution functions see § 2.1b. 
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functions. As already mentioned, the manner in which/ (N) changes with 
time is given by the Liouville equation. That is, to each/ ( * N) at an initial 
time, there corresponds uniquely a function f (S) at a later time, t v 
However, for the lower-order distribution functions, it is not possible to 
predict from a knowledge of / (A) (/ 0 ) a unique value of / (A) (/ 1 ). For 
example, at /„ it is possible that there are a number of functions/ (N >(/„), 
/<*>'(,o), / ( ‘ V) '(/ 0 ), ’ * • which, when integrated over the variables corre¬ 
sponding to N—\ molecules, all give the same function/ (,, (r 0 ). Later on, 
the group of Nth order functions becomes/ <w (l 1 ),/ ( ‘ v, '(^),/ ( V) ^i)»; * *, 
and there correspond to these functions the single distribution functions 
/ (1> (^i)»/< 1, ( / i)./ (1> "( / i)» * ‘ ’» which are in general different from one 
another. This means that no unique integro-differential equation exists 
for/ 111 . In order to remove this ambiguity it is necessary to invoke an 
additional condition which restricts the possible functions / ( ‘ V) . This is 
the condition of molecular chaos, which is introduced into the derivation 
of the Boltzmann equation for/ 11 ’. 

b. Physical derivation of the Boltzmann equation 

Let us consider a monatomic gas mixture in a non-equilibrium state. 
The gas is assumed to be sufficiently dilute that two-body but not three- 
body collisions are important. For generality we suppose that the mole¬ 
cules of the ith species are subject to an external force X In this dis¬ 
cussion X, may be a function of position and time, but not of velocity. 
The effect of velocity-dependent forces are considered in a somewhat 
different manner. 4 The external force is assumed to be much smaller 
than the forces which act on the molecules during an encounter. The 
intermolecular forces are generally many powers of ten larger than the 
force of gravity and act only during the very short time of an encounter. 

As discussed above, we are interested in the description of the gas in 
terms of the distribution function in the phase space of the single molecule 
(//-space). For each component of a mixture there is a distribution 
function p„ i) such that the probable number of molecules of kind i 
with position coordinates in the range dr about r and with momentum 
coordinates in the range dp, about p, is/J"(r, p„ 1) dr dp,. The discussion 
of equilibrium statistical mechanics of Chapter 2 indicates that at 
equilibrium the function /j" is independent of time and space and that 
the velocity-distribution is Maxwellian. Now it is desired to ascertain 
the manner in which f\"(r, p„ /) depends upon the variables in non¬ 
equilibrium situations. That is, we wish to determine the nature of the 


‘ S. Chapman and T. G. Cowling, The Maihematical Theory of Non-uniform Gases, 
Cambridge University Press (1939). 
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[Eq. 7.1-2] 
flow of phase points through a 

the behavior of the function / \ (r, p„ )> that the assumption 

rrs ==: - 

In this clement of volume there are;, P. P ^ the mole . 

particles of the ith kind. In the absence of colhs.ons 'n'hegas ^ 

cules corresponding to these phase points move in.such a ‘ ^ 

time / + dt y their position vectors 5 are [r + (pM) dt \ an 
turn veltors are [p, + X, d,]. No other phase pomts arrive at this latter 

position (in absence of collisions), so that 

mr, p„ 4 * ip, -/i“([ r + S 4 lP ‘ + *■ 11+ *') * *■ _ 


But, since collisions are taking place in the gas, not all the phase points at 

(r, p,) arrive at j(r + £ *). (P. + *. *>) afler the interval dt, for the 

molecules associated with those phase points which are deflected from their 
course by collisions suffer changes in momentum. There are also some 
phase points which did not begin at (r.p,) but which, as a result of colliding 

with other molecules, arrive at {( r +“^)» (P* + X i dt )\ Lel the 

number of molecules of the Ah kind lost from the momentum range p, to 
p. + dp, in the position range r lo r + dr because of collisions with 
molecules of type j during the time interval dt be V ] dr dp { dt. Similarly 
the number of molecules of the Ah kind which in a time dt join the group of 
points which started from (r,p t ) because of collision with molecules of 
type; is denoted by T% +) drd Pi dt. When the equation for the flow of 
phase points takes into account the effects of collisions, it becomes 

/<» ( [r + J <*]. [Pi + *. *] • [' + d 'l) dr d Pi 
=/sv, p„ o dr d Pi f sjn;* - rjri dr d p> dt 


5 Here we use explicitly the properties of Cartesian coordinate systems. 


(7.1-2) 
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The term on the left-hand side of this equation may be expanded in a 
Taylor series about the point (r, p„ /): 



These two equations may be combined to give the Boltzmann equation: 


dt /w, 






(7.1-4) 


which describes the time rate of change of the function f\ l) . This equation 
has the same form as the Liouville equation except for the addition of 
the collision terms on the right side. 

It should be mentioned that the quantities rL +) and r}y ) do not include 
the contributions resulting from the molecules colliding with the walls. 
This is taken into account in the boundary conditions which are imposed 
on the hydrodynamical equations as considered in Chapter 11. 

An explicit expression for the terms on the right side of the Boltzmann 
equation—the collision integrals —can be found from the following 
arguments. First we examine T ]f ) dr dp, dt, the number of molecules of 
type / which are removed from the volume element dr dp, by collisions with 
the molecules of type j during an element of time dt. Let us consider a 
molecule of type /, located at the position r, and having a momentum p 4 . 
We wish to find the probability that this molecule will experience a collision 
with a molecule of type j, in the time interval dt, with the impact para¬ 
meter 6 in a range db about b. If molecule / is considered to be fixed, 
molecule j approaches it with a relative momentum (p, — p,). This way 
of looking at the collision is pictured in Fig. 7.1-1. It is assumed that 
the intermolecular force is negligible for distances of separation greater 
than a distance A, which is small compared to the mean free path. 

In Fig. 7.1-1 we see that any molecule of type j within the cylindrical 
shell will undergo an encounter with molecule i during the time interval 
dt, characterized by an impact parameter b and an initial relative velocity : 



Pi 

m. 


(7.1-5) 


‘ The geometry of collisions is discussed in § 1.5. 
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The probable number of molecules of type; within the shell is 

litffXr, p„ i)g,,b db dt (7.1-6) 

Whefe ft,-*.- 1*1 (7 -'" 7) 


Now the total number of collisions expenenced by th.s molecule , with 
molecules of type j is obtained by adding together the number of co hstons 
characterized by all values of the parameter b and all relat.ve veloct.es 
g H , The result is 

2n J J /} x> (r, p„ t)g„b db dt dp, (7.1 -8) 



Fig. 7.1-1. Collisions of molecules of type j with one molecule of type /, in 
which the impact parameter is b. The distance A is essentially the inter- 
molecular distance at which the potential begins to "take hold." Any 
molecule of type j which is initially located in the cylinder of base 2vb db and 
height gt,dt will undergo a collision with the molecule i during the short 

time interval dt. 


Since the probable number of molecules of type i in the volume element 
dr about r with momentum in the range dp { about p, is f l '\r,p it t ) dr dp iy 
it follows that 

r;,r) dr d Pi dt = 2 7r dr dp, dt j j f»(r, p„ t)f { >\r, p„ t)g„ b db dp, 

(7.1-9) 

Hence 

ry 1 = 277 JJ fX"Snb db dp, (7.1-10) 

represents the contribution to df^/dt due to the removal from the group 
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of molecules i by collisions with molecules of j. [In the last equation 
/! l) and f { p are abbreviations for JY\r, p l9 1 ) and /j n (r, p„ /).] 

The remaining portion of the collision integral, r} j +> , may be evaluated 
in a similar manner. Let us consider a collision characterized by an 
impact parameter b between molecules with momenta p, and p,. The 
momenta of the molecules after collision are denoted by p- and p/. 
The values of the momenta after the collision are determined by the 
values of the momenta before the collision, the impact parameter, and 
the nature of the intermolecular force. For potential functions which 
are spherically symmetric it follows from the conservation of energy that 
the absolute values of the relative velocity before and after the collision 
are equal: 

g„ = g<; (7.1-n) 

And from the conservation of angular momentum the impact parameters 
before and after the collisions are equal: 

b = b ' (7.1-12) 

Furthermore because of the symmetry of the dynamical equations a 
collision, with impact parameter 6, between molecules with momenta p/ 
and pj leaves the molecules with momenta p, andp,. 

By arguments identical with those above it follows that the probable 
number of collisions in the range dr about r in the time interval dt which 
result in molecules with momenta in the range dp { about p, is 

iy 'dr dp,dt = 2n dr dp,' dij J/}»(r, p,', p/ t t) gll 'b' db' dpi 

(7.1-13) 

Here the primed quantities are functions of the unprimed quantities, 
the functional relationship being determined by the nature of the inter- 
molecular force. It is a direct consequence of the Liouville theorem 
that 7 

dp- dp / = dpi dpj (7.1-14) 

This fact may be used, along with the equivalence before and after collision 
of both ga and b , to obtain I^ +) 

n;’ = 2-JJ f g,,b db dp, (7.1-15) 

1 A transformation which transforms a point in phase space to a point on the same 
trajectory a fixed time interval removed from the original point is a contact trans¬ 
formation. The theorem of conservation of extension in phase space, discussed in 
§ 2.1c, is closely related to the theorem which states that the Jacobian of a contact 
transformation is unity. Since it is assumed that the position vectors of the two 
molecules are not changed in the collision, the transformation (p t , pi) -> (/><', pf) >s a 
contact transformation, and the Jacobian is unity. 
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where/i' 1 ' and/<»' represent/«/>(r, p.\ r) and/J”(r. p/. 0, 

This expression gives the contribution to df^/dt due to additions 
the group of molecules by collision processes. 

Now the expressions for iy> and r^are substituted into the Boltzmann 
equation as it appears in Eq. 7.1-4, and the following equation for 
/}"(r, p„ r) results: 

= inx.jjm"' -rmsub<*>> d p> ( 7 ->- i6 > 


This is the important Boltzmann integro-differential equation for the 
distribution function. Such an equation may be written for all the 
components in the gas mixture. In each of these equations, the distri¬ 
bution functions for all the components appear on the right-hand side of 
the equation under the integral sign. It should be kept in mind that the 
law of force enters these integrals implicitly. The functions/!’*' and/*’*' 
are functions of p{ and p/ which can be calculated from dynamical 
principles when p„ p„ and b are given, along with the intermolecular 
potential energy. 

This derivation of the Boltzmann equation has the advantage of 
simplicity and direct physical interpretation. However, some aspects 
of this treatment present logical difficulties, because of the finite extension 
of the molecules and because of the finite duration of a collision. 8 To 
introduce greater rigor Kirkwood 9 has derived the Boltzmann equation 
directly from the Liouville theorem. 


c. The Boltzmann equation derived from the Liouville theorem 

A gas made up of N molecules may be represented by an ensemble 
described by the distribution function / ( ‘ v, (r* v , p‘ v , t) in the y-space of 
6 N dimensions. According to the Liouville equation discussed in § 1.4, 
the time variation of the distribution function,/ ( ‘ V) , is given by the equation 


or 




8 H. S. Green, Molecular Theory of Fluids , Intersciencc, New York, 1952, p. 218. 

9 J. G. Kirkwood, J. Chem. Phys., 15, 72 (1947). 
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where m k is the mass of molecule k, F k is the force on molecule k due to 
all the other molecules, and X k is the force on molecule k due to an 
external field. 

As stated earlier in this section, the macroscopic behavior of a gas is 
usually described with sufficient accuracy by a distribution function of 
lower order. For example, the macroscopic behavior of a gas at 
sufficiently low densities is described by the set of distribution functions 
/}». These functions are defined as the integral of f (S) over the coordinates 
and momenta of all but one of the molecules. Because of the symmetry 
of/ ( * V) , this function depends only upon the species of the remaining 
molecule, indicated by the subscript i, and does not depend upon which 
molecule of the particular kind is chosen as special. 

An equation for f l V may be obtained from the Liouville equation 
(Eq. 7.1-18), by integrating over the coordinates of (N — 1) molecules. 
When such an integration is performed and use is made of the fact that 
yn> vanishes when | p, | -> oo and also at the walls of the containing 
vessel, we obtain 



(N- l)! J J\ 1 a pi' 


(7.1-19) 


This equation does not in itself define the behavior of f\ l) . As discussed 
above, whenever we lower the level of description it is necessary to 
introduce a condition which effectively restricts the nature of the systems 
under consideration. In this case, in order to obtain the Boltzmann 
equation it is necessary to introduce the concept of “molecular chaos.” 

Kirkwood 8 showed that, in the derivation of the Boltzmann equation, 
the assumption is made implicitly that the distribution functions, 
do not change appreciably during the duration of a collision. This may 
be seen in the following way. For a gas containing a single component 
and having only two body forces between the molecules, Eq. 7.1-19 
reduces to 



V 


dp 


e=-//c 


12 



dr 2 dp 2 


(7.1-20) 


If the intermolecular forces are short range, we can define a collision 
diameter r 0 , such that F n is effectively zero when | r x — r 2 \ > r 0 . All 
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(Eq 7.1-231 '1'Ht c^uAiivn 

the contributions to the integral of Eq. 7.1-20 come from regions where 
| ri _ r2 |< ro . The principle of molecular chaos assumes that, outside 

this interaction sphere, 


mo =/ < i I, (o/ ( 2 1, (o 


r, — r, I > r. 


(7.1-21) 


But inside the interaction sphere, the pair distribution function, 
is not known explicitly. Let us propose a scheme by which/$(/) could 
be calculated in principle. 

If we neglect the possibility of three-body collisions, there is only one 
trajectory in two-particle phase space passing through the point (r lt p x \ 
r , p 2 ). Thus, f°l ,owin g the trajectory backwards in time, if the system is 
atVi, Pi‘ t r 2 , Pi) at the time /, we see that it must have been at a well- 
defined point (f|\ r 2 ' ; p Xt p 2 ) at time / - St. Let us define the time 
<5/(r„ r 2 ; p lt p 2 \ 0 as the interval of time such that \r x — r 2 '| = r 0 . At 
this time, 

/<» (r,\ r 2 ' ; Pl \ p 2 \ t-6t)= A'Vi* Pi '. t ~ 6 ‘) /"W, P 2 '. * - St). 


Thus it follows that 


r 2 : Pl ,p 2 , t) -/iV/.P/. t " *WW.Pi'. * ~ *) (7-1-22) 

Thus, for every point (r 2 , p 2 ) in the integral of Eq. 7.1-20, the pair distri¬ 
bution function is related to one particle distribution functions at a time 
t — 6t y and for each point there is a different bt. The magnitude of bt is 
of the order of the duration of a collision and is small compared with the 
times involved in macroscopic measurements. 

Kirkwood corrected for the existence of the various bt corresponding 
to different points (r 2 , p 2 ) by time averaging Eq. 7.1-19 over an interval 
somewhat longer than the duration of a collision. This time averaging is 
denoted by a bar so that the time averaged distribution function is f\ l) . 
In this manner he obtained 



= 2-2,11 (/! ll /5 ,r -fm S,b db dp, (7.1-23) 

This equation would be the same as the simple Boltzmann equation 
derived in the previous subsection if = /‘ 1) /$ 1) - This condition is 

satisfied provided that the distribution functions do not change appreciably 
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in the interval of time r 0 (comparable to the duration of a collision) over 
which they are time averaged. This may be seen in the following way: 


T./2 

WJ ?= 1 f w + +t)* =n n m ) 

Te, J 


-TJ2 

. r 


(0 


aw», ,3/S"3/}” , ^3ys« 


) 


»r + 23 »-iS- + ^ ** 

(7-1-24) 


/S"/}" = (| J W + *)*) (“ j /}”(' + T)rfr) 

-/PXWO + ^(/S l> d W +f> ) d W) 


In the usual derivations of the Boltzmann equation bt is neglected, and 
it is argued that the error introduced thereby is comparable to the error 
introduced by neglecting in the distribution function the distance between 
the centers of the molecules on collision. Both errors should be negligible, 
provided that the distribution functions do not change appreciably in 
times of the order of the collision duration or in distances of the order of 
a molecular diameter. 


d. The distribution in velocities 

In most kinetic theory problems it is more convenient to work in terms 
of velocities than momenta. Hence in the remainder of this chapter we 
shall use the distribution function in coordinate-velocity space, f(r, v it /), 
rather than the distribution function in momentum space, /J l) (r, p„ t ). 
In terms of this function the Boltzmann equation is 10 



=2»r Sjj {fif;-W gii b db dv, (7.1-25) 

This equation forms the basis for the discussion of the transport properties 
of gases. 

10 We omit the superscript (1) when the distribution function is written in terms of 
the velocities rather than the momenta. 
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2. The Equations of Change 

The hydrodynamic equations of change—the equations of conservation 
of mass, momentum, and energy-may be derived directly from the Boltz¬ 
mann equation. Certain expressions involving the distribution functio 
appear in the derivation of these equations. These expressions may be 
shown to represent the fluxes of mass, momentum, and energy and are 
directly related to the diffusion velocity, the pressure tensor, and the heat 
flux. These relations are derived in the present section. The approxi¬ 
mate solutions of the Boltzmann equation and evaluation of the fluxes 
are discussed in subsequent sections. We begin this section by presenting 
a set of definitions of the various velocities needed to discuss the hydro- 
dynamic equations. 

a. Molecular velocities and stream velocities 1 

The linear velocity of a molecule of species; with respect to a coordinate 
system fixed in space is denoted by v„ with components v Jxt v iyt v it . Its 
magnitude, | v, | = v ft is called the molecular speed. For chemical 
species ; present at a number density, n it we define an average velocity 

v,*y , 

v/r, t) = - vjfa v J9 0 dv, (7.2-1) 

n t J 


The average velocity is a function of position and time and represents 
the macroscopic rate of flow of the chemical species;. The bar denotes, 
in general, the average value of a function of the velocity, for example, 

a(r, /) = - f a(v,)/,(r, v„ t) dv, (7.2-2) 

n,J 

is the average value of a(v,). 

1 Inasmuch as the notation for velocities differs from that of S. Chapman and 
T. G. Cowling (Mathematical Theory of Non-uniform Gases , Cambridge University 
Press, 1939), we summarize the two notations here: 


Velocity 

Chapman and Cowling 

This Book 

Molecular velocity 

c 

V 

Components of molecular velocity 

u, v, w 

v x. V 

Mass average velocity 

c. 

V 0 

Number average velocity 

— 

CO 

v f 

Peculiar velocity 

C 

V 

Diffusion velocity 

c 

V 

Reduced velocity 


w 

Initial relative velocity 

g 

g 

Reduced initial relative velocity 

? 

Y 
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The mass average velocity 2 is defined by: 


v 0 (r, 0 = - 
P 


(7.2-3) 


in which />(r, /) is the overall density of the gas at a particular point: 

p(r y t) = Z/yn, (7.2-4) 

The mass average velocity is then a weighted mean, with each molecule 
being given a weight proportional to its mass. The momentum of the 
gas, per unit volume, is the same as if all the molecules were moving with 
the mass average velocity v 0 . This velocity is usually referred to as the 
stream velocity or the flow velocity. 

The peculiar velocity of a molecule of species j is defined as the velocity 
of the molecule with respect to an axis moving with the mass average 
velocity v 0 : 

V£v it r, 0 = v, - v 0 (7.2-5) 

The diffusion velocity of chemical species j is the rate of flow of molecules 
of j with respect to the mass average velocity of the gas, 

V,(r, t) = Vj - v 0 (7.2-6) 

Clearly the diffusion velocity is also the average of the peculiar velocity 
and may be written in the form 

V/r, /) = i f(v, - v 0 )f(r, v„ I) dv, (7.2-7) 

n,j 

as a consequence of the definitions of v, and V r (Note that v 0 is a 
function of position and time but not of the velocities v,.) It follows from 
the definitions of the diffusion velocity and the mass average velocity that 

E/yWjV, = TL/i/nfyi — v 0 ) = 0 (7.2-8) 

Another kind of velocity—the number average velocity —is sometimes 
used. It is defined as 

u>(r, 0 = - 2np, (7-2-9) 

n 


where n = Z/i, is the total number density of the mixture. It is easy to 
show that this velocity is simply related to the mass average velocity, thus: 

c o(r, t) = v 0 (r , t) + 2*-' Vi (7.2-10) 

* In Chapter 11, where the hydrodynamics of fluids is discussed, we omit the subscript 
0 on the symbol V 0 for the mass average velocity. This causes no confusion in Chapter 
11, inasmuch as the molecular velocities V do not enter into the discussions there. 
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For the sake of simplicity in writing certain expressions in subsequent 
sections, a reduced velocity , W„ is used frequently. It is defined by 



(7.2-11) 


and its magnitude is designated by W,. 

In addition to the velocities defined here, there are two other velocities 
which are used in this and subsequent chapters: the initial relative 
velocity g„ of two molecules in a binary encounter (defined in Eq. 7.1 51, 
and the reduced initial relative velocity y„. which is 


Y a 


~ J 2kT g “ 


(7.2-12) 


in which n„ is the reduced mass of the two colliding molecules. 

We define the kinetic theory temperature in terms of the mean peculiar 
kinetic energy, averaged over all types of molecules: 

»*r=-2W}m,T?) (7.2-13) 

n 

The concept of temperature is introduced in § 2.4 through thermodynamic 
arguments. Since, however, the earlier discussion was restricted to 
equilibrium conditions, the previous definition has meaning only at 
equilibrium. The present more general definition agrees with the thermo¬ 
dynamic definition in this limit. 


b. The flux vectors 3 

In a gas under non-equilibrium conditions gradients exist in one or 
more of the macroscopic physical properties of the system: composition, 
mass average velocity, and temperature. The gradients of these properties 
are the cause of the molecular transport of mass (m ; ), momentum 
and kinetic energy through the gas. Since the mechanism of the 

transport of each of these molecular properties can be treated similarly, 
they are designated collectively by (as was done in § 1.2a). It may be 
recalled that these properties have already been discussed in § 1.5a in 
connection with their importance as summational invariants of an 
encounter. 

Let us now examine the transport of these properties y, on the micro¬ 
scopic level. Imagine in the gas a small element of surface, dS , moving 
with the mass average velocity v 0 . The orientation of the surface is 

3 An elementary discussion of flux vectors is given in § 1.2a—iii in connection with 
a simplified kinetic theory. 
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designated by a unit vector n normal to the surface. Then the velocity 
of molecules of they'th species with respect to the surface dS is V jt accord¬ 
ing to the definition in Eq. 7.2-5. All those molecules of the yth species 
which have velocity 4 V t and which cross dS during a time interval dt 
must at the beginning of this time interval be located in a cylinder with 
dS as its base and with generators parallel to V t and of length | V, | dt. 
(See Fig. 7.2-1.) This cylinder has a volume (ji • V t )dS dt. Since there 
are fdV) molecules per unit volume which have a velocity the number 
of molecules which cross dS during a time interval dt is: 

fin • Vj) dV f dS dt (7.2-14) 



Fig. 7.2-1. The cylinder containing all those molecules of species j with 
velocity V, which cross the surface dS during the time interval dt. 

If associated with each molecule there is some property y>>, the magnitude 
of which depends on V ft then 

Yfln-VJdVidSdt (7.2-15) 

is the amount of this property transported across dS during the time 
interval dt by molecules with velocities in the range dV t about V f . The 
flux of this property (that is, the amount which crosses per unit area per 
unit time) is then 

ffin'VJdV, (7.2-16) 

The total flux across the elementary surface is obtained by adding the 
contributions from molecules within all velocity ranges, and is, accordingly, 

| Vifi ("i • v i) dV i = (« • | Vifi v i dV >) = (" ' **'>) (7.2-17) 

The vector 

'*, = jv,fV> d Vi < 7 - 2 - 18 ) 

4 Or, more precisely, those molecules whose velocities lie in a small range dV h 
about Vf. 
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[Eq. 7.2-23] THE FLUX VfcLiUKa 

is called (he flux vector associated with the property Vi . This v^torhas 
the physical significance that the component of the vector m any dtr 
„ is theflux of the associated physical property across a surface n0 ™ al ' 0 "' 

Let us now examine the flux vectors related to the transport of mas , 
momentum, and kinetic energy: 


i. Transport of Mass 
If tp, = m„ then 5 

% = m, J f,V, dV, = n/n, V , = /, (7-2-19) 

is the mass flux vector. 


ii. Transport of Momentum 
If ftsmjKjp then 

= m, j V»VJ, dV, = n,m, V*V, ( 7 - 2 " 20 ) 

is the flux vector associated with the transport of the a>component of 
momentum (relative to v 0 ). This vector has components proportional to 
V*v7x> and V iz y iv Similar flux vectors can be obtained for the 

y . and z-components of the momentum, making a total of three flux 
vectors associated with momentum transfer. The nine components of 
these three vectors form a symmetric second-order tensor, p: 


(P))xx — m i jf y tx y ix — rijm f V ix V iz 

(Pt)x, = (Ps\x = 

• • • 

Symbolically, _ 

P) = 


(7.2-21) 

(7.2-22) 


is the tensor associated with the partial pressure of the yth chemical 
species in the gas. The sum of the partial pressure tensors over all the 
species in the gas gives the pressure tensor for the mixture: 


p = X,p ( = (7.2-23) 


The pressure tensor has the physical significance that it represents the 
flux of momentum through the gas. The individual components have the 
following meaning: the diagonal elements p xx ,p yy >p zz are normal stresses ; 


6 It is to be noted that in computing average quantities, integration over K, is equi¬ 
valent to integration over V, since the two differ by a constant, and the integration is 
over the entire range. 
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that is, is the force per unit area in the z-direction exerted on a plane 
surface in the gas which is perpendicular to the x-direction. The non¬ 
diagonal elements are shear stresses ; that is, p vz represents the force per 
unit area in the x-direction exerted on a plane surface which is per¬ 
pendicular to the y-direction. The significance of the components, 
Pyx* P™* Pvt* w ^ich when combined give a resultant force p„ on a unit area 
perpendicular to the y-direction is shown in Fig. 7.2-2. The pressure 



Fig. 7.2-2. Significance of the components of the pressure tensor. In this 
figure is shown a small element of surface whose normal is in the y-dircction. 

On this element, located in the body of a system of gas. there is a total force 
per unit area p 9 . The components of this force are p 99 (a normal stress) and 
p„ and p 9l (shear stresses). The nine components of this type make up the 

pressure tensor. 

tensor represents stresses or pressures measured by an instrument moving 
with the stream velocity v 0 . The pressure as measured by a stationary 
gage depends upon v 0 and the orientation of the gage. 

It is shown in § 7.3 that at equilibrium the shear stresses are zero and 
the normal stresses are equal. In this case the force on any surface 
element in the gas is constant and normal to the surface regardless of 
its orientation, that is, 

P*x=Pm=Pzz=P 

Pn=P.. = m " = ° (7.2-24) 

where p is the equilibrium hydrostatic pressure. 

iii. Transport of Kinetic Energy 

If rp f = \m t V f 2 , then 

= \m, J VfVf, dV, = 1 »fn,V?V, = q, 


( 7 . 2 - 25 ) 
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is the flux vector associated with the transport of kinetic energy of mole¬ 
cules of the/th species. The sum of such vectors over all the components 
in the gas mixture gives the heal flux vector, q: 

q = £,< 7 , = £,} n/n,VflV, (7.2-26) 


This vector has the physical significance that its components, q x> q v , q» 
represent the flux of kinetic energy in the x, y, and z directions, respectively. 

It should be noted that these are the correct expressions for the flux 
vectors in a dilute gas only. In a more dense gas there are additional 
terms due to collisional transfer. When two molecules undergo a 
collision, a certain amount of momentum and energy is transferred almost 
instantaneously from the center of one molecule to the center of the 
other. Now if in Fig. 7.2-1 the centers of two molecules should be on 
the opposite sides of the surface element, dS t the resulting “collisional 
transfer” provides a contribution to the fluxes which is not included in the 
above expressions . 6 This limitation is not of importance in this chapter 
inasmuch as the effect of collisional transfers is negligible under con¬ 
ditions for which the Boltzmann equation that we use is valid. 


c. The general equations of change 7 

The fundamental hydrodynamic equations of continuity, motion, and 
energy balance may be derived from the Boltzmann equation without 
actually determining the form of the distribution functions, f. If the 
Boltzmann equation (Eq. 7.1-25) for the ith component is multiplied by 
the quantity, v'«» associated with the ith species and if the equation is 
integrated over v„ we obtain 


= 2 * S,JJJ WiJ' -ff)gi,b ‘lb dv, dv, (7.2-27) 


The three terms on the left-hand side of Eq. 7.2-27 may be transformed 
by simple manipulations: 



d(//,y>,) 

dt 



(7.2-28) 


‘ A detailed discussion of this has been given by J. G. Kirkwood. J. Chem. Phys., 18, 
817(1950). (See §§9.3 and 9.4.) 

7 Although the derivation given here is valid only for dilute gases, the form of the 
equations of change as derived in this section is valid even for dense gases and liquids. 
(See §9.4.) 
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J d £ dv < = T* dv ‘ ~ Tx dv < 


d - difi 

Tx (n ‘ y, ' v *> ~ n ‘ v «te 


(7.2-29) 


l v ‘d!t dv ‘ =JJMI--. ^ 




(7.2-30) 


The last two equations have been written for only the ^-components. 8 
In Eq. 7.2-30 the first term produced by the partial integration vanishes 
because the product /,y», is assumed to diminish sufficiently rapidly for 
large v f . We may use these last three equations to obtain 



= It, Z, f J f Ilf If; -ff) gll b db dv, dv, 


(7.2-31) 


This is known as Enskog’s general equation of change for a physical 
quantity y>, associated with the ith kind of molecule. Summation over i 
gives the equation of change for the property \p for the entire gas. 


d. Vanishing of the collision integrals for the summational invariants 

The equations of the type shown in Eq. 7.2-31 are not particularly 
useful for a general because of the very complex integrals which occur 
on the right side. However, if y>, is the mass of the zth molecule, then 
because the masses of the individual molecules are unchanged in a 
collision, it may be shown that 

UWfi -ffteifi db dv > dv > = 0 (7.2-32) 

Furthermore, since mass, momentum, and energy are conserved during 
a collision, it may be shown that, if is or then 

JJJ V.(ff ~ ff)g>,b db dv . dv, = 0 (7.2-33) 

These equations enable us to simplify the general equation of change. 

• The quantity y>, may depend on r and / through v 0 (r, i). The quantities r, v it and 
t are taken as independent variables. 
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The validity of these last two equations may be justified by the follow¬ 
ing arguments: The integral, 

UtofJlfi ~IM db dv, dv, (7.2-34) 

is equal to the integral 

SSSViUf -f'fW db■ dv; dv; (7.2-35) 

which is written in terms of inverse encounters. In § 7.1, it is stated that 

gii = gii ; b = b' ; dv, dv, = dv; dv; (7.2-36) 

so that Eq. 7.2-35 may be rewritten as 

-fftinb db dv, dv, (7.2-37) 

Since the integrals of Eqs. 7.2-34 and 37 are equal, they are also each 
equal to one-half the sum of the two. The result of this symmetrizing 
operation is that 

illVtiftf! ~~ff)gtjb db dv, dv, 

= J JJJ(tt - W) (//// -f/)gifi db dv, dv -, (7.2-38) 

For the case when y, = m„ this equation shows immediately the validity 
of Eq. 7.2-32, for (y>, — y>/) = 0 expresses the fact that the masses of the 
individual molecules are not changed during an encounter. 

Equation 7.2-38 may be summed over both / and j; then the dummy 
indices may be interchanged to give the two equivalent expressions: 

i Zi.iHI (v, - W) (II' -ff)gi,b db dv, dv, 

= i JJJ ( Vl - v/) (//// - Wg,,b db dv, dv, (7.2-39) 

so that 

JJJ vXfif' ~~ fifj)gub db dv, d Vj 

= 1 JJJ (fi + Vi - W - y>;) (//// -fjfcijb db dv, dv, 

(7.2-40) 

The vanishing of the expression (y», + Vi — y/ “ Vi ) usec * t0 define 
the invariants of the encounter (see Eq. 1.5-5). Consequently, Eq. 
7.2-33 is valid for the properties m„ m,V it and \m,V, 2 . 

e. Explicit expressions for the equations of change 

Now that the validity of Eqs. 7.2-32 and 7.2-33 has been demonstrated, 
this information may be used to derive the equations of change for specific 
molecular properties. This is done by letting y, in Eq. 7.2-31 be m it 
m,V„ and and then summing on the index /. 
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When following this procedure and using the vanishing of 

the collision integrals just established, we obtain 

or, in terms of the diffusion velocity, this becomes 

These last two equations represent two forms of the equation of continuity 
for the ith chemical species. If in the last expression each of the equations 
is multiplied by m t and the equations added, then, since 'Lji i m i V f = 0, 

t7M3 > 


This is the equation of continuity for the gas as a whole. 

If we put v’i =/w t V t in Eq. 7.2-31 and sum over /, the collision 
integrals on the right side of the equation vanish so that we obtain 






(7.2-44) 


This equation may be simplified by using the relation among the diffusion 
velocities (Eq. 7.2-8) and the definition of the pressure tensor (Eq. 7.2-23). 
It should be noted that in the differentiations r and v, are considered as 
the independent variables. After some manipulation, we obtain 

t +(•'•• I'*)— ;(*•')+>-*■ (7MS) 


for the equation of motion of the gas. 

If for the case when y>, = in the general equation of change we 

perform the manipulations just described, this relation results: 



(7.2-46) 
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This equation may be transformed, using the same methods as in the 
treatment of the equation of motion. If we introduce the pressure 
tensor, defined by Eq. 7.2-23, and the heat flux vector, defined by Eq. 

7.2- 26 we obtain the equation of energy balance : 

i (P °' M) + il ’ + (!r' q ) + ( P: h V °) 

- Z,n,(Xi • K) = 0 (7.2-47) 

where 0 (iT) is the translational contribution to the internal energy per 
unit mass defined by 9 

0'"' = - (7.2-48) 

P 

This quantity represents the total energy of a unit mass of gas in a coordinate 
frame moving with the mass average velocity, v 0 (that is, the kinetic 
energy of the overall flow is not included), excluding the potential energy 
due to an external field. 10 If we use the equation of continuity (Eq. 

7.2- 43), the equation of energy balance (Eq. 7.2-47) may be written in a 
somewhat different form: 


d0 (lr) ( d0 {tt) \ Id \ / d \ 

P ~dT + P \ V ° ' ~dT) = ~ \3r * *) - ( P ! 0^ V “) + ** ( *‘' V ‘> 

(7.2-49) 


This may be restated in terms of the temperature by using the definitions 
of 0 {lT) and T : 



(7.2-50) 


These last two equations are two forms of the energy balance equation. 
As is discussed in § 7.6, Eq. 7.2-49 is quite general and applies even to a 
reacting mixture of polyatomic molecules. However, Eq. 7.2-50 applies 
only to a non-reacting mixture of particles which have no internal degrees 
of freedom. 


9 Eor molecules without internal degrees of freedom, such as being considered here, 
this is the only contribution to the internal energy. In general, however, there are 
other contributions. This is discussed in § 7.6. 

10 Some authors have written the energy balance equation in terms of an energy 
which includes either the kinetic energy associated with v 0 or the potential energy 
associated with the external force, or both. The definition given here is used throughout 
this book. 
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3. Enskog’s solution of the Boltzmann equation 

Various attempts have been made to obtain approximate solutions to 
the Boltzmann equation. We consider here the perturbation technique of 
Enskog, which is a modification of a method due to Hilbert. This 
method of successive approximations can in principle be extended to 
systems in which the gradients of the thermodynamic quantities are quite 
large. In the zeroth approximation, the distribution function is locally 
Maxwellian, and we obtain the Euler equations of change. The first- 
order perturbation leads to the Navier-Stokes 1 equations ; the second-order 
perturbation gives the Burnett equations. From the higher approximations 
more complicated equations result in which the flux vectors depend 
progressively on higher derivatives of the thermodynamic quantities and 
higher powers of the lower derivatives. The results of the higher-order 
perturbations are seldom used. 

A gas in any initial state which is permitted to remain undisturbed for 
a sufficient length of time approaches a stationary state. If the gas is 
isolated adiabatically and not subject to an external force, the stationary 
state is a uniform condition in which all the distribution functions are 
Maxwellian. The proof that the equilibrium distribution functions are 
Maxwellian (the //-theorem) is discussed below. The remaining portion 
of the section is devoted to a discussion of Enskog’s solution of the 
Boltzmann equation, and includes a detailed consideration of the results 
of the first-order perturbation. This method involves the solution of a 
set of integral equations by a variational procedure which leads to a 
rapidly converging series. 

Recently a new solution has been developed by Grad which is more 
powerful for studying systems in states far removed from equilibrium. 
In the first approximation the results are identical with those of Enskog, 
but different expressions are obtained in the higher approximations. 
This second solution is discussed in § 7.5. 

a. The //-theorem (the equilibrium solution) 

The distribution functions describing the behavior of a gaseous mixture 
are the solutions of the set of Boltzmann equations, one for each 
component. From these equations, which are derived in §7.1 and are 
given in final form in Eq. 7.1-25, we find that in the absence of external 
forces and under uniform conditions the time rate of change of the 

1 The Navier-Stokes equations apply to systems in which the gradients in the physical 
properties are small, that is, in which the physical properties do not change appreciably 
in a distance of mean free path. 
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distribution function f is given by 

= 2tt Z, J J (/.'// db dv, (7-3-1) 

Tha. these functions approach a limiting form which is the• MaxtjJItan 
distribution function is evident from the treatment of equilibrium statistic 
mechanics of Chapter 2. It is, however, of interest to show that he 
Boltzmann equations lead to an identical set of equilibrium distribution 

functions. . . - 

In order to examine the equilibrium solution it is convenient to introduce 

a function //(/)> defined by 

m = it f f(y» 0 0 dy i (73 " 2) 

This function is a generalization of the entropy defined in Chapter 2 
(see problem 12 at the end of that chapter), and the proof of the //-theorem 
given here is a special case of the general statistical proof of the second 
law of thermodynamics. Differentiating //(/) and making use of the 
Boltzmann equation for df/dt, we obtain 

Yt = 2* In / J/ (1 + ln/<) (/.// - ff)g‘> b db dv, dv, (7.3-3) 

The integral on the right side of this equation may be symmetrized by 
the method explained in § 7.2d to give 

Tt = -\ - fji)g " b db ^ dv> (7 - 3 ~ 4) 
Each of the integrands is of the form (x — y) In (x/y), where in each case 
* = //// and y = ff,. If x > y, both (x - y) and In (x/y) are positive; 
if x < y, both (x — y) and In (x/y) are negative. Therefore, the 
integrand of each of the integrals on the right of this equation is always 
positive or zero. Hence dHIdt is negative or zero so that H{i) can never 
increase. From the basic definition (Eq. 7.3-2) it follows that H(t) is 
bounded and thus approaches a limit 2 for large values of t. In this limit 
the distribution functions are such that integrands of each of the integrals 
on the right of Eq. 7.3-4 are identically zero. That is, at equilibrium, 


In f 4 - In fi = In f' -f In// (7.3-5) 

2 For simplicity consider a single pure component rather than a mixture. The 
function H can equal -co only if the integral ( a) = — J/ln /dv fails to converge. If 
/ decreases faster than exp (-J mv*/kT) the integral (o) clearly converges. On the 
other hand, if /decreases more slowly than exp ( — \mv z lkT), then (a) still converges 
for the following reason. The integrand, —/In f is then asymptotically less than 
\mv z f. Now, in any case, the integral (6) = Jimv 2 / dv, which corresponds to the 
total kinetic energy of the molecules, must converge. Chapman and Cowling consider 
this problem carefully. (See S. Chapman and T. G. Cowling, Mathematical Theory of 
Non-uniform Gases , Cambridge University Press, 1939, p. 70.) 
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and the logarithms of the distribution functions are summational in¬ 
variants of a molecular collision. 

It can be shown that the only summational invariants are linear com¬ 
binations of the three invariants discussed in § 1.5, the mass />/„ the 
velocity m,v„ and the kinetic energy {mpf. Thus at equilibrium the 
most general expression for In/ is of the form 

In f = a,m i + (6, • (m.v,)) + c,(}m,t\ 2 ) (7.3-6) 

where a„ b„ and c, are constants, depending (through the initial distri¬ 
bution functions) on the total number of molecules of kind /, the total 
momentum, and the total energy of the system. It is convenient to write 
this expression in terms of the physical parameters: n„ the number 
density of molecules of kind /; v 0 , the mass average velocity, defined by 
Eq. 7.2-3; and the temperature T, defined by Eq. 7.2-13. In terms of 
these quantities the equilibrium distribution function is 

/ = n, " 'exp (-«, VfflkT) (7.3-7) 

where V, = (v, — v 0 ) is the peculiar velocity defined in Eq. 7.2-5. 

At equilibrium/, is independent of time, and hence the term on the 
right of Eq. 7.3-1 is zero. This constitutes a state of overall balance in 
the collision processes: the number of molecules of kind i in a particular 
velocity range which are lost due to collisions is exactly compensated by 
the number created by the collision processes. However, the //-theorem 
states that the only equilibrium solution 3 to the Boltzmann equations is 
one in which not only the term on the right of Eq. 7.3-1 is zero but also 
the integrand of each integral is identically zero. This is proof of the 
statistical principle of “detailed balance.” That is, at equilibrium the 
number of molecules of kind / in a particular velocity range which are 
lost due to collisions of a particular kind with molecules of kind j is 
exactly balanced by the number of reverse collisions. 

b. The Enskog series 4 

The Boltzmann equations (Eq. 7.1-25) may be written as 



3 The proof of this rests basically on the proof that the only summational invariants 
are linear combinations of the five scalars mentioned above. 

4 D. Enskog, Archiv for Matematik , Astronomic och Fysik , 16, § 16 (1922) in German ; 
Kinetische Theorie der Vorgdnge in maQig verdunnten Gasen, Inaugural Dissertation, 
Uppsala (Sweden), Almqvist and Wiksell, 1917. 
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where is the bilinear form 

= 2 njj (//// db dv, 


(7.3-9) 


representing the collision integrals. 

The series solutions to the Boltzmann equation are obtained by introduc¬ 
ing a perturbation parameter e into the Boltzmann equation in such a 
manner that the frequency of collisions can be varied in an arbitrary 
manner without affecting the relative number of collisions of a particular 
kind. Thus we consider a hypothetical problem in which the Boltzmann 
equation is 



and l/e measures the frequency of collisions. If c were small, collisions 
would be very frequent and the gas would behave like a continuum in 
which local equilibrium is everywhere maintained. The distribution 
function is expanded 5 in a series in «, 

f = f [01 + c/i” + cVS 21 +••• (7.3-11) 


If this series is introduced into the modified Boltzmann equation, Eq. 
7.3-10, and the coefficients of equal powers of c equated, we obtain the 
following set of equations for the functions • • • '• 

0 = 2/(/V”./} #l ) 

? + ( v ‘ • *?) + i ( x ‘ • f?) = a WJW + 

+ { v ‘ • ar) + ^ (*' • S;') = 2>[^(/S 0, ./J 21 ) + x/'M') 

(7.3-12) 

These equations for the f\ r] serve to determine the distribution function 
uniquely in the manner described below. 

The first expression of the Eqs. 7.3-12 is the set of coupled integral 
equations considered in the discussion of the equilibrium solution of the 


mi 

dt 


5 The superscripts indicating the degree of approximation are enclosed in brackets 
to avoid any possible confusion with the notation f n \ f'*\ etc., where the super¬ 
scripts enclosed in parentheses denote the order of the distribution function. 
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Boltzmann equation and the //-theorem (§ 7.3a). From the arguments 
presented there, it is clear that the most general solution of these equations 
is 

/' 0| = ». (^.f’exp {-^.(v, - v 0 ) 2 /2kT} (7.3-13) 

The quantities 

= nfr, 0; = v o( r > 0; T = T(r, t) (7.3-14) 


are arbitrary functions of space and time insofar as this set of equations 
is concerned. In order for these functions to represent the local values 
of the physical quantities, number density, mass average velocity, and 
temperature, it is necessary for the solutions of the remaining equations 
to be such that 


JV, dv, = n, 
ijyj i dy l = py 0 
JS.m. J (v, - v,,) 2 /, dv, = 1 nkT 


(7.3-15) 

(7.3-16) 

(7-3-17) 


It may be shown 6 that each of the remaining integral equations of Eqs. 
7.3-12 along with the auxiliary conditions, 


J7i'l</v ( = 0 

r= 1,2,3, •• • 

(7.3-18) 


r=l,2, 3, • • • 

(7.3-19) 

(v ( - v,,) 2 / 1 ; 1 dv, = 0 

r = 1,2, 3, • ■ • 

(7.3-20) 


specify uniquely a set of functions f l p. Since the set of distribution 
functions so defined satisfies the conditions of Eqs. 7.3-15, 16, and 17, 
it is used as the solution to the Boltzmann equation. 


c. The first-order perturbation solution 
The equation for the f[ l] may be written in terms of a perturbation 
function <£,, defined thus: 

v i( 1 ) =/ l i 0, (r. t)Ur, v„ 0 (7-3-21) 

• S. Chapman and T. G. Cowling, The Mathematical Theory of Non-uniform Gases, 
Cambridge University Press (1939). 
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In terms of this function the second of Eqs. 7.3-12 becomes 

= 2n 2, JJ ft/fW + <h' -<ti- db dv ‘ (7 ' 3_22) 

The preceding auxiliary conditions, in terms of <f> it are 

dv t = 0 (7.3-23) 

0 (7 ' 3_24) 

j £,m, J(v, - v 0 )*/S% <fv ( = 0 (7.3-25) 

As stated above, this set of equations is just sufficient to define the per¬ 

turbation functions <£, uniquely. 

The differentiations of the function /J 01 indicated in Eq. 7.3-22 may 
be carried out. The resulting expressions involve space and time 
derivatives of the functions *,(r, /), v 0 (r, /), and T(r, /). The time 
derivatives are eliminated by means of the equations of change (Eqs. 
7.2-42, 45, 50). It is consistent with this approximation to replace f 
by /| 01 in the integrals for the flux vectors which occur in the equations 
of change (that is, we use j\ = 0, p = /?U, q = 0). The resulting equation 
for the perturbation function <£, is 

/!"’ [I (V, • d,) + (b, ,1 V.) - (I - wn (v, • ^)] 

= 2. *,)g„ b db dv, (7.3-26) 

The quantities d ( and b, are defined by 

-■ - i (?)+(? - “) *£* - (“) li * - M <"»> 


b ( = 2[W,W, - W*U] 

The dimensionless velocity W, is defined by Eq. 7.2-11. 


(7.3-28) 


d. The integral equations 

The perturbation function <£, depends upon space and time only through 
the quantities n it v 0 , and T and their space derivatives. It is clear from the 
form of the integral equation for <£, that this quantity is linear in the 
derivatives and has the form 


( A ‘ * lir) v ") + " W• d > ) 


(7.3-29) 
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where the A it B„ and Op are functions of the dimensionless velocity, 
W it the local composition, and the local temperature. If there are v com¬ 
ponents to the chemical mixture, there are only (v — 1) independent 
vectors </„ since, according to the definition of the c/„ 

= o (7.3-30) 

This fact enables us to set one of the Op equal to zero for each /. To 
retain the symmetry we let 

Cf = 0 (7.3-31) 

When the expression for <£, in Eq. 7.3-29 is inserted into Eq. 7.3-26 and 
the coefficients of similar gradients are equated, separate integral equations 
result 7 for the functions Op % B„ and A t : 

J/Tfti-W'. 

1 = 2ir S^JfCjW + Cf - cp - op - cp - Cf + cp + cn 

X /ww> db dv > ( 7 - 3 - 32 ) 

f\«% = -7it 2JJ{b; + B/ - B, - B.J/Wg,^ db dv, (7.3-33) 

/I.oi (5 - WftV, = 2n + a; -a,- A^ff'f\%,b db dv, 

(7.3-34) 

7 Equation 7.3-32 is obtained in the following way. We have by inserting from 
Eq. 7.3-29 into Eq. 7.3-26: 

i/> 0 > (V, • </,) = 2 w I,., JJ({£?>• + <?>' - °P - 

x m'gjdbdv, 

Then, making use of the fact that £,</, = 0. and making algebraic rearrangements, 
we have 


1 1 dr 2m 2, JJ [<?>' + cj" - cs»- - cf - c;*> - q»>+ op + c}»] 

X fi'fPSiP db dv i 


The left-hand side may now be rewritten as —/<"' (V, • 2 ( b ,h b <k) ^h) and 

"i A 9*4: 

coefficients of d* may now be equated to give Eq. 7.3-32. 
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THE IINIMjKAL 

[Eq. 7.3-3VJ 

In these equations the only variables involved are n,(r, t) T(r I) and 
V \r ,) [actually we choose to work with W,(r, /) rather than ,< , )]• 
The spatial coordinates (or derivatives) do not occur explicitly. Co 
nuentlv A B and Of* are functions of the space coordinates only 
through the variables mentioned above. It may be shown that any 
vector function of W„ the only vector variable, is .hevector.tse^muliphed 
by some scalar function of the absolute value of the vector W,. Hence 
A and C (j) are of the form 

* ,a * W&W (7.3-35) 


A = W.AXWA 


(7.3-36) 


where and A, are functions of W , which depend parametrically on 
T and all of the n,. It may also be shown that the only tensor B,, which 
is consistent with the form of the integral equation for B, (Eq. 7.3-33), 


is of the form 


B 1 = {W t W. - 


(7.3-37) 


The integral equations for the A„ B„ and C',' 1 (Eqs. 7.3 32, 33, and 34) 
are of course, to be solved in conjunction with the auxiliary conditions 
imposed by Eqs. 7.3-23, 24, and 25. In terms of these quantities the 
auxiliary relations become 


:y^J([C}« - Cj«] • w,)/r dv, = 0 

(A t • W ( )/', 01 dv t = 0 


(7.3-38) 

(7.3-39) 


There is no auxiliary equation for the B, analogous to these equations 
inasmuch as the functions of the form defined by Eq. 7.3-37 automatically 
satisfy the constraints (Eqs. 7.3-23, 24, and 25) for any arbitrary function 

BJJVi). 

Solutions to these integral equations have been obtained by two 
equivalent methods, that of Chapman and Cowling 6 and a variational 
method. 8 In both methods the scalar functions C{ ;) (If , l ), £,(W / I ), and 
A t (W { ) are expanded in a series of Sonine polynomials. 9 Chapman 
and Cowling used an infinite series of these polynomials , with the result 
that the transport coefficients are expressed in terms of ratios of infinite 
determinants. To get numerical values it is necessary to consider only a 
few elements of these determinants since the convergence of the ratios of 
determinants is quite rapid as additional rows and columns are included. 
Here we discuss the problem from the standpoint of the variational 


method. 


8 C. F. Curtiss and J. O. Hirschfelder,/. Chem. Phys 17, 550 (1949). 

9 See Eq. 7.3-57 for the definition of these polynomials. 
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Because the integral equations (Eqs. 7.3-32, 33, and 34) are quite similar 
in form, it is possible to write one general equation for a tensor TJ A> k) 
which includes all three of these equations: 10 


*> = 2tt Z,JJ[ V*- * -j- T}*- *>' - V*- *> - T”* ki ]fWff gii b db dv, 

(7.3-40) 


The correspondence between the symbols R $** k) and Yf k) and their 
counterparts in Eqs. 7.3-32, 33, and 34 is given in the following table: 


Equation 

R«y> 


7.3-32 

n i 

cs*> - c;*' 

7.3-33 

-2/J01 (W,W, - JH'/U) 

B. 

7.3-34 

/J°> (1 - H'i 8 ) Vi 

At 


It should be kept in mind that the subscript i in the symbol T\ h ' k) 
indicates that the tensor is a function of the velocity vector W,. The 
subscripts on the other symbols, R, A t B, C, have the same significance. 
We shall seek an approximate solution to the integral equation for 
TJ* ,W in Eq. 7.3-40 by a variational method. This equation, together 
with the auxiliary equation 


sy«, J cn**> • w,)/'y Vl = o 


(7.3-41) 


which is equivalent to Eqs. 7.3-38 and 39, serves to specify T\ h ' k) uniquely. 


e. Several important integral theorems 

In the following development several abbreviations in the notation will 
be useful. Let G t> and H ti be any two tensors, in general functions of 
both W, and W ,. Then let us define [G„; H„]„ by 11 


[G «: H.,]„ = - £ * (Hi/ - »„))/?'db dv t dv, 


(7.3-42) 


10 Two of the equations involve the vector quantities (tensors of order one) At and 

c\ h) - c;‘>. 

11 The subscript ij on the bracket indicates an integration over the variables v t 
and v,. 
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From symmetry arguments similar to those introduced in § 7.2d it follows 

«G,/ - G„) s (H,/ - H ( ,))/[°l/5%,* db dv, dv, 

(7.3-43) 

Hence the bracket expression is symmetrical with respect to the inter¬ 
change of G„ and H„ and also of the / and j subscripts on the bracket: 

[G„; = [H w ; G w ] w = [G w ; H„]„ = [H„; G„]„ (7.3-44) 

This operator [ ] is a linear operator. If G if and H w have the form 

G (j = K,- + L,; H i7 = M, + N, (7.3-45) 

where K, and M, depend only on W„ and L, and N, depend only on 
W it then 

[K, + L,; M, + NJ W = [K,; M ( - + NJ I# + [L,; M f + NJ W 

= [K < ;M i ] w +[K < ;NJ <i (7.3-46) 

+ [L*; MJ W + [L/J NJi/ 

It should be noted that the subscripts on the symbols within the bracket 
indicate the functional dependence of the tensors on the velocities W, 
and W t . The subscript ij on the bracket itself indicates that the integral 
is evaluated for collisions between molecules i and j. 

Let us consider two sets of tensor functions, K, and L, and define an 
additional quantity in terms of these sets by 

{K; L} = + K >; L, + L t ] (i (7.3-47) 

These brace expressions satisfy the following relations: 

{K; L> = {L; K} (7.3-48) 

{K;L + M) = {K;L}-f{K;M} (7.3-49) 

Inasmuch as {K; K) represents a sum of integrals, all of which have 
non-negative integrands, it follows that 

{K;K}^0 (7.3-50) 

It can easily be shown that {K; K} vanishes if and only if K, is a linear 
combination of the summational invariants. The only linear combination 
of the summational invariants which satisfies the auxiliary condition (Eq. 
7.3-41) is identically zero. Hence if we restrict the consideration to sets 
of tensor functions, K„ which satisfy the auxiliary condition, it follows 
that {K; K} vanishes if and only if each of the K, are identically zero. 
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f. A variational principle 

A variational principle may be employed now to obtain approximate 
solutions to the integral equations (Eq. 7.3^0). Let us use as trial 
functions a set of functions t \ which satisfy the equations 

J (*«•*» s R P*)dv t = <*•«; *«■*> + t<*- «] „ (7.3-51) 

and contain as many arbitrary parameters as is convenient. 

If k) is “double-dotted” into the integral equation for T < A - k) (Eq. 
7.3-40) and an integration is carried out over v„ we obtain 

J (t<*-« : R«- ») dv, = -[(!*■ *>; « + T}*- «] „ (7.3-52) 

where the t } A - k) are the trial functions and the *> are the exact solutions 
to the integral equations. Equating the right sides of the last two equations 
and summing over /, we obtain (after making use of the symmetry relations 
in Eq. 7.3-44 and the definition of the brace expressions in Eq. 7.3-47). 

{ t <A.*>. T <A.*>} = (7.3-53) 

Since the brace expression written for two identical sets of functions 
is non-negative (Eq. 7.3-50), 

{T<a.*> _ t <A.*> ; T (».*> _ t <A.*>} ^ o (7.3-54) 

Then, making use of the linear operator property of the operator { } 
(Eq. 7.3-49) and the relation between the trial functions and the exact 
solutions (Eq. 7.3-53), we find that 

r t (A.*>. ^ { T <a.*> ; !<*•*>} (7.3-55) 

This is the statement of the variational method 12 of obtaining approxi¬ 
mations to the solutions, T} A ** ) . Specifically, the method of solution is 
as follows. We begin by choosing a set of trial functions, t\ h,k \ which 
contain a number of arbitrary parameters. Then, if only those trial 
functions are considered which satisfy the auxiliary condition (Eq. 7.3-41), 
the equality sign in Eq. 7.3-55 applies only when Tf' k) and are 
identical. Thus the best approximation to the true solution of the integral 
equation is obtained by maximizing the brace on the left of Eq. 7.3-55 
with respect to all the available parameters in the set of trial functions. 
That is, for the best approximation 

d{t (h - k) ; t (A - *»} = —2d ^ J (tJ A *« : R k) ) dv , = 0 (7.3-56) 

This, along with the Eq. 7.3-51, which restricts the choice of the trial 
functions, forms the basis of the variational method of solution of the 
integral equations (Eqs. 7.3-40). 


ii 


A statement of the variational principle was first made by E. J. Hellund and E. A. 
Uehling, Phys. Rev., 56, 818 (1939). 



475 


[Eq. 7.3-61] APPLICATION OF THE VARIATIONAL PRINCIPLE 

g Application of the variational principle (the Sonine polynomial expansion) 

Let us now consider the implications of the variational principle 
discussed above when the trial functions are taken to be finite series of 
polynomials in the square of the velocity. W, 1 . It is convenient to make 
use of the Sonine polynomials, S { "\ defined by 13 


sr’M = I, 


( —!)'(”, 4- i,)! 

(„ + j)\(m - j)lj\ 


(7.3-57) 


These polynomials satisfy the orthogonality condition, 

00 

f X "e-'S':'(x)S'r \x) dx = 4.. (7.3-58) 

J m ' 

0 

and are convenient, for as two special cases of this orthogonality relation 
we have 

J/l°lS‘7>( WfiVf dV t = ^ 6 ,„o (7.3-59) 


J/|°'S$( iV t 2 )V* dV, = 15/i, (^) 2 6 m0 (7.3-60) 


As the trial functions, we now take a finite linear combination of 
the Sonine polynomials 5 ( " I I, (W / 1 2 ) 

= w/j (7.3-61) 

w-0 


in which the values of the index n and the meaning of the tensor W i 
are as follows: 


- - 

When T ( / U) is: 

The value of the 
index n is: 

The quantity 

W, is: 

The Sonine expan¬ 
sion coefficients 
are designated by: 


3/2 

W, 1 


B, 

5/2 


b im U) 

C|*> — C[ k) 

3/2 

W, 



13 Except for the normalization, these polynomials are the same as the associated 
Laguerre polynomials. The first two Sonine polynomials are 

S<o>(*) = 1 

5%) = m+ \ ~x 
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For reasons which will become apparent later we have indicated the 
dependence of the expansion coefficients on the number of terms, used 
in the finite series trial function. These coefficients are not coefficients in 
an infinite series expansion and therefore do depend upon the number of 
terms used. 

Let us define 

4) = J(Rf - : W,)$?■>( W?) dV, (7.3-62) 

and 

£<*• *> => 2, „ /}*■ *' (7.3-63) 

In terms of these quantities the constraints on the trial functions (Eq. 
7.3-51) become 

wf-*> = 0 (7.3-64) 

where 


m -0 

+ 2 *I o w,s<;W>; w.s^^)], 


(7.3-65) 


and the statement of the variational criterion (Eq. 7.3-56) becomes 

6g {hk) = 0 (7.3-66) 


The problem then is to find the extremum of g (h k) subject to the 
constraints of Eq. 7.3-64. This extremum is determined by the method 
of the Lagrangian multipliers. Let X ik - k) be the multipliers. Then the 
Eq. 7.3-64 and the equations 



(7.3-67) 


are sufficient to determine the k) and the expansion coefficients, 
t!m k) (f)- Performing the indicated differentiations, we get 


[l -Mi*'*’]*!:!;*> 


£-1 

+ 2 2 
j JM'-O 


2X \ h -*>/&*> [W,5™( IV , 2 ); W V, 2 )] iS 
| + (K h - k) + X?' k) )t% k) [W,5 ( „ m) ( W, 2 ) ; W,S<"*'>( W 2 )\ J 

i = 1,2, • •, v 

m = 0 , 1 


= 0 
(7.3-68) 
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The only solution to this set of equations together with the Eq. (7.3-64) is: 

a;*-*' = 1 i= 1,2,3, (7.3-69) 


with the constants, »&*’(£), determined by Eq. 7.3-68, with - >■ 

The equations may be rewritten in the form 

2 *Z QT'tift f > = - k> (7 - 3_70) 


where 



2 1 «,«i 


[W^-H w ,*); W,S« B " >( H'. 2 )] i( 

+ 6 )1 [W 1 S< I ">(^ I 2 ); W^W)],, 


(7.3-71) 


When Tj* ,w is B, (and igj® is 6^*'), the equations (Eqs. 7.3-70) are 
all linearly independent, and hence all the can be determined from 
these equations. However, when T^*’ is either A, or (CJ* 1 — CJ M ) 
then it may be shown that the set of equations for m = 0 includes one 
redundant equation. For these we make use of the auxiliary relation, 
Eq. 7.3-41, which, in terms of the lg[ w , is 

2 *2 »({) f K?S< s 7>( H' i *)/|®> = 0 (7.3-72) 

» m-0 J 


Because of the orthogonality relation (Eq. 7.3-59) the terms in this sum 
for m ^ 0 are zero. Thus the auxiliary condition becomes 

=o (7.3-73) 


Consequently, when k) is either A t or (CJ A) — C}* ) ), the trial function 
must be chosen so that 


L'iy"f l '!o*> = 0 (7.3-74) 


This supplies the additional information needed for the specification of 
all the coefficients /[•£; 4) (f). Equation 7.3-70 may be modified to include 
this statement. The result is 


where 



\ 


*-i 


i 2 arW)= -*&« 

j m'= 0 


(7.3-75) 


when /£.*> = b im . 


^ /ynm' * * w u~ n .(A. *) _ - nr Ah. k) 

/-V/«i °m0 <Vo» wnen *>m' ~ 0r C jm' 

nyrrii 


(7.3-76) 
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From Eq. 7.3-75 we can obtain the which give the functions 

A it B„ and These, in turn, give the function and the distribution 
function /, correct to the first order. The knowledge of the non- 
equilibrium distribution function/ then provides the information needed 
for the evaluation of the transport coefficients. Fortunately, it turns out 
that only a few terms in the Sonine expansion are needed. For viscosity, 
diffusion, and thermal conductivity, one term gives a good approximation; 
the result of using two terms differs by only a few per cent. For diffusion 
the use of one term alone does not describe the dependence of the diffusion 
coefficient on concentration; the slight concentration-dependence is 
brought out when the first two terms in the Sonine expansion are used. 
The transfer of mass due to a temperature gradient (that is, thermal 
diffusion) does not appear at all in the expression for the diffusion velocity 
if only one term in the Sonine polynomial expansion is used. Thus the 
fact that thermal diffusion is a small effect compared with mass transfer 
due to a concentration gradient manifests itself in the mathematical 
formulation of the physical processes. 


4. The Formulation of the Transport Coefficients 

The integral expressions for the flux vectors, which describe the flux 
of mass, momentum, and energy, are derived in § 7.2. The evaluation of 
these integrals requires a knowledge of the distribution function f. An 
approximation to the distribution function in the form f = /[ 0, (1 -f <£.) 
is derived in the previous section. If the expression for <£,, given by Eq. 
7.3-29, is used in the integrals for the flux vectors, we obtain expressions 
for the diffusion velocity, the pressure tensor, and the heat flux vector 
in terms of integrals of the functions A AW,), and C^ > (W',). It is 

these relations for the flux vectors which we shall now derive and discuss. 

a. Diffusion and thermal diffusion coefficients in terms of Sonine expansion 
coefficients 

The integral for the diffusion velocity (Eq. 7.2-7) rewritten in terms of 
•bi 'S 

K = ; [ V,f dV , = - f Wl 01 dV, (7.4-1) 

n, J n t J 

Using Eq. 7.3-29, and noting that the term involving B f vanishes on 
integration, we may write V, as 

V ‘ = i S • rf i> - [ A • • ) W dV t (7.4-2) 



(Eq. 7.4-45] 
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Then, making use of the form of the functions and C%\ indicated in 
Eqs. 7.3-35 and 36, we obtain 1 




Z,m,D„d ! - — 
n,m 



In 7 
dr 


(7.4-3) 


In this expression d j is defined in Eq. 7.3-27, and D if and Df are 

D t , = ^~ J— f Cy*( ^ Vi 0 ' (7-4-4) 

5nm ) ™ m i J 

D r = ^ J AlWdWfW dv t (7.4-5) 


These are the multicomponent diffusion coefficients and the multicomponent 
thermal diffusion coefficients , respectively. 2 _ 

Thus we see that the diffusion velocity, V t , contains terms proportional 
to the concentration gradient, the pressure gradient, the difference in the 
external forces acting on the various species of molecules, and the gradient 
in the temperature. Before the work of Chapman and Enskog thermal 
diffusion in the gas phase had been unknown theoretically and 
unobserved experimentally. Subsequent experiments of Chapman and 
Dootson 3 revealed that the theoretical prediction of this phenomenon 
was quite correct. This is one of a number of historically interesting 
instances of the prediction of experimentally observable phenomena by 
rigorous theoretical analysis. Experiments for the measurement of D it 
are usually arranged so that the contributions to the diffusion velocity 
resulting from pressure gradients, external forces, and thermal gradients 
are negligible. 

By means of the Sonine polynomial expansions (Eq. 7.3-61) the 
expressions for the diffusion coefficients become 

Z>„(f) = (^)Jw r H J ^^(Wi 01 dV, (7.4-6) 


1 Here we use a theorem which may be proved by symmetry arguments. If F(r ) 
is any function of the absolute value of r, then 

/ F(r)rr dr = §U J F(r)r r dr 

1 There is a considerable variation among authors in the nomenclature and definition 
of these quantities. The D t , defined here are such that for a two-component mixture 
the D, f reduce to the usual binary diffusion coefficients , i^,>. The quantities D, T have 
not been previously defined. In the case of two components, the D, T defined here 
do not reduce to the binary thermal diffusion coefficients as defined in Chapman and 
Cowling. The relation is discussed in § 8.1. 

3 S. Chapman and F. W. Dootson, Phil. Mag., 33, 248 (1917). 
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t>At) = y ! I o *.M) J VtSQVW/F dV, (7.4-7) 

the argument £ of /),/£) and D, T (£) being the number of terms used in 
the Sonine expansions. Subsequent use of Eq. 7.3-59 to evaluate the 
integrals then gives 


D,m = 

P n i 
2nm i * 

# 

(7.4-8) 


n.nii 

IlkT 


D, T (() = 

■ i 

— °M) 

m. 

(7.4-9) 


We have thus expressed D u and D,- r in terms of the zeroth Sonine 
expansion coefficient alone. No matter how many terms are used in the 
expansion (that is, regardless of the value of £), it is only the zeroth 
coefficient which remains after the integrations have been performed. 
However, the values of the coefficients c$°(£) and a i0 (() which are 
determined by Eq. 7.3-75 depend upon the number of terms considered 
in the expansion. 

In the case of D ii% letting £ = 1 gives quite good results; if £ = 2, we 
obtain a small correction term. Except in very unusual cases it is 
unnecessary to use any approximations beyond £ = 2. However, when 
£ = 1, the coefficients D t T vanish identically. This happens because the 
function = /* 0, [J — W?\ V„ when used in Eq. 7.3-62 with n = $, 
causes this integral to vanish since (J — Wf) is in reality and 

is therefore orthogonal to Sj£( Wf). Hence, in order to get the co¬ 
efficient of thermal diffusion, it is necessary to take at least two terms in 
the Sonine expansion (that is, £ = 2). For realistic potential functions 
this approximation is in error by about 5 to 10 per cent. 

b. Coefficient of viscosity in terms of Sonine expansion coefficients 
The integral for the pressure tensor (Eq. 7.2-23) in terms of the 
perturbation function <f>, is 

p = J V,VJ, dV, (7:4-10) 

= 5>,{ J vyjp dV, + J rfV,} (7.4-11) 

= pU + f dV, (7.4-12) 

(7.4-13) 


where 


p = nkT 
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[Eq. 7.4-21 J 

is the equilibrium hydrostatic pressure at the local temperature and 
density. Then, using the form of the perturbation function <f>, as given by 
Eq. 7.3-29, we find that 

(7-4-14) 

The terms in A , and C[ j) can be shown to be zero on the basis of symmetry 
arguments. Then, using the form of the tensor B, as given in Eq. 7.3-37 
and further symmetry arguments, we obtain 

P=pU-[r s ^l B M y 'f?' d v] s 

where S is the rate of shear tensor , defined by 

i [a*.,. a»o.l i (d_ \ 

^ = sMs?* v V 

The coefficient of viscosity rj is defined by the relation 

p = p\J — 2tjS 

From Eq. 7.4-15 it follows that the coefficient of viscosity is 


(7.4-15) 


(7.4-16) 


(7.4-17) 


(7.4-18) 


Then, making use of the Sonine polynomial expansion (Eq. 7.3-61), we 
obtain 

rtf) = jI SRWMff dV ‘ (7 - 4_19) 

Again the argument of rj(t) indicates the order of the approximation. 
The orthogonality relation in Eq. 7.3-60 can now be employed to evaluate 
the integral, and we obtain 

tff) = (7.4-20) 

as the coefficient of viscosity of a mixture in terms of the Sonine expansion 
coefficients b ]0 (S). As for ordinary diffusion, the first approximation is 
the predominant contribution. Actual calculations show that there is 
very little change in rj when additional terms in the expansion are used. 


c. Coefficient of thermal conductivity in terms of Sonine expansion 
coefficients 

The integral for the energy flux vector q (Eq. 7.2-26) is given in terms 
of the perturbation function <f> s by 

q = J 2yn, J dV, 


(7.4-21) 
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When the expression for <f>, (Eq. 7.3-29) is used in this equation, the term 
containing B ; . does not contribute and we have 

9 = i L*, J • d„) - (m, • ) VfVJfl dV, (7.4-22) 

The energy flux may be separated into two parts, that due to the flux 
of molecules relative to the mass velocity and that due to other causes. 
Using the forms of the functions A ( and CJ j) given by Eqs. 7.3-35 and 36, 
we obtain 


q = SkTZtnjV, 

-kT2 , J [n 2 >C?XW,) (W, • «#,) —Af,Wj) (w, • — )) 

X (J - WfiVJf ' dV, (7.4-23) 

Then according to the symmetry arguments discussed above it follows 
that 


q = lkTZ,n i V l 



- n(kT)' 1 ' 2 k d k 2, ^ J Cl k '( W,) (i - Wfl >1 dV, (7.4-24) 

where 

A' = — —| kVkTlj -j= f A/ W,)(i- »7> W rfV, (7-4-25) 

3 V m i J 

The first term represents the flux of energy incident to mass transport; 
the second, that due to a temperature gradient; and the third, an additional 
effect due directly to the concentration gradients. The last term is 
analogous to the effect of temperature gradients on diffusion, that is, 
thermal diffusion. 

The expression for q can be rearranged as follows. From the integral 
equation for the A , (Eq. 7.3-34) we may obtain the relation 

J— f Cf’( W,) (f — W*) wtf? dV, 
y Wj J 

= Irr l[J [([a; + a; -A , - Ai . crm l ? ] gitb db dV t dVf 

(7.4-26) 



[Eq. 7.4-30] 
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which can be used to rewrite the expression for q (Eq. 7.4-24). Then, 
“symmetrizing” the sum over / and j and making use of the fact that 
; Z k d k = 0, we obtain 

- „ W 

q = hkTl^V, - X Y r 

-i^rSAL. JJJW + A < ~ A ‘ ~ A A 

• [Ci*> + c<‘> - Cl*> - C«>] V'S°!/T^«* * rfK, (7.4-27) 

But from the integral equation for C[ 4) (Eq. 7.3-32) it follows that 


= 2 7r2, 


>(A)' . C<A>* _ #*>' - C ( *>' \ 


Summing Eq. 7.4-28 over i and “symmetrizing” results in 


= -» L. / 


/4/ + /4/1 rcs*> + C$» 1\ 


b db dV t dV i 
(7.4-29) 


Then, with the definition of D } T (Eq. 7.4-5) and the fact that 2 k d k = 0, 
the energy flux becomes 

q = ikTZnV, - X ~ - nkT 2, — D, T d, (7.4-30) 

or n/n f 


The coefficient A' is not the coefficient of thermal conductivity as it is 
usually defined. It is conventional to eliminate the gradients, d Jy from 
the expression for q by means of the equation for the diffusion velocities 
(Eq. 7.4-3). The energy flux is then given in terms of the diffusion 
velocities and the temperature gradient. Because of the thermal diffusion 
term in the expression for the diffusion velocity a small term adds to A' 
to result in the quantity A, which is the usual coefficient of thermal con¬ 
ductivity. The final expression for A (Eq. 7.4-65) is derived later in this 
section. 
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If the functions A^Wf) are expressed as a series of Sonine polynomials 
as in Eq. 7.3-61, the expression for A' (Eq. 7.4-25) becomes 

m = - ^ kVkT 2 *2 -L a,M) fsjg( Wfi (i - Wf) dV, 

J j m-oVnij J 

(7.4-31) 

Then, since 

W*7) ~ i - (7.4-32) 

we obtain from the condition of orthogonality of the polynomials, 
(Eq. 7.3-58), 

y lkT 

— «i»(f> (7.4-33) 

m j 

d. The integrals 9) 

The transport coefficients have been expressed in terms of the Sonine 
polynomial expansion coefficients. It will be recalled that these expansion 
coefficients are obtained by the solution of sets of simultaneous equations 
given in Eq. 7.3-75. It can be seen that the expansion coefficients 
fjm A) (£) are complicated combinations of the bracket integrals, which 
are defined by Eq. 7.3-42. Chapman and Cowling have shown that 
these integrals may be written as linear combinations of a set of integrals 4 
Q (, ' s) . For collisions between molecules of type / and type y, these 
integrals are defined by 

- CO CO 

Q&* 1 = J | 1 - cos' x)b (lb dy„ (7.4-34) 

In these integrals /i ti is the reduced mass of colliding molecules i and j 
(defined by Eq. 1.5-9), y if is the reduced initial relative speed of the 
colliding molecules (defined in Eq. 7.2-12), / is the angle by which the 
molecules are deflected in the center of gravity coordinate system, and b 
is the impact parameter. ( b and x are shown graphically in Fig. 1.5-3.) 
A tabulation of the most frequently needed bracket expressions in terms 
of the Q (l - 91 is given in Appendix A at the end of the chapter. With 
this table and Eq. 7.3-75, we may calculate any of the Sonine expansion 
coefficients, 

4 S. Chapman and T. G. Cowling, The Mathematical Theory of Non-uniform Gases, 
Cambridge University Press, 1939. The integrals fl"- •* in this book are the same as 
the Q ,n (j) of Chapman and Cowling. They are not, however, the same as the '* 
of D. Enskog, Archiv. for Mathematik, Astronomi och Fysik, 16, § 16 (1922). 
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The dynamics of the collisions enters into the description of the transport 
coefficients through the collision integrals defined by Eq. 7.4-34. hor 
in order to evaluate the Q"- *>, we must know * as a function of the initial 
relative velocity g„ and the impact parameter b. Such a relation is given 
by Eq 1.5-26. In this equation the potential energy of interaction q\r) 
appears explicitly. Thus, given the interaction potential we can calculate 
the Q. {1>,) integrals and hence the expansion coefficients (£)• 

The formulae for the transport coefficients in terms of the H (,ts> integrals 
are discussed in the next subsection. The actual evaluation of the angles 
fj\ the integrals Q {L, \ and the transport coefficients for several intcr- 
moieciilar laws of force is performed in Chapter 8. The most satisfactory 
and usable calculations are those made on the basis of either the Lennard- 
Jones (6-12) potential or the modified Buckingham potential, which 
describe reasonably well the interaction between spherical, non-polar 
molecules. Equations and tables are given in Chapter 8 which enable 
us to make practical applications of the theory. It is shown that the 
agreement between calculated and experimental results is quite satisfactory. 

e. Explicit formulae for the transport coefficients in terms of the il il ‘ s) 

The method of obtaining formulae for the transport coefficients in 
terms of the intermolecular forces and the dynamics of binary collisions 
is discussed in this and the preceding sections. The algebraic detail 
of the development of the expressions in terms of the integrals 
is rather lengthy and is omitted, except to indicate briefly how the 
results obtained thus far may be used to obtain the lowest approxi¬ 
mation to the various transport coefficients. 

i. The Coefficient of Diffusion 

The coefficient of diffusion in a multicomponent mixture can be obtained 
to a very good approximation by considering only one term in the Sonine 
polynomial expansion. The equations specifying the cft-«(l)(Eq- 7.3-75) 
are then 

2>^5ni)=-*r ) < 74 - 35 ) 

In terms of the Q <,,5) these equations become 

Z,$ B (l) 2i - "-^—= - 6„) - - 5,,)) Qg-» 

K + m,) V m, 

= -<*« - «,») A V2 It 


(7.4-36) 
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For a binary mixture we immediately obtain from this equation, 

3(m, + m t ) Ilk? 1 
v m, Qg.») 


<#*>0) = <«>,/> - */*) 


16/f.p 


(7.4-37) 


So that the first approximation to the coefficient of diffusion 5 of a binary 
mixture is (from Eq. 7.4-8) 


W) = 


3(m, + m f ) kT 


1 6nm,m i Og ,l) 

From the definitions (or from the form of Eq. 7.4-37), 

-<*.*> _ -<*.*> _ r (tJ) 
c jo — c jo c j o 


(7.4-38) 


(7.4-39) 


Using this result, the expressions for the diffusion constants, and the 
above relation for the binary diffusion constants, we get for the equation 
for the general diffusion constants (Eq. 7.4-36): 


where 


EjFjm.D,, (1) - m t D lk (l)} = (6 lk - 6 lk ) (7.4-40) 

<7MI1 


A formal solution of this set of equations can be obtained easily. Let 
us define F° as the cofactor of F it in the determinant | F | of the F IJt that is, 


F" = (-!)'+' 


u 




H\ 


f,-x. 


F,-v ,-Si- 


<+l. * 


1. HI 


1+1. i-l r <+l. HI 


Fi-i, 


m. r 


1 * * * Fr. HI F’. HI 

Then, solving the Eq. 7.4-40, we get 

pi — pi 

m h D lh {\) — m k D lk ( 1) = — r~ 


r. v 


(7.4-42) 


(7.4-43) 


* In a binary mixture we denote D tl by 
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[Eq. 7.4-48) 

Thus, since D ti = 0, it follows that 


DM) = 


F* 1 - F il 

m A F \ 


(7.4-44) 


The set of Eqs. 7.4-44 relates the generalized diffusion coefficients of 
a mixture to the binary diffusion coefficients of the various pairs. The 
form of the result, however, is usually difficult to handle in actual problems. 
For this reason it may often be advantageous to make use of an alternate 
formulation of the problem. From Eq. 7.4-3, we find that 





i+i 


iinly 1 \D T "■ r T 


(7.4-45) 


This expression can be simplified considerably by making use of a special 
form of Eq. 7.4-40. The auxiliary conditions on the coefficients cjj ’ k) 
(Eq. 7.3-74) can be written in terms of the diffusion coefficients. The 
result is 

^{m,m h D ih (\) ~ m t m k D ik ( 1)} = 0 (7.4-46) 


Making use of this, we find that Eq. 7.4-40 becomes 6 


Z ■ ' 77 ; {«i m k D lh (l) - n,m k D ti (\) - n,m h D tk (\) + n,m k D lk (\)} 
j+i M) 

=Vik - *> ik )p (7.4-47) 


This set of equations is not linearly independent and hence could not be 
used without Eq. 7.4-46 to obtain the coefficients. Nevertheless, they are 
valid relations. Because of Eq. 7.4-47 and the fact that "£ k d k = 0, 
Eq. 7.4-45, in the approximation that the D ik may be replaced by the 
first approximation D jk ( 1), becomes 


y n ‘ n ‘ (I/ 


V,) = </,- 


9 In T / D, T 

Sr Zl 



(7.4-48) 


4 This set of equations is a special case of the general relations, Eqs. 7.3-70. 
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This is a set of (v — 1) independent equations which is often directly 
applicable to hydrodynamic problems. 

ii. The Coefficient of Thermal Diffusion 

To obtain the coefficients of thermal diffusion, it is necessary to evaluate 
the functions A { . In this case two terms in the Sonine polynomial 
expansion must be considered. Use of a single term results in a zero 
thermal diffusion coefficient; for this reason thermal diffusion is frequently 
referred to as a “second-order” effect. In this case Eq. 7.3-75 becomes 

2 2 &T'<W(2) = -R tm (7.4-49) 

j m’-0 

In terms of the £2 (l t> the Q™ m ' are 


= si* 


n k m k 


V -j- m k ) 


- d ik ) - n,m f ( 1 - » 


(7.4-50) 


« - -® - i - ) “«■” - «•“' (7 - 4 - 5i > 


Q!,° = e Ql 


oo. 


m. 


(7.4-52) 




n,n i m k 




-5m k *a$* 

L+">* , nii' 3) 

+(<5„ + 6, k )2m,m t Q.f t 2> 


and 


15 


Rim - <5 m i j»,V2 kT/m, 


(7.4-53) 


(7.4-54) 


The expressions in Eq. 7.4-49 form a set of linear equations for the 
coefficients a )0 and a ilt which can be solved by Cramer's rule. 7 Then 

7 Cramer’s rule states that the solution of a set of linear equations can be expressed 
as the ratio of determinants of the coefficients. 
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from Eq. 7.4-9 we obtain the expression for the coefficient of thermal 
diffusion: 
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(7.4-55) 

iii. The Coefficient of Viscosity 

For a v-component mixture the first approximation to the viscosity 
is (according to Eq. 7.4-20): 

iKD = iXTZyij&ftO) (7.4-56) 

The b i0 ( 1) are then determined by the v equations (according to Eq. 
7.3-75): 

2, (0 6<o(1)=_I ;=I - 2 - 3 » ( 7 - 4 - 57 > 

with 

CS? = ; WJ„ + W,].,} (7.4-58) 
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In this case W 4 and R l0 are 

W, = W,W, — i W t 2 U 


= J 2(W, : W 4 )/i°J dV t 

= -J J Wi A f'? ] dVi = -$n i 


(7.4-59) 


(7.4-60) 


From Eq. 7.4-57 we can, of course, obtain the 6 >0 (1) as ratios of two deter¬ 
minants of order v by Cramer’s rule. However, the only quantity which 
appears in the expression for the coefficient of viscosity is S/i^O). 
This can be written as a ratio of two determinants—the one in the 
numerator being of order (v + 1) and that in the denominator of order 
v. Specifically we obtain 


>?(1) = - 


Hn 

H lt ■■■ 


njn 

H n 

H„ ••• 

H t . 

njn 
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• 

H.i 

• 

H r2 ••• 

• 

njn 

«i/» 

njn • • • 

njn 

0 


l".il 


(7.4-61) 


with 

- \tt*TF w ->" + 4 »‘ w ' ; WJ "> 


(7.4-62) 

The H if may be rewritten in terms of the 

32 n t m t n l m l [ 5 m U if - dJClV-V 

*-5^55+5? [ +l „, (4 „ + W .J 

This result can easily be extended to include the effect of more terms in 
the Sonine polynomial expansion. The formal results can be simplified 
considerably for binary mixtures and pure gases (see § 8.2b). 

iv. The Coefficient of Thermal Conductivity 

The expression for the energy flux is usually written in terms of the 
diffusion velocities and the temperature gradient. Combining Eqs. 
7.4-30 and 48 gives 

« — *£ + ! kT1 ^ + -01X) (F ' - ^ (7 ^ 4) 



[Eq. 7.4-67] 

In this expression 
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A v iv (7.4-65) 

lUn.m, lywj 

is the usual coefficient of thermal conductivity. The quantity X is 
expressed in terms of the Sonine expansion coefficients by Eq. 7.4-33 
from which, on applying the methods and results described above, we 

obtain 
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where the gg w ' are those given by Eqs. 7.4-50, 51, 52, and 53. 


(7.4-67) 
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5. Grad's Solution of the Boltzmann Equation 

As discussed in §7.1, the state of a gas may be described in varying 
degrees of completeness. The level of information provided by the 
distribution function fir, v, t ) of single molecules is adequate to describe 
completely the behavior of gases at low density, where the effect of more 
than two body collisions is unimportant. The variation of the distri¬ 
bution function /(r, v, /) with time is given by the Boltzmann equation. 
This equation cannot be solved exactly, but for most purposes we are 
satisfied with the hydrodynamic description of the state of the gas in 
terms of the macroscopic variables: density, velocity, and temperature. 
The equations describing the time variation of these quantities are the 
equations of change derived in § 7.2. In the derivation of these equations, 
certain additional quantities (the flux vectors) were introduced: the 
diffusion velocities, the pressure tensor, and the heat flux vector. The 
values of these quantities depend upon the perturbation of the distribution 
function from the equilibrium Maxwellian distribution. 

The Enskog method of solution of the Boltzmann equation yields 
expressions for the flux vectors in terms of the space derivatives of the 
macroscopic quantities. The first approximation, which is discussed in 
detail in the previous section, yields expressions involving the first 
derivatives. The higher approximations involve the higher derivatives 
and powers of the lower derivatives. 

A knowledge of the macroscopic variables (density, mass-average 
velocity, and temperature) is equivalent to a knowledge of the first three 
velocity moments of the distribution function. The Enskog solution of 
the Boltzmann equation then provides a complete description of the 
future of a gas in terms of a knowledge, at a particular time, of the first 
three moments of the distribution function at each point in space. Clearly, 
many functions, fir, v, r), have the same first three moments at a particular 
time and each leads to a different distribution corresponding to a different 
set of first three moments at a later time. Thus the Enskog series does not 
provide a general solution but in some manner restricts the consideration 
to a particular class of distribution functions. This is characteristic of 
the process of lowering the completeness of the description of the state 
of the system. Each time we lower the level of description it is necessary 
to introduce a condition which restricts the possible states under con¬ 
sideration. In this case it is not clear how the restriction has been 
imposed. Also it is not clear that a solution has actually been obtained 
since the convergence of the Enskog series has often been questioned. 

Grad 1 has introduced a method of solution of the Boltzmann equation 


1 H. Grad, Communications on Pure and Applied Mathematics, 2, 331 (1949). 
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[Eq. 7.5-6] 

which justifies the first approximation of Enskog and permits any level of 
description between the complete descr.pt.on m terms of fir,v,t) andth 
hydrodynamic description. The results of th.s treatment are of value > m 
the study of gases at sufficiently low density that the gas no longer beeves 
as a continuous medium. The solutions perm.t the use of considerably 
more general boundary conditions in the solution of hydrodynamic 
problems. The method of solution is discussed briefly below. For 
simplicity we restrict our attention to a gas consisting of a single 
component, in which case there is only one distribution function and 
only one Boltzmann equation, and the problems of diffusion do not arise. 


a. The moment equations 

Let us form a tensor of order n from the components of the velocity v: 

vgj... = v i v i v k • • • (7.5-1) 

Here the subscript specifies the component of v. Corresponding to each 
velocity tensor, an nth order moment tensor of the distribution function 
may be defined: 

Sjjj... = J« $:.Ar, y, <)dv (7.5-2) 

It is clear that the zeroth moment is the number density n. The first 
moment is the macroscopic flux nv 0 . The macroscopic temperature is 
related to a contraction of the second moment: 2 


InkT = \nmV * = y — \nmv 2 (7.5-3) 

The pressure tensor is related to the full second moment, thus: 

Pu = mSW — nmv 0i v 0f (7.5-4) 

The energy flux vector is related to a contraction of the third moment, 

q { = J m Z, S$ — inmv 0i v 0 2 — %nkTv 0i + ^pfosPa ( 7 -5-5) 

If the Boltzmann equation is multiplied successively by each of the v (n) 
and integrated over the velocities, we obtain successive equations for the 
moments. In the absence of external forces these equations are 

| S&.. . + 2, ^ Sgf.V. = db dv dVy 

(7.5-6) 

* A contraction of a tensor is a tensor whose rank is lower by two. It is formed 
by taking components of the original tensor in which two of the indices are alike 
and summing over this index. 
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The first two equations and a contraction of the third are the usual 
equations of change derived in § 7.2. In these equations the collision 
terms on the right are zero because of the properties of the summational 
invariants. We see that in general the equation for each moment involves 
the moment of one higher order explicitly and the entire distribution 
function in the collision integral. This set of equations is equivalent 
to the original Boltzmann equation. 

The method of solution is as follows. A trial function representing 
the distribution function is set up in which a number, v, of arbitrary 
parameters are included. These parameters may be written in terms of 
the first v (scalar) moments. The remaining moments may then be written 
in terms of the lower moments. The first v (scalar) equations of the set 
of moment equations (Eqs. 7.5-6) are then assumed to describe the time 
variation of the parameters and consequently the behavior of the gas. 

Grad used as a trial function a Maxwellian distribution multiplied by a 
finite series of multidimensional Hermite polynomials. He showed 
that the series obtained by considering progressively more terms in the 
series of Hermite polynomials converged to a true solution of the 
Boltzmann equation. 

b. The “thirteen-moment” approximation 

Let us consider in detail the “thirteen-moment" approximation. A 
distribution function with thirteen scalar parameters is set up. The 
thirteen parameters are related to the thirteen independent scalars 
defining the moments S {0 \ S tl) , and S l2) and a contraction of the third 
moment The time variation of the thirteen parameters is obtained 

by using the corresponding moment equations, that is, Eq. 7.5-6 with 
n = 0, 1,2, and a sum of the equations obtained by setting n = 3. 

The n = 0, 1, and the sum of the “diagonal” n = 2 equations are the 
equation of continuity, equation of motion, and equation of energy 
balance, respectively, if we relate the moments to the density, velocity, 
temperature, pressure tensor, and heat flux as described above. However, 
in this approximation the pressure tensor and heat flux vector are taken to 
be independent functions satisfying their own differential equations—the 
remaining moment equations. These equations are 


W +** k + 2 




+ -P« = o 

V 


(7.5-7) 



[Eq. 7.5-12] 
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In these expressions the { } denotes 

= a + 4jt) — J d u Z k A kk (7.5-9) 

P is defined by 

P = p — pU (7.5-10) 

and rj and X represent integral expressions which are formally identical 
with the coefficients of viscosity and conductivity derived in the previous 
section. 

Equations 7.5-7 and 8, along with the usual equations of change, form 
a set of equations for the macroscopic variables n> v 0 , and T , and in addition 
p and q. The solutions of these equations require a more complete 
description of the boundary condition than is required for the solution of 
the Navier-Stokes equation; and hence more general problems may be 
solved. However, it may be shown that, if the flow is such that the 
properties of a small element of gas do not change appreciably in a 
collision time (that is, the mean time between collisions), then within a few 
collision times p and q approach values given by the equations 


p = p - ) ,U = -2,{i ; v D }-i2{| ; ,) 


q = -X 


dT 


dr 


nk \0r / 


(7.5-11) 

(7.5-12) 


These relations are valid under many conditions, although they do not 
apply to such extreme situations as the passage of a gas through a shock 
wave. 

If the variation of velocity and temperature with position are known, 
Eqs. 7.5-11 and 12 are a pair of coupled equations for q and P. The 
coupling terms (the second terms on the right-hand side of both equations) 
are essentially second derivative terms. If the velocity and temperature 
of the gas do not vary appreciably in a mean free path, these coupling 
terms are negligible, and the equations reduce to the Navier-Stokes 
relations. The added terms are of importance in the study of gases at 




496 THE KINETIC THEORY OF DILUTE GASES [§ 7.6J 

low densities, where the mean free path is long and the gas no longer 
behaves as a continuous medium. 


6 . Effects of Chemical Reactions and the Internal Degrees of Freedom of the 

Molecules 

The discussion of kinetic theory presented in this chapter has thus far 
been limited to non-reacting mixtures of simple molecules. It has been 
assumed that the molecules are spherical and have no internal degrees of 
freedom. We begin this section by discussing the modifications necessary 
in the equations of change when chemical reactions are taking place in a 
polyatomic gas mixture. 1 Then we discuss the general theory of transport 
properties for molecules which have internal degrees of freedom. In 
this connection an appraisal of the Eucken correction is given. No 
extensive calculations have been made for polyatomic molecules. How¬ 
ever, the material presented in this section is helpful in indicating the 
extent to which the theory of monatomic gases can be safely employed 
for polyatomic gas calculations. 

a. The equations of change for a reacting gas mixture 

In § 7.1b it is shown that the terms on the right side of the Boltzmann 
equation represent the net number of molecules of a particular kind 
gained by a “group” of molecules in phase space because of collisions. 
Consequently, if collisions result in a chemical reaction, the right side 
of the Boltzmann equation must be modified. It is clear that the modi¬ 
fications of the Boltzmann equation affect the integral properties used in 
obtaining the equations of change. The integral 

j ivr -1vi 

is the total rate of gain of molecules of species / due to collision with mole¬ 
cules of j per unit volume. (In the absence of chemical reactions this 
term is of course zero.) Hence for reacting gas mixtures the total rate of 
increase (per unit volume) resulting from collisions of molecules i with 
all types of molecules (including / itself) is 

SJOV'-n i ) )dv i = K i (7.6-2) 

where K, is the total increase of molecules / per unit volume per unit time 
due to chemical reactions. Inasmuch as the total mass is conserved in 
a chemical reaction, 

S.m,*, = 0 (7.6-3) 


* The diffusion of excited or ionized molecules through molecules of the same species 
in the ground state is anomalous because of the strong resonance forces. See § 13.6a, 
§ 14.6a, and R. Buckingham and A. Dalgamo, Proc. Roy. Soc. (London), A213, 506 
1952). 
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Equation 7.6-2 is used to replace Eq. 7.2-32 in the development of the 
equations of continuity. However, even in a collision winch produces a 
chemical reaction, mass, momentum, and energy are conserved. Hence, 
Eq 7.2-33 remains valid except that the summational invariants are now 
ttll , my,, and im,K. 2 + u} ln, \ where u{ ,n,) is the energy in the internal 

degrees of freedom of a molecule of /. 

Making use of Eq. 7.6-2, we obtain the individual equations oj continuity: 

$+ VJ)-*. OM) 


which replace Eq. 7.2-42. The term K, represents a source strength 
due to the production of molecules of i in the chemical reactions. The 
equation of continuity for the entire system (Eq. 7.2-43) 



(7.6-5) 


remains valid (since m t is still a summational invariant). The same expres¬ 
sion can be obtained from Eq. 7.6-4 by multiplying each of the equations 
by m t and summing over /. 

The momentum of a system of two colliding molecules is conserved 
in any collision in which a chemical reaction occurs. Consequently, 
we have as before 



+ - w, 

P 


(7.6-6) 


for the equation of motion. 

The energy balance equation can be obtained in a manner quite similar 
to that described in §7.2. For polyatomic molecules, however, the quantity 
which appears in the general equation of change, is not the translational 
energy of the molecule but the total energy—translational plus internal. 
This modification leads to an equation like Eq. 7.2-49 in which 0 {{T) is 
replaced by 0. The energy balance equation is, accordingly 

pd 4 +P ( V '‘-l°) = -(l- q )-{ P 4r V h^‘ {XrV ‘ ) 

(7.6-7) 


Here 0 is the thermodynamic internal energy per gram of the mixture 

0 = - 'L l n i m i O i 
P 

The 0 { are the energies per gram of each of the chemical species. 


(7.6-8) 
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We may also write the energy balance equation in terms of the tempera¬ 
ture, as we did in Eq. 7.2-50. The resulting equation assumes a form 
slightly different from that for the monatomic gases. Using Eq. 7.6-4 
to eliminate ( dnjdt) which results from differentiating 0 t we obtain 

+ IMV< • X.) -I.m.K.O, + 1,0, (A . (7.6-9) 

In this equation 

C. = - p ?) r = - p 2,nMC v ), (7.6-10) 

is the average heat capacity per gram at constant volume. 

The expressions for the fluxes in terms of the distribution function 
are unaffected by the fact that chemical reactions are taking place in the 
gas mixture. However, the occurrence of collisions in which chemical 
reactions occur perturbs the distribution function if the system is not in 
equilibrium. This effect is small and unimportant in most cases. 2 " 4 


b. The effect of internal degrees of freedom on the transport phenomena 
(the Eucken correction) 

The presence of internal degrees of freedom in the molecules does not 
affect the expressions for the coefficients of diffusion and viscosity in 
terms of the distribution function. The heat flux vector, on the other 
hand, is clearly influenced, inasmuch as Jm.T', 2 + u‘ ,nt) now replaces 
the simple transitional kinetic energy term in the derivation of the energy 
balance equation. Hence for polyatomic molecules Eq. 7.2-26 must 
be replaced by 

q = } + ZaW (7.6-11) 


The vector q then represents the total energy flux. An immediate effect 
of this difference can be seen by noting that to a good approximation 
w (,Qt) is independent of V, and hence the second term in this expression 
simply adds to the second term in Eq. 7.4-64 for the heat flux. Thus 





kT n,D, T - 



(7.6-12) 


* I. Prigogine and E. Xhrouet, Physica , 15, 913 (1949). 
s I. Prigogine and M. Mahieu, Pliysica , 16, 51 (1950). 

4 C. F. Curtiss, Ph.D Dissertation (University of Wisconsin, 1948), published as 
University of Wisconsin Naval Research Report CM-476. 
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[Eq. 7.6-14] 


where h, is the enthalpy per molecule of component, /, 


h i = $kT+u? Dt) 


(7.6-13) 


However, the presence of the internal degrees of freedom has an additional 
effect due to the time lag in the transfer of energy from the translational 
to the internal degrees of freedom. 

Because of the possibility of inelastic collisions, the coefficient of thermal 
conductivity is sensitive to the nature of the internal degrees of freedom 
of the molecules. The exact expression for the coefficient of thermal 
conductivity depends upon the transition probabilities for the transfer of 
energy among the various degrees of freedom of the molecule, particularly 
on the probability of transfer from the translational to the internal degrees 
of freedom. In view of the difficulty of treating this problem exactly, 
we discuss briefly the “Eucken assumption,” which permits a quick 
estimation of the effect on the thermal conductivity due to internal degrees 
of freedom. 

Eucken 5 introduced an approximation which is applicable when the 
rate of transfer is fast—that is, when the rate of transfer is sufficiently 
fast that the distribution of molecules among the various states is essentially 
the equilibrium distribution corresponding to the local temperature. 6 
Let us consider a gas made up of molecules of a single chemical species. 
Then, according to Eqs. 8.2-10, 11, the first approximation to the 
coefficient of thermal conductivity is 



(7.6-14) 


However, this expression applies only to a gas composed of molecules 
without internal degrees of freedom. The molecules of the gas can 
exist in various internal quantum states. 7 Let us now regard the mole¬ 
cules in a particular quantum state as molecules of a particular chemical 
species. With this interpretation the gas can be considered as a reacting 
mixture of a large number of chemical components, each of which is 
devoid of internal degrees of freedom. The inelastic collisions are con¬ 
sidered to be chemical reactions. Furthermore, the masses of all the 


5 A. Eucken, Physik. Z., 14, 324 (1913). 

6 In § 13.7 it is shown from an experimental study of the pressure broadening of 
microwaves that for most molecules, the rate of transfer by collision of rotational 
energy is comparable to the rate of transfer of translational energy. Then the Eucken 
assumption appears reasonable for the rotational degrees of freedom but not for the 
vibrational degrees of freedom where energy transitions are known to require a large 
number of collisions (50 to 5000). 

7 The concept of a quantum state is introduced here, not for accuracy, but rather for 
convenience of discussion. 
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molecules are alike, and to a good approximation all the intermolecular 
potentials are alike. 

For a mixture of molecules of the same mass and with the same law of 
force between any pair, the coefficient of thermal diffusion is zero. Hence, 
from Eq. 7.6-12 the energy flux vector for such a mixture is 

q = -A«» f + ZMikT + «' i lD,, )V ( (7.6-15) 

or 

Here uj ,nl) is the energy in the internal degrees of freedom of a molecule 
in quantum state /, and A (0) is the coefficient of thermal conductivity of 
the system, considered as a mixture. From Eq. 7.6-14, 

A««* = ^ - (7-6-16) 

4 m 

where C v , the heat capacity per gram, has been set equal to (3A:/2m). 

The diffusion velocity is given by Eq. 7.4-3, which for this simple 
mixture becomes 

■-- \ a h (?) (, - W7 > 

where is the coefficient of self-diffusion. The quantity (njn) here has 
the significance of being the fraction of molecules in quantum state /. 
In general this quantity depends in a rather complicated way upon all 
the gradients. To obtain the Eucken approximation we assume that the 
fraction of molecules in state i is given by the equilibrium (Maxwellian) 
distribution characteristic of the local temperature. Then 

Substituting this into the expression for the diffusion velocity and making 
use of the fact that Zn,V, = 0 (when all the m i are equal), we obtain for 
the energy flux vector of Eq. 7.6-15: 

«—[7 2+*»:&*!■•£(;)] {? <“->» 

Here £/‘ int) = wj in,) /m is the internal energy per unit mass in the internal 
degrees of freedom of a molecule in state j. 

Let us now introduce C lint \ the average energy per gram in the internal 
degrees of freedom, and C , r in,) , the contribution of the internal motion 
to the heat capacity per gram: 

0<i»i> _ 2 , (-'j (/“"•> (7.6-20) 



(7.6-21) 



[Eq. 7.6-24] 
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Then the expressions for the energy flux vector and the coeffic.ent of 
thermal conductivity of the system become 


Q = 

X = 



[(»_ 


2 r) / m rj 


10 



(7.6-22) 


(7.6-23) 


In this last expression for the thermal conductivity, the ratio of heat 
capacities, y = CjC v = 1 4* has been introduced. 

The dimensionless ratio p&/t) is a function of temperature which is of 
the order of unity. Letting this quantity be exactly 1, we may write the 
coefficient of thermal conductivity as 


x = 1(9 y - 5 )Cf> 


(7.6-24) 


This factor (9 y — 5)/4 is the well-known Eucken correction for the thermal 
conductivity of polyatomic molecules. Eucken originally derived this 
correction factor by simple arguments. Because of the difficulty of trans¬ 
ferring energy from translation to the internal degrees of freedom, the 
preceding equations for 2(Eqs. 7.6-23 and 24) do not fit the experimental 
data accurately at moderate (room) temperatures. At sufficiently high 
temperatures, however, Eq. 7.6-23 should be applicable. 


c. The formal kinetic theory of polyatomic molecules 8 

The formal treatment of the kinetic theory of gases has been extended 
to polyatomic molecules or to molecules with internal quantum states. 
As is appropriate the translational motion is considered classically 
and the internal motions quantum mechanically. We introduce a 
distribution function /,(r, v, t) for each quantum state /. The single 
index / refers to the entire set of quantum numbers {/} = /„ / 2 , / 3 • ■ ■ 
necessary to specify the internal state of the molecule. 9 Each distribution 
function then satisfies its own Boltzmann equation. 

8 The discussion given here is a summary of the work of C. S. Wang-Chang and 
G. E. Uhlenbcck. Transport Phenomena in Polyatomic Molecules . University of Michigan 
publication. CM-681 (1951). A very similar treatment has also been given inde¬ 
pendently by J. de Boer (unpublished). 

0 In previous sections /,(r, V, /) indicated the distribution function for the /th chemical 
species. Since this discussion is restricted to gases of a single component, the use of 
the subscript / to indicate a quantum state should cause no confusion. 
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The collision integrals are written in terms of a set of differential cross- 
sections, /$'(£, 0, <f>). The cross-sectjon I$(g, 0, <f >) refers to a collision in 
which the molecules, initially in states i andend up in states k and /. The 
magnitude of the initial asymptotic relative velocity is g. The direction of 
the initial relative velocity is taken as the axis of a polar coordinate 
system. Then /J'(£, 0, <t>) is the cross-section for scattering at the angle, 
0, <f>. Now we can make use of the arguments presented in § 7.1b to develop 
a more general Boltzmann equation. In terms of the cross-sections, it is 
clear that the number of molecules lost to the group in state i due to 
collisions with molecules in state j is (in analogy with Eq. 7.1-10) 


IV dv, = S w J J J fM$ Sin 0 do d* dv< dr, (7.6-25) 


Similarly the number of molecules gained by a group in state / due to 
collisions in which the other product molecule is in state; is 



jjjf*r;g>:n i ,MOdod<i,dv l! 'dv l ' 


(7.6-26) 


Here v k ' and v/ are the velocities before a collision in which the final 
velocities are v t and v f . Then, making use of the fact that inverse collisions 
exist, 10 we may write 



J J J A'/iW" sin 6 d0 dv > 


(7.6-27) 


Thus the generalized Boltzmann equation becomes 



= s, , J J J (/*'/,' - /,/,W" <g’ °’ ft sin 0 d0 d t dv > (7 6_28) 

This generalized Boltzmann equation has been solved by perturbation 
methods for two limiting cases. One applies to gases in which the transfer 
of energy between the translational motion and the internal degrees of 
freedom takes place with ease. The other applies to gases in which the 
transitions take place with difficulty. The theoretical development and 
the results are quite similar to the simple case of monatomic molecules. 
We discuss here some of the results for a gas consisting of a single 
component. 


10 It is noted that g k { ![', 
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[Eq. 7.6-32] 


i. Energy Exchange between Translational and Internal Motion Is Not 
Difficult 

Let us consider the case in which the transitions take place with ease. 
The equations of change are, of course, identical in form with those 
obtained for a monatomic gas. The pressure tensor, however, becomes 


p = pU — 2rjS — k 



(7.6-29) 


where S is the stress tensor defined by Eq. 7.4-16. 

The coefficient tj is closely related to the corresponding coefficient of 
viscosity appearing in the treatment of monatomic molecules and is called 
the coefficient of shear viscosity. The coefficient k is an additional 
transport coefficient, the coefficient of bulk viscosity 11 which is closely 
related to a “relaxation time”—a characteristic time required for the 
transfer of energy from the translational to the internal degrees of freedom. 

It is convenient to consider each of the internal modes of motion or 
degrees of freedom separately and define a relaxation time r, characteristic 
of each mode. It may be shown that the bulk viscosity is related to the 
relaxation times by 

nk 2 T 

K = —i-E,*? T, (7.6-30) 

C V 

where the 4° is the contribution of the particular degree of freedom to 
the specific heat per molecule, c v . 

The expression for the energy flux is identical with that obtained in the 
simple case. However, it is convenient to consider the coefficient of 
thermal conductivity as the sum of terms representing the effects of the 
translational motion and of the internal degrees of freedom, 

q = _(A<"> + A (ln, >) (7.6-31) 

or 


The detailed expressions for the transport coefficients are 
(i) The Coefficient of Shear Viscosity 

U _i_ y 

V S'JirmkT&.e e ') 2 6 

k % l 

X SSS ly* sin 2 0 + !y 2 Ae (1 - f sin 2 0))y 3 e-^l^{g, 0, <f>) sin 0 dO d<f> dy 

(7.6-32) 


11 Sometimes called the coefficient of dilatation viscosity. 
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Here c, is 

€, = EjkT (7.6-33) 

where £, is the energy of the /th state and 

Ac = C* -f €, — €, — c, (7.6-34) 

The dimensionless relative initial velocity is defined in Eq. 7.2-12. 

(ii) The Coefficient Thermal Conductivity 


2 < lr > = - 


5 k 2 T 
2 m 


!5 3cT> 
~4 a + ~2 k b 
ac — b 2 


(7.6-35) 


kTc m) 

^dnt) _ _ 


m 


flc — b 2 


(7.6-36) 


where 
a 


_ I /*!_!_ v 

/ 


(7.6-37) 


X JJJ {3(M 2 + 2[(*| - <,)y - (<„ - e,)y']}y s e~' , l%(g,6,<j.) sin 0 dO d<f> dy 

b = l I— -!— y 

2 V ,e 

x JJJ y s e~^(g, 0, 4 ,) sin 0 dO d* dy (7.6-38) 

c = 4 

^m(S,e- ( fi Z { (7.6-39) 

X JJJ iy 4 sin 2 0 + + cos 2 0))y 3 c _y, /*'(^, 0, <£) sin 0 dO d<\> dy 

and where 

y' 2 = y 2 - Ac (7.6-40) 

and c ( „ lnl) is the contribution of the internal degrees of freedom to the 
heat capacity per molecule. 


(iii) Relaxation Time 


- = 2*4 lntl 

T 


v w/n(L^ - “) 2 j7j 


(A<) 2 * 


2 




x JJJ y 3 * 0. *£) sin 0 d0 d< f> d y 


(7.6-41) 
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[Eq. 7 . 6-441 


ii Energy Interchange between Translational and Internal Motions Is 
Difficult 

The results for the case in which the transitions take place relatively 
seldom are expressed in a somewhat different manner. For simplicity let 
us confine our attention to molecules which have only one internal degree 
of freedom. The discussion may be easily extended to molecules with 
many internal degrees of freedom. Because of the slowness with which 
equilibrium is established, there are two different temperatures: a tempera¬ 
ture characteristic of the translational energy, T (iT \ and a temperature 
characteristic of the internal energy, 7 <lnl) . 

The two temperatures are related by an equation which is essentially 
an additional equation of change. 


nc 


tint) 


r^Oni) 
L dt 


+ 


ar (,nl, \ _ a / 

0r )\ ~ 8r\ 


x m) 


a7'(lnt)\ „ c <«nt, 


dr / 


+ 


(pir) _yUnDj 

(7.6-42) 


Here, as above, c^ lnt) is the contribution of the internal degree of freedom 
to the capacity heat, r is a relaxation time, and A <lnl) is the coefficient of con¬ 
ductivity of the energy in the internal degrees of freedom. This equation 
states that, aside from the effect of the conductivity term, the internal 
temperature 7' (inl> approaches the translational temperature 7 (lr) 
exponentially with a characteristic time r. 

The ordinary equations of change are unchanged. In this case the 
pressure tensor does not contain the bulk viscosity term. The energy 
flux is the sum of two terms, 


Q — — ^< lr > — T (,r> — 2 (ln,) — 7' (lnl) 

v dr dr 


(7.6-43) 


The detailed expressions for the transport coefficients are 


(i) The Coefficient of Shear Viscosity 


1 


8 


r) sVrrmkT^ie €, ) 2 < ; > 

k 9 l 




X JJJ y 7 e-*%(g y 0, 4>) sin 3 0 dO d<f> dy 


(7.6-44) 


where 7 el is the elastic cross-section, and only elastic collisions enter into 
the sum. 
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(ii) The Coefficient of Thermal Conductivity 
1 32 ! 

* (,r, ~75 

k.l 

X JJJ y 7 e _y 7 eI (£ f 0 , <t>) sin 3 6 dO d<f> dy (7.6-45) 

J__3 ^ 

2(,nt) server toe-vti €,(€< “ c#)e ’ €< ‘ €# 

*./ 

x SSS y* e ~ Y 'l 9 \(g> 0> 4>) sin 0 do d<f> dy (7.6-46) 


(iii) Relaxation Time 


1 Jink I kT 
r ~ c<‘ n,) V rrm 






x J// y'e- 'ltyg, 0 , 4 ) sin 6 d<f> dy 


k.l 


(7.6-47) 


In order to use these formulae and those given in Eqs. 7.6-32 through 
41, it is of course necessary to know the differential cross-sections for 
some assumed model. These have never been calculated for any realistic 
molecular model. 


d. Several special models (rigid ovaloids, rough spheres, loaded spheres) 

Prior to the development of the general formal theory outlined in the 
preceding subsection, the transport phenomena had been studied for 
several molecular models with internal degrees of freedom. Because no 
numerical results have yet been obtained from the formal theory, we 
summarize some of the results for rigid ovaloids, perfectly rough spheres, 
and loaded spheres. 

i. Rigid Ovaloids 

Ishida 12 has studied the kinetic theory of molecules which are rigid and 
non-spherical, but possess no other internal degrees of freedom. He 
developed a generalization of the Boltzmann equation which applies to 
this type of model. The thus modified Boltzmann equation leads to the 
ordinary equations of change and, in addition, to an equation expressing 
the conservation of angular momentum: 

M i V ° # Vr w °)} + • M) + n V(Sl • M)} - G = 0 

(7.6-48) 

11 Y. Ishida. Phys. Rev., 10, 305 (1917). Ishida’s results are formally correct, but 
the specific variables used and the Jacobians involved in the integrations require further 
clarification. 



[Eq. 7.6-49] SEVERAL SPECIAL MODELS 

Here G is the external torque applied to the individual molecules, and 
M is the moment of inertia tensor. cd 0 is the (number) average angular 
velocity of the molecules, and SI = id - cd 0 is the peculiar angular velocity 
of a molecule. If the molecules are spherical, this additional equation is 
not interesting since all the angular momentum is present in the form o 
the macroscopic motion of the gas (or at least there is no mechanism 
for an interchange of the macroscopic angular momentum with that 
associated with the rotation of the molecules). However, if the molecules 
are non-spherical, the possibility of interchange of the angular momenta 
introduces some interesting consequences. It is at this point that the 
additional transport property related to the relaxation time appears. 
However, this model has not been considered to a sufficient extent to lead 
to any numerical results for the transport coefficients. 


ii. Perfectly Rough Spherical Molecules 13 

One of the simplest idealized models for which numerical values have 
been obtained is the perfectly rough elastic sphere model suggested by 
Bryan. 14 The methods of Chapman and Enskog, discussed in this 
chapter were extended to this model by Pidduck. 15 * 16 The concept of 
the perfectly rough sphere implies that the molecules do not slip with 
respect to each other when they collide. More precisely, the rough- 
sphere model is such that the relative velocity of the points of contact is 
reversed on collision. These molecules may exchange angular momentum 
with one another and with the translational motion on collision. That 
is, the forces are not strictly central forces. However, the theory is 
simplified by the fact that no additional coordinates are needed to describe 
the orientation of the molecules. In this case the distribution function 
/(r, v, id, t) depends on the space and linear velocity coordinates and on 
the angular velocity of the molecule, id. 

The solution of the Boltzmann equation for/(r, v, cd, t) can be obtained 
by much the same method as is used for the solution of the analogous 
problem for point molecules with central forces. The results can be 
expressed in terms of a, the dimensionless radius of gyration: 

a = 4 //mo 2 (7.6-49) 

where m , cr, and / are the mass, diameter, and moment of inertia of the 


15 This model may be treated by the method of Wang Chang and Uhlenbeck discussed 
in § 7.6c. The results are identical with those given here. 

14 G. H. Bryan. Brit. Assoc. Reports . p. 83 (1894). 

15 F. B. Pidduck, Proc. Roy. Soc. (London), A10I (1922). 

,# S. Chapman and T. G. Cowling, The Mathematical Theory of Non-uniform Gases, 
Cambridge University Press (1939). 
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rough spherical molecule. The value of a ranges from zero, when all the 
mass is concentrated at the center of the sphere, to two-thirds, when all 
the mass is on the surface of the sphere. For a sphere of uniform density, 
a has the value two-fifths. 

We summarize the results for the rough-sphere model by quoting the 
first approximation to the transport coefficients. In order to compare 
them with those for smooth spheres, we write the expressions as the 
smooth-sphere values 17 (between brackets) multiplied by a correction 
factor (between braces): 18 


c* m _ [ 3 / kT 1 + < m l + m s) a l a 2 1 

' 2^,2 J Im.oe, 

*n-[=J=]( rrS) 


4- m 2 a 2 + 2(m 1 4- m 2 ) a x a 2 ) 


(7.6-50) 

(7.6-51) 

(7.6-52) 


12(1 4- «) 2 (37 -f 151a 4- S0« 2 ) 1 

25(12 4- 75a 4- 101a 2 4- 102a 3 )) ^-0-53) 


By way of illustrating the nature of the deviations due to the roughness 
of the molecules, the correction factors for self-diffusion and for viscosity 
are given in Fig. 7.6-1 as functions of a. It should be noted from the 
equations that, when a = 0, the value of the ratio m\{2)!kr\(\) becomes 
5.55 as compared with 15/4 = 3.75 for smooth spheres. This difference 
results from the fact that the rough-sphere model permits interchange of 
rotational and translational energy. 

The expression for the coefficient of thermal conductivity may be 
written in the following form to show its relation to the coefficient of 
viscosity: 



3(6 4- 13a) (37 4- 151a -f 50a 2 ) ) 
10(12 4- 75a 4- 101a 2 4- 102a 3 )) 


(7.6-54) 


It is interesting to compare this expression with the one we obtain from 
the formula in Eq. 7.6-23, which assumes rapid transfer of energy. If 
in the latter equation we let C„ = 3 k/m and use the value of p&lt] for 


17 Transport properties for smooth spheres are discussed in § 8.3a. 

,s o lt and /*„ are the collision diameter and reduced mass of two colliding molecules 
defined by a tt = \(o l + a,); and (!///„) = (1/m,) + (1/m,). 
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(Eq. 7.6-55] 


rough spheres (as given by Eqs. 7.6-51, 52), the coefficient 
conductivity is given by 



/iX ( 3(37 + 101a + 50a 2 ) l 
M 20(1 + 3a + 2a 2 ) I 


of thermal 
(7.6-55) 


The ratio of the rough-sphere value in Eq. 7.6-54 to the value given by 
Eq. 7.6-55 is plotted in Fig. 7.6-2. It is seen that the ratio is unity for 
a = 0, since in this case it is easy to transfer energy, and equilibrium is 



Fig. 7.6-1. The ratio of the rough Fig. 7.6-2. The ratio of the ther- 

spherc to the smooth sphere values mal conductivity of rough spheres 

of the coefficients of viscosity and to that predicted by the modified 

self-diffusion. Eucken approximation. 


established immediately. For other values of a the deviation from unity 
gives a measure of the effect of the relaxation time on the thermal con¬ 
ductivity. It is also clear from this comparison that we would expect the 
Eucken correction to be satisfactory to within 10 per cent or less. The 
latter is also borne out by thermal conductivity calculations which are 
given in Chapter 8. 


iii. Loaded Spheres 

The relaxation time (the time required for equilibrium to be established 
between the translational and internal energies of the molecules) has not 
yet been calculated for a gas made up of rough-sphere molecules. The 
corresponding calculation, however, has been made by Jeans 19 for a gas 

19 J. H. Jeans, Dynamical Theory of Gases, Cambridge University Press (1904). 
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made up of molecules which are regarded as “loaded spheres.” This 
model is a spherical molecule of diameter a and mass m, in which the 
center of gravity lies a short distance <5 from the geometrical center. It 
is assumed that <5 a and that the mass distribution has an axis of 
symmetry. The molecule has a moment of inertia / about an axis through 
the center of mass perpendicular to the symmetry axis. The treatment used 
by Jeans made use of an earlier development of kinetic theory due to 
Maxwell, and hence his results are not directly comparable to those just 
discussed. Nevertheless, some of his results are of interest. 

Loaded-sphere molecules wobble in their motion and transfer rotational 
energy during collisions. Hence we can inquire as to the equilibrium 
distribution of energy and the time required for the establishment of this 
equilibrium. First it is to be noted that the rotation of the molecules 
about their symmetry axes cannot be affected by a collision. Hence there 
is no mechanism for the attainment of equilibrium insofar as this type of 
rotation is concerned. However, the rotational energy about the other 
two axes can undergo interchange with the translational energy, and an 
equilibrium can be established. This situation is similar, but not identical, 
to the two-dimensional rotation of a diatomic molecule. 

Let w (tr> and u (rot> be, respectively, the mean translational and rotational 
energies per molecule (the latter excludes the energy of the rotation about 
the symmetry axis). Jeans showed that in a uniform gas of number 
density n t 

In | u' ro, » - iu" r > | = - inpVU™ (7.6-56) 


Here P is a constant depending only on the structure of the molecules: 

Vlnniji (7.6-57) 

Equation 7.6-56 shows that 1i/"" 1 — S«/ ,r> | is monotone, decreasing to 
zero. This is consistent with the known equilibrium values of w (lr) = IkT 
and u (ro,) = kT for a two-dimensional rotator. Furthermore, Eq. 
7.6-56 shows that the system approaches equilibrium. The value of 
| j/rot) _ j w (tr) I decreases exponentially with time, dropping to 1/e of its 
value in a time (“the relaxation time"): 


3 

5pnVJ™ 

In this expression we have made use of Eq. 7.6-57 for p. 


(7.6-58) 



[Eq. 7.A-1J 
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According to Eq. 1.2-1 the mean time between collisions of rigid 
sphere molecules is 



Vm/rrkT 


(7.6-59) 


This number under standard conditions is of the order 
The relaxation time is 



of 10 10 second. 


(7.6-60) 


It can thus be seen that, if the moment of inertia is small, energy is trans¬ 
ferred very readily, and the relaxation time is short. But if the moment 
of inertia is large, many collisions are needed to effect the transfer of 
energy, and the time required to reach equilibrium is long. The larger 
the asymmetry <5, the easier it is to transfer energy, and the smaller is the 
relaxation time. It should be mentioned, however, that this model is of 
doubtful value, since in most cases the transfer of energy probably occurs 
because of the non-spherical nature of the potential rather than because 
of an asymmetry of the mass distribution. 

Jeans also considered the propagation of sound through a gas made up 
of loaded sphere molecules by methods similar to those discussed in § 11.4. 
He showed that for frequencies, v, small compared to 1/r, the velocity of 
propagation is that characteristic of a perfect gas with a ratio of specific 
heats y = 7/5. This is the true ratio of specific heats for loaded spheres. 
Hence at low frequencies the rotational motion follows the changes due 
to the passage of the wave. However, at high frequencies, v^> 1/t, 
the velocity is that characteristic of a gas with y = 5/3. This value of 
y corresponds to a gas whose molecules have only translational energy. 
Hence at frequencies large compared to the reciprocal of the relaxation 
time, the rotational motion does not follow the changes. If the frequency 
is of the order 1/r, there is resonance absorption of the sound. Similar 
calculations could be made for rough spheres. 


APPENDIX A. BRACKET EXPRESSIONS IN TERMS OF THE O"." WHICH 
ARE USED IN DERIVING THE EXPRESSIONS FOR THE TRANSPORT 

COEFFICIENTS 1 


[w < ;w > ]., = -8 


y/m/n, fltt.i, 


(7.A-1) 


1 The results given in Eqs. 7.A-1, 2, 3, 6. 7, 9, 12, and 13 are from S. Chapman and 
T. G. Cowling, The Mathematical Theory of Non-uniform Gases , Cambridge (1939). 

The results given in Eqs. 7.A-4, 5, 8, 10, and 11 arc from E. A. Mason,/. Chem. Phys., 
22(1954). 
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[W< ; S<;,»( WfiWA a = 8 W * - 4 OS -"} (7.A-2) 


IS^WflWt-.SS^W^Wja 

= -8 {¥ 0g-® - sag- ! > + 0g- 3 > - 20g- 2 >} (7.A-3) 

(m, -f m,) 




* 1 . r 


= -8 


(m, + m,) 4 


W ag-» - ^ ag* > + V ag-» 

-J0g « - 70g-» + 20g-» 


(7.A-4) 


oW'* [■ijji Qg.i» - »h ag-® + *** n;j- 3 > - i 0 g-« 

' +i ag-® - ¥ ag-» + i40g- 31 - 2Qg- 4) + 2ag- 3 >j 

(7.A-5) 


(m, + m,f 


[W,; W,),, = 8 


m. 


(m, + m,) 


ott-« 


(7.A-6) 


[W,; Sg,»((t'flWJ,, = -8 ( Q "' 2> - * Q "'"} ( 7 - A - 7 > 


[W,; SfrWflW ,]„ = 4 [¥ Dg-» - 70g-» + Og-»l (7.A-8) 


(m, + m,f 


[s.'/.WW; s.'/.WWJ,, 

J (6m 1 .* + 5m < 3 )a' j }-»-5m, 3 a< i |-* 1 ' 
+ m,*a|]- 3 > + 2m.m,Og- 2 > 


= 8 


(m, + m,) ! 


(7.A-9) 


H'i*)W ( ; S, ( , 2, ( 


= 8 


m, 


(m, + m,) 4 


II (12m, 2 + 5m, 2 )£2<J-» _ V (4m 2 + Sm,«)Qg-® 

+ ¥im,*Og-» - J m,«g-« + 7m,m,ag- 2 » - 2m,m,Og 3 >j 

(7.A-10) 
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[Eq. 7.A-13] 

[5®( W t *)W ,; $,<,?( 

m, 


= 8 


(m f + /Wj) 5 


(40m, 4 + 168m, 2 m, 2 + 35m/)ft|]' 11 
_ J m, 2 (84m, 2 + 

+ i m, 2 (i08m, 2 + 133m J 2 )Q(] ,3> 

-im, 4 fl}}- 4 > + i«M ,H 

+ l m,m,(4m, 2 + Imfiilfj - 21 
— 14m,m J 3 Q<j’ 3> 

+ 2m,m, 3 ni?- 4 » 

+ 2m*mW S> 


and ifW, = WW- \W ( *U 




[W,; WJ„ = ~ 


m 


3 (m, + m,) 


{5m 1 QiJ-'' + 5m ) 0-?«} 


(7.A-11) 


(7.A-12) 


(7.A-13) 


PROBLEMS 

1. Obtain an explicit expression for the coefficients of diffusion of a ternary mixture. 

2. Obtain an explicit expression for the coefficient of thermal conductivity of a 
binary mixture. 

3. Find the transport coefficients of a gas made up of rough-sphere molecules which 
are of uniform density. 



• 8 * 


Transport Phenomena 
of Dilute Gases 


(This chapter was prepared in collaboration with Dr. Ellen L. Spotz, 

University of Wisconsin.) 


In the preceding chapter a detailed account is given of the development 
of a rigorous kinetic theory for monatomic gases. 1 The final result of 
this development is the expression of the various transport coefficients in 
terms of a set of integrals Oft*' which, in turn, depend upon the force law 
which is assumed for the molecular interaction. In this chapter we discuss 
the evaluation of these integrals and the calculation of the transport 
coefficients for five spherically symmetrical potential functions. The most 
useful potential function for which such calculations have been made is 
the Lennard-Jones (6-12) potential. Considerable space is devoted to 
the discussion of the calculations for this potential, sample computations 
for applications to practical problems, and the determination of the inter- 
molecular potential parameters from experimental transport property 
measurements. Generally speaking, the transport phenomena of mole¬ 
cules with spherically symmetric force fields are well understood. 

For molecules in which this spherical symmetry is lacking, however, 
much work remains to be done. At the end of the last chapter it was 
pointed out that some calculations have been made for special models 
such as rigid ovaloids, rough spheres, and loaded spheres. The general 
theory for molecules with internal degrees of freedom has been worked 
out (see § 7.6c). Up to the present time, however, this theory has not 
been applied to the study of transport phenomena of long molecules and 
polar molecules. It is, however, possible to make some approximate 
calculations of the transport coefficients of polar gases and of mixtures 
which contain one polar component. These calculations are discussed 
at the end of this chapter. 

1 In § 1.2 the elementary theory of transport phenomena is discussed. Also the 
main restrictions and assumptions of the Chapman-Enskog theory of Chapter 7 are 
summarized and discussed there. This chapter is based on the results of the monatomic 
theory described in Chapter 7. 
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1 yhe piux Vectors and the Transport Coefficients 

In 8 1.2 it is shown that, in the simple kinetic theory, the transport 
coefficients are defined in terms of the fluxes and the gradients of the 
various physical properties. In the preceding chapter similar relation¬ 
ships were obtained on the basis of a rigorous mathematical development 
of gas kinetic theory. Before we examine the various transport property 
calculations which have been made, it seems advisable to summarize at 
this point the definitions of the transport coefficients according to the 
rigorous theory and to extend the discdssion to include some items of 
information which are of practical interest. It should be mentioned that 
the expressions given here for the flux vectors contain only the first 
spatial derivatives of the various physical properties—temperature, 
concentration, and mass-average velocity. In general the flux vectors 
contain higher derivatives and hence the results quoted in this section are 
applicable only to situations in which the gradients of these physical 
properties are small. Also, the expressions for the flux vectors and the 
transport coefficients given here are valid only at densities sufficiently 
low that three-body collisions can be ignored. Strictly speaking, the 
expressions for the fluxes given here are valid only for monatomic gases, 
but little error is involved in applying them to polyatomic gases. The 
flux of mass (diffusion) and the flux of momentum (viscosity) are not 
appreciably affected by the internal degrees of freedom. Hence the co¬ 
efficients of diffusion and viscosity of polyatomic molecules may be 
adequately described by the formulae given in this chapter. The flux 
of energy (thermal conductivity), on the other hand, includes both the 
energy of translation and the energy of the internal degrees of freedom. 
The formula for the thermal conductivity is modified to take this into 


account (the Eucken correction). 

There is one important difference which should be pointed out between 
the expressions for the flux vectors given here and those given in § 1.2. 
According to the simple kinetic theory the transport of mass results from 
a concentration gradient and the transport of energy from a temperature 
gradient. According to the rigorous kinetic theory there are, in addition 
to these phenomena, a transport of mass due to a temperature gradient 
(the Soret effect or thermal diffusion) and a transport of energy due to a 
concentration gradient (the Dufour effect or the diffusion-thermo effect). 
These additional effects have been studied extensively from the standpoint 


of the so-called reciprocal relationships of Onsager, which are discussed 
in § 11.2. The expressions for the flux of momentum and the viscosity 
coefficient given by the rigorous kinetic theory are essentially the same as 
those given in the elementary treatment in § 1.2. 
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This section is devoted to a discussion of the rigorous kinetic theory 
expressions for monatomic gases analogous to the simple expressions for 
the flux vectors which are given in Eqs. 1.2-9, 10, and 11. The notation 


used in Chapter 7 for discussing the fluxes may be summarized in the 

following table: 



Flux, r, 

Statistical Expression Symbol 

for Flux y 



n i m iV\ Ji 

/- o 

T,(mV) 

n i m i V i V i p, 

P 

T,(lmk 2 ) 

\n i m^ 2 V i q, 



The fluxes are expressed by the symbol Y, the quantity in parentheses 
gives the property associated with the flux, and the subscript i refers to 
the chemical species. The symbols/„ p„ and q, are the mass flux vector, 
the pressure tensor, and the heat flux vector associated with the ith 
chemical species in the multicomponent mixture. The corresponding 
symbols without the index / are the fluxes for the entire gas. The total 
mass flux vector is identically zero because the diffusion velocity V< is 
defined as the rate of flow of molecules of species i with respect to the 
mass average velocity of the gas. 2 


a. Mass transfer and the diffusion coefficients 

In the simple kinetic theory the coefficient of diffusion is defined in 
terms of the flux of molecules due to a gradient in the concentration as 
shown in Eq. 1.2-9. In the rigorous kinetic theory of v-component gas 
mixtures the analogous expression for the mass flux vector is considerably 
more complicated: 


- n 2 v . r\ t d In 7* 

j. = n.m.V, = — 2 m , m t D xPt — D i 0 r 


i=l,2, 3, 


v 

( 8 . 1 - 1 ) 


The symbol d, includes the gradients of the mole fraction and pressure 
and also the effects of the external forces, X k ,acting on the molecules: 

( 8 . 1 - 2 ) 


« The various types of molecular velocities which are used in the kinetic theory 
discussion in this b£k are defined in § 7.2a. The definitions of the pressurei tensor 
the heat flu* vector, and the kinetic theory temperature are given ,n § 7.2b. Part cumr 
caution should be taken in connection with the diffusion velocity. Some authors 
prefer to define this quantity with respect to the number average velocity U> rather than 
the mass average velocity V 0 . In this book we use the latter convention. 
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The n, are the number densities (that is, number of molecules per cubic 
centimeter) of the various components and « and „ are the overall numb 
density and mass density, respectively. The Z>„ and the D, 
multicomponent diffusion coefficients 3 4 and multicomponent thermal dffusio 

coefficients, respectively. . 

Equation 8.1-1 indicates that a flux of mass may arise in four different 
ways- (i) the flux due to the gradient in the concentration, as is considered 
in simple kinetic theory; (ii) the flux due to a pressure gradient as for 
example in a rotating gas. where the heavy molecules are forced to the 
part of the container most distant from the axis of rotation; (m) «ux 
due to external forces, such as occurs in the diffusion of electrically 
charged particles in an ionized gas under the influence of an electric 
field; 5 ’ 6 and (iv) flux due to a temperature gradient, giving rise to thermal 
diffusion. It is the first of these effects which is measured experimentally 
to determine diffusion coefficients. The thermal diffusion coefficient 
is usually measured by allowing the effects (i) and (iv) to proceed until the 

establishment of an equilibrium condition. 

For certain hydrodynamic applications it is sometimes convenient to 
replace the v relations given in Eq. 8.1-1 by a set of v — I independent 
equations: 7 


f Mi ( y Y)-' 

j +» 


(R 1-T1 


Here the & tt are the usual binary diffusion coefficients. 

In many laboratory experiments designed for the study of diffusion 
in non-reacting gas mixtures, the conditions are simplified in the following 
manner. The system is maintained at constant temperature and pressure, 
there are no external forces, X k , acting on the molecules, and the diffusion 
takes place in one direction only. Under such conditions Eq. 8.1-1 may 
be combined with the equations of continuity for the gas mixture to obtain 
for the concentration a differential equation which is second-order in 


3 The D it arc related to the usual binary diffusion coefficients, by Eq. 7.4-44. 
For three-component mixtures Eq. 7.4-44 simplifies to Eq. 11.2-41. 

4 Gravitational accelerations lead to pressure diffusion but not to external force 
diffusion. The force on a molecule due to an acceleration a is X, = m,a. Substituting 
this force into Eq. 8.1-2 makes the external force term vanish. 

5 S. Chapman and T. A. Cowling, The Mathematical Theory of Non-uniform Gases , 
Cambridge University Press (1939), Ch. 18. 

• K. F. Herzfeld, Freie Weglange und Transporterscheinungen in Gasen, Hand- und 
Jahrbuch der Chemischen Physik, Band 3, Teil 2, Abschnitt IV, Leipzig (1939). 

7 The derivation of this relation is presented in § 7.4e-i. See footnote 2 of § 8.2 
concerning the notation. 
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position and first-order in time. If the equations of continuity (given in 
Eq. 7.2-42 are added together for all the chemical species, the resultant 
equation may be simplified by using the fact that n = Sn, is a constant 
as a result of the constant temperature and pressure. If the diffusion is 
taking place in the ^-direction only, the result is 

I- i n&o +y t ) = T «(*. 0 = 0 (8.1-4) 

dx i _ l Ox 

Thus the number average velocity a>(x, t) = £,n,(v 0 + Vi) is independent 
of position and a function of the time alone. 8 The equations of continuity 
in Eq. 7.2-42 may then be written in terms of the number-average velocity 
thus: 


When the expression for the diffusion velocity in Eq. 8.1-1 is substituted 
into this expression, this set of equations results: 


drij 

dt 


i-fi jL *sl 

foUr u ri\ n! n iP dx\ 


( 8 . 1 - 6 ) 


This is the multicomponent generalization of Pick's second law of diffusion. 

All the results quoted thus far are for multicomponent systems. For 
two-component systems these formulae may be considerably simplified. 
Equation 8.1-1 may be written for component 1 of a two-component 
mixture thus: 

/i = H\ m \V\ = ~ m l m 2 & 12 d 2 — D X T ^ (8.1-7) 


Since d v = -d 2 and j\ = — /* it follows that 

^ 12=^21 D l T =-D 2 T (8.1-8) 

From Eq. 8.1-7 the two-component analog of the general expression given 
in Eq. 8.1-3 may be obtained: 


8 If the diffusion is taking place in any arbitrary direction, Equation 8.1-4 must be 
written as 

However, it is important to note that it docs not follow from this equation that the 
number average velocity is independent of the space coordinate, unless the velocity is 
irrotational. 
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( 8 . 1 - 10 ) 


[Eq. 8.1-14] 

Here we have introduced the quantity k Tt defined by 

k 

T n 2 m 1 m t £& 12 

This quantity, which is a measure of the relative importance of the thermal 
and ordinary diffusion, is known as the thermal diffusion ratio. 

First let us consider the ordinary diffusion which results when there are 
no temperature gradients. When Eq. 8.1-6 is written for two components 
and the fact that D a = £> w = 0 is taken into account, we obtain two 

equations of this form: 

( 8 . 1 - 11 ) 


dn x ftfA /,\ ^ n i 


This relation applies to any non-reacting binary gas mixture under con¬ 
ditions of constant temperature and pressure, in which diffusion is 
occurring in the x-direction only. For a system within a stationary 
closed vessel, the number average velocity to(t ) is zero, and Eq. 8.1-11 
simplifies to 

* *% / -a.. % 

( 8 . 1 - 12 ) 


dr dx l 12 dx / 


This is the well-known Fick’s second law of diffusion. 9 It is this equation 
which is used in the analysis of closed diffusion-cell data 10 for the determina¬ 
tion of ^ 12 . It should be pointed out, however, that there are many 
practical cases, such as problems involving evaporation, in which o>(t) is 
not zero and the more general expression in Eq. 8.1-11 must be used. 

Next let us consider the thermal diffusion in a binary gas mixture in 
the absence of external forces and gradients in the pressure. Then 
Eq. 8.1-9 assumes the form 

H (8M3 > 

When equilibrium has been established so that the diffusion velocities 
are zero, this simplifies to 

-k T H-\nT (8.1-14) 




dr 


9 In the first approximation the diffusion coefficient is independent of the con¬ 
centration, and this equation assumes the form 

dt 

10 See, for example, C. A. Boyd, N. Stein, V. Steingrimsson, and W. F. Rumpel, 
J. Chem. Phys., 19, 548 (1951). 




(8.1-12a) 
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This equation may be integrated to give 

*(?)=(?)„-(” 4 - 1 ^ 

T 

Since k T is a function of composition as well as temperature, this result 
does not constitute a true solution of the previous equation. However, 
in practice the composition change is usually so small that the variation 
in k T due to this variation may be neglected, although the variation due 
to the temperature variation may not be neglected. Because of the 
complex temperature dependence of the thermal diffusion ratio, the 
indicated integration is avoided by use of the mean-value theorem of the 
integral calculus. This enables us to write 

(8M6) 


The temperature T is some mean value of the temperature 11 lying between 
7* and T . It is Eq. 8.1-16 which is usually used in the analysis of thermal 
diffusion experiments. The value of k T is found by analyzing the equilib¬ 
rium composition in two connected vessels, one maintained at a 
temperature T and the other at a higher temperature T'. 

Experimental data are sometimes given in terms of quantities denoted 12 
by k T * or a. These are defined by 



(fry) cxpti 
(^r)rig sph 


a = 


(^r)fxpti 

* 1*2 


(8.1-17) 


In order to tabulate experimental k T * values, it is necessary to choose 
arbitrarily a “rigid sphere collision diameter.” Clearly when experi¬ 
mental and calculated k T * values are compared, care should be taken 
that the same collision diameter is used in the reduction of the experi¬ 
mental and the calculated k T values. k T * is introduced so as to obtain a 
quantity which is slowly varying in temperature and concentration. The 
quantity a is used because it is very nearly concentration-independent. 


» H. Brown, Phys. Rev. % 58, 661 (1940), has suggested the following relation forT: 



»* The quantity k T * has been designated as R T in the literature. We prefer the 
symbol k T * since it is consistent with the notation for reduced quantities used in 
this book. 
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[Eq. 8.1-21] THE VISCOS11Y uwnuc .,1 

b. Momentum transfer and the viscosity coefficient 

The simple kinetic theory expression for the flux of momentum am! the 

definition of the coefficient of viscosity » given by 

expression for the pressure tensor given by rigorous kinetic theo y P 

mentis 13 » ,o\ 

p =/ >U-2>jS (8.1-18) 

Here t) is the coefficient of viscosity, and S is the rate of shear tensor 14 
defined by _ . v 

The symbol f denotes the transpose of the tensor, which is obtained by 
interchanging the rows and columns. Typical diagonal and non-diagonal 
elements of the pressure tensor are 


( 8 . 1 - 20 ) 



^ (2 

d” 0 . 

d”ov _ 

d»0. 

Pm = P~ 

dx 

dy 

dz 


(dv 0 . 


\ 


« 

11 

1 

-3 


dy i 

1 



The physical significance of the components of the pressure tensor is 
shown in Fig. 7.2-2. 

The definition of momentum flux and the coefficient of viscosity given 
in Eq. 8.1-18 is a straightforward generalization of the simple kinetic 
theory definition given in § 1.2. For the situation pictured in Fig. 8.1-1, 
the pressure tensor simplifies to 


P 


0 




0 



P 

0 


0 

P 


( 8 . 1 - 21 ) 


13 A more general discussion of the pressure tensor (which applies to dense gases 
and liquids) is given in Chapter II. It is shown there that the pressure tensor contains 
three terms: the hydrostatic pressure, a term involving the shear viscosity //, and another 
term containing the bulk viscosity *. For dilute monatomic gases k is equal to zero, 
and Eq. 8.1-18 is valid. For dense monatomic gases * is not equal to zero. Also 
for polyatomic molecules k is generally small but not zero and depends upon the 
relaxation times (§ 7.6c). 

14 Some authors define the pressure tensor as the negative of that used in this book. 
This other convention has arisen from the notion in the theory of elasticity that tension 
is positive and compression is negative. 
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The element of the pressure tensor p xl is the x-component of the force on 
a unit area of surface perpendicular to the z-direction. Hence from 
Eq. 8.1-21 the usual elementary defining equation for viscosity may be 
obtained: 

-=V-' (8.1-22) 

A S 



Fig. 8.1-1. The physical situation which corresponds to the pressure tensor 

given in Eq. 8.1-21. 


Here s is the separation between two plates of area A parallel to the XY- 
plane, one of which is being moved with a force F at a speed u. 


c. Energy transfer and the thermal conductivity coefficient 
The simple kinetic theory definition of the coefficient of thermal 
conductivity, in terms of the energy flux is given in Eq. 1.2-11. The 
analogous expression for a v-component mixture of monatomic gases 
obtained by the rigorous methods described in Chapter 7 is the following: 15 


?)T 9 — kT 9 

q = -A r- + IkT z ny t + — 2 z. “ ^ 

dr f.j n 

j*i 


n i^i T , x/ ./ 


(Vi-Vs) (8.1-23) 


According to this expression energy may be transported through a multi- 
component gas by three mechanisms: (i) the transport due to the tempera¬ 
ture gradient, as is explained by simple kinetic theory; (ii) the transport 
due to the flux of X n,V, molecules per unit time relative to the mass 
velocity, each of which carries with it, on the average, a quantity (5/2)AT 

,s This expression is derived for monatomic gases. It is shown in § 7.6b that for 
polyatomic gases the heat flux vector has the same general form._The only difference 
is that the term .kT~n,V, has to be replaced by the term £//,/».in which h t is the 
enthalpy per molecule of the Ah component defined as (m.O, + AT). In some problems 
it is quite important to include in the expression for the heat flux vector the heat lost 
or gained by radiation effects. This contribution is discussed in § 11.3. 
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of thermal energy; and (iii) an added term due to the “reciproeal process” 
to thermal diffusion known as the Du/our effect. It is only the first 
these effects which is ordinarily measured in laboratory experiments. 

The thermal conductivity is determined experimentally by considering 
stationary systems (in which the V , are zero) and which are arranged in 
such a fashion that the heat flux is in only one direction. Then Eq. 
8.1-23 simplifies to: 

q = — X 

The temperatures T and T are those of the two boundary surfaces, and 
(x — x ) is the distance between them. 

In a static system (where all the velocities are zero), according to 

Eqs. 7.6-7 and 8.1-23, 



(fe r ) 


(8.1-24) 


If the heat capacity, c v , is constant (as is the case of a monatomic gas where 
c, = (3/2 )k) 0 = c„77m, so that 



(8.1-26) 


There is a strong analogy between this equation and Eq. 8.1-12. 


2. Summary of Kinetic Theory Formulae for Pure Gases and Multicomponent 

Mixtures 

In the preceding chapter it is shown that the transport coefficients may 
be expressed in terms of a set of integrals Cl tl ' 9 \ the molecular masses m i% 
and the number densities of the various components n t . In this section 
we present these formulae again, but in such a form that they are more 
immediately applicable to practical calculations. These results are used 
in the remainder of the chapter to discuss transport property calculations 
for various potential functions. The formulae are written in terms of the 
molecular weights A/„ the mole fractions and a set of quantities 
i2 (l>5) *, which are just the Q (lf9) for the potential under consideration 
divided by the analogous quantities for rigid spherical molecules. The 
formulae are given for the first approximation to the transport coefficients 
only; the explicit expressions for the second approximations may be found 
in Appendix A at the end of this chapter. 

a. The quantities D. {1, g) * 

In order to make calculations of transport coefficients for any potential 
function, <p(r), the angle of deflection in a collision, x » must first be 
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calculated 1 according to Eq. 1.5-26. For rigid spherical molecules it is 
easy to write an analytical expression for but for any realistic potential 
function numerical methods must be used. Once * has been evaluated 
for a large number of values of g and b , the double integrals in Eq. 7.4-34 
may be evaluated numerically to obtain the The transport 

properties may then be calculated as functions of the temperature. 
The which are needed for the calculation of the transport coefficients 
in the first and second approximation 2 are 


Property 

Pure Substance 

(15/ Approximation) 

Mixture 

(15/ Approximation ) 

Pure Substance 
(2nd Approximation) 

»/ 

Q(2.2) 

n«.» t no- 11 

n< 2 . •> 

« - 2. 3. 4 

/. 


0<2.2) t Q(l..) 

« - 1.2.3 

Q(2, •> 

* - 2. 3. 4 

& 

0«i. “ 

nu." 

Q(2.2) t 0(1. •» 

« - 1.2.3 

k T 

• • • 

A 11 * $) 

• - 1 . 2.3 

Q(2. OQll.i) Q(3.: 

« - 1.2. 3 . 4 . 5 
t - 2. 3 . 4 


Explicit formulae for the transport coefficients in terms of the fl"-" are 
given later in this section. 

Inasmuch as the expression for /, in Eq. 1.5-26 and that for the integrals 
fi" 11 in Eq. 7.4-34 form the starting point for the transport calculations 

' This discussion makes use of the results of a dynamical analysis of two-body 
collisions. Such an analysis is presented in $ 1.5. and the various symbols used in 

connection with binary collisions are carefully defined there. 

* In the preceding chapter it was convenient to denote the degree of approximation 
for the various transport coefficients by indicating the number of terms in the Sonine 
polynomial expansion which are used. Thus >,(f) indicates the coefficient of viscosity 
when t terms in the Sonine polynomial expansion are employed. In this notation the 
lowest order approximations to the viscosity, thermal conductivity, and thermal diffusion 
are i)(l), 7.(2), £^(l), k T l 2). This indicates that for thermal conductivity and thermal 
diffusion two terms in the Sonine polynomial expansion (Eq. 7.3-61) must be used 

in order to get the lowest order expressions for these properties. 

In this chapter we adopt the notation of Chapman and Cowling [77ie Mathematical 
Theory of Non-uniform Gases, Cambridge University Press (1939), p. 157] for the 
convenience of those already familiar with their treatise. These aut.iors choose to 
designate the first non-zero approximation as the first approximation. Accordingly, 
the symbols written above in the notation of Chapter 7 are in the notation of Chapman 
and Cowling and this chapter: [/]„ \S\. IM- The higher approximations are 

designated by: [t?]. = >)(2), [*)« = 7.(3), etc. 
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[Eq. 8.2-5] 


THE QUANTITIES O"-•'* 


discussed in this chapter, they are written again here for 

but in a slightly different form, and additional quantities Q , the cros 


sections , are defined: 

X(g> b) = n-2b 



( 8 . 2 - 1 ) 


Q {l) (g) = 2t T j (1 — cos 1 *) b cib (8.2-2) 3 

o 

to 

£}''••>(D = VkTIlnn | e- i y t, +*Q"'(g) dy (8.2-3) 4 

0 

Here y 2 = l/*g 2 lkT t and /z is the reduced mass of two colliding molecules. 
If collisions between two molecules of different chemical species i and j 
are being considered, the potential function <p u is that characteristic of 
collisions between unlike pairs of molecules. The reduced mass is then 
given by (l//z„) = (1/m.) + (1/m,) and we write ^ $ \T) to indicate the 
integral associated with the interaction between species i and j. For 
collisions between molecules of the same species /, these quantities become 
respectively, <p iit ^ = Jm„ and In transport property cal¬ 

culations involving pure substances where only /-/ type collisions occur it 
is unnecessary to indicate the chemical species by means of subscripts, 
but care should be taken that the proper reduced mass is used. In 
calculations of transport properties of multicomponent mixtures where 
there are both /-/ and i-j collisions, extreme care should be taken to 
indicate explicitly which interactions are involved. 

For rigid spherical molecules 5 of diameter a, Eqs. 8.2-2 and 3 simplify to 

m .p„ (8.2-5) 

3 The quantity Q' n (g) is Chapman and Cowling’s function multiplied by 

2t r/g. We prefer to use this quantity Q' l) (g) since it has the dimensions of a cross- 
section. The quantities O**-•» are the same as the fiof Chapman and Cowling. 
They should not be confused with the fl' 1 '* 1 of Enskog. (See S. Chapman and 
T. A. Cowling, The Mathematical Theory of Non-Uniform Cases , Cambridge University 
Press (1939), Ch. 9.J 

4 Note that 

/ 3 \ 

t ——— + + = 

oT \ 2/ 


5 The rigid-sphere model is discussed in detail in § 8.3a. We present these results 
at this point for use in the reduction of the fi“' •' in terms of rigid-sphere values. It 
is only for rigid spheres that V2 nfi/kTC!' 1 ’ ,l is proportional to Q u> . 
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For this simple model the cross-sections are independent of g. For 
diffusion the appropriate cross-section is Q ll) = ttu 2 , and for viscosity 
and thermal conductivity Q {2) = \tto 2 is to be used. 

All the potential functions discussed in this chapter may be characterized 
by two parameters, a and c. All these potential functions may be written 
in the form 

<f(r) = ef ( r/a) ( 8 . 2 - 6 ) 

in which f(r/o) is assumed to be the same function for all substances. 
The various kinetic theory variables may now be made dimensionless by 
dividing by the proper combinations of the parameters appearing in the 
potential functions. In this way we define the following reduced variables: 

r* = r/a = reduced intermolecular distance 

b* = b/o = reduced impact parameter 

(p* = (p/t = reduced intermolecular potential energy 

T* = kT/€ = reduced temperature 

g* 2 = ifig 2 /€ = reduced relative kinetic energy 

It is convenient to reduce Q'‘'(g) and Q" *'(r) by dividing them by their 
corresponding rigid-sphere values, 8 thus: 



IQ'"] 

[Q"U, 



(8.2-7) 




[Q (l -"] 


i(*+D! 


Q 11 -" y/lrr^IkT 

T 4 1 + / 


( 8 . 2 - 8 ) 


The quantities a"-*'* and Q have then the physical significance that 
they indicate the deviation of any particular molecular model from the 
idealized rigid-sphere model. In terms of these quantities, to a first 


• This is consistent with the convention used in this book for the reduction of the 
second virial coefficient, that is, 

B*(T*) = B(T)linNo* = B(T)lb 0 



[Eq. 8.2-14] 
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approximation the rigorous kinetic theory formulae for the transport 
properties of a pure substance are* 


M- 


W 


3/ 

VnmkT \ /I\ 

3 V2t rk*T*l/i 

(8.2-9) 

8 l 

nO*n il l} *J v 

\6 pno 2 

5 

/ \/irmkT \ 


(8.2-10) 

16 

w 2 n< 2 - 2 »v 


25 

32 

/ VnmkT \ /c,\ 
21 V W 


(8.2-11) 


These results should be compared with the simple kinetic theory results 
(see Eqs. 1.2-12, 13, 14). 

The three basic starting formulae for the transport calculations given in 
Eqs. 8.2-1, 2, 3, may now be rewritten in terms of reduced units: 


CO 


X(g\ b*) = n- 2f 


dr*/r 


*2 


J /, *•» ?*('*> 

V r* 2 e* 2 


( 8 . 2 - 12 ) 


e <l, *(**) = 


i-i 


i + (-i y 

i + / 


(1 -cos'z)6*<#* (8.2-13) 


2 

V ; (s+l)\T*‘+* 

Three combinations of the occur frequently enough in the expres¬ 

sions for the transport coefficients of pure gases and mixtures to make it 


J 


e -f # /r^**i+3 QH)*(g*) dg * (8.2-14) 


7 The formula for is also valid for the coefficient of binary diffusion when the proper 
interpretation of the symbols is made. The formulae for r\ and A may not be simply 
generalized to binary mixtures. 
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worth while giving them special symbols. 8 They are 

A * = Q<2-2)*/n<i-i>* 

b* = {5QP-** - 4Q<i-3>*}/qu.i>* 

C * = QU.tnyQll.il* 

These three quantities are all very nearly unity. 


[§ 8.2] 

( 8 . 2 - 15) 9 
(8.2-16) 
(8.2-17) 10 


b. The coefficient of viscosity 

The coefficient of viscosity for a pure substance or a mixture may be 
obtained to any degree of approximation from Eq. 7.4-20. First we 
discuss the viscosity of a pure gas, then the viscosity of a binary mixture, 
and finally the viscosity of multicomponent mixtures. 


i. The Coefficient of Viscosity of a Pure Gas 

To a first approximation the viscosity of a pure gas is given by 


Mi x 107 


266.93 


Vmt 


a 2 Q(2.2)* (r *) 


(8.2-18) 


where rj = viscosity in g/cm sec, 

T = temperature in # K, 

7* = reduced temperature = AT/c, 

M = molecular weight, 
a = collision diameter in A, 
t/k — potential parameter in °K. 

In the Ath approximation, the coefficient of viscosity is given by 

w .- w ./? 1 < 8 - 2 - 19 > 


8 The quantities a*, b*. and c* given here are just the quantities a, b, and c of 
Chapman and Cowling (The Mathematical Theory of Non-uniform Cases, p. 164) 
divided by their rigid-sphere values; that is, a* = a/(0.4), b* = b/(0.6), and 
c* = c/(l . 2 ). 

• The quantity a* is closely related to the ratio pl^h/fali- See Eq. 8.2-48. 

10 The quantity c* is closely related (E. M. Holleran and H. M. Hulburt, J. Chem. 
Phys., 19, 232 (1951) to the temperature derivative [&\ x at constant pressure: 


c* = 1 


+ 


i 


d\nT • 



/ainjj§n,\ 

V 3 In 7 K 


This relation may easily be derived from the recursion relation between *» given 
in the footnote to Eq. 8.2-3. b* may be expressed in terms of the first and second 
derivatives of the diffusion coefficient. 
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[Eq. 8.2-211 THE COEFFICIENT OF VISCOSITY 

The function /<» is a very slowly varying function of T * an ^'^ 
slightly from unity." This function through the th,rd a PP r ^"" al '° 
(* = 3) is given explicitly in terms of the Q" *>* in Append.x A at the end 

of this chapter. , t 

The viscosities of a large number of gases have been measured at 
atmospheric pressure as a function of temperature. From these data it is 
possible to obtain a certain amount of information concerning the inter- 
molecular forces in the gas. Once a potential function of the form in 
Eq. 8.2-6 has been chosen, and the 0‘ 22 >*(r*) have been evaluated, 
Eq. 8.2-19 may be used along with experimental viscosity data to deter¬ 
mine the parameters a and € in an assumed potential function. An 
illustration of the method of determining the intermolecular forces from 
viscosity is given in § 8.4b, where the Lennard-Jones (6-12) potential is 
discussed. 


ii. The Coefficient of Viscosity for Binary Mixtures 
In order to discuss the viscosity of a binary mixture it is convenient to 
define a quantity [rj l2 \ l thus: 


_ _5_ / V27rm l m 2 kTI(m l -f m 2 ) \ 
1,712,1 “16 1 ™ 12 2 Q<|- 2 >*(r 12 *) / 


( 8 . 2 - 20 ) 


or, in practical units, 

[^j lX 10 7 = 266.93 


V2M l M 2 THM l + M 2 ) 

*i 2 2 aii:*W> 


( 8 . 2 - 21 ) 


where T = temperature in °K, 

V - *TI< 1* = reduced temperature. 

M v M 2 = molecular weights of species 1 and 2, 

a i 2 * € i 2 ^ = parameters in the potential function characteristic, 
of 1-2 interaction (in A and °K, respectively). 


This quantity may be regarded as the coefficient of viscosity of a hypo¬ 
thetical pure substance, the molecules of which have a molecular weight 
2M l M 2 /(M l -f M 2 ) and interact according to a potential curve specified 
by the interaction parameters o n and € 12 . (In connection with the cal¬ 
culation of the second virial coefficient of a mixture a similar artificial 
quantity B l2 was defined.) If in Eq. 8.2-21 the subscript 2 is replaced 
by 1, the resulting expression is identical with the formula given in Eq. 
8.2-18 for the pure component 1. 


11 For the Lennard-Jones potential /j 2> is given in Table I-P and differs from unity 
by less than 0.8 per cent. 
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We may now write the viscosity of a binary mixture in terms of the 
quantities defined in Eqs. 8.1-18 and 8.1-21: 




Xn+ Y ’ 
1 


- [sm 


( 8 . 2 - 22 ) 


X ' 


• 1 - , 2 * 1 ** *2 
+ -- 7 - 4 - 


hiJi 


2 

Mi 


v_, A , III 1 /*») + ( <"» + M £ \ (Jailal) 

"~ s 12 liijj, \mJ [7?,j a V 4 m,m 2 / VfodilW 

("A) 

MiWi 

z - -' (*■* ® + ** [( <j ts^) (“ + wl) - ■] 

where x 1# x 2 = mole fractions of species I and 2, 

A/,, M 2 - molecular weights of species 1 and 2, 
a 12 * * a function of kT/t l2 , defined in Eq. 8.2-15. 

In general the quantity [ ' >* different from unity and may 

contribute as much as 50 per cent to the final result. If the molecular 
weights of species 1 and 2 are not very different from one another, and 
if the forces between unlike and like pairs are very nearly the same, the 
quantity X n is the predominant contribution. For a binary mixture of 
heavy isotopes the coefficient of viscosity is given to a good approximation 
by 

1 _ = x \^ + -4= (8.2-23) 

V'hnujl 

It should be pointed out that the quantity rj l2 is closely related to the 
coefficient of diffusion: 

5 m l m 2 n[£Z l2 \ l 5 M X M 2 p [&i ^ 

l7?ldl “ 3 (m t + m 2 ) a 12 * 3 (M x + M 2 ) a 12 *RT 


If diffusion data were available it would be better to make use of them to 
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[Eq. 8.2-25] 


obtain the quantity rather than to use the formula given in Eq. 
8.2-20 or 8.2-21. In view of the lack of diffusion data, it seems better 
at the present time to write Eq. 8.2-22 in terms of the quantity foidi* 
This also has the advantage that the expression for the viscosity of a 
binary mixture assumes a form somewhat better for computational 
purposes. 

There is a considerable amount of experimental data on the viscosity 
of mixtures of two gases. From these data and Eq. 8.2-22 it is possible, 
in principle, to determine the potential parameters between unlike pairs 
of molecules. In practice, however, this turns out to be virtually 
impossible, because the interactions between unlike molecules are masked 
by the interaction between pairs of similar molecules. It is also pointed 
out in § 3.6b that measurements of the second virial coefficients for binary 
mixtures are equally unsatisfactory for determining the force laws between 
pairs of dissimilar molecules. 


iii. The Coefficient of Viscosity of Multicomponent Mixtures 12 

According to the rigorous kinetic theory of multicomponent gas 
mixtures, the coefficient of viscosity of a v-component mixture is 
given by Eq. 7.4-61. For computational purposes, this equation may be 
written in the form: 



»xt 

H, 3 • 

• H u 


H n 

H a 

H n ■ 

• H t , 

*2 

"n 

H n 

Hn ' 

• h 3 , 

• 

*3 

Hu 

Hu 

• 


• 

x i 


*3 * 

• 

0 




Hn 

Hn 

Hn • 

Hu 

H I2 

Hn 

Hn ' 

Hn 

Hn 

• 

Hn 

Hn ••• 

Hn 

Hu 

Hu 

Hn • 

H„ 


(8.2-25) 


11 C. F. Curtiss and J. O. Hirschfelder, J. Chem. Phys. t 17, 550 (1949). 
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The elements H {i may be written in terms of the [rj ij ] 1 or in terms 
of the diffusion coefficients l&iih: 


H it = 


Mi + J. 


2x iXt M,M k f 5 M t 1 

fo,Ji W, + M t )*L3A jt * M t J 


= 7“V + 2 


Mi *r,w + 

k + i 


lx,x t RT r 3A/ t 1 

r i + M t )/.[^,J 1 L + 5M ( “ J } 


W,= 


_2^ 

btJi (A/, + M,) 1 L3a„* J 

2x,x, 


(M, + M,)p[& 


sl-M 


''*} 


(8.2-27) 


where fojj = coefficient of viscosity given in Eq. 8.2-18, 

[ij.Jj = quantity defined in Eq. 8.2-20, 
l&ah - coefficient of diffusion defined in Eq. 8.2-44, 

A tfc * = function defined in Eq. 8.2-15, 

.c„ M, = mole fraction and molecular weight of ith component. 


The ratio of determinants in Eq. 8.2-25 may be expanded thus: 


(*?mlxll 



I 2 

<-ij-i 




P P P 

+ 222 
»-1 i-i*-i 
j*i 


x i x kH ii H ik 

H it H„H kk 


(8.2-28) 


Since the off-diagonal elements //„ are small in comparison with the 
diagonal elements //,„ the primary contribution to the viscosity of a 
multicomponent gas mixture is given by the first term of this expansion. 
In order to make the off-diagonal elements vanish exactly, it is necessary 
to assume that a* = s /a- When the same assumption is made in the 
diagonal elements, Eq. 8.2-28 becomes 


[^mlxl 




RT 


i_1 + 


(8.2-29) 
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[Eq. 8.2-30] COEFFICIENT OF THERMAL CONDUCTIVITY 

This equation does not describe the viscosity of mixtures very well because 
of neglect of higher terms in the expansion of Eq. 8.2-28 and because ol 
the unrealistic value assumed for a*. It has been shown , 13 however, by 
an extensive analysis of experimental data that Eq. 8.2-29 describes the 
behavior of the coefficient of viscosity of multicomponent systems if the 
numerical constant 2 is replaced by the empirical value 1.385. Conse¬ 
quently, a very good approximation to Eq. 8.2-25 may be taken to be 




p 

=2 


X:‘ 


RT 


<- 1 TT + 1,385 2 x i z k M t cat T 

Ivix *-i 

k*i 


(8.2-30) 


This relation enables us to calculate quite simply the viscosity of a multi- 
component mixture from the viscosities of the pure components and the 
diffusion coefficients for the various pairs of chemical species. In the 
absence of experimental data, Eq. 8.2-18 may be used to calculate the 
[ 77 Jj and Eq. 8.2-44 may be used to calculate the [£& ik ] v 
The form of Eq. 8.2-30 was not originally derived by Buddenberg and 
Wilke 13 from the rigorous kinetic theory of multicomponent gases . 12 
They based their work on the earlier formulae given by Sutherland , 14 
Thiesen , 16 and Schudel . 16 Buddenberg and Wilke recognized the necessity 
of introducing the diffusion coefficient into the formula to take into 
account the collisions between unlike pairs, and then evaluated the 
constant 1.385 by a careful analysis of the experimental data. 


c. The coefficient of thermal conductivity 

The coefficient of thermal conductivity for a pure monatomic substance 
or a mixture of monatomic gases may be obtained to any degree of 
approximation from Eqs. 7.4-65 and 66 . For polyatomic gases the mon¬ 
atomic gas formulae must not be used, since the effect of internal degrees 
of freedom on the thermal conductivity is considerable. At the present 
time the best way to correct the monatomic gas formulae so as to make 
them applicable to polyatomic gases is to use the Eucken correction, which 
is discussed in § 7.6b. Accordingly, the formulae given in this section for 
monatomic gases are the result of rigorous kinetic theory developments, 
but those for polyatomic gases must be regarded as approximate. 


19 J. W. Buddenberg and C. R. Wilke, Ind. Eng. Chem., 41, 1345 (1949). 

14 W. Sutherland, Phil. Mag. t 40, 421 (1895). 

16 M. Thiesen, Verhandl. deulschen physik. Gesellschafl, 4, 348 (1902). 

11 W. Schudel, Schweiz. Ver. Gas - u. Wasserfach. Monats-Bull., 22, 112, 131 (1942). 
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i. The Coefficient of Thermal Conductivity for a Pure Gas 
The coefficient of thermal conductivity for a pure gas is given in the 
first approximation by _ 

Vti'm 

Ml x 'O’ = 1989 1 0 i ni J l . (r .) 

= (8-2-31) 

where A = thermal conductivity in cal/cm sec °K, 

T = temperature in °K, 

7** = kT/e = reduced temperature, 

M = molecular weight, 

a t€ /k = parameters in potential function A and °K, respectively. 

Thus, in the first approximation, the coefficient of thermal conductivity 
is proportional to the coefficient of viscosity. This is in agreement with 
the results of the simple kinetic theory approach. 

The higher approximations to the coefficient of thermal conductivity 
are given by 

M.= Mi/?’ = 7^£® (8.2-32) 

The functions ff and /{*» differ but slightly from unity and vary slowly 
with T*. In Appendix A at the end of this chapter the functions 
and/ ( , 3) are given explicitly in terms of the fl 1 '-"*. 

For polyatomic molecules, Eq. 8.2-31, should be replaced by the follow¬ 
ing relation, which takes into account approximately the transfer of energy 
between translational and internal degrees of freedom in the molecules 
(see Eq. 7.6-24): 

WF“-T>>'(fs! + i) <8M3 > 

For monatomic gases, for which the heat capacity per mole is C v = 3/?/2, 
this expression simplifies to that given in Eq. 8.2-31. 


ii. The Coefficient of Thermal Conductivity for Binary Mixtures 
In order to discuss the thermal conductivity of binary mixtures it is 
convenient to define a quantity [AjJj analogous to the quantity foJi 
defined in £q. 8.2-20: 


25 / VK + m^irkTI2m l m 2 \ /3 L \ 
[Aldl - 32 V no 12 *n%»*(T l2 *)~)\2 ) 



(8.2-34) 
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[Eq 8 2-36] COEFFICIENT OF THERMAL CONDUCTIVITY 

or, in practical units, 

VT(M. + 

X 10^ 1989.1 ^4^, - 


(8.2-35) 


where T = temperature in °K, 

7 ' i2 * — /tr/€ 12 = reduced temperature, 

A/,, M 2 = molecular weights of species 1 and 2, 
u ,€ Ik = parameters in the potential function characteristic of 1-2 
12 ’ 1 interaction (in A and °K, respectively). 


In terms of this quantity and the thermal conductivities of the pure 
components, the thermal conductivity of a mixture of monatomic gases 
may be written as 


i r.+ r« y f '+(TO l 

iS“ 1+z ^ J 


(8.2-36) 
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where = mole fractions of species 1 and 2, 

M v M 2 = molecular weights of species 1 and 2, 

A i 2 *» B i 2 * = functions of T 12 * = kT/c l2 defined in Eqs. 8.2-15 and 16. 
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For mixtures of heavy isotopes to a good approximation this expression 
reduces to 

- = -4=- + - 7 = (8.2-37) 

The quantity [A 12 ] x is closely related to the coefficient of diffusion 
l&iJi' lhus: 

= (8.2-38) 

5 A 12 1 


If diffusion data were available it would be better to use them in connection 
with the calculation of X for binary and multicomponent mixtures. Since 
very few diffusion measurements have been made, we have written 
Eq. 8.2-36 in terms of the [AJ,. 

There is at present no rigorous method for calculating the thermal 
conductivity of mixtures of polyatomic gases. However, the coefficient 
of thermal conductivity for a binary mixture of polyatomic gases can be 
estimated by the following empirical method . 17 First, we calculate for 
the mixture, assuming that the molecules are effectively monatomic, 
the quantity given by Eq. 8.2-36. This result is denoted by A mon . 
If the experimental values of X are known for the pure gases, then, for 
each of the components, we may compute the ratio 



(^i)cxptl 

(*.)mon 


(^«)cxptl 

lK)i 


(8.2-39) 


An empirical expression for the coefficient of thermal conductivity for 
the mixture is then 

^•mlx = 4on [*i£i + * 2 * 2 ] (8-2-40) 

For pure substances, the thermal conductivity is proportional to the 
viscosity. The prediction of the thermal conductivity of mixtures would 
be much easier if the thermal conductivity of mixtures were still pro¬ 
portional to the viscosity with an easily calculated proportionality constant. 

17 There is an alternate empirical method which also gives good agreement with 
experimental values of the coefficient of thermal conductivity for binary mixtures of 
polyatomic gases. If force constants for the pure components are known from viscosity 
data, and if the experimental value of X is known for the pure gases, we may make the 
following computation. For each of the substances, we use only the parameter, 
( t /k as obtained from viscosity data. We then substitute the corresponding value of 
T,* and the experimentally observed value of X t into Eq. 8.2-31 in order to obtain an 
adjusted a'. The geometric mean of the €,/k and the arithmetic mean of the adjusted 
0 / are used to compute [2„], from Eq. 8.2-35. Using the adjusted a/, or the experi¬ 
mental value of X, in place of [2,]„ we find that Eq. 8.2-36 reproduces well the concen¬ 
tration dependence of the coefficient of thermal conductivity. 
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[Eq. 8.2-43] 

The best empirical relationship of this type is 

i = i (V + + V) 

[^mlxl 1 [')mlx]«p.l \«1 Va^, «*' 


(8.2-41) 


where a, = However, from the discrepancies between the 

experimental values and the values calculated on this basis, it is clear that 
this relation is not nearly so reliable as that given in Eq. 8.2-39. 


iii. The Coefficient of Thermal Conductivity for Multicomponent Mixtures 
The coefficient of thermal conductivity of a multicomponent mixture is 
given by Eq. 7.4-65, which may be written in the form: 

m , _ n' -\R2 2 KTZtX> (8.2-42) 

[2 mlx ]i - mi*J* *■ .f, £ ip{ 0 J, [ x t U t *,M, J 

Here the [^„]i are the first approximations to the binary diffusion 
constants as given by Eq. 8.2-44, the [D, r ] 1 are the thermal diffusion 
constants of Eq. 8.2-53, and 
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d. The coefficient of diffusion 

We begin by giving the expression for the coefficient of diffusion in a 
binary gas mixture. Then we show that under certain conditions a 
limiting form can be obtained for the coefficient of diffusion, which is 
called the coefficient of “self-diffusion.” Finally the expression for the 
coefficient of diffusion in multicomponent gas systems is presented. 



[Eq. 8.2-46] 
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i. Coefficient of Diffusion in a Binary Mixture 

The coefficient of diffusion of a binary mixture may be obtained from 


Eq. 7.4-4- In the first approximation the result is 

. 

= a002628 ° P o 12 >ar>*(T n ') - 

where &\i = diffusion coefficient in cm 2 /sec. 


(8.2-44) 


p = pressure in atmospheres, 

T = temperature in °K, 

T 1Z * = kT/€ 12 , 

A/,, M 2 = molecular weights of species 1 and 2, 

* 12 , c 12 /k = molecular potential energy parameters characteristic of 1-2 
interaction in A and *K, respectively. 

The higher approximations to the coefficient of diffusion are given by 

/£?, (s- 2 - 45 ) 


The function/£ 2) is a function of the molecular weights, the mole fractions, 
and the viscosities of the two components, and also of the temperature. An 
explicit expression for this function which varies only slightly from unity 18 
is given in Appendix A of this chapter. The dependence of the diffusion 
coefficient on the composition of a mixture of gases is hence only slight. 

We note that in the first approximation the only interactions which 
enter into the expression for the diffusion coefficient are those between 
unlike molecules. The forces between like pairs of molecules do not 
enter except in the second approximation. This means that the coefficient 
of diffusion as a function of temperature affords an excellent means of 
obtaining the force law between dissimilar pairs of molecules from the 
measurement of bulk properties. It is unfortunate that there are at the 
present time few experimental data of this sort. 


ii. The Coefficient of Self diffusion 

When Eq. 8.2-42 is written for a single component the formula for 
“self-diffusion” is obtained: 

[^]» = 0 0026280 t-T) <8- 2 -") 

where S' = coefficient of self-diffusion in cm 2 /sec, 
p — pressure in atmospheres, 

T = temperature, 

T * = reduced temperature = k T/c, 

M = molecular weight, 

o, e/k = parameters in potential function in A and °K, respectively. 

18 For most binary mixtures this quantity varies from 1.00 to 1.03 for the Lennard- 
Jones potential. 
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The higher approximations for the coefficient of self-diffusion are given 
by 

Ji/W (8.2-47) 

The correction factor f { £\ which is a function of the reduced temperature 
T* alone, is given in Appendix A at the end of the chapter. 

Let us now inquire as to the meaning of the coefficient of self-diffusion. 
Clearly, if the molecules in a gas are all physically identical, it is impossible 
to measure their interdiffusion. It is, however, possible to measure 
quantities experimentally which are very nearly coefficients of self¬ 
diffusion. 


(i) Interdiffusion of Isotopes. If one isotopic form of a gas is allowed 

to diffuse into another isotopic form, the progress of the diffusion can 
be followed by standard tracer techniques. Inasmuch as the number of 
neutrons in the atomic nuclei has essentially no influence upon the inter- 
molecular forces, o l2 = cr, = o 2 and e 12 = = c 2 . Furthermore, if the 

molecules are sufficiently large 2A/ 1 A/ 2 /(A/ l -f M 2 ) is very nearly A/, or 
A/ 2 . Consequently, Eq. 8.2-44 simplifies directly to Eq. 8.2-46. With 
the increasing availability of isotopes, this should prove an interesting 
method for getting information about intermolecular forces. 

(ii) Interdiffusion of Ortho and Para Forms. If the ortho form of a 
molecule is allowed to diffuse into the para form, the progress of diffusion 
can be followed. 19 Since the ortho and para forms of the substance are 
experimentally distinguishable only when the molecules are quite small, 
such techniques are essentially applicable only to the isotopes of hydrogen. 
For these molecules the interactions between ortho and ortho, ortho and 
para, and para and para can be considered as being described by the 
same sets of force constants, although the interaction docs of course 
depend to a very slight extent upon the rotational states of the molecule. 
Also 2(A/,A/ 2 )/(A/ 1 -f A/ 2 ) = A/, = M 2 . Consequently Eq. 8.2-44 once 
again simplifies to Eq. 8.2-46. 

It is apparent that the coefficient of self-diffusion must be regarded as 
somewhat artificial. It is more correct simply to consider it as a limiting 
form of the coefficient of binary diffusion. It is interesting to note that 
in this limit of equal masses and equal intermolecular forces Eq. 8.2-24 
simplifies to 


P\& Ii 6 
M i 5 


(8.2-48) 


The function a*, defined in Eq. 8.2-15, is a very slowly varying function 
of r*, and hence is very nearly a constant. 


19 Experimentally this can be followed by the electrical resistance of a heated wire, 
from which heat is conducted at different rates by ortho and para forms. 
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iii. The Coefficient of Diffusion in Multicomponent Gas Systems 
The coefficients of diffusion in a multicomponent mixture are given 
in Eq. 7.4-44, which may be written in the form 


1 trii _ ffii 


where K ti = 0 


(8.2-49) 








l&tii ^ M, [^<J. ’ 
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e. The coefficient of thermal diffusion 

The coefficients of thermal diffusion D, T for a multicomponent system 
may be obtained from the rigorous kinetic theory formulae in Eq. 7.4-55. 
Also, the thermal diffusion ratio k T for two-component systems may be 
obtained. We give the latter expression in its general form for use in 
calculating the thermal diffusion ratio for any gas pair and also in the 
special form appropriate for the thermal diffusion of isotopes. 


i. The Thermal Diffusion Ratio in Binary Gas Mixtures 
The first approximation to the thermal diffusion ratio k T is given by 
the following expression: 


1 _ 

*1*. S“>*, 

* C\ 

l k T Jl - 

6[*idi 

* A + Y x 

— VO'-: 

12 — 5) 

C(l) - 

M l 4- M 2 

[^• 12 ] 1 

15 1 

!M t — M x 

J — 

2M 2 

Mi 

4a, 2 * ' 

\ 2 M x . 

s (2) = 

M 2 +M \ 

Ml, 

15 1 

(M\ - M 2 


2M X 

M. 

4a 12 * 

\ 2M 2 


- 1 (8.2-50) 
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where x x ,x 2 = mole fractions of species 1, 2, 

M x , M 2 = molecular weights of species 1, 2, 

[2Ji f [2f\ x = thermal conductivities calculated from Eq. 8.2-31, 

[AjJi = quantity defined in Eq. 8.2-34, 

A i 2 *» c i 2 * = functions of T X2 * = kT/e 12 defined in Eqs. 8.2-15, 17, 

Xx , Yx = functions defined in Eq. 8.2-36. 

The thermal diffusion ratio is thus a very complex function of tempera¬ 
ture, concentration, and the molecular weights, and depends para¬ 
metrically on the force law of the molecules. The primary concentration 
dependence is given by x x x 2 and to a lesser extent by [S ll) x x — S l2) x^\. 
The main dependence on the masses of the molecules is given by S ll) 
and S U) . The principal temperature dependence is given by (6c 12 * — 5). 
The thermal diffusion ratio can be positive or negative. A positive value 
of k T signifies that component 1 tends to move into the cooler region and 
2 towards the warmer region. 20 The temperature at which the thermal 
diffusion ratio undergoes a change of sign is referred to as the inversion 
temperature. 

The next higher approximation for the thermal diffusion ratio may be 
obtained from the formulae in Appendix A. The few calculations for 
[k T ] 2 which have been made indicate that the error in the first approximation 
is greater for k T than for any of the other transport coefficients. 21 


ii. The Thermal Diffusion Ratio in Binary Isotopic Gas Mixtures 22 
Equation 8.2-50 may be considerably simplified for the special case of 
heavy isotopes/ When this expression is expanded in powers of 
(M x — M 2 )/(M x + M 2 ), the following formula for k T results: 


1S(2a* + 5)(6c»-5) (M x -M 2 ) xx 
1 tJi 2a*(16a* - 12b* + 55) (A/, + A/,) 12 


(8.2-51) 


The quantity frequently reported in the literature 23 is k T *, defined in 


10 The significance of the sign of k T depends on the sign convention adopted in the 
definition of this quantity. The convention used in this book is the same as that used 
by Chapman and Cowling [The Mathematical Theory of Non-uniform Gases, Cambridge 
University Press (1939)]. 

11 See Table 8.3-2 for summary of results for rigid spheres. See also E. A. Mason 
J. Chem. Phys., 22 (1954), for recent calculations of [k T ) t for the modified Buckingham, 
potential. 

22 R. Clark Jones, Phys. Rev.. 58. Ill (1940). 

23 This quantity k T * is usually called R T in the literature. We use the symbol 
k T * to be consistent with the convention used in this book that quantities divided by 
rigid sphere quantities be denoted by a 5-pointed star. 
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(Eq. 8.2-53] 


Eq. 8.1-17- The first approximation to this quantity is given by 

[Mi 


[Mi* = 


_ = 59 (2a* + 5) (6c* - 5) 2 52) 

[*-.]?« ,ph 7 a*(16a* - 12b*- f-55) 


and is thus a universal function of T*. This expression has been shown 
to be valid 24 for values of (A/j — M 2 )/(M l 4- M 2 ) up to 0.15. 


iii. The Coefficient of Thermal Diffusion in Multicomponent Gas Mixtures 

The coefficient of thermal diffusion in a multicomponent mixture is 
given by Eq. 7.4-55. The expression may be written in the form: 
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(8.2-53) 



• • • 


| C L'° Ill ••• L\\ | 
where the are defined by Eqs. 8.2-43. 

3. Transport Coefficient Calculations for Simple Potentials 
In Chapter 3 it is shown that the second virial coefficient can be evaluated 
analytically for a number of simple potentials. Such is not, however, the 
case for the transport coefficients. It is possible to evaluate analytically 
the collision cross-sections for the rigid-sphere potential, but for the 
M E. R. S. Winter, Trans. Faraday Soc., 46, 81 (1950). 
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other simple potential functions discussed in this section numerical 
integrations have to be used. The results of this numerical work are 
given here, inasmuch as they may be useful for rough calculations and for 
interpolation of data over small temperature ranges. The inverse power 
model rp{r) = dr 6 is handy because it is differentiable and also because 
the double integral over b and g may be manipulated into a single integral. 
The Sutherland model (rigid sphere surrounded by an attractive field) 
has in the past been widely used for correlating experimental data, and 
the “Sutherland constants” for many substances are recorded in the 
literature. The square-well model may be of use for some complex 
molecules because it afTords three adjustable constants. For accurate 
numerical work based on a realistic interaction potential the best calcula¬ 
tions available at the present time are those based on the Lennard-Jones 
(6-12) potential and the modified Buckingham (6-exp) potential, which 
are discussed in §8.4. All these potential functions have the form 
specified by Eq. 8.2-6. 

a. Rigid elastic spheres 

The results of the rigid-sphere calculations are used in the preceding 
section for the reduction of the collision cross-sections. For the rigid- 
sphere model [<f(r) = oo for r < a, <p(r) = 0 for r > o] the integral for 
the angle of deflection may be integrated easily. The distance of closest 
approach for two colliding molecules is r m = o if b < o and is r m = b 
for b ^ a. Consequently, we get at once from Eq. 8.2-1: 


x(g, b) = 2 arc cos ( b/a) b < o (8.3-1) 


Z(g> b) = 0 b^ a 

These results may also be obtained quite easily from simple geometrical 
considerations. As is to be expected for impenetrable spheres the angle 
of deflection for this model is independent of the relative kinetic energy. 
Substitutions of the expression for y. j ust obtained into Eqs. 8.2-2 and 3 
give the expressions for Q {1) and Cl il,$) which were quoted in Eqs. 8.2-4 
and 5. The reduced quantities Q {,) * and were then defined in 

such a way that they are exactly 1 for the rigid-sphere model. This means 
that all the formulae for transport coefficients given in the last section 
may be used for rigid spheres simply by setting the Q. {1,,) * equal to unity. 

The expressions for the viscosity and self-diffusion given in Eqs. 8.2-18 
and 46 with the equal to 1 may be used to analyze experimental 

data to obtain the molecular diameters o or the molecular cross-sections 



[Eq. 8.3-1] 
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it a*. 


In Table 8.3-1 the molecular diameters calculated from these two 

fl v • 1,1 I 

properties are compared. It is clear from this tabulation that the values 
of the rigid-sphere collision diameter from viscosity are higher than those 
from self-diffusion. From this it may be concluded that Q (2<2> * for 
real molecules is slightly greater than Calculations of the collision 

cross-sections for more realistic potentials substantiate this fact. 


TABLE 8.3-1 

Rigid-Sphere Molecular Diameters Calculated from Viscosity® 
and Self-diffusion 6 Measurements at 0°C and I atm 


M. X 10 7 = 266.93 


\ r MT 


[3))i = 0.0026280 




pa * 


Gas 

[<i), x I0 7 

(gm/cm sec) 

i^ii 

(cm 2 /sec) 

a ii 

From Viscosity 

i A 

From Diffusion 

A 

2099 

0.156 

3.64 

3.47 

Ne 

2967 


2.58 

2.42 

n 2 

1663 

0.185 

3.75 

3.48 

o 2 

1918 

0.187 

3.61 

3.35 

ch 4 

1030 

0.206 

4.14 

3.79 

co 2 

1366 

0.0974 

4.63 

4.28 


0 H. L. Johnston and K. E. McCloskey, J. Phys. Chem. t 44. 1038 (1939)—Ne, A. 
H. L. Johnston and E. R. Grilly. J. Phys. Chem., 46. 948 (1942)—N„ O f . CH„ C0 2 . 

* E. B. Winn. Phys. Rev. t 80. 1024 (1950). 


Important information has been obtained from the rigid-sphere model 
regarding the rate of convergence of the Sonine polynomial expansion 
used in deriving the expressions for the transport coefficients. This 
information is summarized 1 in Table 8.3-2, where the percentage of the 
true value of the transport coefficients in the A:th approximation is given. 
The error in the thermal diffusion ratio is considerably larger than that 
for any of the other coefficients. Generally speaking, the errors in the 
first approximation are greater for rigid spheres than for more realistic 
molecular models. 


1 S. Chapman and T. G. Cowling. The Mathematical Theory of Non-uniform Gases, 
Cambridge University Press (1939), p. 169 and 196. 
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TABLE 8.3-2 1 

Fraction of the True Value of the Transport Coefficients in 
the Ath Approximation (Based on the Rigid-sphere Model) 

[P] k = A: ,h approximation to the coefficient P 

[P] = true value of the coefficient P 


p 

[P\/[P) 

win 

[Phl[P) 

n1 

0.984 

0.999 

0.999 + 

X 

0.976 

0.998 

0.999 + 

& 

0.883 

0.957 

0.978 

k T 

0.77 

0.88 

• • • 


b. Point centers of repulsion 

At very high temperatures the repulsive forces play a much more 
important role than the attractive forces. It is then possible to represent 
molecules as point centers of repulsive forces with a potential energy of 
interaction (p{r) = dr 6 (see Eq. 1.3-23). The index b is a measure of the 
hardness or softness of the molecules. For d = oo this model reduces to 
the rigid-sphere model. The model with 6 finite allows for the natural 
“squishiness" of the molecules. For most molecules b lies between 
9 (“soft” molecules) and 15 (“hard” molecules). 

A point in favor of this potential function is that the angle of deflection, 
which is a function of b and g, may be expressed in terms of a single 
combination of these two variables. If we define the quantities t/, y mt 
and y 0 by 



the angle of deflection may be written thus: 


x(y<,) = ”- 2 J [i -y 2 
0 



(8.3-3) 


The limit y m is that value of y for which the radical in the denominator 
of the integrand vanishes. The angle of deflection as a function of y 0 
is shown in Fig. 8.3-1 for b = 12; a numerical tabulation of y m (y 0 ) and 
X(y 0 ) is given in Table III. These quantities have to be evaluated 
numerically. 



[Eq. 8.3-61 POINT CENTERS OF REPULSION 54 7 

Substitution of the angles of deflection in Eqs. 8.2-2 and 3 gives the 
following formulae for the collision cross-sections: 

Q'" = (i$?) 7 / “ “ C0S ' X]y ° dy ° = (* / ‘ ,,,(d) (8 - 3_4) 

= M«W) ( J + 2 - 3) ( 8 - 3 " 5) 


X 


Fig. 8.3-1. The angle of deflection as a function of the single parameter y 0 
for the potential of interaction #r) = dr~ lt . (From unpublished calculations 

of R. B. Bird.) 

Values of the integrals A ll) (d) are given in Tabli 8.3-3. When the 
given above are used, the following relations are obtained for the transport 
coefficients: 

«■-! 

Mi-jfohc. (8.3-6) 

( 3 -^j 

These relations are useful for curve-fitting transport coefficients data 
at high temperatures, where the contributions due to the repulsive forces 
are far more important than those due to the attractive forces. 

There are two special cases of this type of interaction which deserve 
mention. Molecules which interact according to a repulsion law with 
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TABLE 8.3-3° 

Values of the A il ) ( 6 ) for Point Centers of Repulsion 


<5 

A*\6) 

A*\6) 

4 

0.298 

0.308 

6 

0.306 

0.283 

8 

0.321 

0.279 

10 

0.333 

0.278 

12 

0.346 

0.279 

14 

0.356 

0.280 

20 

• • • 

0.286 

24 

• • • 

0.289 

CO 

0.500 

0.333 


a S. Chapman and T. G. Cowling, The Mathematical Theory of Non-uniform Cases , 
p. 172. The A ,,l (d) are related to the A t (6) tabulated by Chapman and Cowling by 
A ilt (S) = -4,(<5 + I )/2 2,A . 

6 = 4 are referred to as Maxwellian molecules. It is of historical interest 
that Maxwell, long before the work of Enskog and Chapman, realized 
that it is possible to develop a rigorous kinetic theory for such molecules 
without actually solving the integral equation which determines the 
Boltzmann function. Maxwellian molecules, though very satisfactory 
from a mathematical standpoint, are far too unreal to be physically 
important. For these molecules the thermal diffusion coefficient is 
identically zero. 1 

A second special case is that for 6 = 1 and d = e x e 2 , which is the 
Coulombic interaction 2 characteristic of the potential between two charges 
e x and e 2 (see § 12.1). For this case the angle of deflection may be obtained 
analytically: 

X (y 0 ) = 2 arcsin ' ■~ (8.3-7) 

VI + 4i/ 0 2 

When we substitute this expression into Eq. 8.3-4, we find that the integral 
diverges at the upper limit. The physical explanation for this mathe¬ 
matical difficulty is that the force field falls off so slowly that it is not clear 
how a binary encounter should be defined—in fact, all encounters should, 
in a sense, be regarded as multiple. In a dilute gas, however, it is possible 
to obtain approximate expressions for the transport coefficients by ignoring 
the fact that multiple collisions do occur to some extent. 

In a dilute gas the values of b for which an appreciable angle of deflection 
occurs are considerably smaller than the mean distance D between the 
particles in the gas. Under such conditions then it seems reasonable to 

* The subject of transport phenomena in ionized gases has been discussed by T. 
Kihara, Revs. Mod. Phys. t 24, 45 (1952). 
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take as the upper limit b = D or y 0 = D(\pg 2 le = y 0 '- 
following expressions for the cross-sections may be obtained : 
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Then the 




(8.3-8) 




4y„' ! 


1 +4j/, 


•2 

) 


(8.3-9) 


In order to obtain the Q (lt 9) these expressions must be integrated over the 
relative velocity £, which appears explicitly as g ~ 4 and implicitly in the y 0 \ 
Inasmuch as the Q lli are slowly varying functions of y 0 \ it is convenient 
to introduce the additional simplifying assumption that j fig 2 bt replaced 
by its average value over all collisions, which may be shown 3 to be 2kT. 
Then the first approximations to the transport coefficients of a gas con¬ 
sisting of a single component become 




(8.3-10) 

(8.3-11) 


(8.3-12) 


in which y 0 " = 2 DkT/e 2 . 


c. The Sutherland model 4 - 5 

The Sutherland model represents the molecules as rigid spheres of 
diameter a surrounded by an inverse-power attractive force, with maxi¬ 
mum energy of attraction c. The interaction potential is given by 

= oo r < o 

(1.3-25) 

fp(r) = -c {o/ry r> a 

An exact evaluation of the angles of deflection and the collision cross- 
sections requires a major numerical effort. If, however, it is assumed 
that the attractive portion of the potential is weak, the higher powers of 
c which appear in the exact treatment can be neglected. This gives the 



3 S. Chapman and T. G. Cowling, loc. c/7., p. 93. 

4 M. Kotani, Proc. Physico-Mathematical Soc. Japan , 24, 76 (1942). 

4 S. Chapman and T. G. Cowling, loc. cit., p. 182 et seq. 
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Sutherland formulae for viscosity and diffusion which have been used 
extensively for curve fitting data: 

Mi = fori,.phli/ (l + f?) (8.3-13) 

[^]. = [^ ri8 n>h],/(l+^) (8.3-14) 

The Sutherland constants, S n and S 9t which are proportional to the energy 
of interaction of the two molecules when in contact, are given by 

s 9 = i a Ky)Wk) (8.3-15) 

(«/*) (8.3-16) 


The constants of proportionality i tl) (y) for several indices of attraction 
are shown in Table 8.3-4. The results of this approximate treatment are 
valid only at very high temperatures where the attractive forces would 
be expected to play only a small role in the molecular interaction. 

TABLE 8.3-4 

Constants of Proportionality for the Sutherland Constants 5 


y 

i tl) (y) 

i lt Hy) 

2 

0.2662 

0.2336 

3 

0.2276 

0.2118 

4 

0.2010 

0.1956 

6 

0.1667 

0.1736 

8 

0.1444 

0.1556 


If the energy of attraction varies as 1 /r 6 , the potential function assumes 
the form: 


(f(r) = co r < a 

<f(r) = -€((T/r) 6 r> o 


(8.3-17) 


where once again € is the maximum energy of attraction and o is the 
diameter of the hard core. 

A complete evaluation of the angles of deflection and the collision 
cross-sections for this potential, without any assumption as to the small¬ 
ness of the attractive forces, has been performed by Kotani. 4 The 
integrals Q (li,) *(T*) which he has calculated numerically are given in 
Table V. With these tabulations, the first and second approximations 
to the transport properties of pure gases and their mixtures may be 
calculated by means of the formulae given in § 8.2. These formulae 
may be used to obtain the force constants € and a for the Sutherland 
potential. The force constants for neon and nitrogen determined from 
viscosity and also from diffusion measurements, and for carbon dioxide 
obtained from viscosity data, are shown in Table 8.3-5. 



|Eq. 8.3-17] 
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TABLE 8.3-5 

Force Constants for the Sutherland Potential Calculated 
from Viscosity and Self-diffusion Measurements ' 1 between 

200° K and 300° K 


Gas 

From Viscosity 

From Self-diffusion 






"(A) 

€/*(° K) 

a(A) 

€/*C K) 

Ne 

2.33 

192 

2.20 

196 

n 2 

3.07 

416 

3.17 

202 

CO/ 

3.43 

638 

• • • 

• • • 


« See Table 8.3-1 for source of experimental data. 

* V. Vasilcsco, Annates de physique (Paris) (II), 20. 292 (1945). 


d. The square-well potential 6 

The simplest three-constant potential for which transport coefficient 
calculations have been made is the square-well potential: 

<f>{r) = oo r < <j 

<p(r)=-c o < r < Ro (1.3-24) 

<p(r) = 0 r> Ro 

For this potential function the angles of deflection and the collision 
cross-sections have to be evaluated numerically. The integrals Q {1 a) * so 
obtained 5 are given in Table IV. The potential parameters (determined 
from viscosity) to be used in conjunction with these tables are given in 
Table 8.3-6. When these parameters and the tabulated functions are 
used, the experimental data can be rather well reproduced, and other 
transport properties may be calculated. 

Because of the unrealistic shape of the potential functions, however, 
it is not possible to use the parameters obtained from transport co¬ 
efficients for the calculation of second virial coefficients. In Table 8.3-7 
the force constants obtained from viscosity and second virial coefficients 
are compared. The considerable discrepancy between the two sets of 
constants results from the fact that the viscosity emphasizes the repulsive 
parts of the potential function to a greater extent than does the second 
virial coefficient. 

6 E. M. Holleran and H. M. Hulburt,/. Chem. Phys. t 19. 232 (1951). 
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TABLE 8.3-6 

Force Constants for the Square-Well Potential Obtained 

from Viscosity Data® 


Substance 

c/A( # K) 

o(A) 

MR 

He 

232 

1.90 

0.720 

Ne 

101 

2.38 

0.650 

A 

167 

2.98 

0.510 

h 2 

94 

2.57 

0.700 

o 2 

94 

3.16 

0.470 

n 2 

80 

3.36 

0.480 

CO 

91 

3.29 

0.440 

co 2 

200 

3.46 

0.450 

CHj 

174 

3.35 

0.510 

Air 

87 

3.30 

0.480 


TABLE 8.3-7 


Comparison of Force Constants for the Square-Well Obtained 
from Viscosity 0 and from the Second Virial Coefficient 6 


Substance 

«/*(• K) 

From Viscosity 

From the Second 

Virial Coefficient 

«<A) 

MR 

o(A) 

1 IR 

Ethane 

244 

mm 

0.437 

3.54 

0.606 

Propane 

347 


0.480 

4.42 


n-Butane 

387 

4.50 

0.460 

4.82 


Ethene 

222 

3.70 

0.440 

3.35 


Propene 

339 

4.02 

0.450 

4.32 

0.685 


- E. M. Holleran and H. M. Hulburt.7. Chem. Phys ., 19. 232 (1951). 

# J. O. Hirschfelder, F. T. McClure, and I. F. Weeks, J. Chem. Phys., 10, 201 (1942). 


4. Transport Coefficient Calculations for the Lennard-Jones (6-12) Potential 1 

The four simple potential functions discussed in the preceding section 
give rather good results for the transport properties over limited tempera¬ 
ture ranges and indicate the primary nature of the temperature dependence 
of these properties. A more realistic potential function for which the 

1 The viscosity for molecules which obey a Lennard-Jones (4-8) potential has been 
calculated by H. R. Hasse and W. R. Cook, Phil. Mag., 3, 977 (1927), and Proc. Roy. 
Soe. (London), 125, 196 (1929). These results have also been applied to the study of 
thermal diffusion by R. C. Jones, Phys. Rev., 59. 1019 (1941). 
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transport properties of non-polar molecules have been calculated is the 
Lennard-Jones (6-12) potential: 

*»-*[cr-en 

Here e is the depth of the potential well (the maximum energy of attraction) 
and a is the collision diameter for low energy collisions (that is, the value 
of r for which (p(r) = 0). The calculations for this potential function 
have been carried out independently by workers in four different 
countries. 2-5 Because of the excellent numerical agreement between these 
results we may be confident that there is little computational error in 
the tabulated functions. The details of the calculations may be found in 
the original publications, but the significant results arc given here. First 
we discuss the calculation of the angle of deflection and the collision cross- 
sections. Then we discuss the calculation of the various transport 
coefficients and the agreement between calculated and experimental 
results. 

Recently Mason® has calculated the set of integrals Ll ll,$) * for the 
modified Buckingham potential, Eq. 1.3-30, using methods similar to 
those described in this section. Tables of these collision integrals and 
related quantities are given in Appendix VII. The work has been com¬ 
pleted so recently that up to the present time the force constants for only 
a few molecules have been determined (see Table 3.7-2), and no other 
applications have yet been made. 

a. The dynamics of a binary collision 7 and the calculation of the collision 
cross-sections 

In § 1.5b it was pointed out that the dynamics of a binary collision may 
be studied in terms of the effective potential energy , (p e// (r), which is defined 
in Eq. 1.5-22 as the sum of the intermolecular potential energy and the 
centrifugal potential energy. In terms of the reduced quantities the effective 
potential energy function for the Lennard-Jones (6-12) potential is 

p* 2 b* 2 

tftr = <P*(r*) + (8.4-2) 

* T. Kihara and M. Kotani, Proc. Phys. Math. Soc. Japan, 24, 76 (1942). 

3 J. de Boer and J. van Kranendonk. Physica, 14, 442 (1948). 

4 J. S. Rowlinson, J. Chem. Phys., 17, 101 (1949). 

6 J. O. Hirschfelder, R. B. Bird, and E. L. Spotz, J. Chem. Phys., 16, 968 (1948); 
17, 149 (1950); Chem. Revs., 44, 205 (1949). 

6 E. A. Mason, J. Chem. Phys., 22 (1954). 

7 Molecular collisions in classical dynamics are discussed in detail in § 1.5. The 
specific results for the Lennard-Jones potential discussed in this section are based on 
this previous discussion. 
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The reduced effective potential energy is then a function of r * which 
depends parametrically on the quantity g* 2 b* 2 . In Fig. 8.4-1 are shown 
curves of for several values of g* 2 b* 2 . The humps in the curves 



Fig. 8.4-1. The reduced effective potential, defined by Eq. 8.4-2, for the Lennard-Jones 
(6-12) potential, for several values of 

occur roughly at the point where the attractive van der Waals forces 
balance the centrifugal repulsion. There is a critical value of 
g* 2 b* 2 = {}} (5 1 ) for which there is an inflection point at a reduced 
energy of 0.8. For values above this critical value the effective potential 
curves are monotone decreasing. 

We may use the curves in Fig. 8.4-1 to analyze the dynamics of a 



[Eq. 8.4-2] 
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collision. If a pair of colliding molecules has an initial reduced kinetic 
energy g* 2 less than 0.8, several types of collisions are dynamically possible 
depending upon the value of g* 2 b* 2 characterizing the collision. Several 
possibilities may be illustrated by the specific case where g* 2 is approxi¬ 
mately 0.2. (a) If b * is such that g* 2 b * 2 = 10, there is only a gradual 
deflection of one molecule with respect to the other—that is, a “grazing 
collision”—the repulsive part of the potential having a negligible effect on 
the collision, (b) If b * is such that g* 2 b* 2 = 0.008—that is, almost a 
“head-on collision”—both the attractive forces at large separations and 
the repulsive forces at small separations influence the trajectory, (c) 
If b* is such that the system cannot quite get over the hump, the phenome¬ 
non of “orbiting” takes place. Then the system spends a great deal of 
time in the vicinity of the separation corresponding to the hump, the 
molecules meanwhile spinning around one another, 8 with an angular 
velocity given by Eq. 1.5-19. These three types of collisions are shown in 
Fig. 8.4-2. 

The angle of deflection is computed by evaluating the integral in Eq. 
8.2-12 by numerical methods. 9 The results are given in tabular form 5 
in Table I-R and graphically in Fig. 8.4-3, where (1 — cos %) is plotted 
as a function of b* 2 for four values of#* 2 . The areas under these curves 
give the cross-section Q (l) *. For small values of the relative kinetic 

8 These collisions in which orbiting takes place should not be confused with the 
“bound molecules” in periodic orbits discussed by J. G. Kirkwood ( J . Chem. Phys. t 
15, 72 (1947)]. The latter arc pairs of molecules which find themselves trapped in the 
potential well and accordingly spin around one another separated by a distance of 
the same order of magnitude as the molecular dimensions. If it is assumed that two- 
body collisions take place in the gas but that no higher-order collisions occur, such 
“bound molecules" cannot exist inasmuch as a three-body collision is required for 
their formation and their dissolution. The Boltzmann equation, from which the 
kinetic theory is developed, provides no mechanism for three-body collisions. Kirk¬ 
wood has shown that in the limit of low densities, which is the approximation con¬ 
sidered here, these bound molecules do not contribute to the transport properties. 
However, these bound states do affect the transport properties at somewhat higher 
densities. This point receives further attention in the introduction to Chapter 9. 
The collisions in which orbiting occurs do make a small contribution to the cross- 
sections. The effect is quite small, however, and is practically negligible at high tem¬ 
peratures. In connection with the bound molecules, it should be pointed out that 
they are taken into account in the second virial coefficient. This comes about essentially 
because of the fact that in the theoretical development from the partition function, a 
mechanism is provided whereby molecule pairs may be trapped in the potential well. 

9 Several methods have been used for the calculation of the angle of deflection. 
One method is to curve fit a slowly varying part of the integrand, which allows the 
integration then to be performed analytically. 5 Another method, the so-called gonio- 
metric method, has been used recently by J. de Boer and J. van Kranendonk, Physica , 
14,442(1948). 
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energy g * 2 these curves exhibit rapid oscillations, which correspond to 
orbiting. For collisions taking place with g* 2 < 0.8 there is for each g* 
one value of b* for which the energy of the top of the hump coincides 





Fig. 8.4-2. Types of collisions which occur for Lennard-Jones molecules. 

(a) Grazing collisions in which attractive forces are most important. 

( b) Almost head-on collisions in which the strong repulsive forces come into 
play, (c) Types of collisions in which ‘‘orbiting’’ takes place. This 
phenomenon results from the hump in the effective potential energy curve 
caused by the counterbalancing of the attractive force and the centrifugal 

force. 

precisely with the energy of the system. For this value b* = b 0 *, the 
angle of deflection is infinite, as can be seen in the tabulation of % * n 
Table I-R. 

The hump in the (1 — cos x) curve gradually disappears with increasing 
energy of collision because the colliding system feels the dip in the potential 
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Fig. 8.4-3. The angle of deflection for the Lennard-Jones potential. Here 
(1 - cos*) is plotted against b** for several values of the reduced kinetic 
energy #•*. In the region around /»•* the value of (I — cos*) oscillates an 
infinite number of times between zero and two. 

energy curve less and less. When g* 2 = 10, this hump, due to the 
attractive forces, has almost completely disappeared. In fact the 
(1 — cos *) curve very nearly approximates the curve for rigid spheres. 
Actually the Lennard-Jones curve lies slightly below the curve for rigid 
spheres, since the r~ 12 repulsion allows for the interpenetration of the 
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molecules in high energy collisions. Or, in other words, the Lennard- 
Jones molecules have a slightly smaller cross-section for high-energy 
collisions, than do rigid spheres (with the same a), whereas for low-energy 
collisions they have a larger cross-section. 



0.1 0.2 0.4 0.6 1.0 2 4 6 8 10 20 40 60 100 


£*2 -► 

Fig. 8.4-4. The reduced collision cross-sections Q {,) * as functions of the 
reduced kinetic energy of relative motion g* f . Q ,u * is the cross-section for 
diffusion, Q m * is that for viscosity and thermal conductivity. Q ,tl * appears 
in the expressions for the third approximation to the coefficients of viscosity 

and thermal conductivity. 

From these angles of deflection as a function of b* and g* the cross- 
sections Q [l) *(g* 2 ) and the quantities Cl ll - 9) *(T*) have been obtained by 
numerical integration of the expressions given in Eqs. 8.2-13 and 14. 
The dependence of the Q {,) * on the reduced relative kinetic energy, g* 2 , 
and the dependence of the on the reduced temperature are shown 

in Figs. 8.4-4 and 5, respectively. By definition all these quantities are 
unity for the rigid-sphere model. As was previously mentioned, the 
deviation of these quantities from unity is an indication of the deviation 
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of any particular model from rigid-sphere behavior. In Fig. 8.4-4 it is 
clear that the cross-sections for Lennard-Jones molecules are smaller 
than those for rigid spheres at high energies because of the softness of the 
repulsive portion of the potential. Also the cross-sections are several 
times their rigid-sphere values at low energies because of the influence 
of the attractive forces. The behavior of the shown in Fig. 8.4-5 

may be explained in the same way, since the averaging process emphasizes 
the low-energy collisions at low temperatures and the high-energy collisions 
at high temperatures. 



Fig. 8.4-5. The temperature dependence of the 


For the purposes of making calculations of transport properties, 
extensive tables of the collision cross-sections and related quantities have 
been prepared: In Tables I-M, N, P in the Appendix 5 at the end of the 
book the following quantities are tabulated as functions of T* from 
T* = 0.30 to T* = 400: all the needed for calculating the third 

approximation to the viscosity and thermal conductivity, the second 
approximation to the diffusion, and the first approximation to the thermal 
diffusion ratio; the quantities a*, b*, c* defined in Eqs. 8.2-15, 16, 17; 
and the factors f™, /?>, and/<J> defined in Eqs. 8.2-19, 32, 47. With 
these tables and the formulae in § 8.2 the transport properties may be 
calculated for the Lennard-Jones (6-12) potential. In the remainder of 
this section the various transport properties are discussed, both from the 
standpoint of calculating the transport coefficients from intermolecular 
forces, and vice versa. Illustrative examples are given to demonstrate the 
use of the tabulated functions. 
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b. The coefficient of viscosity of pure gases 

To calculate the coefficient of viscosity from Eq. 8.2-18 or 19 it is 
necessary to know the values of the force constants, c and a, appropriate 
for the given substance. These parameters may be obtained from an 
analysis of the experimental data for viscosity and self-diffusion (as 
described later in this section) and from second virial coefficients and 
Joule-Thomson coefficients (as described in § 3.6). Rough estimates 
may be obtained from constants characteristic of the critical, melting, or 
boiling points (as given in §4.1). The force constants for a few 



Fig. 8.4-6. Comparison of the theoretical curve of log with experimental 

data. The experimental values are reduced according to the relation - i)o t l'/m€ t 
using the values of a and c given in Tables I-A. The curves HeJ h [from J. de Boer 
Physica , 10. 348 (1943)1 and HeJ h [from E. G. D. Cohen. Physica , 17. 993 (1951)1 were 
calculated, using a quantum mechanical treatment (see § 10.2). (a) M. Trautz and 
H. Zimmerman. Ann. Physik (5). 22. 189 (1935). ( b) A. van Ittcrbeek and A. Claes, 
Physica, 5. 938 (1938). (c) A. van Itterbeek and W. H. Kecsom, Physica, 5.257 (1938). 
( d) M. Trautz and R. Hebcrling, Ann. Physik (5). 20. 118 (1934). 

gases are given in Table 8.4-1; these were determined from viscosity 
measurements. A more complete table of force constants may be found 
in Table I-A. In that table force constants are given which have been 
obtained from the data of various investigations and from various 
properties. Whenever possible it is advisable to use the parameters 
determined from viscosity for making transport property calculations. 

In Fig. 8.4-6 the viscosity for several substances is plotted in 
reduced units. The theoretical curve based upon the Lennard-Jones 
(6-12) potential is also shown. In order to illustrate further the excellent 
agreement between the experimental and calculated values a numerical 
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comparison is made in Table 8.4-2. Let us now consider a numerical 
example to illustrate the use of the tables and the formula for the 

coefficient of viscosity given in Eq. 8.2-19. 


Illustrative Example 

Problem. Calculate the viscosity of CH 4 at 450°K. What is the viscosity of CD 4 
at the same temperature? 

Solution. From Table 8.4-1 the force constants for methane are €/k = 137°K 
and a = 3.882 A. The reduced temperature is then T* = kT/e = (450/137) = 3.28. 
From Table I-M, it can be found that at T* = 3.28,0 (, - ,) * = 1.016 and from Table I-P, 
/•(3) = 1.004. The molecular weight of CH 4 is 16.04. Hence from Eq. 8.2-19: 


CH 4 : [ 17 ], x 10’ = 266.93 


16.04) (450) 
(3.882)* (1.016> 


(1.004) - 1487 g/cm sec 


For the heavy isotope of methane. CD 4 (mol. wt. 20.07), the force constants arc the 
same as those for light methane. Hence, we can calculate the viscosity of CD 4 simply 
by multiplying that of CH 4 by the ratio of the square root of the molecular weights: 


CD 4 : fa], x 10’ » 1487 



1663 g/cm sec 


TABLE 8.4-1 

Force Constants for the Lennard-Jones (6-12) Potential 
Determined from Viscosity Coefficients'* 


Gas 

C/*CK) 

o(A) 

Experimental 

Data 

Ne 

35.7 

2.789 

b 

A 

124 

3.418 

b 

Kr 

190 

3.61 

c 

Xe 

229 

4.055 

d 

n 2 

91.5 

3.681 

e 

o 2 

113 

3.433 

e 

ch 4 

137 

3.882 

e 

co 2 

190 

3.996 

e 


a A more complete table of force constants for the Lennard-Jones (6-12) potential 
is given in the Appendix in Table I-A. In the same table there are also given the 
force constants determined from the second virial coefficient. 
b H. L. Johnston and E. R. Grilly. J. Phys. Chem .. 46. 938 (1942). 
c Landolt-Bornstein, Physikalisch-Chemische Tabellen. 
d M. Trautz and R. Heberling. Ann. Physik (5). 20. 118 (1934). 
e H. L. Johnston and K. E. McCloskey. J. Phys. Chem., 44. 1038 (1940). 
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TABLE 8.4-2 

Comparison of Experimental and Calculated Viscosities 0 
[Lennard-Jones (6-12) Potential] 


i) x 10 7 in g cnr'sec -1 


T 

A 

Nc 

Ns 

ch 4 

mm 

CO, 

(°K) 

Exptl 

Calcd 





Exptl 

Calcd 

Expt' 

Calcd 

Exptl 

Calcd 

80 

688 

649 

m 

a 









100 

839 

814 

wm 

tmi 

698 

687 

403 

393 

768 

757 



120 

993 

979 


1665 

826 

820 

478 

472 

917 

910 



140 

1146 

1142 

1841 

1867 

948 

947 

560 

553 

1061 




160 

1298 

1300 

2026 

2054 

1068 

1070 

629 

630 

1202 




180 

1447 

1454 

2204 

2231 

1183 

1186 

703 

707 

1341 




200 

1594 

1601 

2376 

2396 

1295 

1296 

778 

780 

1476 

1474 1 

1015 

1014 

220 

1739 

1744 

2544 

2558 

1403 

1402 

850 

852 

1604 

1602 

1112 

1114 

240 

1878 

1882 

2708 

2713 

1505 

1503 

919 

921 

1728 

1726 


1212 

260 


2014 

2867 

2862 

1603 

1600 

986 

987 

1845 

1845 

1303 1 

1308 

280 

1sa 

2143 

3021 

3008 

1696 

1693 

1053 

1052 

1958 

1959 

1400 

1402 

300 

2270 

2269 

3173 

3149 

1786 

1785 

1116 

1116 

2071 

2070 

1495 

1495 

400 


2839 


3812 


2202 


1405 


2578 


1923 

500 


3347 


4383 


2570 


1661 


3031 


2309 

800 

4621 

4641 

5918 

5945 

3493 

3528 


2312 

4115 

4183 

3391 

3285 

1000 

5302 

5391 

6800 

6872 

4011 

4068 


2687 

4720 

4853 

3935 

3839 

1200 

5947 

6083 



4452 

4554 


3034 


5457 

4453 

4348 

1500 

6778 

6983 



5050 

5268 


3498 


6264 

5139 

5052 


° The force constants and the references to experimental data are given in Table 8.4-1. 


The two adjustable parameters in the Lennard-Jones potential may be 
obtained from viscosity data by a method similar to that used in § 3.6b 
for the analysis of the second virial coefficient data. The values of a 
and € may be determined from experimental viscosity measurements at 
two temperatures, 7\ and T 2 . The procedure is outlined as follows. 
First one defines a quantity k n by 



(8.4-3) 


Then, according to Eq. 8.2-19, c/* may be determined by trial and error 
solution of the equation: 



/ Q lfc ”*(T,*) \ ! f?{T* )\ 


(8.4-4) 


where T* — kTJt. As a first approximation to t/k we may use the 
value calculated from the boiling temperature or critical temperature 
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according to the relations given in § 4.1. Once the value of e/k has been 
determined, the collision diameter is obtained from 

2 _ 266.93 VMTJ^T*) ( 8 . 4 - 5 ) 

a “ MT,)X I0 7 ] £!«*•«*( V) 

in which T i is either T x or T v Slightly different sets of parameters are 
obtained from different choices of T x and T 2 because the Lcnnard-Jones 
(6-12) potential is an empirical function and does not give an exact 
description of the dependence of the intermolecular force on the separation 
between the molecules. To illustrate the determination of force constants 
from viscosity measurements, we give the following numerical examples. 

Illustrative Example 

Problem . The experimental viscosity data for Xe are given in Table 8.4-3. From 
these data obtain the parameters c and a for the Lcnnard-Jones (6-12) potential. Com¬ 
pare the values of the force constants so obtained with those obtained from the second 
virial coefficient in § 3.6b. (The critical temperature of Xc is 289.8 5 K.) 

Solution. If we let T x - 293°K, and T t = 500°K, the quantity k n defined in 
Eq. 8.4-3 is k n = 1.2370. Since (kT r /c) = 1.3, from T e - 289.8 K the first trial value 
is f/k - 223°K. The calculation of k,, from Eq. 8.4-4 for this and for successive 
choices of e/k is shown by the following tabulation: 


€/*(• K) 


n«». "*(Tf) 


D 

Q<«. 


k n 

223 

1.3139 

1.3923 

1.0001 

2.2422 

1.1312 

1.0019 

1.2330 

230 

1.2739 

1.4121 

1.0001 

2.1739 

1.1427 

1.0018 

1.2379 

@ 

1.2795 

1.4093 

1.0001 

2.1834 

1.1410 

1.0018 

1.2373 

228 

1.2851 

1.4065 

1.0001 

2.1930 

1.1393 

1.0018 

1.2366 


The best agreement of the calculated value with the experimental value of k,, is 
obtained for €/k = 229°K. Now o can be found from Eq. 8.4-5 for either T x or T t : 
o 2 = 16.440 and o = 4.055 A. From the second virial coefficient measurements of 
Xe of Beattie, Barriault, and Brierley, we find that o = 4.10 A and e/k = 221°K. 

There are given in Table I-A the force constants for a number of gases 
which do not fall under the category of spherical and non-polar molecules. 
It was possible to fit the experimental data for these substances with the 
theoretical results for the Lennard-Jones potential, inasmuch as the 
coefficient of viscosity is not too much affected by the internal degrees 
of freedom. It seemed worth while to tabulate the force constants for 
all these substances, simply for the purpose of providing a means for the 
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TABLE 8.4-3 

Experimental® and Calculated Values of tj(T ) for Xenon 



rj X 10 7 

rj x 10 7 

Temperature (“K) 

(Exptl) 
gem *sec 1 

(Calcd) 
g cm -1 sec -1 

289.7 

2235 

2236 

293 

2260 

2260 

400 

3009 

3016 

450 

3351 

3341 

500 

3652 

3653 

550 

3954 

3951 


a M. Trautz and R. Heberling, Ann Physik (5), 20, 118 (1934). 

extrapolation of the existing data into regions of higher or lower tempera¬ 
ture. It was found, however, that for certain gases the temperature- 
dependence of the viscosity is considerably different from that predicted 
by the Lennard-Jones potential. For such substances it is impossible 
to find parameters for the Lennard-Jones (6-12) potential. We now discuss 
these anomalous substances and indicate why their properties should 
exhibit such deviations: 10 

(i) Polar Molecules: H 2 0, NH 3 , HBr, HCN, HI, HgCl 2 

The energy of interaction of polar molecules is quite different from 
that of non-polar molecules, in that the potential function contains a 
strongly angular dependent term proportional to the inverse third power 
of the intermolecular separation. Hence it is not at all surprising that 
these molecules behave anomalously with respect to the Lennard-Jones 
(6-12) potential. 

(ii) Long Molecules: n-Heptane 

The transport properties and, in particular, viscosity are not very 
sensitive to the shape of the molecules. However, if the ratio of the 
length to the diameter becomes too great, all the physical properties are 
affected. Thus the temperature dependence of the viscosity of n-heptane 
is greater than would be expected for spherical molecules. 

(iii) Free Radicals or Molecules in Excited States 

As explained in Chapter 13, the valence unsaturated molecules behave 
quite differently from those compounds in which the total resultant 
electron spin is zero. For large separation, where there is essentially no 

10 L. Epstein and M. Marion, J. Phys. and Coll. Chem ., 57, 336 (1953), have succeeded 
in explaining the temperature dependence of the viscosity of mercury and the metal 
vapors in terms of Lennard-Jones (6-9) potentials. 
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overlap of the electronic wave functions for the two molecules, there is 
the usual inverse seventh-power van der Waals force of attraction. As 
the molecules come together the potential curve at small separations 
may assume various forms, depending upon whether the “collision 
complex” formed by the two molecules is in one of the repulsive or 
attractive states. These types of interaction are the result of the Pauli 
principle, which places certain restrictions upon the symmetry properties 
of the electronic and spin wave functions. From quantum mechanics 
we can calculate a priori the probability that the collision complex will be 
in a particular attractive or repulsive state. 

By way of elaboration we may consider the simplest case of two colliding 
hydrogen atoms. For large separations, the two atoms attract one 
another with an interaction potential proportional to 1/r 8 . As the two 
atoms come closer, the symmetry requirements of the total wave function 
allow the formation of either a *£ or a 3 £ state. The singlet (attractive) 
state corresponds to the usual homopolar binding and has force constants, 
o = 0.5° A and c/k = 51,000°K. One collision out of every four follows 
this potential curve. The triplet state corresponds to the first excited 
state of the hydrogen molecule (a state in which the molecules repel one 
another except at large separations) and has force constants, 11 o = 3.5 A 
and t/k = 3.8°K. Three out of every four collisions follow this potential. 

Inasmuch as the transport properties of these gases cannot be described 
by the Lennard-Jones (6-12) potential it is convenient to discuss them in 
terms of the results for simple potentials. In §8.3 it is shown that for 
molecules which repel each other according to an inverse power law, the 
coefficient of viscosity assumes the simple form: 

r\ = k"P (8.4-6) 

The constants k' and s (the “temperature index”) are determined by fitting 
the experimental data. Also, for molecules which obey the Sutherland 
model, it is shown that the viscosity is given approximately by 

r, = k s Vf/l I + (S/T)] (8.4-7) 

in which k s and S (the Sutherland constant) are adjustable parameters. 
The values of k' and s as well as k s and S are given in Table 8.4-4 for a 
number of substances for which it was impossible to find Lennard-Jones 
potential parameters. 

A better understanding of the formulae given in Eqs. 8.4-6 and 7 may 
be obtained by comparing them with the results for the Lennard-Jones 
potential. It is thus possible to obtain the variation of s and S with the 

11 Rough quantum mechanical calculation of J. O. Hirschfelder (unpublished). 
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reduced temperature, T*. The results of such a comparison are shown in 
Fig. 8.4-7. The wide variation of the “constants,” s and S, with tempera¬ 
ture certainly indicates that these simple formulae should not be used for 
more than interpolation over small ranges in temperature, particularly 
if force constants for the Lennard-Jones (6-12) potential are known for the 
gas under consideration. It is also clear that if S/T is greater than 1.1 
or if s is greater than 1.01, it is impossible to choose an e/k which can be 
used in the Lennard-Jones (6-12) potential. There are a number of such 
gases, some of which are listed in Table 8.4-4. 



c. The coefficient of viscosity for mixtures 

In order to calculate the viscosity of a binary mixture with Eq. 8.2-22 
it is necessary to know the force constants, € and <r, describing the inter¬ 
action between pairs of like molecules and pairs of unlike molecules. 
The forces between like molecules may be obtained from the experimental 
viscosity measurements of pure substances, and, in principle, it is possible 
to calculate the forces between the unlike pairs of molecules from the 
viscosity of a binary mixture. However, as in the determination of forces 
between dissimilar pairs from virial coefficients of mixtures, it is necessary 
to have extremely accurate data for both the pure components and their 
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TABLE 8.4-4 

Viscosity of Anomalous Gases 
t) x 10 7 = k r 
1 x 10 7 = k s T • /[I + (SIT)] 


Gas 

Tempera¬ 

ture 

Range 

(°K) 

k ' 

s 

* s 

S 

S/T 

(«> 

Reference 

for 

Viscosity 

Data 

h 2 o 

300-400 

2.039 

1.079 

140.2 


m 

b 


500-600 

1.227 

1.164 

235.8 

1051. 

tmfl 



600-700 

1.598 

1.123 

244.4 

1108. 

1.705 


nh 3 

300-400 

1.203 

1.181 

202.7 

740.7 

2.116 

b 


500-600 

2.576 

1.053 

189.4 

684.3 

1.244 



600-700 

5.207 

0.9427 

164.7 

518.7 

0.7980 


HI 

300-400 

6.889 

0.9837 

221.9 

312.9 

0.8940 

c 


400-500 

10.42 

0.9152 

229.4 

334.4 

0.7431 


HBr 

300-400 

5.004 

1.040 

245.3 

376.2 

1.075 

b 

HCN 

300-400 

0.7443 

1.215 

166.3 

836.2 

2.389 

b 


500-600 

1.131 

1.144 

185.4 

999.1 

1.817 


HgCI 2 

500-600 

1.521 

1.180 

351.6 

1191. 

2.165 

b 


600-700 

4.841 

1.000 

248.1 

656.5 

1.010 



750-850 

3.406 

1.057 

314.1 

982.8 

1.229 


/ 1 -C 7 H 16 

350-450 

2.163 

0.9789 

72.73 

363.2 

0.9080 

c 


450-550 

0.6715 

1.172 

133.1 

1022 . 

2.044 



° Sutherland constant divided by the temperature in the middle of the indicated 
temperature range. 

b H. Braune and R. Linke, Z. physik. Chem., A148 (1930) p. 195. 
c Landolt-Bornstein, Physikalisch-Chemische Tabellen. 

mixtures. The easiest and most accurate way to get force constants 
between unlike molecules is from the coefficient of diffusion as a function 
of temperature. Since practically no measurements of this sort have ever 
been made, it is customary to make use of the empirical “combining 
laws” which relate the force constants between unlike molecules to those 
between like molecules: 


G u = K*. 4- *,.) 
€ .. = \/€ |€ ,. 


( 8 . 4 - 8 ) 

(8.4-9) 
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These relations are discussed in § 3.6b in connection with the calculation 
of the second virial coefficient for mixtures. To indicate the sort of 
agreement which we can expect in calculating the viscosity of mixtures 
with these combining laws, a comparison between calculated and experi¬ 
mental results is given in Table 8.4-5 for two gas mixtures. A numerical 
example is given to illustrate how the calculations of the viscosities of 
binary mixtures are made. 


TABLE 8.4-5 

Viscosities of Binary Gas Mixtures'* 
tj x 10 7 g cm -1 sec -1 
Argon-Neon 


T(° K) 

%A 

0.0 

26.80 

60.91 

D 

100.0 

293.16 

Exptl 6 

Calcd 

3092 

3070 

2808 

2795 

2504 

2493 

2401 

2390 

2213 

2208 

373.16 

Exptl 

Calcd 

3623 

3566 

3313 

3281 

2990 

2963 

2885 

2853 

2693 

2660 

473.16 

Exptl 

Calcd 

4220 

4170 

3890 

3847 

3529 

3495 

3413 

3375 

3222 

3164 


Oxygen-Carbon Monoxide 


T(° K) 

%o 2 

0.0 

23.37 

42.01 

77.33 

100.0 

300.06 

Exptl e 

1776 

1841 

1900 

1998 

2057 


Calcd 

1771 

1840 

1896 

2003 

2073 

400.06 

Exptl 

2183 

2268 

2343 

2482 

2568 


Calcd 

2178 

2263 

2331 

2464 

2550 

500.06 

Exptl 

2548 

2650 

2741 

2908 

3017 


Calcd 

2539 

2638 

2717 

2871 

2972 


° Extensive comparisons of experimental and calculated results have been given by 
J. O. Hirschfelder, R. B. Bird, and E. L. Spotz, Chem. Rev., 44, 205 (1949). 

6 M. Trautz and H. E. Binkele, Ann. Physik (5) 5, 561 (1930). 

• M. Trautz and A. Melster, Ann. Physik (5), 7, 409 (1930). 
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Illustrative Example 

Problem. Calculate the viscosity of a mixture of 23.37 mole per cent N, and 76.63 
mole per cent CO at 226.9°C. 

Solution. From Table I-A the force constants for the pure substances may 
obtained. The force constants for the interaction between unlike pairs are obtainc 
from the empirical combining laws given in Eqs. 8.4-8. 9. The force constants needed 
in the calculation may be summarized thus: 

N,: a x = 3.681 A €,/* = 91.5°K 

CO: <x, = 3.706 A ejk «= 88.0°K 

N,-CO: <r„ = 3.694 A € lt /k = 89.7°K 

For T= 226.9°C = 500.1 °K the reduced temperatures are 7,* = 5.466, T t * = 5.683, 
7',,* = 5.575. From the tabulated functions for the Lennard-Jones (6-12) potential 
(Tables I-M and I-N) we find: 

n<2.2)*(5.466) = 0.9127 
n<2- 2 >*(5.683) = 0.9060 
nj2.2)*( 5 .575) = 0.9093 
a 12 *(5.575)= 1.102 


From these quantities the following rj's may be found: 

M« x 10’ = 2555 (Eq. 8.2-18) 

to.], x 10’ - 2539 (Eq. 8.2-18) 

to..), x 10’ - 2546 (Eq. 8.2-21) 

The concentration dependence of the viscosity of N,-CO mixtures at 226.9°C is then 
given by 

[’/mlxl, X 10’ 


16613x,« + 33214x l x, + 1661 l* t » 


6.5023x,* -f 13.0455*,*, + 6.5423*,’ 


For x, = 0.2337 and x, = 0.7663, it is found that tomixJi x 10’ = 2542 gem -1 see -1 . 
The experimental value given in Landolt-Bornstein, Physikalisch-Chemische Tabellen 
is tj x 10’ = 2550 g cm- 1 sec" 1 . 


Equation 8.2-25 is a formula for the coefficient of viscosity for a 
multicomponent mixture. In order to use this, we need the tables of 
and a* and also the force constants between all pairs of like and 
unlike molecules. A comparison of the calculated and experimental 
results for a ternary mixture is made in Table 8.4-6, where it may be seen 
that the agreement is within about 1 per cent. In Table 8.4-7 a further 
comparison is made for some industrial gas mixtures. The agreement 
in more than half the cases is excellent. For some of the mixtures 
discrepancies may be due to errors in the gas analysis. The calculated 
values for these multicomponent gas systems are accurate to within 
approximately 1 per cent. 
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TABLE 8.4-6 


Viscosity of a Ternary Gas Mixture 


7X°K) 

Composition in Volume 

Per Cent 

fah x 10 7 in g cm 1 sec -1 

Ne 

A 

He 

Calculated 0 

Experimental 6 

193 

MW 

26.70 

17.54 

2718 

2740 



32.13 

35.94 

2562 

2569 


21.66 

58.51 

19.83 

2429 

2411 


21.89 

23.82 

54.29 

2500 

2504 

373 

55.76 

26.70 

17.54 

3205 

3237 


31.93 

32.13 

35.94 

3025 

3044 


21.66 

58.51 

19.83 

2895 

2886 


21.89 

23.82 

54.29 

2938 

2957 

473 

55.76 

26.70 

17.54 

3752 

3790 


31.93 

32.13 

35.94 

3551 

3574 


21.66 

58.51 

19.83 

3425 

3415 


21.89 

23.82 

54.29 

3449 

3470 


° Calculated according to Eq. 8.2-25. 
b M. Trautz and K. F. Kipphan, Ann. Physik, 2, 746 (1929). 


Illustrative Example 

Problem. Compute the coefficient of viscosity for the ternary gaseous mixture 
50 per cent CH„ 35 per cent N„ and 15 per cent O t , at one atmosphere pressure and 
T = 380°K. Use both Eq. 8.2-25 and Eq. 8.2-30 and compare the results obtained 
by the two methods. 

Solutions, (a) In order to use Eq. 8.2-25 it is necessary to compute the 
elements H„ from Eqs. 8.2-26 and 27. To do this the six possible interactions between 
the three chemical species must be considered. The force constants needed for the 
calculations, the tabulated functions, and some of the intermediate calculations are 
shown in Table 8.4-8. This table illustrates how problems of this sort may be organized 
for computation. After the H„ have been computed the evaluation of the ratio of 

determinants gives x — 1762 g/cm sec. 

(b) The information contained in Table 8.4-8 may also be used to compute the 
viscosity according to Eq. 8.2-30, when the latter is rewritten in the form: 


^ x t 

- 1 toll + 


2.308 


' r,x k M k 
2, A,**(>/,*]! M, + M k 


(8.2-30a) 


**» 


in which for this problem v = 3. This formula gives l^mixli x 10i ~ 1731 g/cm sec. 
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TABLE 8.4-7 


Viscosities of Multicomponent Mixtures Industrial Gases 


Composition (Volume %) 

Temp. 

(°K) 



Ref. 

co 2 

B 

CO 

B 

CH, 

n 2 

Heavier 

Hydro¬ 

carbons 

Exptl 

Calcd° 

8.6 







293 

1756 

1761 

b 

13.3 

3.9 






293 

1749 

1765 

b 

6.2 

10.7 






293 

1793 

1789 

b 

10.4 


28.5 

1.6 




293 

1738 

1798 

b 

10.80 







300.5 

1827 

1792 

c 








524.5 

2715 

2661 









973 

4117 

4008 









1279 

4856 

4753 


6.70 

0.10 

7.80 





307.5 

1842 

1835 

c 








519 

2655 

2653 









975 

4048 

4019 









1285 

4808 

4783 


6.40 

3.00 

0.30 

0.70 


89.60 


314 

1904 

1856 

c 








518 

2706 

2644 









974.5 

4113 

4017 









1287 

4895 

4777 


6.0 

0.10 

25.70 

11.50 


56.70 


302 

1823 

1829 

c 








526 

2686 

2696 









976 

4041 

4042 









1283 

4777 

4821 




29.8 

3.9 

0.3 

55.4 


293 

1743 

1794 

b 

8.9 


30.7 

3.3 

0.4 

56.7 


293 

1747 

1797 

b 

8.7 


32.8 

1.5 

0.2 

56.8 


293 

1749 

1802 

b 

3.70 

0.30 

27.10 


1.60 

57.80 


300.5 

1815 

1816 

c 








565.5 

2819 

2823 









981 

4045 

4041 









1282 

4792 

4803 


1.7 


6.0 

57.5 

24.0 

7.8 

2.1 

293 

1262 

1254 

b 

2.1 

ED 

5.7 

53.0 

24.3 

uwm 

2.3 

293 

1304 

1290 

b 

2.0 

1.4 

4.6 

54.9 

23.5 

fTFl 

2.0 

293 

1310 

1398 

b 

3.3 


3.8 

51.3 

29.6 

TTool 

1.4 

293 

1332 

1269 

b 

2.2 

0.6 

4.1 

53.1 

29.5 

9.2 

1.3 

293 

1306 

1254 

b 

2.2 

1.0 

4.0 

52.3 

29.9 

9.4 

1.2 

293 

1307 

1261 

b 

2.5 

0.8 

14.9 

53.0 

18.1 

9.1 

1.6 

293 

1355 

1373 

b 

4.8 

0.3 

26.4 

17.2 

2.6 

48.2 

KIX 

293 

1714 

1743 

b 

3.5 

Ol 

27.3 

14.4 

3.7 

50.0 

0.8 

293 

1712 

1732 

b 

3.1 

i 

28.6 

17.7 

Ea 

45.0 

0.9 

293 

1715 

1719 

b 


° Calculated according to Eq. 8.2-25. 

6 F. Herning and L. Zipperer, Gas- und Wasserfaeh , 79, 49-54, 69-73 (1936). 
f Schmid, Gas- und Wasserfaeh , 85, 92 (1942). 
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d. The coefficient of thermal conductivity 
The coefficient of thermal conductivity for monatomic gases may be 
calculated from Eq. 8.2-31 in the first approximation and from Eq. 
8.2-32 in the third approximation. The correction factor, /i 3 \ is given 
for the Lennard-Jones (6-12) potential in Table I-P. If the parameters 
a and e are known, then [A] 3 may be readily computed. For the noble 
gases, a comparison of the values of the coefficient of thermal conductivity 
calculated using the force constants obtained from viscosity data (Table 
I-A) with some experimental values is made in Table 8.4-9. 


TABLE 8.4-9 

Thermal Conductivity of Monatomic Gases: Comparison of 
Experimental Values with Those Calculated for the Lennard- 

Jones (6-12) Potential 


A X 10 T in cal cm -1 sec -1 deg -1 


T 

He 

Nc 

A 

Kr 

Xc 

<°K) 

Calcd* 

Exptl* 

Calcd 

Exptl 

Calcd 

Exptl 

Calcd 




mm 

I 

1711 

2817 

3507 

4296 

5135 

5711 

1655 

2706 

3390* 

3406 

3438'* 

3510* 

4165 

4947 

5504 

498 

878 

1105 

1356 

1608 

1791 

489 

876 

f1092' 

imo 

1357 

1595 

1789 

137 

292 

392 

504 

619 

696 

141 

293 

f 385* 
{390* 
1*394 

506 

614 

685 

68 

148 

206 

273 

343 

390 

152 

/190' 

\208 

272 

340 

388 

40 

85 

120 

161 

204 

234 

91 

r 123 

\124' 

168 

208 

237 


a Calculated values are for [A], according to Eq. 8.2-32. Force constants used arc those 
listed in Table I-A from viscosity data. 

* Unless otherwise indicated the experimental values are those of W. G. Kannuluik and 
E. H. Carman, Proc. Phys. Soc. {London), 65B, 701-704 (1952). 

e H. L. Johnston and E. R. Grilly, J. Chent. Phys., 14. 233 (1946). 

* S. Weber, Ann. Physik (4), 54. 325 (1917). 

• B. G. Dickins, Proc. Roy. Soc. {London), A143. 517 (1934). 

1 Landolt-Bornstcin, Physikalisch-Chemische Tabellen. 

• T. L. Ibbs and A. A. Hirst, Proc. Roy. Soc. {London), A123, 134 (1929). 


For polyatomic gases, Eq. 8.2-33, which includes the factor (— ^ -f 

\15 R 5/ 

to take into account approximately the transfer of energy between trans¬ 
lational and internal degrees of freedom, offers the best means at present 
of computing [2]j. In Table 8.4-10 a comparison is given of experimental 
values of A for several polyatomic gases with values of [A], calculated 
from Eq. 8.2-33. The force constants used for the pure gases are from 

viscosity data. Also shown there are values of the factor (— — 4- 

\ 15 R ^ 5/' 





















574 


TRANSPORT PHENOMENA OF DILUTE GASES 


[§ 8.4] 


TABLE 8.4-10 


Thermal Conductivity of Polyatomic Gases: Comparison of 
Experimental Values with those Calculated for the Lennard- 
Jones (6-12) Model (with the Eucken Correction) 0 




X x 

10 7 

• 



T('K) 

(cal/cm 

sec °K) 

/ 4 C v 3\ 

Ref. to 

Gas 

(is-jf + s) 

Experimental 



Calcd 6 

Exptl 

X Data 

H, 

100 

1618 

1625 

1.057 c 

d 


200 

3053 

3064 

1.217* 

d 


273 

3878 

( 3965 | 

140401 

1.255 

C 


300 

4140 

4227 

1.1259 

d 

o* 

100 

224 

216 

1.267 

d 

200 

436 

438 

1.268 

d 


273 

568 

B8 

1.273 

[} 


300 

615 

635 

1.278 

d 

co. 

200 

235 

227 

1.370 

d 

273 

345 

(349) 

1360/ 

1.487 

t; 


300 

386 

398 

1.527 

d 

CH, 

100 

247 

254 

1.400 

d 


200 

493 

522 

1.407 

d 


273 

676 

( 734 | 

1720J 

1.460 

{} 


300 

741 

819 

1.479 

d 

NO 

150 

347 

321 

1.333 

d 


200 

445 

425 

1.310 

d 


273 

576 

567 

1.297 

d 


300 

619 

619 

1.293 

d 


° The values of C. needed for the calculation of the “Eucken correction factor’* 


y— ~ + - J were obtained from the National Bureau of Standards Tables, American 

Petroleum Institute Research Project No. 44, June 30, 1949 (Washington, D.C.) 

6 The calculated values are [A]^ uckcn , computed from Eq. 8.2-33. The force 
constants from viscosity data (Table 1-1) were used for the calculations. 

e The values of C. at 100’K and 200°K for H, are the values for a fixed ortho-para 
ratio of 3 :1, and are not values taken from the National Bureau of Standards Tables, 
ref. a, above. 

* H. L. Johnston and E. R. Grilly, J. Chem. Phys., 14, 233 (1946). 

• T. L. Ibbs and A. A. Hirst, Proc. Roy. Soc. (London), A123, 134 (1929). 

1 S. Weber, Ann. Physik. (4), 54, 437 (1917). 
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From these it can be seen that, if the heat capacity is known as a function 
of the temperature, reasonable approximations to the coefficient of thermal 
conductivity of polyatomic gases may be obtained, using Eq. 8.2-33. 
The following numerical example illustrates the calculation of the co¬ 
efficient of thermal conductivity for pure substances. 


Illustrative Example 

Problem. Calculate the coefficient of thermal conductivity at 273.16’K. of (a) pure 
argon and (b) pure hydrogen. 

Solution, (a) The force constants for argon are found in Table I-A to be: 

a = 3.418 A 


c/k = I24°K 

Then T* = 273.16/124 = 2.203. From the tabulated functions for the Lcnnard-Jones 
(6-12) potential (Tables I-M and I-P), we find: 

*'*(2.203) = 1.138 

/i«(2.203) - 1.003 

From Eq. 8.2-31, 32 we get then: 

[A], x 10’ = 393 cal/cm sec °K 


This compares favorably with the experimental values given in Table 8.4-9. 

(b) For H, the force constants are: 

o = 2.968 A 
e/k = 33.3°K 

Then T * = 273.16/33.3 = 8.203, for which we find from the tabulated functions: 

O'*. ***(8.203) = 0.8506 
We then calculate [AJ, from Eq. 8.2-31: 

IAJ, x I0 7 = 3090 cal/cm sec °K 


This has to be multiplied by the Eucken correction factor: 


1 £? , 3 1 _ [± i®!? 4 3 1 

15 R 5J L15 1.987 + sj 


1.255 


The final result is then: 

Mfucken x iqt _ 3878 ca | /cm ^ * K 
A comparison with experimental values is given in Table 8.4-10. 

The thermal conductivity of a mixture of two monatomic gases is given 
by Eq. 8.2-36. If force constants for the pure gases, obtained from 
viscosity data, are known, the combining laws, Eqs. 8.4-8 and 9, may 
be used to approximate the force constants between the unlike molecules. 



576 


TRANSPORT PHENOMENA OF DILUTE GASES 


[§ 8.4] 


In Table 8.4-11, the experimentally observed values of A for an argon- 
helium mixture are shown, along with the values calculated according to 
Eq. 8.2-36. Force constants are from viscosity data (Table I-A) and 
Eqs. 8.4-8 and 9. The agreement is reasonably good. Also shown there 
are the experimental values of the viscosity of the mixture and a tabulation 
15 R 

of the quantity — —— -— *7 cxp „. A comparison of the values 

4 3"|A7| t J‘2^'2 

of this quantity with the observed coefficients of thermal conductivity 
points up the fact that the thermal conductivity of a mixture is not simply 
proportional to the viscosity of that mixture. 

At present the best method for calculating the coefficient of thermal 
conductivity of binary mixtures of polyatomic gases is by means of Eq. 
8.2-40, that is, by calculating A mlx by means of the monatomic gas- 
mixture formula and multiplying by a correction factor. A second but 
less satisfactory method consists of multiplying the viscosity of the mixture 
by an appropriate factor according to Eq. 8.2-41. We compare the 
calculated results from these two methods with the experimental data in 
Table 8.4-11. 


TABLE 8.4-11 

Comparison of Calculated and Experimental A Values for 

Binary Gas Mixtures® 


Monatomic Gases 


Gas 
Mixture 
(Temp °K) 

Percent 

of 

Lighter 

Constit¬ 

uent 


A x 10 7 cal 
cm” 1 sec -1 deg” 1 

15 R w1A7 

Exptl 

Exptl 

Calcd 
acc to Eq 
8.2-36 

4 <* 1 M i + * 2 M 2 )’ ) "' , “ X10 

He-A 

0.0 

2089 5 

389 c 

391 

390 

(273.16) 

27.04 

2173 

742 

755 

536 


45.37 

2206 

1077 

1102 

695 


84.68 

2118 

2320 

2439 

1660 


94.61 

2017 

2939 

3046 

2530 


100.00 

1923 

3386 

3466 

3580 


a Force constants for all calculations are from Table I-A. 

6 M. Trautz and H. E. Binkele, Ann. Physik (5), 5, 561 (1930). 
* J. Wachsmith, Phys. Z., 9, 235 (1908). 
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TABLE 8.4-11 ( continued ) 


Polyatomic Gases 


Gas Mixture 
(Temp °K) 

Percent 
of Lighter 
Constituent 

TJ x 10 7 

gem -1 sec- 1 

X x 10 7 

cal cm -1 sec -1 deg -1 

Exptl 

Exptl 

Calcd acc 
to 

Eq. 8.2-40 

Calcd acc 
to 

Eq. 8.2-41 

h 2 -co 2 

0.0 

1369* 

360' 

360 

360 

(273.16) 

10.0 

1386 

510 

515 

427 


14.2 

1392 

570 

586 

461 


25.0 

1406 

770 

785 

565 


35.5 

1415 

1000 

1007 

701 


50.0 

1417 

1350 

1377 

977 


75.0 

1341 

2270 

2301 

1936 


90.1 

1163 

3150 

3191 

3154 


100.0 

854 

4040 

4040 

4040 

h 2 -co 

0.0 

1706 / 

530' 

530 

530 

(273.16) 

16.3 

1715 

800 

770 

690 


27.2 

1649 

1030 

965 

805 


56.6 

1538 

1800 

1701 

1425 


63.4 

1488 

2090 

1934 

1656 


79.4 

1303 

2700 

2633 

• 2416 


100.0 

853 

4040 

4040 

4040 

h 2 -n 2 

0.0 

I688 r 

550' 

550 

550 

(273.16) 

15.9 

1670 

800 

786 

698 


39.0 

1600 

1270 

1241 

1028 


65.2 

1449 

1940 

2023 

1753 


79.5 

1285 

2520 

2655 

2449 


80.3 

1274 

2570 

2996 

2498 


100.0 

853 

4040 

4040 

4040 

h 2 -n 2 o 

0.0 


380' 

380 

380 

(273.16) 

7.5 

SE29! 


502 

430 


20.9 

1379 

710 

745 

545 


38.6 

1388 

1070 

1131 

775 


59.9 

1369 

1700 

1748 

1282 


81.2 

1273 

2720 

2671 

2397 

1 

100.0 

854 

4040 

4040 

4040 


a M. Trautz and F. Kurz, Ann. Physik (5), 9, 981 (1931). 

• T. L. Ibbs and A. A. Hirst, Proc. Roy. Soc. (London), A123, 134 (1929). 

1 A. van Itterbeek, O. van Paemel, and J. van Lierde, Physica , 13, 88 (1947). 
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Gas Mixture 
(Temp °K) 

Percent 
of Lighter 
Constituent 

rj x 10 7 
gem -1 sec -1 

A x 10 7 

cal cm -1 sec - 

1 deg- 1 

Exptl 

Exptl 

Calcd acc 
to 

Eq. 8.2-40 

Calcd acc 
to 

Eq. 8.2-41 

h 2 -o 2 

0.0 

2045' 

625* 

625 

625 

(295) 

3.36 

2044 

651 

676 

657 


25.0 

1994 

1112 

1060 

920 


50.0 

1855 

1827 

1675 

1441 


75.0 

1588 

2749 

2606 

2496 


94.74 

1088 

3744 

3765 

3850 


100.0 

887 

4180 

4180 

4180 

h 2 -a 

0.0 

2135* 

390* 

390 

390 

(273.16) 

9.0 

2126 

550 

509 

451 


18.0 

2111 

730 

647 

527 


40.0 

2020 

1260 

1087 

802 


60.0 

1863 

1870 

1676 

1272 


80.2 

1480 

2700 

2588 

2148 


100.0 

854 

4040 

4040 

4040 

n 2 -a 

0.0 

2089* 

385* 

385 

385 

(273.16) • 

20.38 

2937 

417 

440 

605 


35.87 

3064 

444 

476 

690 


61.08 

3043 

490 

524 

798 


78.04 

2863 

524 

547 

839 


100.00 

1659 

566 

566 

566 


* A. Wassiljewa, Phys. Z., 5. 737 (1904). 

* Landolt-Bomstein, Physikalisch-Chemische Tabellen. 

* The values of the viscosity of the N,-A mixtures were calculated by Eq. 8.2-22. 

' S. Weber, Ann. Physik (4), 54, 325 (1917). 

e. The coefficient of diffusion 12 

To calculate the coefficient of diffusion & xz for a pair of gases from 
Eq. 8.2-44 the force constants o l2 and c l2 between the unlike pairs of 
molecules in the gas must be known. At the present time, the best 
approximation to these quantities is given by the combining laws, Eqs. 
8.4-8 and 9. In Table 8.4-12 a comparison is made between calculated 

18 A complete discussion of the present experimental and theoretical knowledge of 
ordinary and thermal diffusion in many types of gaseous and liquid systems is given by 
W. Jost, Diffusion in Solids, Liquids, and Gases, New York, Academic Press, 1952. 
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TABLE 8.4-12 

Comparison of Calculated and Observed Diffusion Coefficients 


Note. The <r„ and e„//c listed here were calculated, using the combining laws of Eqs. 
8.4-8 and 9, and the force constants for the pure components were obtained from 
experimental viscosity data. Equation 8.2-44 was used for the calculation of the 


Gas Pair 

(A) 

(°K) 


Calculated 

l*«J. 

(cm* see- 1 ) 

Experimental 

(cm* sec' 1 ) 

Ref. for 
Experimental 
Data 

A-He 

3.059 

21.3 

pa 

0.653 

\m*’m 

a 

A-H, 

3.193 

64.3 


0.770 


b 

A-N, 

3.550 

106 

293.2 

0.188 


b 

A-O, 

3.426 

118 

293.2 

0.188 


b 

A-CO, 

3.707 

153 

293.2 

0.136 

0.14 

b 

N.-H, 

3.325 

55.2 

273.2 

0.656 


a 




288.2 

0.718 


c 




293.2 

0.739 


b 

N,-O t 

3.557 

102 

273.2 

0.175 

fdtJttlll 

a 




293.2 

0.199 


b 

Nj-CO 

3.636 

100 

273.2 

0.174 


a 

N.-CO, 

3.839 

132 

273.2 

0.130 

0.144 

a 




288.2 

0.143 

0.158 

c 




293.2 

0.147 

0.16 

b 




298.2 

0.152 

0.165 

d 

N|-C t H 4 

3.957 

137 

298.2 

0.156 

0.163 

d 

N|-CjH 4 


145 

298.2 

0.144 

0.148 

d 

Ng-flC 4 H l0 

4.339 

194 

298.2 

0.0986 


d 

N,-/jo-C 4 H, 0 

4.511 

169 

298.2 

0.0970 

0.0908 

d 

N,-c/x-butene-2 

4.467 

188 

298.2 

0.0947 

0.095 

d 

H,-O t 

3.201 

61.4 

P£l 

0.689 

MPBfga 

a 

H.-CO 

3.279 

60.6 


0.661 


a 

Hj-COj 

3.482 

79.5 

273.2 

0.544 

? mil ■ ■ 

a 




288.2 

0.597 


c 




293.2 

0.616 


b 




298.2 

0.634 

0.646 

d 

H*-N|0 


85.6 

273.2 

0.552 

0.535 

a 

H.-SF. 


89.1* 

298.2 

0.473 

0.420 

d 

Hj-CH 4 

3.425 

67.4 

273.2 

0.607 

0.625 

a 




298.2 

0.705 

0.726 

d 

H r C 2 H 4 

3.600 

82.6 

298.2 

0.595 

0.602 

d 

HfCjH* 

3.693 

87.5 

298.2 

0.556 

0.537 

d 

H l -c/.t-butene-2 

4.111' 

113-' 

298.2 

0.413 

0.378 

d 

CO-O, 

3.512 

112 

273.2 



a 

co 2 -o g 

3.715 

147 

273.2 

M'lWW 

Kiln 

a 




293.2 


0.16 

b 

CO,-CO 

3.793 

145 

273.2 

0.128 

0.137 

a 

CO.-NgO 



273.2 

0.092 

0.096 

a 

COj-CH 4 


m 

273.2 

0.138 

0.153 

a 


° S- Chapman and T. G. Cowling, Mathematical Theory of Non-uniform Gases, Cambridge 
University Press (1939). 

b L. E. Boardman and N. E. Wild, Proc. Roy. Soc. {London), A162. 511 (1937). 

* L. Waldman, Naturwissenschaften, 32, 223 (1944). 

d C. A. Boyd, N. Stein, V. Stcingrimsson. and W. F. Rumpel./. Chem. Phys., 19, 548 (1951). 

• Force constants of pure SF # estimated from critical data. 

1 Force constants of pure cis-butene-2 estimated from boiling point and second virial 
coefficient. 
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diffusion coefficients and the corresponding experimental quantities. 
The agreement is generally quite satisfactory inasmuch as the combining 
laws have been used to approximate force constants and, furthermore, 
since the calculated values are for the first approximation only. 

In order to calculate the second approximation to the diffusion co¬ 
efficient, Eq. 8.2-45 must be used. For the Lennard-Jones potential 
the second approximation differs from the first by not more than 3 per 
cent for most gas pairs. In the second approximation the diffusion 
coefficient depends slightly on the concentration (see Appendix A of this 
chapter), but there are no experimental data sufficiently accurate to 
examine this concentration dependence. 

In the first approximation to the coefficient of diffusion it is only the 
forces between unlike molecules which occur. This means that the 
coefficient of diffusion as a function of temperature affords the best 
method for obtaining the force constans a 12 and e 12 characteristic of the 
interaction between unlike molecules. At the present time, unfortunately, 
such experimental data are not available. As soon as measurements of 
this type are made, the experiments may be analyzed to obtain the force 
law between unlike molecules in a manner very similar to that described 
in § 8.4b for obtaining the force law between like molecules from viscosity. 

Illustrative Example 

Problem. Calculate the coefficient of diffusion for the gas-pair Nc-Xc at 320°K 
and 2 atm, using the formula for the first approximation to S „. 

Solution. From Table 1-A we find (letting neon be component I) that € x /k — 35.7°K, 
a x = 2.789 A, and € t lk *= 229 K. o t - 4.055 A. From Eqs. 8.4-8 and 9 we obtain 
€ xt /k = 90.42 K and o xt = 3.422 A. For the temperature T = 320'K, T xt * = 3.539. 
The molecular weights arc M x = 20.183, Af, =* 131.30. From Table I-M, wc obtain 
n \\ 1 '*(3.539) 0.9096. The first approximation to S computed from Eq. 8.2-44, 

is 0.119 cm 1 sec- 1 . 

The coefficient of self-diffusion S may be calculated from Eq. 8.2-46 
and the force constants o and c between a pair of like molecules. In 
Table 8.4-13 we compare the experimental self-diffusion constants with 
the values calculated from Eq. 8.2-46 and the force constants between 
like molecules determined from experimental viscosity measurements. 
In almost all cases the agreement is quite good. This is an excellent 
illustration of how the force constants determined from one property may 
be used to calculate another property. In Fig. 8.4-8 is shown a plot of 
the calculated curve of log S *p*T*~* ,z against log T* along with the 
experimental points for several substances. The correction factor 
f < ^ ) given in Eq. 8.2-47 for the higher approximations to S is tabulated 
in Table I-P. 
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TABLE 8.4-13 


Comparison of Calculated and Observed Self-diffusion 
Coefficients at 1 Atm. 


Gas 

T(°K) 

(cm 2 sec -1 ) 
a 

Experimental & 
(cm 2 sec -1 ) 

Ref. for 
Experimental 
Data 

Ne 

353.2 

0.669 

0.703 ± 0.005 

b 


273.2 


0*452 ± 0.003 

b 


77.7 

0.0491 

0.0492 ± 0.0004 

b 

A 

353.2 

0.245 

0.249 ± 0.003 

b 


273.2 

0.154 

1 0.156 ±0.002 

b 


273.2 

0.154 

10.158 ±0.002 

c 


77.7 

0.0133 

0.0134 ±0.0002 

b 

Kr 

293. 

0.093 

0.093 ± 0.0045 

d 

Xc 

300.5 

0.0571 

0.0576 ±0.0009 

e 

h 2 

273. 

1.243 

1.285 ±0.002 

f 


85. 

0.167 

0.172 ±0.008 

f 


20.4 

0.0104 

0.00816 ± 0.0002 

! 

n 2 

353.2 

0.273 

0.287 ± 0.009 

b 


273.2 

0.174 

(0.185 ±0.006 

b 


273.2 

0.174 

10.172 ± 0.002 

g 


77.7 

0.0161 

0.0168 ±0.0003 

b 

o 2 

353.2 

0.279 

0.301 ± 0.004 

b 


273.2 

0.176 

j0.187 ± 0.003 

b 


273.2 

0.176 

(0.175 ± 0.001 

g 


77.7 

0.0154 

0.0153 ± 0.0002 

b 

ch 4 

353.2 

0.293 

0.318 ±0.006 

b 


273.2 

0.183 

0.206 ± 0.005 

b 


90.2 

0.0187 

0.0266 ± 0.0023 

b 

co 2 

362.6 

0.157 

0.1644 

h 


312.8 

0.119 

0.1248 

h 


273.2 

0.0920 

0.0970 

h 


194.8 

0.0474 

0.0516 

h 

HC1 

295. 

0.127 

0.1246 

i 


0 Calculated according to Eq. 8.2-46. with force constants obtained from viscosity data. 
6 E. B. Winn. Phys. Rev., 80. 1024 (1950). 
e F. Hutchinson. J. Chem. Phys., 17. 1081 (1949). 
d W. Groth and P. Harteck, Z. Elekirochem., 47. 167 (1941). 

• S. Visner. Rept. K-688 (May. 1951) of K-25 Plant. Carbide and Carbon Chemicals Co. 

1 P. Harteck and H. W. Schmidt, Z. Physik. Chem., 2IB, 447 (1933). 

9 E. R. S. Winter. Trans . Faraday Soc., 47. 342 (1951). 

* I. Amdur, J. W. Irvine. Jr.. E. A. Mason, and J. Ross, J. Chem. Phys., 20, 436 (1952). 

‘ H. Braune and F. Zehle, Z. Physik. Chem., 49B, 247 (1941). 
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It would also be possible to analyze data on self-diffusion as a 
function of temperature to obtain the force constants. At the present 
time, however, viscosity measurements are more readily obtainable and 
somewhat more accurate. 



Fig. 8.4-8. The coefficient of self-diffusion in reduced units, == -Vm/e. The 

— a 

solid curve is the calculated curve: & - (3/8 Vn) (I/O' 1 * 1 **). The plotted 

points are the experimental values in reduced units. The references to the experimental 

data are given in Table 8.4-13. 

f. The thermal diffusion ratio 

The formulae for calculating the thermal diffusion ratio in the first 
approximation are given in Eq. 8.2-50, and the same equations written 
for heavy isotopic thermal diffusion are given in Eq. 8.2-51. The quantity, 
k T * t defined in Eq. 8.1-17, and given for heavy isotopes in Eq. 8.2-52, is 
tabulated as a function of T * in Table I-Q. Calculations have not been 
made for the Lennard-Jones potential for the second approximation to 
the thermal diffusion. Even in the first approximation, the thermal 
diffusion is a complicated function of the concentrations and the tempera¬ 
ture and depends on the forces between like and unlike pairs of molecules. 
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When 6c* — 5 is zero there is an inversion in the sign of the thermal 
diffusion ratio. For the Lennard-Jones (6-12) potential it may be seen 
from Table I-N that there is a temperature inversion at T* = 0.4 and 
also at T* = 0.95. The latter inversion has been recently observed in 
the thermal diffusion of H 2 -D 2 mixtures. 13 

A comparison of some experimental k T values with the values calculated 
by the Lennard-Jones (6-12) potential is given in Table 8.4-14. The 
agreement is not so good as is obtained for the other transport properties. 
This probably results from neglecting the higher approximations to k T , 
and also from the uncertainty in our knowledge of the forces between the 
unlike molecules in the gas. In Tables 8.4-15, 16 similar comparisons 
are made for isotopic thermal diffusion. There the agreement appears 
to be somwhat better, probably because of the fact that the two inter- 
diffusing species obey the same force law. 

Thermal diffusion data can be used in conjunction with ordinary 
diffusion data to determine a l2 and c 12 in the Lennard-Jones (6-12) 
potential which describes the interaction of a pair of dissimilar molecules. 
This method has been applied by Srivastava and Madan, 14 and the force 
constants which they obtained for five molecule pairs are given in Table 
8.4-17. These parameters are compared with those values obtained by 
means of the empirical combining laws given in Eqs. 8.4-8 and 9. The 
rather good agreement serves as additional justification for the use of 
these combining laws. 

Illustrative Example 

Problem. A two-bulb thermal diffusion experiment is performed on a gaseous 
mixture containing 35.6 per cent H, and 64.4 per cent Ne. 

Calculate the change in concentration produced when one bulb is maintained at 
290.4°K and the other at 90.2’K. 

Solution. The change in concentration may be obtained from Eq. 8.1-16 or it 
may be calculated by integrating Eq. 8.1-15 numerically. Both methods arc given here. 

(a) According to Eq. 8.1-15, 

" kj{f) In (T'lT) 

in which 7* is a mean temperature which can be approximated by 

- TT' T' 

T = —-"In — 


19 A. de Troyer, A. van Itterbeek, and A. O. Rietveld, Physica, 17, 938 (1951). 

14 B. N. Srivastava and M. P. Madan, Proc. Phys. Soc., 66,27B (1953). Their values 
of the force constants may be somewhat in error because of the neglect of the second 
approximation to the thermal diffusion ratio, the expression for which is given in 
Appendix A of this chapter. 
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TABLE 8.4-14 


Comparison of Experimental k T Values with those Calculated 
for the Lennard-Jones (6-12) Potential" 


Gas Pair 

Per Cent of 
Lighter 
Constituent 

k T x 

10 2 

7TK) 

Ref. for 
Experimental 
Data 

Exptl 

O 

He-Ne 

53.8 

7.65 

8.15 

205 

d 


53.8 

7.82 

8.28 

330 

d 


53.8 

7.83 

8.39 

365 

d 


20 

5.31 

4.53 

330 

e 


30 

7.24 

6.21 

330 

e 


40 

8.64 

7.45 

330 

e 


50 

9.70 

8.15 

330 

e 


60 

10.04 

8.26 

330 

e 

He-A 

51.2 

9.10 

9.44 

179 

d 


51.2 

9.20 

9.57 

205 

d 


51.2 

9.56 

9.61 

365 

d 


10 

2.50 

2.59 

330 

e 


20 

4.76 

4.94 

330 

e 


30 

6.60 

6.98 

330 

e 


40 

8.10 

8.93 

330 

e 


50 

9.31 

9.79 

330 

e 

He-H 2 

22.2 

2.39 

1.98 

46 

f 


81 

2.03 

2.38 

118 

g 


81 

1.79 

2.31 

358 

g 


50 

4.81 

3.74 

330 

h 


60 

4.42 

3.56 

330 

h 


70 

3.50 

3.08 

330 

h 


80 

2.84 

2.31 

330 

h 


90 

1.32 

1.29 

330 

h 

Hc-N 2 

34.5 

7.42 

7.12 

145 

i 


53.1 

9.42 

9.23 

145 

i 


34.5 

8.31 

7.65 

261 

t 

i 


53.1 

10.7 

9.92 

261 

i 

A-Ne 

51.2 

3.50 

3.47 

179 

d 


51.2 

3.80 

3.85 

205 

d 


51.2 

4.15 

4.25 

261 

d 


51.2 

4.77 

4.90 

406 

d 


20 

2.33 

2.57 

324 

e 


30 

3.39 

3.53 

324 

e 


40 

4.07 

4.24 

324 

e 


50 

4.57 

4.63 

324 

e 


60 

4.67 

4.68 

324 

e 
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TABLE 8.4-14 (i continued) 


Gas Pair 

Per Cent of 
Lighter 
Constituent 

Exptl 

< 10 2 

Calcd' 

7T'K) 

Ref. for 

Experimental 

Data 

A-H, 

47 

5.14 

5.89 

167 

j 

* 

55.6 

5.73 

6.25 

167 

j 


47 

6.35 

7.71 

258 

j 


55.6 

7.12 

8.17 

258 

j 

a-n 2 

46 

1.01 

0.624 

157 

j 

62.5 

0.842 

0.596 

157 

j 


70 

0.83 

0.536 

157 

j 


46 

1.82 

1.32 

252 

j 


62.5 

1.70 

1.28 

252 

j 


70 

1.53 

1.16 

252 

j 

h 2 -n 2 

29.4 

3.95 

3.97 

143 

9 

j 


42.0 

5.21 


143 

i 


77.5 

4.84 

4.44 

143 

i 


29.4 

5.48 

5.90 

264 

j 


42.0 

7.49 

7.37 

264 

j 


77.5 

6.63 

6.36 

264 

j 

H 2 -CO 

24 

3.76 

3.21 

142 

j 

53 

5.83 

5.08 

142 

j 


24 

4.45 

4.81 

246 

j 


53 

7.38 

7.66 

246 

j 

h 2 -co 2 

53 

6.89 

8.39 

300 

k 

53 

8.99 

9.60 

- . 

370 

k 


- This table is taken from E. R. S Winter, Trans, of Faraday Soc., 46, Part 2, 81 (1950). 

* T = _ 7 -j In where T and T' are the temperatures of the cold and 

hot bulb, respectively. See § 8.1a. 

* The calculated value is [Ar T ]„ according to Eq. 8.2-50. 

A K. E. Grew, Proc. Roy. Soc. {London), A189, 402 (1947). 

- B. E. Atkins, R. E. Bastick.and T. L. Ibbs, Proc. Roy. Soc.{London ), A172,142(1939). 
1 A. van Itterbeek, O. van Paemel, and J. van Lierde, Physica, 13, 231 (1947). 

* B. F. Murphey, Phys. Rev., 72, 834 (1947). 

* H. R. Heath, T. L. Ibbs, and N. E. Wild, Proc. Roy. Soc. {London), A178, 380 (1941). 
1 T. L. Ibbs and K. E. Grew, ibid., 43, 142 (1931). 

1 T. L. Ibbs, K. E. Grew and A. A. Hirst, Proc. Roy. Soc. {London), 41, 456 (1929). 

* R. E. Bastick, H. R. Heath,andT. L. Ibbs, Proc. Roy. Soc.{London), A173,543 (1939). 
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TABLE 8.4-15 

Concentration Dependence of k r in Isotopic Thermal Diffusion 
of Hydrogen-Deuterium Mixtures at T = 327°K 


%H 2 

k T x 10 2 

Expth 

Calcd 

10 

1.45 

1.48 

20 

2.65 

2.66 

30 

3.56 

3.54 

40 

4.16 

4.12 

50 

4.32 

4.34 

60 

4.16 

4.22 

70 

3.62 

3.76 

80 

2.81 

2.91 

90 

1.66 

1.67 


• Heath, Ibbs, and Wild, Proc. Roy. Soc. ( London), AI78, 380 (1941). 


For this problem T - 90.2’K, T‘ = 290.4°K, and hence the mean temperature is 
?- I53°K. The first part of the calculation may be organized as shown in Table 8.4-18. 
We can then calculate k T (f) from Eq. 8.2-50. The intermediate results are 

X x + Yx - 3.030 x I0 > 

S'" - -15.94 
S'" = 12.75 

and the thermal diffusion ratio is 

kji?) = -0.0607 

Then 

At, = x,(n - x,(D = -0.0710 
is the difference in concentration of H, in the two bulbs. 

To be somewhat more correct we should integrate Eq. 8.1-15 numerically. First of all 
we have to compute k T over the temperature range from T = 90.2°K to T' = 290.2°K. 
This may be done by the method just given, and the results are 


7TK) 

kfj> 

90.2 

-0.0444 

115.2 

-0.0532 

140.2 

-0.0589 

165.2 

-0.0626 

190.2 

-0.0653 

215.2 

-0.0672 

240.2 

-0.0685 

265.2 

-0.0694 

290.2 

-0.0699 
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The integral of (k T /T) over T may be performed by numerical means. When the 
integration is performed according to Simpson’s rule” it «s found that Ax, - 
The experimental value of A. van Itterbeek, O. van Paemel, and J. van Lierdc [Phystca, 
13, 231 (1947)] is Ax, = -0.069. 


TABLE 8.4-16 

Temperature Dependence of Isotopic Thermal Diffusion*- b 


k>p* — (At y)/ (k 2»)rlc. spit. 


Gas Pair 

% of 
Lighter 
Isotope 

k. 

r* 

T 

CK) 

Refs, for 
Experimental 
Data 

Exptl 

a 

Nc^-Ne 22 

90 



129 

d 



hUEUI 


238 




0.713 


432 




0.816 


712 


A 36. A 4° 

0.307 

0.0673 

0.030 

129 

d 



0.151 

0.096 

154 




0.312 


300 




0.466 


555 




0.534 

0.572 

720 


o 16 o , 6 -o I 6 o 18 

97.5 


0.371 

284 

c 




0.468 

386 




bl 

0.499 

443 



* This table is taken from E. R. S. Winter, Trans. Faraday Soc., 46, 81 (1950). 

* T is defined in § 8.1a. See Table 8.4-14. 

* k T * is calculated from Table I-Q for various values of T • = kT/€. 

4 L. G. Slier, Phys. Rev., 62, 548 (1942). 

4 E. Whallcy and E. R. S. Winter, Trans. Faraday Soc., 45, 1091 (1949). 


Illustrative Example 

Problem. Calculate k T * for the isotopic thermal diffusion of A 3 ‘ and A 40 at a 
temperature of 300°K. 

Solution. According to Table I-A, e/k = 124 C K for argon. Hence at T = 300°K, 
7* = 300/124 = 2.42. From Table I-Q it can be found that, for the Lennard-Joncs 
(6-12) potential, * r *(2.42) is 0.359. 


15 For numerical methods of integration see, for example, W. E. Milne, Numerical 
Calculus, Princeton University Press (1949). 
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TABLE 8.4-17 

Force Constants Determined from Thermal Diffusion and 
Ordinary Diffusion Data 



«!*/* (°K) 

°12 1 

(A) 

Exptl 

Geom. 

Mean 

Exptl 

Arith. 

Mean 

He-A 

26.65 

27.45 

3.04 

3.06 

h 2 -a 

56.41 

64.47 

3.24 

3.20 

h 2 -n 2 

46.53 

53.86 

3.34 

3.33 

h 2 -o 2 

59.81 

60.67 

3.19 

3.21 

h 2 -co 

52.02 

57.55 

3.36- 

3.31 


TABLE 8.4-18 

Calculation of Concentration Change in Thermal Diffusion 
Components Mole Fractions Molecular Weights 

1 = H 2 x x = 0.356 M x = 2.016 

2= Ne x 2 = 0.644 M 2 = 20.18 


f 

1 

2 

1 

f 

J 

1 

2 

2 

■>„(A) 

2.968 n 

2.789“ 

2.878 6 

t„lk (°K) 

33.3° 

35.7° 

34.5 6 

V 

4.595 

4.286 

4.435 


0.9424 c 

0.9560 

0.9492 

•V 

• • • 

1.099* 

• • • 

B,f 

... 

1.093 d 

• • • 

c„* 

• • • 

0.928 d 

• • • 

x 10’ 

2087' 

737' 

1634' 

(cal/cm sec C K) 





From Tabic I-A. 

Calculated from Eqs. 8.4-8 and 9. 
From Tabic I-M. 


4 From Tabic I-N. 

• Calculated from Eq. 8.2-31. 
' Calculated from Eq. 8.2-35. 
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5. Comparison of the Results of Transport Coefficient Calculations for 
Several Spherical Non-polar Potential Functions 

In the two preceding sections we have discussed the calculation of the 
transport coefficients for various molecular models. Calculations for 
the simpler potentials, including the rigid elastic spheres, point centers of 
repulsion, the Sutherland model, and the square well are discussed in 
§ 8.3. § 8.4 is given over to the calculations for the Lennard-Jones 
(6-12) potential. In this section we compare the results of the calculations 
for these potential functions (with the exception of point centers of 
repulsion) with the experimental data for the coefficient of viscosity and 
the coefficient of self-diffusion. The comparison which is made here is 
analogous to that given for the second virial coefficient in § 3.9. 

The experimental 1 * " 3 and theoretical values of iy/7' ,/ * are summarized for 
neon, argon, nitrogen, and carbon dioxide in Figs. 8.5-1, 2, 3, 4. The 
theoretical results are calculated from Eqs. 8.2-18 and 19. The figures 
in the insets show the potential functions obtained from the experimental 
viscosity data. Here it can be seen that the temperature dependence of 
rj/T' 1 * is best reproduced by the Lennard-Jones (6-12) potential. The data 
of Trautz and coworkers are at considerably higher temperatures than 
those of Johnston and coworkers. Consequently, somewhat different 
force constants are obtained from an analysis of the two sets of data. 
Nevertheless, the potential functions from either set of data adequately 
reproduce the temperature dependence over the entire range for which 
experimental values are known. On the other hand, for the Sutherland 
potential good agreement with experiment is obtained for only a com¬ 
paratively small temperature range. This is shown clearly in Figs. 
8.5-1 and 3. For this reason, the Sutherland model should not be used 
for extensive extrapolations. Fairly good agreement is obtained between 
observed values and the values calculated for the square-well potential 
throughout the range for which the collision integrals have been evaluated 
for this potential. This is partly due to the fact that this potential has 
three adjustable parameters. 


1 H. L. Johnston and K. E. McCloskey, J. Phys. Chem. t 44. 1038 (1939) (Ne, A). 
H. L. Johnston and E. R. Grilly, J. Phys. Chem ., 46. 948 (1942) (N,. CO,). 

* M. Trautz Snd H. E. Binkele, Ann. Physik (5). 5, 561 (1930) (Ne. A). M. Trautz 
and R. Zink, Ann. Physik (5), 7, 427 (1930) (Ne. A, N„ CO,). M. Trautz and H. 
Zimmerman, Ann. Physik (5), 22. 189 (1935) (Ne). M. Trautz and P. B. Baumann, 
Ann. Physik (5). 2, 733 (1929) (N,). M. Trautz and A. Melster, Ann. Physik (5). 7, 
409 (1930) (N,). M. Trautz and F. Kurz, Ann. Physik (5). 9, 981 (1931) (CO,). 

3 V. Vasilesco, Ann. Phys. (Paris) (II), 20, 292 (1945) (CO,). 
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Fig. 8.5-1. The coefficient of viscosity of neon as calculated for several molecular 
models. The experimental data are those of H. L. Johnston and E. R. Grilly, J. Phys. 
Chem., 46, 938 (1942); M. Trautz and H. E. Binkele, Ann. Physik (5), 5, 561 (1930); 
M. Trautz, A. Melster, and R. Zink, ibid., 7.409 (1930); M. Trautz and H. Zimmerman, 

ibid., 22, 189 (1935). 
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Fig. 8.5-2. The coefficient of viscosity of argon as calculated for several molecular 
models. The'experimental data are those of H. L. Johnston and E. R. Grilly, J. Phys. 
Chem. t 46, 938 (1942); M. Trautz and H. E. Binkele, Ann. Physik (5), 5, 561 (1930); 
M. Trautz, A. Melster, and R. Zink, ibid., 7, 409 (1930). 
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Fig. 8.5-3. The coefficient of viscosity of nitrogen as calculated for several molecular 
models. The experimental data are those of H. L. Johnston and K. E. McCloskey, 
J. Phys. Chem., 44. 1038 (1940); M. Trautz and P. B. Baumann. Ann. Physik (5), 2. 
733 (1929); M. Trautz. A. Melster, and R. Zink, ibid., 7, 409 (1930). 
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Fig. 8.5-4. The coefficient of viscosity of carbon dioxide as calculated for several 
molecular models. The experimental data are those of H. L. Johnston and K. E. 
McCloskey, J. Phys. Chem., 44, 1038 (1940); M. Trautz, A. Melster, and R. Zink, 
Ann. Physik (5), 7,409 (1930); M. Trautz and F. Kurz,/6/t/.,9,981 (1931); V. Vasilesco, 
Ann. Phys. (Paris), Series 11, 20, 292 (1945). 
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Fig. 8.5-5. The coefficient of self-diffusion for neon as calculated for several molecular 
models. The experimental data are those of W. Groth and E. Sussner, Z. Physik. 
Chem., 193, 296 (1944); E. B. Winn, Phys. Rev. % 80, 1024 (1950). 




(^/•V?3 )x 10 7 {&h/f*)x 10 7 
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Fig. 8.5-6. The coefficient of self-difTusion for argon as calculated for several 
molecular models. Experimental data: F. Hutchinson, J. Chem. Phys., 17, 
1081 (1949); E. B. Winn, Phys. Rev., 80, 1024 (1950). 



Fig. 8.5-7. The coefficient of self-diffusion for nitrogen as calculated for 
several molecular models. Experimental data: E. B. Winn, Phys. Rev., 80, 
1024 (1950); E. R. S. Winter, Trans. Faraday Soc ., 47, 342 (1951). 
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Fig. 8.5-8. The coefficient of self-diffusion for carbon dioxide as calculated 
for several molecular models. Experimental data: E. B. Winn, Phys. Rev., 
80, 1024 (1950); E. R. S. Winter, Trans. Faraday Soc ., 47, 342 (1951). 


In Figs. 8.5-5, 6, 7, and 8 a similar comparison between experimental 4-7 
and theoretical results is shown for ® /T* 1 *. The theoretical results are 
calculated from Eq. 8.2-46, using the force constants obtained from the 
viscosity data for each of the various potential functions. 4 5 * 7 8 It is thus 
possible to see the results of using a potential function obtained from one 
transport property to calculate another. Unfortunately, data for self- 
difTusion as yet are not available over nearly so great a temperature range 
as for viscosity nor can they be obtained so accurately. Therefore it 
is not possible to test the potential functions over as extensive a tempera¬ 
ture range as is done for viscosity. For Ne, A, and N 2 , the Lennard- 
Jones (6-12) potential gives a much better reproduction of the temperature 
dependence of & /7' ,/ « than do the other potentials. For C0 2 , the 
Sutherland and square-well models give better agreement with the higher 
set of observed values, and the Lennard-Jones potential is slightly in 
better agreement with the lower set of observed values. 


4 E. B. Winn, Phys. Rev., 80. 1024 (1950). 

5 W. Groth and E. Sussner, Z. physik. Chem., 193, 296 (1944). 

• F. Hutchinson. J. Chem. Phys., 17, 1081 (1949). 

7 E. R. S. Winter, Trans. Faraday Soc., 47, 342 (1941). 

• Force constants for the Lennard-Jones (6-12) potential are those for references 
a and c of Table I-A, since we are interested here in the lower temperature range. 
(See note 4, Table I-A.) 
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6. Transport Coefficient Calculations for Polar Gases and Gas Mixtures 
Containing One Polar Component (an Approximate Treatment) 

The theory for transport phenomena of molecules with internal degrees 
of freedom has not yet been applied to the properties of polar gases. At 
the present time the only calculations which have been made for polar 
gases are those described in this section for an effective spherically 
symmetric potential field. These calculations provide an excellent means 
for curve-fitting data and should be reasonably good for high-temperature 
extrapolations. The use of such a spherically symmetric potential for 
the evaluation of the collision cross-sections means that the results have 
little meaning as far as interpreting the nature of the intermolecular 
forces which are strongly angle dependent. Consequently the results 
discussed here do not enable us to use viscosity data to predict com¬ 
pressibility data, and vice versa, as can be done for spherical non-polar 
molecules by means of the extensive calculations which have been made 
for the Lennard-Jones (6-12) potential. 

In § 3. lOf it is shown how the second virial coefficients for mixtures of 
polar and non-polar gases may be calculated. In this section we indicate 
how similar calculations may be performed for the transport properties, 
if only one polar component is present. 

While the treatments described here for polar gases and their mixtures 
are not rigorous, they are nevertheless the best now available. It seems 
worth while to include these results because they are useful for calculating 
the properties of industrial gases, which frequently contain polar 
components. 

a. Viscosity of pure gases 1 

In § 3.10 the calculation of the virial coefficients and the Joule-Thomson 
coefficient for polar molecules is described. For the calculations described 
there the Stockmayer potential is used for the interaction between pairs 
of polar molecules: 

(p(r t 0 1# 0 2 , <f >2 — <f> x ) = 4e “ (-) ] — #(0 1 . 0 2 , <j >2 — <£,) 

g(0i> 0 2 , <t> 2 — <f>i) = 2 cos 0j cos 0 2 — sin 0, sin 0 2 cos ( <f> 2 — <f>i) 

(1.3-33) 

The angle-dependent term proportional to r~ 3 represents the interaction 
of two “point dipoles” (see § 12.1 f—ii). For very high energy collisions, 
where the repulsive forces are more important than the attractive forces, 

1 F. J. Krieger, “The Viscosity of Polar Gases,” Proj. RAND Report, RM-646, 
July 1,1951. 
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it is a fairly good approximation to replace this angle-dependent con¬ 
tribution by the expression which corresponds to the interaction of 
two-point dipoles which are perfectly aligned. This allows us to write 
the following approximate angle-independent potential: 



log T* 


Fig. 8.6-1. Comparison of experimental data with the calculated results based 
on the Krieger potential function giver, in Eq. 8.6-1. The deviations from non¬ 
polar behavior are greater for larger values of 6 • in keeping with the principle of 
corresponding states for polar molecules. 

For low-energy collisions the attractive forces are generally quite important 
and this potential function is a poor approximation to the true interaction. 

* It should be mentioned that it is not possible to evaluate the second virial coefficient 
for this potential since, without the angle-dependent factor, the integral for B[T) does 
not converge. Accordingly the results of calculations based on this potential energy 
function cannot be compared with results for equilibrium statistical mechanics. 
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The transport coefficients may be calculated for this angle independent 
potential function, and they depend on the parameters a and « and also 
on a dimensionless quantity: 

5* = = t £ 3 (8 - 6 ~ 2) 

This quantity (which is analogous to the t* defined in connection with 
Stockmayer potential in §3.10) is a measure of the extent to which a 
substance deviates from non-polar behavior. 

The reduced collision cross-section characteristic of viscosity 

and thermal conductivity has been evaluated 1 for the potential energy 
function given in Eq. 8.6-1. This function is tabulated in Table IX 
over a very large range of the reduced temperature T*. By means of this 
table parameters in the potential function of Eq. 8.6-1 have been deter¬ 
mined for a dozen gases. These parameters are given in Table 8.6-1. 

TABLE 8.6-1 


Parameters for the Approximate Angle-Independent Potential 
for Polar Molecules® (Eq. 8.6-1) 


Gas 

(debyes ) 6 

€/k 

(°K) 

a 

(A) 

<5* 

NO 

0.0672 

112.4 

3.508 

0.003371 

CO 

0.1172 

109.9 

3.585 

0.009830 

CHC1 3 

1.05 

415.2 

5.117 

0.07177 

h 2 s 

0.931 

221.1 

3.733 

0.2739 

HC1 

1.034 

218.0 

3.506 

0.4123 

so 2 

1.611 

191.4 

4.341 

0.5995 

NOCI 

1.83 

205.2 

4.332 

0.7272 

CH 3 CI 

1.861 

243.6 

4.076 

0.7606 

CH 3 OH 

1.680 

194.9 

4.082 

0.7715 

CH 3 COCH 3 

2.85 

158.4 

5.485 

1.1253 

nh 3 

1.437 

146.8 

3.441 

1.2499 

h 2 o 

1.831 

230.9 

2.824 

2.333 


0 The data which were analyzed for the force constants are summarized by Kricgcr, 
Ref. I. 

b 1 debye = 10- 18 esu. 


In Fig. 8.6-1 the calculated curve for the viscosity of non-polar gases is 
plotted in reduced units. In addition the calculated curves for several 
polar gases are shown. This indicates the direction and magnitude of 
the deviations from non-polar behavior. Also shown in the figure are 
the experimental points for these three gases. It can be seen that the 
calculated curves fit the experimental points quite nicely. 
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Illustrative Example 

Problem. Calculate the viscosity of NH 3 at 800°K. 
Solution. The force constants from Table 8.6-1 are 


Then T* = 5.4496. 
Eq. 8.2-18 

Mi 


c/k = 146.8°K 
o = 3.441 A 
<3* = 1.2499 

From Table IX. O'** *'*(T*,<5*) = 0.9388. M = 17.032. 


x 


10 7 = 266.93 


VqTjgZ) (800) 

(3.441)2(0.9388) 


2803 g/cm-sec. 


From 


b. Viscosity and diffusion for mixtures containing one polar component 

In § 3.1 Of a method for calculating the virial coefficients for mixtures 
containing polar and non-polar gases is described. The same method 
may be applied to the calculation of transport coefficients. 

Let us first consider the diffusion of a polar gas into a non-polar gas. 
The only forces which we need to know are those between the unlike 
molecules in the gas. that is, the interaction between the polar and the 
non-polar molecules. In § 13.5 it is shown that the effective potential 
energy of interaction between a polar and a non-polar molecule has the 
same form as that between two non-polar molecules. Hence the Lennard- 
Jones potential may be used for this polar-non-polar interaction. It 
may be shown that the force constants describing this interaction may be 
obtained from the combining laws: 


=IK + Op) i-' u 

(8.6-3) 

«»» = 

(8.6-4) 

in which 


* - [' + \ < v*/* } = [ 11 + [ «.-v, 

/—1 (8.6-5) 

€ n J 


where a n . c n = Lennard-Jones potential parameters for the non-polar molecules 
(Table I-A), 

a P' € v~ Stockmayer potential parameters for the polar molecule 
(Table 3.10-1). 

a n * = reduced polarizability of the non-polar molecule = a n /a n 3 , 

/• p * ~ reduced dipole moment of the polar molecule = /i p /Vc p o p 3 . 
/„• = /'/ 2 /V8 (tabulated in Table 3.10-1). 
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Using these force constants, we may calculate the first approximation 
to the coefficient of diffusion using Eq. 8.2-44 and the table of 0 (1,1) * 
given in Table I-M. In Table 8.6-2 calculated and experimental results 
are compared for the diffusivity of water into several non-polar gases. 
The agreement is generally satisfactory. 


TABLE 8.6-2 


Coefficient of Diffusion for H 2 0 and some Non-polar Gases 




(^ 12 ) (cm 2 sec " 1 

) 

Gas Pair 

7TC) 




Exptl a 

Exptl 6 

Calcd 

h 2 o-h 2 

34.4 

1.02 

0.91 

0.95 

55.5 

1.12 

0.99 

1.07 


79.2 

1.20 

1.10 

1.21 

h 2 o-co 2 

34.4 

0.202 

0.174 

0.183 

55.5 

0.211 


0.208 


79.2 

0.241 

0.215 

0.239 

H 2 0-Hc 

34.0 

0.90 

• • • 

0.95 


55.3 

1.01 

• • • 

1.07 


79.3 

1.12 

• • • 

1.21 

h 2 o-n 2 

34.4 

0.256 

• • • 

0.255 


55.4 

0.303 

• • • 

0.289 


79.0 

0.359 

• • • 

0.329 


- F. A. Schwcrtz and J. E. Brow, J. Chem. Phys. t 19. 640 (1951). 
* A. Winkclman, Wied. Ann., 22. 152 (1884); 36. 93 (1889). 


Illustrative Example 

Problem. Estimate the coefficient of diffusion for the gas pair NH 3 -CH, at 5 atm 
pressure and 500’K. 

Solution. The force constants are as follows: 


cjk = 136.5 K 

c n = 3.882 A 

(Table I-A) 

€jk = 320 K 
' p * = 1.0 

rr p = 2.60 A 

(Table 3.10-1) 

x 10 !l = 2.61 cm 1 , 

a n * = 0.04461 

(Eq. 8.6-5) 

a np = 3.216 A 


(Eq. 8.6-3) 

e np lk = 229.1'K 


(Eq. 8.6-4) 
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With these force constants, T nt> • = kT/€ np = 2.177. From Table I-M for the Lennard- 
Jones potential: 

fi' l »"*(7 Bp *) = 1.045 

Equation 8.2-44 may then be used to obtain 

[9 np \ = 0.134 cm sec -1 

This same method may be used for the calculation of the viscosity of 
a mixture of gases containing one polar component. For this calculation 
Eq. 8.2-22 or Eq. 8.2-25 may be used. First of all, we have to compute 
the quantities foj lf toji* foji. and A np *. The first of the quantities, 
the viscosity of the pure non-polar component, may be calculated from 
Eq. 8.2-18 by means of the force constants determined from viscosity. 
The viscosity of the pure polar component may be calculated according 
to the methods outlined in § 8.6a, or the experimental values may be used. 
The quantities [/y np ], and a„* which involve the polar-non-polar inter¬ 
action may be computed using the Lennard-Jones (6-12) tables and the 
combining laws in Eqs. 8.6-3, 4, 5. A numerical example is given to 
indicate the details of the calculation. 

Illustrative Example 

Problem. Compute the coefficient of viscosity of the ternary mixture 50 per cent 
CH 4 , 35 per cent N„ and 15 per cent NH, at one atmosphere pressure and T « 380°K. 
Use Eq. 8.2-25 and also Eq. 8.2-30 and compare the results obtained by the two 
methods. 

Solution, (a) The coefficient of viscosity of a three-component mixture may be 
calculated from Eq. 8.2-25. The elements of the determinants H„ must first be cal¬ 
culated. This is done by considering the six types of interactions which take place 
between the three chemical species. The force constants for the interactions, the 
tabulated functions needed in the calculation, and some of the intermediate results 
of the calculations arc shown in Table 8.6-3. After the H„ have been calculated the 
evaluation of the determinants in Eq. 8.2-25 gives for the final result: 

fornix). x 10’ = 1672g/cm-sec 

(b) The intermediate results in Table 8.6-3 can be used to calculate the viscosity 
according to Eq. 8.2-30, in the form given in the illustrative example in connection with 
Table 8.4-8. Here the use of this equation gives the same result to four significant 
figures as Eq. 8.2-25. Usually the results from these two methods do not differ by 
more than 2 per cent. 

The viscosities of moist air, calculated according to the method described 
above, are shown in Table 8.6-4. Air was assumed to be a pure gas with 
the force constants given in Table I-A. It is interesting to note that these 
calculations suggest that between 100 and 500°K the viscosity decreases 
with increasing moisture content whereas above 800°K the reverse is true. 
There are as yet no experimental data to substantiate this. 














































604 


TRANSPORT PHENOMENA OF DILUTE GASES 


l§ 8-A] 


TABLE 8.6-4 
Viscosity of Moist Air 


Mi x 10 7 gem " 1 see " 1 


Temperature 

(°K) 

Per Cent Moisture 

0 . 0 ° 

0.5 

1.0 

5.0 

100 

702 (703) 

701 

700 

688 

150 

1038 (1036) 

1035 

1033 

1016 

200 

1337 (1335) 

1335 

1333 

1315 

273.16 

1724 (1717) 

1722 

1720 

1704 

300 

1851 (1843) 

1849 

1847 

1832 

400 

2290 (2276) 

2289 

2288 

2278 

500 

2678 (2659) 

2678 

2677 

2671 

600 

3034 

3034 

3035 

3033 

800 

3680 

3680 

3681 

3687 

1000 

4257 

4260 

4263 

4274 

1200 

4761 

4765 

4768 

4786 

1400 

5251 

5253 

5257 

5280 

1600 

5735 

5739 

5744 

5770 

2000 

6680 

6685 

6690 

6720 

3000 

8685 

8689 

8691 

8730 

5000 

12070 

12090 

12100 

12160 


a Values of the viscosity of dry air given in parenthesis were calculated by considering 
air to be a multicomponent mixture. 


APPENDIX A. FORMULAE FOR THE HIGHER APPROXIMATIONS TO THE 

TRANSPORT COEFFICIENTS 


There are two schemes for obtaining the higher approximations to the 
transport coefficients. The Chapman and Cowling method discussed in 
§ 7.3 and a new method developed by Kihara. 1 The Chapman and 
Cowling method gives the following results: 


(1) The Coefficient of Viscosity of Pure Gases (see Eq. 8.2-19) 

r ?=> + 6,22 


*11*22 - *12* 


(8.A-1) 


+ 


*ll(*12*23 - *22*l 3 ' 2 


(*11*22 — *12 2 ) (*11*22*33 + 2 *12*13*23 ~ *12 2 *33 ~ *23**11 ~ *13 


1 T. Kihara. Imperfect Gases. Originally published in Japanese [Asakusa Bookstore, 
Tokyo, (1949)] and translated into English by the United States Office of Air Research, 
Wright-Patterson Air Force Base. 
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in which 
= 4Q' 3 '*>* 

ba = 

, _ El 012 . 3 >* - 28n 18 - 3I * + 200'*-«'* 

12 

. _ — on.*** - isn'*- 5 ’* + ion'*- 4 '* 

*13 - g 

_ Q'*- 4 ’* - 30n'*’ sl * 

*23 - 32 4 2 

25137 _ 1755 Q(M1 * + 1^ q.2.«,. _ I35fl'* “* 

633 = 1 ST 8 8 

+ 1 ^q.s..>. + nn 14 "* 

(2) The Coefficient of Thermal Conductmty of Pure Gases (see Eq. 8.2-32) 


/f = 1 + 


* 12 ' 


011*22 “ ° 12 ! 


(8.A-2) 


*ll(*l2°23 ~ * 22 * 12 )* 


+ (*11*22 “ *12*) (*11*22*33 + 2*12*13*23 - *11*23* “ W* ~ W 

in which 

a n = b lx a n = b l2 a l2 = b l3 

aa _ ZZ QI 2 . 2 I* _ 28n' 3 ' 3 ’* + 20Q , *- 4> * 

„ _ 945 0(2.21. _ Q<2.31* + 1Z? n>2.».» _ 30n li5 '* 

*25 - -32 4 2 


fl 33 


14553 

256 


n <2. 2 >* _ iil? a**-** + — q< 2 -«* - i35Q«* M * 


1565 


8 

+ +4 Q<4.4»* 


(3) The Coefficient of Self diffusion (see Eq. 8.2-47) 


fi 2) _ 

7* — 


1 - A 


(8.A-3) 


A = 


(6c* - 5) 2 


(55 - 12b* + 16a*) 


where 
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in which a*, b*, c* are the functions defined in Eqs. 8.2-15, 16, 17. 


(4) The Coefficient of Binary Diffusion (see Eq. 8.2-45) 


where 




A 


(6c I2 * - 3)» 
«X*i + Y t ) 


W 


(8.A-4) 


c* is defined in Eq. 8.2-17, X x and Y x are defined in Eq. 8.2-36, and W 
is given by 


(|/= _V /W,\ 2r,r,/ IS (A/, - Af,)» \ /AM 

[AJ.W,/ [A.JjV 8 a I2 * A/,A/ 2 I r [AJjVA/,/ 


in which the x t and A/, are mole fractions and molecular weights, a* is 
the function defined in Eq. 8.2-15, [AJ, is the thermal conductivity given 
in Eq. 8.2-31, and [AjJj is the quantity defined in Eq. 8.2-35. 


(5) The Thermal Diffusion Ratio of a Binary Mixture 2 



_5_[ I M X -f am 172 

25..0 P l 2 M, I 


S 0 i + ** 



(8.A-5) 


where the S,*,. 5 01 , and are the determinants, 





*- 2-2 

*- 2-1 

*-21 

*-22 

5 - i-j 

J - i-i 

*-11 

*-12 

* 1-2 

• a 

* 1-1 

*11 

*12 

* 2-2 

* 2-1 

*21 

*22 


*- 2-2 

*- 2-1 

*-20 

*-22 

*- 1-2 

*- 1-1 

*—10 

*-12 

* 1-2 

* 1-1 

*10 

*12 

* 2-2 

* 2-1 

*20 

*22 


*- 2-2 

*-20 

*-21 

*-22 

*- 1-2 

*-10 

*-11 

*-12 

* 1-2 

*10 

*11 

*12 

* 2-2 

*20 

*21 

*22 


1 E. A. Mason, J. Chem. Phys., 22 (1954). 
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[Eq. 8.A-51 

and .he elements of the determinants are: 

MyMj 0 ( 11 ). 

*°° - 8 (A/, + '■ 


*10 


*20 


[ 1 M X ) X:1 M* 2 [5 n( i.D* _ * o<L- 2) *l 

2 " -I 

( 2 [35 _ 21 6 a o.3i.j 

= '“'" 4 (W 1 + W i ) 7 ' 2 L 8 14 2 J 

-sr* 




5 _ 10 - * 0-1 - \A/ 2 / 

8A/ 2 


5-» = *<>-* 


5,1 * (A/, + A/ t ) ! 


5 (6W,« + 5« t *)Oft ,> * - y A/, 5 a<V a> * 
+ 6A/ J i n l ,v sl * + 2A/ 1 A/ l n<|*>* 


5 2 , — *12 


+ 


8A/ 2 2 


4 fl( 2 .g)t> / 2 *j_V* a^yx, 

11 \M X + Mj UJ *. 


(A/, + M 2 Y 


g (12Wj* + 5A/ t *)fl5V *’* - ^ (4A/, 8 


+ + y ^ njv *'* - i 5 A /,* n & 4 >* 

L+ 7M 1 Af,Q<,| t >* - SA/.A/.fi'l”* 

+ (5T?«.) , '’ l,nS ’"M’S 


* 1-1 = *-11 


(Af, + M 2 ) 3 


iM 1 sl2 M i m 
(A/, + A/j ) 4 


o 


*12 2 * 12 


4- 60 ( ,2 3) * - 2Q< 2 - 


2 )* 


- 15Qft 4) * - 7G<| 2 >* + 8Q<| 3) * 


* 1-2 — *-21 — 
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8 A/, 


= 


(M, + A /*) 6 


^ (40 M* + + 35AV)Q«!; »* 


21 M 2 2 
16 


(84W, J + 35 Jtf.WiV®* 


+ ^ M^IOSA/,* + 133^)12'^ 3I * 

4 

- 105M, 4 Q l 1 ! i - 4) * + 45W l ‘n«V 6) * 

+ l 

- 56A/ 1 M I J i2 l ,2 S) * + 40A/ 1 W 2 s n ( 1 ? 2 ' , »* 

+ 12 A/ 1 J M I *n"' 3 >* 

+ ( srSs ,)‘“ [?“ - “»•*+ “H fel'l 

%(M X M,) W 


J 2-2 — s -a — 


(Mi + M t y 


^QO..»._^QO.=)* 

128 12 16 12 

+ Z^ n 0.3»* _ 105QO.4’* 

+ 45Q&«* - y Oft®* + 56n««>* 
- 40QS 4> * + 12Qft*>* 


The other elements are obtained by noting that s ti equals s_ i _ i except that 
the roles of the two molecules are interchanged (this rule does not apply 
if either / or j is zero). The quantity a which appears in these equations is 
the characteristic length which is used in the definition of the reduced 
collision integrals Q lL,) *. 

Kihara 1 obtained somewhat simpler expressions for the higher approxi¬ 
mations to the transport coefficients in the following manner. According 
to Chapman and Cowling 3 the transport coefficients can be expressed as 
ratios of infinite determinants. The various orders of the Chapman and 
Cowling approximations correspond to replacing the infinite deter¬ 
minants by finite determinants of successively larger size. Kihara noted 
that the off-diagonal elements are small compared to the diagonal elements. 

* S. Chapman and T. G. Cowling. Mathematical Theory of Non-uniform Gases, 
Cambridge Press (1952). p. 149 and 150. 
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[Eq. 8.A-9) XHE HIGHER APPROXIMATIONS 

His approximation consists of expand g® ^^"hrough the second 
powers of the off-diagonal elements^ ^ 6 a f e considerably 
power of the off-diagonal elements leads to resuUs wh.Approximation for 

simpler than Chapman and Cowlmg s second order ,app ^ 
viscosity, thermal conductivity, an imatjon is exa ct in either 

mation to thermal d.ffus.on. Ktor PP Qr a Maxwe llian 

the case of a Lorentzian 2 and tf 

(lp = dr*) gas. Kihara obtained the following results. 

For pure gases: 

~ . L 3 (8.A-6) 

J n 


(Kihara) 


3 un' 2 - 3 ’* 71 2 

49 l n« 2 - 21 * 2\ 

2 r4Q'*-*»* 71* 

2 i L n <2 - 2 >* 2\ 

(6C* - 5)* 


ARM - , + 

/» - r 16a* + 40 

For binary mixtures: 

ht[> » _ (6c* - s)*,* 8 tv, - yj 
T ~ Q\ z \ + G*** 1 + G«*i*. 


(8.A-7) 


(8.A-8) 


(8.A-9) 


in which 


2/am / y«/ag^\ (°J_) 

?l ~ 5 \Afj/ W, + mJ \Qft“*7 V<r„ 2 / 


8 M x M t - M i) 

5 (A/, + A/,) 2 A (Af, + A/j) 2 

5, is the same as S, after an interchange of roles of molecules 1 and 2. 

(2\ 2 / 2M t V' 8 (fi!\ 

Ql ~ 15/ (A/, + M 2 )M 2 U, + Af,/ Ul', 1 * ”*/ W' 

[ 34 / 2 * + A/, 2 + - M,M 2 k*\ 


q 2 is same as Q, after an interchange of roles of molecules 1 and 2. 

m l5(A/, - A/j) 2 , 32M,M 2 . 

(A/, + A/ 2 ) 2 ' (Af, + M 2 ) 2 

.8 (M l + m 2 ) /n«, 2 - 2 '*\ / o?-”* ) W w 

+ 5 (A/jA/j) 1 ' 2 In” "*/ In'V"*/ V «r„ 4 / J 
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£<Kihara) is muc h eas i er to compute than the \k T ] 2 since it involves fewer 
integrals. For a binary mixture of heavy isotopes, in place of Eq. 
8.2-52, Kihara obtains the result. 




(8.A-10) 


PROBLEMS 


1 Show that for the Lennard-Jones (6-12) potential the product B>, '*T- U is a 
universal function of T* = kT/€. (B = second virial coefficient, t] - coefficient of 
viscosity, 7 = absolute temperature). 

2. By means of the tabulated functions for the Lennard-Jones (6-12) potential, 
calculate the following: 

(a) The coefficient of viscosity of SF, at 500’K and 2 atm pressure. 

(b) The coefficient of viscosity of a I to 1 mixture of Cl, and Br, at 450°K and 


' “cTThe^oefficient of diffusion of the gas pair H.O-CH. at 5 atm pressure and 500°K. 

(d) The dimensionless ratio p&h for Ne at 250 9 K. 

(e) The quantity k T * for the isotopic thermal diffusion of Cl. at room temperature 
and pressure, for example, the diffusion of C1”C1 ,S into CI J7 CI”. 

3. Estimate the following: 

(a) The coefficient of thermal conductivity of CH.COCH, at 450 K. 

(b) The thermal diffusion ratio of a mixture of 85 per cent CH. and 15 per cent NH, 

(c) The coefficient of viscosity of a mixture of 80 per cent N„ 15 per cent O t , and 

5 per cent CH,OH, at 800 K and 5 atm pressure. . . . 

4. Obtain the force constants for the Lennard-Jones (6-12) potential for N, and A 
from the experimental self-diffusion coefficients given in Table 8.4-13. Compare the 
results with the parameters obtained from the analysis of viscosity and compressibility 

da ^ Use the results of this chapter to investigate the relative importance of the attractive 
and repulsive components of the intermolecular potential on the coefficient of viscosity 
of a pure gas. Calculate O'***'* for Tl.J. = 4€[(o/r)“ - (*/r) 1 and also for 
9iov = 4e(a/r)» at 7* = kTIc = 1. 10. 100. 400. Show that above 7* = 10 the 
contribution to »/( 7 ) or due to the attractive forces is less than 0 per cent. 

Use the results of Chapter 3 to make a similar analysis of the second vinal coefficient, 
for which the attractive forces play an extremely important role at 7* - 10. 




The Transport Properties 
of Dense Gases 
and Liquids 


The preceding two chapters deal with the kinetic theory of dilute gases 
and the use of this theory to calculate the transport coefficients. The 
entire development is based upon the Boltzmann integro-differential 
equation for the distribution function/(r, v, t). This equation takes into 
account two-body collisions only and also assumes that the molecular 
dimensions are small in comparison with the mean distance between the 
molecules. Hence the results of this kinetic theory are not applicable 
to dense gases and liquids. In this chapter we turn our attention to four 
different approaches to the study of transport phenomena in dense systems. 
They are discussed in increasing order of mathematical complexity and 

rigor. 

In the first section we consider the possibilities of correlating the pressure 
and temperature dependence of the transport properties by means of the 
principle of corresponding states in its various forms. On the basis of 
this principle, generalized charts have been prepared for the coefficient 
of viscosity. These charts provide the best means at the present time for 
estimating the viscosity of dense gases. It is unfortunate that sufficient 
experimental data are not available for the construction of corresponding 
states graphs for the other transport coefficients. 

In the second section we discuss Eyring’s application of the theory of 
absolute reaction rates to the various transport phenomena. 1 The 
energies and entropies of activation which appear in the general formula¬ 
tion of the various transport coefficients are evaluated by comparison with 
experimental data. These constants are then interpreted in terms of a 
simple model of the liquid or dense gas. The Eyring theory has been 
particularly successful in applications to plastic flow. It seems well 
adapted to transport properties in liquids, but is not suitable for gaseous 
systems. 

The third section is devoted to a description of the Enskog theory of 

1 The basic theory of absolute reaction rates is discussed in Appendix A. 
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dense gases. This development, which preceded Eyring's work, is an 
extension of the low-density gas theory of Chapter 7, but has been developed 
only for gases composed of rigid spheres. The restriction to rigid spheres 
is made because multibody collisions need not be considered. The 
extension of the dilute gas kinetic theory involves then the introduction 
of the corrections necessary to account for the fact that the molecular 
diameter is not small in comparison with the average intermolecular 
distance in dense gases and liquids. Because of this fact it is necessary 
to take into account the transport of momentum and kinetic energy which 
takes place instantaneously between the centers of two rigid spherical 
molecules at a collision. This “collisional transfer” is indeed the principal 
mechanism for transport at high densities. 2 

Although the Enskog theory was derived for rigid spheres, the results 
can be applied to real gases. The transport properties of dense gases 
can be estimated in this manner from a knowledge of the transport 
coefficients in the dilute gas, the compressibility data for the dense gas, 
and an effective collision diameter for the molecules. When the effective 
collision diameter is adjusted so as to make a calculated value of a high 
density transport coefficient agree with an experimental value, excellent 
empirical agreement is obtained over a wide range of densities. 

The final section is a summary of the rigorous kinetic theory of dense 
gases, with which the names of Kirkwood, Bom, and Green have become 
associated. By means of statistical mechanics it is shown that we may 
begin with the Liouville equation and obtain exact expressions for the 
flux vectors in terms of the non-equilibrium radial distribution function. 
It is the evaluation of the non-equilibrium radial distribution function 
which is then the primary problem in this approach. Several approxi¬ 
mate methods of accomplishing this have been suggested, but at present 
no completely satisfactory technique has been evolved. This statistical 
mechanical approach will ultimately lead to a kinetic theory of 
dense gases of accuracy comparable to that of dilute gases discussed 

* The inclusion of the collisional mechanism for transfer of- momentum enables us 
to explain a point in the theory of dilute gases which otherwise seems puzzling. In 
equilibrium statistical mechanics the admission of two-body collisions leads to the 
second virial coefficient as a correction to the ideal gas law. In non-equilibrium 
statistical mechanics (kinetic theory) the Boltzmann integro-differential equation, 
which allows for two-body collisions, leads to a pressure tensor which reduces in the 
equilibrium case to the ideal gas law. This apparent disagreement between two theories, 
each based on two-body collisions, results from the fact that in the kinetic theory of 
dilute gases the two-body collisions have really not been considered completely. When 
the collisional transfer terms are added to the Boltzmann equation, the subsequent 
analysis leads quite naturally to a pressure tensor which contains a second virial 
coefficient. 



experimental observation 


613 


• chanter 7. At the present, however, the theory has not yet attained the 
lame degree of maturity, and only meager numerical results are availab e. 

1 The Principle of Corresponding States 


The pressure dependence of the transport properties has received very 
u.tlp attention from the experimentalists, and consequently only a limited 
mount of empirical information is available. 1 This information may be 
3 Summarized and correlated by means of the principle of corresponding 
states The application of this principle to the equation of state of dense 
eases and liquids is discussed in § 4.1. It is shown there that correspond¬ 
ing states arguments provide a practical method for making use of 
measured properties of one substance to predict the properties of other 
substances under conditions where no data exist and no satisfactory 
theoretical treatments may be applied. Similar techniques may be 
applied in the theory of transport phenomena. 


a. Experimental observation of the transport properties at high densities 
We begin this section by summarizing some of the experimental results 
in the field of high-density transport phenomena. This brief discussion 
should serve to give a rough quantitative idea of the effect of pressure on 
the transport coefficients and to indicate their behavior as the gas is 
compressed until it finally reaches the liquid state. 


i. Viscosity 2-5 

The experimental isotherms for the coefficient of viscosity of C0 2 as a 
function of pressure 6 are given in Fig. 9.1-1. For this gas measurements 

1 J. R. Partington, Advanced Treatise on Physical Chemistry, Longmans (1950). 

* An extensive survey of the high-pressure viscosity measurements up to 1944 is 
given by E. W. Comings, B. J. Mayland, and R. S. Egly, The Viscosity of Gases at High 
Pressures, Engineering Experimental Station Bulletin Series 354, Vol. 42, No. 15, 
University of Illinois, November 28, 1944. A complete review of the bulk (or second) 
coefficient of viscosity in gases and liquids is given by S. M. Karim and L. Roscnhead, 
Rev. Mod. Phys ., 24, 108 (1952). Experimental measurements of this coefficient have 
been made by F. Liebermann, Phys. Rev., 73, 537(A) (1948); J. Accoust. Soc. Am., 20, 
868 (1948); and Phys. Rev., 75, 1415 (1949). 

3 D. M. Newitt, The Design of High Pressure Plant and the Properties of Fluids at 
High Pressures, Oxford University Press (1940), p. 404 et seq. 

4 O. A. Hougen and K. M. Watson, Chemical Process Principles, Wiley (1947), 
Part III, pp. 869 et seq. A recent treatise. J. B. Maxwell’s Data Book on Hydrocarbons, 
Van Nostrand (1951), gives corresponding states charts similar to those of Hougen 
and Watson for the coefficient of viscosity, the compressibility factor, and all of the 
thermodynamical properties of light, medium, and heavy molecular weight hydro¬ 
carbons treated separately. 

3 Measurements of the viscosity of N, have been made with great accuracy by 
A. Michels and A. O. Gibson, Proc. Roy. Soc. {London), AI34, 288 (1931). 

4 P. Phillips, Proc. Roy. Soc. {London), A87, 48 (1912). 
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have been made which extend into the critical region, and thus a good idea 
of the behavior of the viscosity in both the gaseous and liquid phase is 
obtained. Below the critical temperature there are discontinuities in 
the viscosity isotherms. By analogy with the p- V isotherms we may draw 
S-shaped curves to connect the points of discontinuity (this is shown as a 



3 u/u = J u 


dotted line in Fig. 9.1-1). The portion A A' of this curve may be inter¬ 
preted as the viscosity of the superheated liquid, and the portion BV 
as the viscosity of the supercooled vapor. Note that there is a crossing 
of the isotherms as the system goes from the gas phase to the liquid phase, 
since with increasing temperature the viscosity of a liquid decreases and 
that of a gas increases. The crossing actually takes place before the gas 
is liquefied. 
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ii. Thermal Conductivity 

HHs »nd"S of”g“. 

found to increase rapidly with pressure in th.s reg.on. 

iii. Diffusion . 

According to the kinetic theory of dilute gases the diffusion coefficient 

is inversely proportional to the overall dens,ty_ Hence in ^dying^h 
effect of pressure on the diffusion coefficient the product P 2>„ should 
be studied Unfortunately, there are practically no data on the pressu 
dependence of P S> n except some recent measurements of the self 
diffusion coefficient of C0 2 , CS„ CH 4 . and ordmary d.ffus.on m some 
liquid mixtures. For the self-diffusion of CO, at 42 C the product 
P 2> is reduced to about half its low-pressure value at densities around 
p = 0.7 gram per cc. 

iv. Thermal Diffusion 

Because of the importance of thermal diffusion as a separation process, 

7 A summary of the experimental measurements of thermal conductivity has been 
eiven by E. U. Franck, Chemie-lneenieur Technik, 25, 238 (1953). 

• E. Borovik, J. Phys. USSR . II. 149 (1947)-N t . Scllschopp. Forsch. Cebiete 
Inrenieurw .. 5, 162 (1934)-CO,. A. Uhlir. Jr.. J. Chem. Phys. . 2 °. 463 0952)-A. N,. 

• j. d. Lambert, E. N. Staines, and S. D. Woods. Proc. Roy. Soc. (London ), A200, 

10 Self-diffusion CO a : K. D. Timmerhaus and H. G. Drickamer, J. Chem. Phys., 19, 
1242 (1951); 20, 981 (1952); W. L. Robb and H. G. Drickamer, ibid., 19. 1504 (1951). 
Self-diffusion CS,: R. C. Koeller and H. G. Drickamer, ibid., 21. 267 (1953). 
Self-diffusion CH*: Q. R. Jeffries and H. G. Drickamer, ibid, (forthcoming 

PU Liquid°ij-Sulfur: D. R. Cova and H. G. Drickamer, ibid, (forthcoming publication). 
Liquid SnI«-CCI»: E. P. Doane and H. G. Drickamer, ibid, (forthcoming publication). 
Liquid CS*-Organic Mixtures: R. C. Koeller and H. G. Drickamer, ibid., 21, 575 

Water and Sulfate Solutions: R. B. Cuddeback, R. C. Koeller, and H. G. Drickamer, 

ibid., 21, 589 (1953). „ 

Water and Alcohol Solutions: R. B. Cuddeback and H. G. Drickamer, ibid., 21, 

597 (1953). 
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3 xjx= J x 


o 


Fig. 9.1-2. The thermal conductivity of argon as a function temperature at several pressures. 
(From A. Uhlir, Jr., J. Chem. Phys., 20, 463 (1952).] 
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FiE. 9.1-3. Pressure dependence of the thermal diffusion factor « = k T /x,x, 
at T = 427°K. The average mole fraction of the components is about 0.5. 
(From E. W. Becker, J. Chem. Phys., 19, 131 (1951).] 


b. Development of a principle of corresponding states for spherical non-polar 
molecules 

A principle of corresponding states may be derived by means of 
dimensional analysis. Let us consider a gas made up of spherical non- 
polar molecules and let us assume that the intermolecular potential 

■■ E. W. Becker, J. Chem. Phys., 19,131 (1951), Zeil.f. Naturforschung, 5a, 457(1950), 
has studied the systems CO,-H„ H,-N„ CO,-N„ CO.-CH., CO.-A, and N.-CH. by 
means of a two-bulb system. f ,, 

12 A separation column has been used by Drickamer and his co-workers for the 
study of the efTect of pressure on thermal diffusion: (a) H. G. Drickamer, V. J. O Brien, 
J. C. Bresee, and C. E. Ockert, J. Chem. Phys., 16, 122 (1948)—CO,-C,H s . (b) H. G. 
Drickamer, E. W. Mellow, and L. H. Tung, /. Chem. Phys., 18, 945 (1950)—A-Ne. 

(c) L. H. Tung and H. G. Drickamer, J. Chem. Phys., 18, 1031 (1950)—Xe-CH 4 . 

(d) N. C. Pierce, R. B. Duffield, and H. G. Drickamer, /. Chem. Phys., 18, 950 (1950); 
E. B. Ciller, R. B. Duffield, and H. G. Drickamer, J. Chem. Phys., 18, 1027 (1950)— 


Xe-CjH e . 
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energy may be characterized by two parameters—a characteristic length 
o and a characteristic energy c. This is true, for example, if the forces 
between molecules are two-body forces and if the potential of interaction 
is of the Lennard-Jones type. The properties of the molecules in a 
substance are then specified by the mass m and the two constants a and e. 
The bulk properties, such as the transport coefficients, are then functions 
of the six quantities, v , T, m, k, a , and e. As in the discussion of the 
equation of state, we can express the temperature and volume in terms 
of the dimensionless groups T * and t>*: 

T * = kT/e v • = v/a 3 = V/fio* (9.1-1) 

Similarly the transport coefficients themselves may be written in terms of 
the dimensionless groups rj*, and A*. 



V me 


Xa % m 
Vme k 


(9.1-2) 


That these are dimensionless quantities may easily be seen from the 
formulae for the low-density transport coefficients given in Eqs. 8.2-9, 
10, 11. The dimensionless groups & *, ■*]*, and X * are then functions of 
T* t v* t k, m , < 7 , and e. The first two variables are dimensionless whereas 
the last four are not. Clearly any dimensionless function can be written 
in terms of dimensionless arguments. Therefore, since no dimensionless 
combinations of k , m, a, and c exist, it follows the & *, rj *, and X* are 
independent of these parameters. 13 Thus: 

&*=& T*) 

v * = n*(v\ T*) (9.1-3) 

X* = X*(v*, T*) 

The functional form of these reduced transport coefficients depends only 
on the form assumed for the intermolecular potential energy function. 

,J For a discussion of dimensional analysis see P. W. Bridgman, Dimensional Analysis , 
Yale University Press, 2nd Ed. (1931); also J. H. Perry, Chemical Engineers' Handbook, 
McGraw-Hill, 3rd Ed. (1950), pp. 93 et seq. 
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• soi it i« clear that in the low-density 

Have the form indicated in E q s. 

9 - 1-3: 3 Vr* 

r*) = Q(».i)* ( r») 


tr 


5 Vt* 

v »(v\ r») = --r Q<* *»* ( r*) 


(9.1-4) 


75 y/f* 

W.T*) - ^1,*^ 


nreS sures the functional form is more complicated and has not 
At ,successfully obtained from theoretical developments. In view 
S'principle of corresponding states may be of cons.derable 
value for predicting the transport coefficients at high densities. 

c. Applications of the principle of corresponding states 

” The coefficient of viscosity is the only one of the transport coefficients 
which has been studied to any extent by means of the principle of corre¬ 
sponding states. The principle may be applied in several different ways, 
which we describe briefly. 

i Reduction with Molecular Parameters 

It would be possible to apply Eqs. 9.1-3 directly to a study of the trans¬ 
port properties at high pressures. This method has not be ' n ™ e *’ 
however, and is the least practical inasmuch as ,t appl.es well on y o 
those gases which satisfy the basic assumptions of the method that is, 
spherical non-polar molecules. The noble gases can be studied by means 
of this relation and also any other group of molecules which are chemically 

similar. 


ii. Reduction with Critical Constants , p, and T, 

According to the principle of corresponding states as applied to the 
equation of state, € is a universal constant multiplied by T c , and o is 
proportional to Hence the transport coefficients reduced by various 

combinations of V, and T, are functions of the reduced temperature 
Tr = T/T, and the reduced volume V, = Vj V,. This method of reduction 
of the viscosity was first suggested and applied by Kamerlingh Onnes. 11 


14 H. Kamerlingh Onnes, Verhand. Akad. Amsterdam , 21, 2de Stuk, 8 (1881). 
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Inasmuch as it is usually difficult to measure the critical volume 
accurately, it is more convenient to perform the indicated reductions with 
the critical pressure. Then we may write 

^ M'l'p.'UT,-' 1 ' = &dp„ T r ) 

Vr = vM-' l ‘P'-' l ‘T c ' u = t/r(P,. T r ) (9.1-5) 

X R = XM'ltp-'W = X R (p„ T r ) 

These relations should be generally more applicable than those given in 
Eq. 9.1-3. 

iii. Reduction with Critical Values of the Transport Coefficients 
The transport coefficients may also be reduced by dividing them by 
their values at the critical point. Then we obtain the universal relations 

2> r = &!2>' = 2> r (p„ T r ) 
n, = vhc = nXp,. T r ) (9.1-6) 

X, = XIX, = X r (p„ T r ) 

in which T r = T/T e and p r = plp c . It is clear that the 3J r , rj rt X r are 
constant multiples of £& Rt rj Rt X Rt respectively. The tj r (p rt T r ) forms the 
basis of the plot of “generalized viscosities” given by Hougen and Watson 3 
and shown in Fig. 9.1-4. Of course the transport coefficients cannot 
easily be measured at the critical point. However, these critical values 
may be obtained by curve-fitting experimental data in any particular 
region to the generalized curve. This method is thus one which provides a 
method of extrapolation of measured values and of necessity fits the 
measured region accurately. In this respect this method is preferable 
to the preceding one. It has, however, the disadvantage that experi¬ 
mental values of the transport coefficients must be available. However, 
it is possible to estimate the critical value of the viscosity by means of 
the relation 3 

A / ILf'f 

Vc x 10’ = 616-^-' (9.1-7) 

This is consistent with the concepts discussed in the previous paragraph, 
and similar expressions could be derived for the other transport properties. 
It is clear that if such expressions are used for the coefficients at the 
critical point this application reduces to the same method as that discussed 
in the preceding paragraph. 



Reduced Viscosity rj r = ti/t) 


[Eq , ,. 7) principle of corresponding states 



•5.4 0.6 0.6 0.8 1.0 2.0 3 4 6 b 

Reduced Temperature, T r =T/T e 

Fig. 9.1-4. The reduced viscosity rj r = rjlrj t as a function of the reduced temperature 
Tr = TIT e at various values of the reduced pressure p r = plp<. [From O. A. Hougcn 
and K. M. Watson, Chemical Process Principles , Wiley (1947).] 
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iv. Reduction with Zero-Pressure Properties 1 

Another type of generalized chart may be obtained by reducing the 
transport coefficients by means of their limiting values at low densities. 
In this case the reduced viscosity is defined as 

rf = rj(T t p)/Tj{T t p = 0) (9.1-8) 

(For most gases it is satisfactory to take the value of the viscosity at 
1 atm to be the limiting value at zero pressure, since the coefficient of 
viscosity is relatively independent of the pressure at low densities.) 
According to the principle of corresponding states this reduced viscosity 
is a function of the reduced pressure p r = plp e and the reduced tempera¬ 
ture T r = T/T e only. This form of the application has the advantage 
that the results are fitted to the zero-pressure values and thus reduce 
properly in this limit. The viscosity at low densities is known for a great 
many substances. It may also be estimated by the methods described 
in the preceding chapter. The generalized viscosity chart 1 which corre¬ 
sponds to this method of reduction of the variables is shown in Fig. 9.1-5. 

d. The principle of corresponding states for polar molecules 15 

The applications of the principle of corresponding states discussed 
above apply strictly only to spherical non-polar molecules. It was there 
assumed that the potential function representing the interaction between 
the various pairs of molecules could be characterized by two parameters, 
o and c. As discussed in §3.10, the forces between polar molecules 
depend in addition upon the magnitude of the dipole moment, p. Conse¬ 
quently, Eqs. 9.1-3 become, for polar gases: 

S * = =7= 

Vmt o* 

r,* = ^L =r,*(T\ »*;//•) (9.1-9) 

V nt€ 

A . = izl'" = A*(r». «>*;/<*) 

Vine K 

in which p* = p/V ca 3 is the reduced dipole moment. 

As pointed out in § 8.6 the kinetic theory of polar molecules has not 
yet been developed to the point that the function ij*(T* 9 v*; p*) may be 
rigorously predicted even in the low-density limit. Let us, however, 
consider those few polar molecules for which both the viscosity and the 
second virial coefficient have been measured. As discussed in §3.10, 
the second virial coefficient measurements may be used to estimate the 

,J J. S. Rowlinson and J. R. Townley, Trans. Faraday, 49, 1 (1953). 



. _ A T'r'C 
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Fie. 9.1-5. The viscosity reduced by the zero pressure value as a function of the 
reduced pressure and temperature. (From E. W. Comings. B. J. Mayland, and R. . 
Eely, The Viscosity of Gases at High Pressures , Engineering Experiment Station Bulletin 
Series 354. Vol. 42. No. 15, University of Illinois. November 28, 1944.] 
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molecular force constants and also /**. These constants along with the 
zero pressure viscosities have been used to compute the reduced viscosities 
rj* = rjo 2 lVm€. In Fig. 9.1-6 these curves are given along with the 
theoretical curve for /i* = 0, as given by Eq. 9.1-4. The effect of the 
polar terms in the intermolecular potential is roughly indicated by the 
dependence of the curves on fx*. 



Fig. 9.1-6. Experimental for some polar gases. Plotted are the experimental 

values of O'*'*’* for several polar gases calculated from [O'**- 266.93 
WMT/a'irj x 10 T )1. The values of a and e used are those calculated by Rowlinson 
from second virial coefficients (see § 3.I0)._ The parameter /• is simply related to the 
reduced dipole moment /*• by / « - n According to the principle 

of corresponding states, the deviations from the non-polar curve should be the greater 

for larger r* values. 

2. The Eyring Theory of Transport Phenomena in Dense Gases and Liquids 1 • 2 

Before discussing the rigorous kinetic theory approaches to the problem 
of transport processes in dense gases and liquids, we present an interesting 
approach based on the theory of absolute reaction rates. This theory has 

1 A very brief derivation of the Eyring rate equation is given in Appendix 9.A. A 
more complete discussion may be found in S. Glasstone, K. J. Laidlcr, and H. Eyring, 
Theory of Rate Processes , McGraw-Hill (1941). 

* The first application of the theory of absolute reaction rates to transport phenomena 
was given by H. Eyring, J. Chem. Phys., 4. 283 (1936). Review articles have been 
prepared by R. E. Powell, W. E. Roseveare. and H. Eyring, Ind. and Eng. Chem., 33, 
430 (1941), and J. F. Kincaid, H. Eyring, and A. E. Stearn, Chem. Revs., 28, 301 (1941). 
The former is very concise. Both articles summarize the applications to viscosity 
(including the effects of temperature and pressure), diffusion, ionic conductance, and 
thermal conductivity. The latter article also considers the special problems arising 
from the motion of large molecules which is of interest in plastic flows. Another 
summary of the applications to transport phenomena is given in Glasstone, Laidler, 
and Eyring, loc. cit ., Ch. IX. 


9 2-1] THE COEFFICIENT OF VISCOSITY 625 

a?2<. s 6 p~i«c«.»«*■««»*»** 

(Eq. 9A-H): 

k . = K (kTlh)e-* s:iRT = «(kTlh)e* r ’' R e~ lJit < RT (9-2-D 

„ A r: Aw- and A s' are the Gibbs free energy, enthalpy, and 

Tlt of activation! respectively. The factor « is the transmission 
en -mrirnt that is the probability that a process actually takes place once 

K varies between J and 1, and in this discussion it is assumed to 

^aearly, in order to apply this theory to the study of diffusion, viscosity 
and thermal conductivity it is necessary to assume that there >s some °ne 
tvpc Of mechanism which is responsible for the flow of molecules, and in 
which there is one slow step which can be identified with the “activated 
state " It is necessary to know the number of molecules involved in an 
elementary flow process, but it is not necessary that the mechanism be 
specified. However, it is impossible to ascertain a pnon whether one, 
two or a large number of molecules cooperate in the elementary flow 
process. Eyring has proposed that the flow ordinarily involves only one 
molecule at a time so that the rate processes are ummolecular. The 
results give good empirical agreement, and energies and entropies o 
activation are obtained which are of a magnitude which may be explained 
on the basis of a simple unimolecular model. 


a. The coefficient of viscosity 

In order to describe the process of viscous flow let us consider the 
model of a liquid shown in Fig. 9.2-1 with * molecules per unit volume. 
As in the discussion of the high density equation of state in § 4.4, we 
imagine that a liquid has a lattice-like structure and that the molecules are 
confined to their individual cells by their neighbors. Let the distance 
between lattice sites be a y and the distance between adjacent planes of mole¬ 
cules be d. The fundamental rate process which we consider is the move¬ 
ment of a molecule to a vacant site near by. In order to squeeze through 
the “bottleneck” formed by its nearest neighbors, the wandering molecule 
must pass through a region of high potential energy. This is indicated 
in Fig. 9.2-1. The potential curve is symmetrical about the “bottleneck” 
if there are no external forces on the system. If there is an external force 
per unit area F tending to displace one layer of molecules with respect to 
another layer, the potential energy curve becomes distorted so that the 
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molecule goes “downhill” if it jumps in the same direction as the 
impressed force and goes “uphill” if it goes in the opposite direction. 

Let us define as the forward process the movement of a molecule into 
a hole in the direction of the applied force; the reverse process is then 
defined as the movement of a molecule into a hole in the direction opposite 
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Fig. 9.2-1. Cross-section of an idealized liquid illustrating the fundamental 
rate process involved in viscous flow. A molecule must pass through a bottle¬ 
neck in order to move into an unoccupied site. 


to that of the applied force. Let k{ and k' be the frequencies of the 
forward and the reverse processes. Then the net velocity of flow of 
fluid with respect to the lattice sites in the direction of the applied force is 
v 0 = a{k ,' — k r '). 

The frequencies k/ and k 9 ' are given by Eq. 9.2-1, but the free energy of 
activation for the two processes is different, since the forward process is 
easier than the reverse process. The force acting on a particular molecule 
and tending to move it forward is the force per unit area, F, multiplied by 
the area associated with one molecule, \/nd. This force, F/nd t acts to 
lessen the free energy of activation for a jump in the direction of the force 
and to increase the free energy of activation for a jump in the opposite 
direction. If the activated state is midway between the two lattice sites, 
the work done by the external force in moving the molecule a distance Ja 
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. state is iflFM This work is the amount by which the 

£2ijTiSSi i- th. two directions is changed. Thus the 
frequencies */ and may be written as 

k/ = k 0 'e+‘ FliMT < 9 ' 2 ' 2) 

t ' _ k 0 'e~ aFIU " kT (9.2-3) 

whirh k ' is the value of k/ and k,' in the absence of an external force 
'f. The net velocity of flow of one layer with respect to the one next to 

“ iS the " „ o = a{k ; _ k,‘) = 2ak 0 ‘ sinh (aF/26nkT) (9-2-4) 

From this result and the definition of the coefficient of viscosity given in 
Eq. 8.1-22 we get ^ ^ 

7I = vJd~ 2ak 0 ' sinh (aF/2ndkT) 

This equation predicts that the viscosity is dependent on the external 
force—that is, the flow is non-Newtonian , 3 It should be noted that the 
Evrine theory is the only existing molecular treatment of transport 
phenomena which explains such behavior. For ordinary liquids and 
reasonably small external forces, aF/26nkT is very small compared to 
unity. Hence sinh (aF/26nkT) can be replaced by the first term in its 
Taylor expansion, which is aFftAnkT, and the expression for the coefficient 
of viscosity becomes 


(9.2-5) 


(9.2-6) 


In this case the flow is Newtonian in the sense that the viscosity is inde¬ 
pendent of the applied force. Often it is assumed for the sake of simplicity 
that the distance between molecular layers, <3, is the same as the distance 
between the lattice points, a, so that the factor ( 6/a ) 2 is unity. In plastic 
flow the applied forces are sufficiently large that the argument of the 
hyperbolic sine is large compared to unity and the viscosity depends upon 

the magnitude of the applied forces. 

Equations 9.2-5, 6 serve to express the viscosity in terms of the free 
energy of activation, A G\ which quantity is obtained empirically. Since 
the bonds between neighboring molecules, which must be broken in order 
to make a hole, are the same as those which are broken in the process of 
vaporization, it follows that the energy required to form a hole (the size 
of the specific volume of a molecule) is the energy of vaporization, Ai/ vap . 


* For discussions of non-Newtonian flow, see: M. Reiner, Deformation and Flow, 
H. K. Lewis and Co., London (1949), and W. Philippoff, Viskositdt der Kolloide, 
Steinkopff (1942) [lithoprinted by Edwards Brothers (1944)]. 
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We might, therefore, suppose that the free energy of activation is pro¬ 
portional to the energy of vaporization. 

The enthalpy of vaporization, A// vap = Af/ vap -f RT is a somewhat 
more familiar quantity than AC/ vap . Empirically it is found that 

AG*= At/v.p/2.45 (9.2-7) 



and the circles represent other liquids. (From J. F. Kincaid, H. Eyring, and 
A. E. Steam, Chem. Rev., 28. 301 (1941).] 

The general validity of this relation is shown in Fig. 9.2-2, where the free 
energies of activation obtained empirically from the observed viscosities 
of a large number of molecules (using Eq. 9.2-6) are compared with the 
observed energies of vaporization. 

The fact that AG : = A// vap /2.45 seems to indicate that the size of the 
hole required to explain the viscous flow process is only a fraction of the 
specific volume of a molecule. A possible mechanism 4 of viscous flow 
consistent with this result is shown in Fig. 9.2-3. Here a pair of molecules 
squeeze together, rotate through approximately 90°, then separate. The 
extra volume required would be of the order of one-third the volume of a 
molecule. 

The energy of vaporization can be estimated by Trouton’s rule: 

4C?va P = A// vap - RT b = 9ART b (9.2-8) 


4 J. O. Hirschfelder, D. Stevenson, and H. Eyring,/. Chem. Phys ., 5, 896(1937). 
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where T b is 
us to write 


THE coefficient of viscosity 

the boiling point a. 1 atm. The use of this relation enables 
for the viscosity of the liquid : 

r, = W 8T *' r ( 9 ' 2 " 9) 



processes. 


From the principle of corresponding states all substances at their 
melting points T m should have the same value of A(/ vap //?r m . Thus 
A G x /RT m and rj/n should be the same for all substances at their melting 
points. For medium-sized molecules n does not vary much for different 
liquids, and it is found that at the melting point the viscosity is approxi¬ 
mately 0.02 poise. 

Let us now see what information can be obtained from experimental 
measurements of viscosity. From the temperature dependence of viscosity 
at constant pressure we can obtain the enthalpy of activation. For 
most substances it varies from one-third to one-fourth the energy of 
vaporization. For associated liquids it is much larger than for normal 
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liquids. For liquid metals the heat of vaporization is very small and has 
a value consistent with the notion that the metallic ion is the unit of flow 
and the outer shell of conducting electrons is not involved. For long 
polymer molecules, the heat of activation is found to be around 10 
kcal per mole independent of the chain length. This corresponds to a 
flow unit between 20 to 40 carbon atoms in a molecule. In other words, 
the long molecules seem to move snake fashion, one coil at a time. 

By measuring the temperature dependence of viscosity at constant 
volume some information can be obtained about the role of holes in the 
flow process. We would think that the number of holes in a liquid would 
be almost independent of temperature at constant volume. If the heat 
of activation were due solely to the formation of holes, the temperature 
variation of the viscosity at constant volume would indeed be very small. 
For normal liquids this is true, but for associated liquids there is a con¬ 
siderable temperature effect. Thus for associated liquids there is evidence 
that part of the heat of activation goes into breaking the bonds between 
the associated molecules to make small units which can flow easier. 

From the pressure dependence of viscosity at constant temperature 
can be determined the volume of activation or the additional volume 
required for the activated state. 8 For normal liquids this turns out to be 
approximately one-sixth of the volume per molecule. 

The best empirical relationship which Eyring and his co-workers were 
able to find for the variation of the viscosity with composition is 

log rj = x x log rj x + x 2 log rj 2 (9.2-10) 

Here rj x and rj 2 are the viscosities of the two pure components, and x x 
and x 2 are their mole fractions. 

Recently Moore, Gibbs, and Eyring 6 extended the theory to hydro¬ 
carbons. They find sharp transition points where new types of motions 
set in. At low temperatures, the motion of the molecules is largely 
translational. At intermediate temperatures rocking or libration becomes 
important. Finally, at high temperatures, the molecules have free 
rotation about their long axes. At low temperatures flow takes place 
through the cooperation of two or more molecules. At high tempera¬ 
tures the flow is a unimolecular process. At the boiling point, for most 
aliphatic and aromatic hydrocarbons (in place of Eq. 9.2-7), it is found 
that = -450 + (AC/ vap /1.87) where the 450 is in cal/mole. The 

‘ D. Frisch, H. Eyring. and J. Kincaid, J. AppL Phys., 11, 75 (1940), showed that as 
the pressure is increased, the energy of activation for viscous flow is increased by pv\ 
From the experimental data, it is found that v' is usually around one-sixth the volume 
per molecule of the liquid. 

• R. J. Moore, P. Gibbs, and H. Eyring, J. Phys. Chem., 57, 172 (1953). 
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viscosity of lubricating oils can be interpreted on the basis of the present 
theory,^but it is an exceedingly complex problem. 

b The coefficient of diffusion 

The theory of diffusion follows easily from the theory of 
,,, first consider the self-diffusion in a system where the number 
density n is a function of the coordinate x. Then if the concentrationi.n^ 
t r If molecules is n the concentration in the neighboring layer separ 
Ke° d".'s S 4 «*/*)• The number of modules which pass 
from a square centimeter of the first layer to the second layer in unittime 
is Sn k? and the number which pass in the opposite direction 
6k '(n + 6(dn/dz)). The excess in rate of flow in the negative d, ^ ec |!° 
f “equal to the coefficient of self-diffusion. times the concentration 
gradient. Hence the self-diffusion coefficient is given by 


Here k 0 ' is the frequency of jumps in the absence of externa 1 forces. This 
quantity may be expressed in terms of the coefficient of viscosity by 

means of Eq. 9.2-6, so that 

^ = (9.2-12) 

This expression can be further simplified if we make the approximation 
that 6 = a = n~\ 


= n'l’kT 


(9.2-13) 


When diffusion takes place in mixtures, it is the gradient of the activity 
and not the concentration which is the driving force. Equation 9.2 11 
may be corrected to take into account the gradient of the activity o, 
rather than that of the concentration n t . This results in the formula 


kT t d log qA 
11 11 6 Wlog nj 


(9.2-14) 


The factor 


/rflogo,\ can be from vapor-pressure data. 

\d\ognJ 

A rule for estimating the concentration dependence of the coefficient of 
diffusion may be based upon the empirical observation that the ratio 

r]^ l2 j ^ |°^ varies linearly with concentration. This behavior is 

illustrated in Fig. 9.2-4. 

The agreement between the calculated and the observed coefficients of 
diffusion is very poor. For a number of liquid pairs the calculated values 
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Chloroform 


Chloroform 


Acetone 


Fig. 9.2-4. Effect of activity on the product of the coefficient of diffusion and 
viscosity. (From R. E. Powell, W. E. Roseveare, and Henry Eyring, Ind. and 

Eng. Chem., 33, 430 (1941).] 
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[Eq. 9.2-16] 

are either too large or too small by factors of the order of four. Perhaps 
the mechanism of diffusion is somewhat different from that for viscous 
flow. For example, diffusion might occur by a bimolecular mechanism 
as is suggested by the flow mechanism of Fig. 9.2-3. 


c. The coefficient of thermal conductivity 

The thermal conductivity of a dense gas or liquid depends upon the 
very rapid transmission of the energy through the molecules themselves. 
This mechanism is best understood by a consideration of the speed ol 
sound in liquids. It is found that the speed of sound in a liquid is from 
five to ten times larger than the kinetic theory speed of the molecules 
themselves. The speed of sound c (llq, in liquids can be understood by 
supposing that, when two molecules collide, energy is transferred instan¬ 
taneously from the center of the one molecule to the center of the other. 
On this basis 

) >“> (9.2-15) 

Here v = n~ l is the volume per molecule in the liquid, and v f is its “free 
volume” (see § 4.4). The free volume of liquids can be calculated from 
the vapor pressure or the equation of state, and it is found that Eq.9.2-15 
gives excellent agreement with the observed speed of sound for a large 
number of liquids. As a matter of fact, Eyring and his co-workers are so 
convinced of the validity of Eq. 9.2-15 that they use this relation to esti¬ 
mate the free volumes of liquids from the observed speed of sound. 

According to crude kinetic theory arguments, the thermal conductivity 
of a monatomic gas is given by Eq. 1.2-14: 

A (RM) = i nCv Q/ (9.2-16) 



Here Q = VUT/nm is the average kinetic theory velocity of the mole¬ 
cules, / is the mean free path, and c v is the specific heat per molecule at 
constant volume. For a liquid this expression must be modified in the 
following manner. The specific heat c v for a liquid is very nearly equal 
to 3 k (rather than 3£/2 for the gas) since the potential that the molecules 
move in may be approximated by a simple three-dimensional harmonic 
potential. The mean free path is replaced by v\ the distance that 
energy is transferred per single collision. In accord with the speed 
of sound arguments, the speed that the energy travels should now be 
(v/v,)' 1 * times the speed that it travels in the gas. Thus the crude kinetic 
theory arguments lead to the following expression for the thermal 

7 This is known as the “collisional transfer” of energy. It is discussed in con¬ 
siderably more detail in §§ 9.3 and 9.4. 
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conductivity of a monatomic liquid: 

VS; (:,f 

Equation 9.2-15 may now be used to eliminate the free volume. Letting 
c (gas) _ y/ykT/m, we get 

A lllq > = n‘*k Vfijny e 0 "" (9.2-18) 

in which y — cjc v . This formula is valid only for monatomic substances. 

The thermal conductivity for polyatomic molecules can be obtained by 
multiplying the previous result by the Eucken correction, (9y — 5)/[ 15(y — 1)) 
to take into account the internal degrees of freedom of the molecules. 
In order to make the resulting relation agree with a very satisfactory 
empirical relation of Bridgman, 8 Eyring supposes that only the rotational 
and translational degrees of freedom are effective in transferring energy 
so that the proper value to use for y in the Eucken correction is usually 
4/3. Accordingly, we write for polyatomic substances: 

A (llq) = 2.80*fl , VV u ' ,, (9.2-19) 

Here the ratio of specific heats, y 9 should be taken to be the values which 
are measured in speed of sound measurements (presumably it is different 
from the factor 4/3 used in the Eucken correction). This formulae applies 
extremely well (a mean deviation of around 10 per cent) for a large number 
of liquids. Bridgman has pointed out that Eq. 9.2-19 gives the correct 
temperature dependence of the thermal conductivity of liquids at one 
atmosphere. However, for most liquids the thermal conductivity 
increases by a factor of two when the pressure is raised to 12,000 atm, 
whereas Eq. 9.2-19 indicates that the thermal conductivity should increase 
by a factor of four. 

3. The Enskog Theory of Transport Phenomena in Dense Gases 

and Liquids 1 • 2 - 3 

The rigorous kinetic theory of dilute gases, which is discussed in Chapter 
7, is based on the Boltzmann equation (Eq. 7.1-25). In the derivation of 
this equation (§ 7.1) it is assumed that there are two-body collisions only 

• P. W. Bridgman, Proc. Am. Acad. Arts Sci., 59, 109 (1923); The Physics of High 
Pressures, G. Bell, London (1931). 

1 D. Enskog, Kungliga Svenska Vetenskapsakademiens Handlingar , 63, No. 4 (1922). 
In German. 

* A summary of Enskog’s work is given in S. Chapman and T. G. Cowling, The 
Mathematical Theory of Non-uniform Gases , Cambridge University Press (1939). 
Sec Chapter 16. 

3 Recently C. F. Curtiss, University Wisconsin Naval Research Laboratory Report, 
OOR-3 (1953), has extended the Enskog theory for use in real gases. 
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and that the molecules have no finite extension in space (or, 
that the molecular diameter <r is small compared w.th the average distan 
between the molecules.) Both these assumptions are certainly valid i 
dilute gases. In dense gases, however, these two assumptions must be 

^Enskogwas the first to make an advance in this direction, by develop¬ 
ing a kinetic theory of dense gases made up of rigid spherical molecules 
of diameter a. For this special model there are essentially no three-body 
and higher-order collisions. By considering only two-body collisions 
and by taking into account the finite size of the molecules he was able to 
graft a theory of dense gases onto the dilute gas theory developed earlier. 
As a gas is compressed there are two effects which become important 
because molecules have volume: (i) “ Collisional transfer" of momentum 
and energy— when two rigid-sphere molecules undergo a collision, there 
is an instantaneous transport of energy and momentum from the center 
of one molecule to the center of the other, (ii) Change in the number of 
collisions per second- the frequency of collisions is increased because a 
is not negligibly small compared with the average distance between the 
molecules, and the frequency of collisions is decreased because the 
molecules are close enough to shield one another from oncoming mole¬ 
cules. Thus the frequency of collisions in a gas made up of rigid spheres 
differs by a factor Y than that in a gas made up of point particles. 4 
The factor Y is intimately related to the equation of state. As is shown 
later (Eq. 9.3-32), the equation of state for rigid spheres in terms of Y is 


RT V 


(9.3-1) 


where b 0 = Ivflo* is the second virial coefficient. The quantity Y has 
already been obtained in Eq. 3.5-1 as 

Y= 1 + 0.6250 {bjV) + 0.2869(6 0 V) 2 + O.UfyJP ) 3 • • • (9.3-2) 

in connection with the virial expansion of the equation of state. 

The derivation given in this section (for pure gases only) follows closely 
the presentation given in Chapter 7, and the same notation is used through¬ 
out. After the theory is described, we summarize the results which are 
obtained for rigid spherical molecules. We then discuss how Enskog 
used these results to correlate high-pressure transport property data with 
equation of state data. This is accomplished by evaluating the factor 
Y from equation of state measurements by replacing the external pressure, 
p y in Eq. 9.3-1 by the sum of the external and the internal pressures. 

4 Enskog calls this quantity *. We use the symbol Y, since x is used for the angle 
of deflection. 
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This sum is equal to the “thermal pressure,” 



It is shown that this method of choosing Y is physically sensible and is 
consistent with the viewpoints adopted by Eyring and Hildebrand in their 
studies of the liquid phase. 

a. The Boltzmann equation as modified for a dense gas 

In § 7.1b the Boltzmann equation for the distribution function/(r, v,/) 
is obtained by means of physical and geometrical arguments. A similar 
analysis may be used to derive an integro-difTerential equation for the 
distribution function in a dense gas. It is clear that the left side (“stream¬ 
ing terms”) of the Boltzmann equation remains unchanged in dense gases, 
but the integral on the right side of the equation is modified because of the 
finite size of the molecules. 

It is shown in § 7.1 b that the frequency of collisions in the volume 
element dr about r in which the velocities of the molecules are in the range 
dv about v and dv x about v x and in which the collision parameters are in 
the range db about b and de about e, is 6,7 

/(r,v) fjx* v \)gb db dt dv dv x dr (9.3-4) 

Two modifications must be made in this expression in order to describe 
the frequency of collisions in a dense gas of rigid spheres: (i) Because 
of the finite size of the colliding molecules the centers of the two molecules 
are not at the same point. If one molecule is at r, the center of the second 
molecule is at (r — ok\ where k is the unit vector in the direction from 
the center of the second molecule to the center of the first molecule at the 
instant of contact during a collision. Accordingly, the distribution 
function /i(r, Vj) should really be evaluated at the point (r — ok). 
(ii) In a dense gas the volume per molecule, v, is of the same order as the 
volume of a molecule, $tt(| a) 2 . Therefore, the volume in which the 
center of any one molecule can lie is reduced, and the probability of a 
collision is increased. Thus the frequency of collisions (Eq. 9.3-4) is 

5 For rigid spheres the thermal pressure is equal to the external pressure so that 
Eqs. 9.3-1 and 3 are identical. 

• In Chapter 7, where multicomponent gases are considered, the collisions between 
different chemical species were considered. Consequently the two colliding molecules 
were specified by subscripts * and j, which designated the types of molecules. For a 
pure component it is necessary to make a distinction between the two molecules in the 
collision; this is done by the dummy index “1.” 

7 The angle c is not needed in the discussion of dilute gases, because of the cylindrical 
symmetry involved. This angle, which goes from 0 to 2n, is defined in Fig. 7.1-1. 
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increased by a factor Y which for rigid spheres depends only on the 
number density, n(r, /). The function Y is evaluated at the point o 
contact of the two colliding spherical molecules, that is. at (r - ton,. 
Consequently, the expression 

y(r - \ak , 0 f(r, v, r)/,(r - ok, v„ i)gb db de dv dv x dr (9.3-5) 
should be used in place of that given in Eq. 9.3-4 when dense gases are 

^WiflTthis modification in the frequency of collisions, the differential 
eauation for the distribution function may be obtained by arguments 
similar to those used in § 7.1 b for the derivation of the Boltzmann equation. 
The resulting equation is 


*+(’■! ) + (=-8- 


Y(r + J ok)f(r, v')/,(r + ok, v,') 
_ Y(r - \ak)f(r , v)/,(r - ok, v,) 


gb db dt dv, (9.3-6) 


The conditions in the gas are assumed to be slowly varying in space. 
Hence the functions f(r + ok, v, I ) and Y(r + \ok, I) may be expanded 
in a Taylor series. Then Eq. 9.3-6 may be rewritten in the form: 

d J+(v. d l)+ (-'¥■) = J l+Ji + J 3 + J t + J s + J i +--- 

a , + l Sr/ U *v> (9 .3- 7) 

where 

iffi -ffi) s b db * dv i 

= °A\\( k \ f 'fr +f f?i) SbdbdtdV ' 

=JI f (*■ !£) {ffi ' +//,} gh db dt dvi 

* = ^ Y \IJ (* fc: V I?}) gb db d€ dV1 

=J JI (* ■• I?) ( k ■ i r * - f Wi gb db d€ dvi 

7 6 = xJJ7(** : 1 1f){/'/.' -//.} gb db * dv i 


J 

J 

J 

J 5 
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It is this equation which determines the distribution function in a dense 
gas composed of rigid spherical molecules. Before discussing the solution, 
however, we examine the flux vectors and the equations of change. 


b. The flux vectors 


In § 7.2b the flux of various molecular properties—mass, momentum, 
kinetic energy—across an element of surface in a dilute gas was con¬ 
sidered. Since in that discussion the molecules are considered to be 
point particles, the general expression for a flux vector in Eq. 7.2-18 
represents the transport of molecular properties due to the flow of mole¬ 
cules across the element of surface. We now consider the additional 
transport of molecular properties which occurs due to collisions in which 
the centers of the molecules are on opposite sides of the element of surface. 
In such collisions there is an instantaneous transfer of momentum and 
energy from the center of one molecule to the center of the other molecule, 
the so-called collisional transfer which we have already mentioned. 

Let us now consider the mechanism of collisional transfer by using 
Fig. 7.2-1. The vector n is a unit vector, normal to the element of surface 
dS, which goes from the negative side to the positive side. In a collision 
between two molecules in which the first lies on the positive side and the 
second lies on the negative side of the surface, the product ( k • n) is 
positive (since k is the unit vector in the direction of the first molecule 
from the second). In these collisions the line joining the centers of the 
molecules crosses the element of surface dS at the instant of the collision. 
Therefore, the center of the first molecule lies in a cylinder built on dS 
with generators parallel to k of length a. The volume of this cylinder is 
o(k • n)dS. The mean positions of the centers of the two molecules 
at the instant of the collisions are (r + \ak) and (r — \ok ), and the 
mean position of the point of contact is r. Hence by analogy with Eq. 
9.3-5 the probable number of such collisions in unit time, in which the 
velocities lie in ranges dv and dv x about v and v x and the collision para¬ 
meters lie within ranges db about b and dt about c, is 

Y(r)f (r + \ok y v, /)/(r - \ok y v, t)gb db dt dv dv x o(k • n) dS (9.3-8) 

Since a quantity (y/ - yO of a property y> is transferred across the surface 
on each collision of this sort, the total rate of transfer of property y> by 
collisions per unit time and per unit area is 


(n • ¥*) = o Y( r) | J J J (y - y)/( r + \ak, v,»)/,(r - \ak, v„ t) 
X (k • n) gb db dc dv dv x 

The integration is over all variables such that (k • n) is positive. 


(9.3-9) 
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The restriction of the region of integration is inconvenient, but the 
difficulty may be circumvented in the following way. Let us first inter¬ 
change the roles of the two colliding molecules, that is, let us interchange 
thelabels on the integration variables in Eq. 9.3-9. Then k is replaced 
by -k and (y - v) by (W - Vi)■ Since y is a summanonal "»™'* 

. 3 / __ ) — _( y ' — v ). Consequently, the integrand of Eq. 9.3-9 is 

unchanged by this interchange of the integration variables. The only 
difference is, in fact, that the integration is over all variables such that 
(k ■ n ) is negative. Hence Eq. 9.3-9 may be rewritten as 

( „ . y ) = „ ■ ia Y(r) JJ JJV - V JA(r + \ok, v, r)/,(r - \ok, v, 0 

x kgb db de dv dv x (9.3-10) 

in which the integration is over all values of the variables. m 

We have thus shown that the contribution of the “collisional transfer 

to the flux of property y »s 

= iff y(r) J j J J W -V)Ar+ \ak, v, r)/i( r-\ok,v x , t) 

x kgb db dt dv dv x (9.3-11) 

As in the derivation of Eq. 9.3-7, the distribution functions may be 
expanded in a Taylor's series, with the result that 'F® may be rewritten as 

'F® = \a Y(r) J J J J & ~ vVA k g b dt dv dv i 
+ 1 (T* T(r) J J J J (V' ~ V) (* ‘/A Yr ln f) kgb db dt dv dv '+ ' " 

' f9.3-121 


In addition to the collisional transfer of v», there is also the contribution 
to the flux due to the flow of molecules across the surface as given by 
Eq. 7.2-18: 

'¥ k = jyfVdv (9.3-13) 

The total flux of the property xp is then the sum of the two contributions 

K + 'Fa, (9.3-14) 


The subscripts K and O indicate the contributions due to the kinetic 
energy (flow of molecules) and the potential energy (collisional transfer 
due to the finite size of the molecules). The kinetic energy term is the 
predominant contribution at low densities, and the potential energy term 
is the primary term at high densities. 
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c. The equations of change 

The equations of change may be derived in much the same manner as 
in the theory of dilute gases. When the modified Boltzmann equation 
(Eq. 9.3-7) is multiplied by a summational invariant and integrated over 
v, the result is 


(9.3-15) 


in which 



(9.3-15a) 


After lengthy manipulations 8 the integrals /, may be shown to assume 


• The vanishing of /, is described in § 7.2d. The same arguments apply to /,. The 
manipulations for /, are as follows. I, is defined by Eq. 9.3-15a as 

= +f\;})gbdbd€dvth> l (a) 

According to arguments presented in § 7.2d: 

-oY fjff V' +/¥;})gbdbdcdvdv, (b) 

Hence 

/,= iaY SISI ,v— v’> ( fc ’{/” )*****’*’» w 

By similar arguments it can be shown that 

iaY lfff (v ~ v ' ) (h'f^)g bdbdtdvdv ' 

- i aY ffjf Cv — VO (k'fj£)gbdbdedvdv l (d) 

From this it follows that 

/. = or jjjj ( V -v')(k‘f£)g bdbd * dvdv ' < e > 

Now let us interchange the roles of the two molecules. Then 

k-> -k and (v> - VO- -(v - V') 

(as described in connection with Eqs. 9.3-9 and 10). Consequently, 

/, = a yJ*JJ*J* (y-yO (k'ft^gbdbdedvdvt (0 

Combining these last two expressions, we get the expression given in Eq. 9.3-16 for /,. 
The expressions given there for the other /, are obtained by similar manipulations. 



[Eq. 9 . 3 - 19 ] 
the form: 
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/, = \oY J JJJ to - v) (* • 8 b db * dvdv * 

/, = i<x J JJ" J { V< - V'} (* ' Yr) ff* b db d( dv dV ' 

5 ( #i t ,n D) g6 * * * * 

= K J f J J (v- - V'} (* • If) ( k ■ * rr ,n i)** db d( dv 


/. = 0 


dv 1 

(9.3-16) 


From these expressions it is easy to see that 

h + h = - (2 • j \a y J J J J (V-' -v)/M 8 b db dt dv rfv i)) < 9 - 3 " 17 > 

x ( k ' ffiYr' n f) k Z bd b d(dvdv i\) (9.3-18) 

ft 

A comparison of these results with Eq. 9.3-12 indicates that 2 h is just 
exactly equal to - • V®) so that Eq. 9.3-15 may be rewritten as 

j*ff+('-0 + £-a) *--(£•*•) i,j - i9) 


This is the general equation of change. 

When we let y> be, in turn, m, mV y and \mV 2 (as was done in § 7.2e), 
we obtain the usual equation of continuity, the equation of motion, and 
the equation of energy balance. The only difference in the final result is 

that the pressure tensor, p = p* 4- P<x>* anc * t * ie h eat ^ ux vector » 
q = q k - f- q 0 , are made up of two contributions (kinetic and potential) 

as indicated in Eq. 9.3-14. 
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d. The solution of the modified Boltzmann equation 

The Boltzmann equation as modified for high densities (Eq. 9.3-7) 
may be solved by a method quite analogous to that used for the solution 
of the ordinary (low-density) Boltzmann equation as described in § 7.3. 
The distribution function may be expanded in a series as indicated in Eq. 
7.3-11. We consider, however, only the first-order perturbation and 
write simply 


f(r , v, /) =/ l0, (v) [l+#r,v,/)] 


(9.3-20) 


in which/ loJ is the unperturbed distribution function 

/lol(v) = n / ' e- n *—^' iaT (9.3-21) 

Throughout the treatment the perturbation function <f> and the derivatives 
of n y Vq, and T are considered to be small quantities. 

When the above expression for/(r, v, t) is substituted into Eq. 9.3-7, 
we obtain an integro-differential equation for the perturbation function 
<\>. The (“streaming”) terms on the left and the first term on the right, 
y„ are the same as those which we obtain in the theory of dilute gases. 
The perturbation function does not appear in the integrals J 2 and / 3 to 
the approximation we are considering, inasmuch as these terms already 
involve derivatives of the macroscopic variables. Similarly, 7 4 , J by 7 6 are 
all zero in this approximation since they involve second derivatives of the 
macroscopic variables or squares of first derivatives. The integration 
of the terms J 2 and / 3 may be performed 9 and we obtain the following 
results: 


j^-lnno'Yf 


0 ) 




2 


y 3 _ 


(v- |r) 


(9.3-22) 


where, as in Chapter 7, the dimensionless velocity W is defined as 

W = Vmflkf V. 


9 For ihe details of the algebraic manipulations involved in these integrations and 
in the remainder of this analysis, see Chapman and Cowling, loc. cit. y pp. 278 et seq. 
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When these results are used along with the results in § 7.3c the following 
equation is obtained for the perturbation function <f>: 

= 27T J J + K- + - h)gb db dv , (9.3-23) 

i„ which, as in Chapter 7, b = 2(WW - WK J). In obtaining this 
expression the equations of change have been used to eliminate the time 
derivatives of the macroscopic variables. Equation 9.3-23 for dense gases 
is analogous to Eq. 7.3-26 for dilute gases. In fact, the two equations are 
exactly the same except that in the dense gas equation the coefficient of 

1 y 0 is multiplied by 1+ and the coefficient of is 

multiplied by p(l + The solution to Eq. 9.3-23 is thus: 

* = 'M 1+ r" <TS1 ')( / ‘ , ^ir) ~ J( 1+ ^ 7r ” o3r )( B: ^ Vo ) 

(9.3-24) 

where functions A and B are the functions defined and calculated in § 7.3. 


e. The transport coefficients 

We now have everything we need for the evaluation of the transport 
coefficients: expressions for the fluxes as integrals over the distribution 
function/(Eqs. 9.3-12, 13, 14), the distribution function/in terms of a 
perturbation function (Eq. 9.3-20), and finally an expression for the 
perturbation function itself (Eq. 9.3-24). Let us first examine the 
kinetic contributions to the pressure tensor and the heat flux vector, 
p K and q K . Then we obtain expressions for the collisional transfer 
contributions to the pressure tensor and the heat flux vector, p* and q 
and obtain explicit expressions for the bulk and shear coefficients of 
viscosity and the coefficient of thermal conductivity. 

The kinetic contributions to the pressure tensor and the heat flux 
vector may be obtained from Eq. 9.3-13. This expression is formally the 
same as that used in the kinetic theory of dilute gases. The expression for 
<l> which is now used, however, differs from that in Chapter 7 in the co¬ 
efficients of A and B, as described in connection with Eqs. 9.3-23, 24. 
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Accordingly, we may write down at once the following results: 10 

P K = nkTU - | (1 + fymio* Y) rfS (9.3-25) 

q K = - -pd + i” na3 Y) (9.3-26) 

Here jf and X° are the coefficients of viscosity and thermal conductivity 
in the dilute gas limit, and S is the rate of shear tensor defined in Eq. 
7.4-16. 

i. The Coefficients of Shear Viscosity and Bulk Viscosity 

The contribution to the pressure tensor due to collisional transfer may 
be obtained from Eq. 9.3-12 by setting y equal to mv. The first integral 
in this expression may be evaluated and is 

A W(/imr)(VV+l^U) 

= fy Trno'Ylpx + inkTV) 

= nkT(l7rno z T)U — x 8 j nno z (\ -f ftirno 2 T) rf S (9.3-27) 

The second form given here is obtained by using Eq. 9.3-13 for p K and 
the kinetic theory definition of temperature. The third form is obtained 
by using Eq. 9.3-25. 

The second integral in Eq. 9.3-12 involves derivatives of the distribution 
function and hence does not contain the perturbation function in the 
approximation which we are considering. Consequently, the integral 
may be evaluated directly, and the result is 

-K { ,s + (s' Vo ) u ) (9,3 " 28) 

in which _ 

K = \n 2 o A Y V^rnikT (9.3-29) 

The quantity k , which is presently identified as the coefficient of bulk 
viscosity, may be written in terms of the zero-pressure coefficient of shear 
viscosity (Eq. 8.2-10), thus 11 

*= 1.002 {lnno z ) 2 Yrf (9.3-30) 

10 Equation 9.3-25 differs from Eq. 7.4-17 not only in the inclusion of the additional 
factors introduced in Eq. 9.3-24 but also in the fact that we write nkT in place of /?, 
the static pressure. This is done, of course, since there is an additional term in P<j» 
which adds to this, giving the true equation of state. 

“ The numerical factor 1.002 is 16(0.984)/5rr. The quantity 0.984 is the correction 
to the zero-pressure viscosity for the higher approximation in the series of Sonine 
polynomials (see Table 8.3-2). 
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The total contribution to the momentum flux due to collisional transfer 
k the sum of the expressions in Eq. 9.3-27 and 28. When the kine i 
contribution is added to this, we get for the total pressure tensor: 

p = { n *r(i + Wn - « ' *'o)} u 

-{|a + *«"» , nv+t«) s < 9 - 3 - 31) 


Comparison of this expression with Eq. 7.6-29 indicates that k is the 
coefficient of bulk viscosity. From Eq. 9.3-31 it follows that the kinet.c 
theory gives for the static pressure 

p = nkT( 1 + Snno* Y) (9.3-32) 

Since we know the static pressure from the equation of state for rigid 
spheres, Eq. 9.3-32 provides a means for evaluating the quantity Y. 
When Eq. 9.3-31 is compared with the defining equation for the coefficient 
of shear viscosity rj (Eq. 7.6-29) it is seen that 


, = i(l + A™ 5 f)Y + J* 

= 1 (1 + j» s vna 3 Y+ 0.76l(§7rmr> Y)*)rf> (9.3-33) 


This expression is discussed further in § 9.3f. 
ii. The Coefficient of Thermal Conductivity 

The contribution to the heat flux vector due to collisional transfer may 
be obtained from Eq. 9.3-12 by letting y> equal J mv 2 . The first integral 
in this expression is 

dT 

iTma^inmy^V) = -|7t/io 3 (1 + |7rn<j 3 F)A° — (9.3-34) 


The second integral becomes 


3* dT 
2m K dr 


(9.3-35) 


in which k is the coefficient of bulk viscosity given previously. When 
these two terms are added to the kinetic contribution to the heat flux 
vector given in Eq. 9.3-26, we get for the total heat flux vector: 

g = -jl(l+| w „a 3 m # + ^'c}|f 


( 9 . 3 - 36 ) 
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Hence the coefficient of thermal conductivity is 12 

A-p(l+ §*•«• + 

= 1(1+ iimo* y + 0.755 (Jotw* r) 2 )A° (9.3-37) 


This formula receives further attention in § 9.3f. 

Equation 9.3-37 is valid only for monatomic molecules, of course. For 
a dense polyatomic gas, this equation may be modified by introducing the 
basic notions which led to the Eucken correction in the dilute gas (§ 7.6b). 
The resulting equation is 




+ + 0.755(§n/io 3 )y] — rf> 

m 


(9.3-37a) 


Because the rotations of polyatomic molecules are hindered at high 
densities, however, it is not expected that this relation is applicable beyond 
the range of moderate densities. 


iii. The Coefficient of Diffusion 

The theory and applications discussed thus far have been restricted to 
pure gases. The Enskog theory of dense gases has been extended to 
include binary mixtures. 13 The results for viscosity, thermal conductivity, 
and thermal diffusion are quite complicated and are not given here. 
The coefficient of diffusion for a dense gas, however, is simply related to 
the low-density value by 14 

a* = ( 9 . 3 - 38 ) 

M2 

The quantity Y l2 is a generalization of the function Y introduced earlier 
and depends on the diameters of both molecules, <j 1 and <t 2 : 


1 + 


We have seen in this section that the momentum flux (pressure tensor) 
and the energy flux (heat flux vector) are made up of two parts, one due 


11 The numerical constant, 0.755 involves the corrections for the higher approxi¬ 
mations (see Table 8.3-2). 

13 This generalization was carried out by H. H. Thome of the University of Sydney 
in Australia. See Chapman and Cowling, loc. cit., pp. 292 et seq. 

14 The quantity & lt ° is the binary diffusion coefficient calculated on the basis of 
the low-density kinetic theory for a gas of the same temperature and density. 
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.o the flux of molecules and the other due to collisional transfer. The 
's fl ux vector j, which is related to the coefficient of diffusion, is dlffere 
from "he other two flux vectors in that it clearly has no contribution due 

to collisional transfer. 


f. Summary of results for rigid spheres 

We now summarize the results of the Enskog theory of the transport 
coefficients of a dense gas made up of rigid spherical molecules. The 
transport coefficients divided by their zero-pressure values (indicated by 
superscripts 0) and multiplied by the reduced volume may be written in 
terms of a dimensionless quantity y defined by 

y = (*./ P)r=(i«w*)i' < 9 - 3 " 10) 


In terms of y, the transport coefficients are 


Shear 

rjV 

= - + 0.8 + 0.761y 

viscosity 

rfb. 

y 

Bulk 

viscosity 

kV 
r?b o 

= 1.002*/ 

Thermal 

XV 

= - + 1.2 + 0.755 y 

conductivity 15 

X°b 0 

y 

Self- 

& V 

l 

diffusion 16 

&°b 0 

’ y 


(9.3-41) 


The reduced shear viscosity times the reduced volume as a function of 
the parameter y exhibits a minimum. The same is true for the reduced 
thermal conductivity times the reduced volume. These minima are 


given by 



where y = 1.146 


where y = 1.151 


(9.3-42) 


The variation of the various transport coefficients with y is shown 
graphically in Fig. 9.3-1. 

For rigid spherical molecules the parameter y is equal to the compressi¬ 
bility factor minus one: 

y = (pv/RT)- 1 (9.3-43) 


16 This is for monatomic gases. For polyatomic molecules Eq. 9.3-37a applies. 

W may be calculated as = M&(p = DIpRT, where £&(p = 1 ) is the self- 
diffusion coefficient at 1 atm as calculated by the methods of Chapter 8. 
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In the region of low and moderate densities y may be written in the virial 
form: 


= ^ + 0.6250 + 0.2869 + 0.115 + ■■■ (9.3-44) 



Fig. 9.3-1. The transport coefficients of a gas composed of rigid spherical 
molecules according to the Enskog theory. 

In the high-density region probably the best equation of state for rigid 
spheres is obtained from the radial distribution function by Kirkwood, 
Maun, and Alder 17 (see §4.9). Their results are given in Table 9.3-1. 

» J. G. Kirkwood, E. K. Maun, and B. J. Alder, J. Chem. Phys. t 18, 1040 (1950); 
see also § 4.9. The values which Kirkwood, Maun, and Alder obtained for densities 
greater than bJV = 1.6 are smaller than would be obtained by the Eyring equation of 
state (Eq. 4.5-3, using the constant 0.6962) by the factor P/0.6962 b 0 . The results of 
Kirkwood, Maun, and Alder have recently been verified and extended by A. G. 
McLcllan, Proc. Roy. Soc. (London), A210, 509 (1952). Recent unpublished calcula¬ 
tions of the equation of state (using Monte Carlo methods) by M. Rosenbluth, however, 
indicate that the Eyring free volume equation may be preferable. 
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applications of results to real gases 
TABLE 9.3-1 


The Quantity y 


as a Function of (bJV) for a 
Composed of Rigid Spheres 


Very Dense 


Gas 


y = (pVIRT) - 1 

b 0 iv y 

bjv y 

bjv y 

0.3535 0.44 

0.6250 0.91 

0.8511 1-39 

1.047 1 89 

1.224 2.40 

1.377 2.91 

1.527 3.43 

1.664 3.93 

1.805 4.44 

1.934 4.95 

2.058 5.46 

2.160 5.99 

2.278 6.50 

2.387 6.93 

2.962 ® 


The dependence of y on bJV for rigid spheres is given in Fig. 9 3-2 
This graph and those given in the previous figure summarize completely 
the results of the Enskog theory of , , , . ... i \~ n 


the transport phenomena of dense 
gases and liquids which are made up 
of rigid spherical molecules. 

g. Applications of results to real gases 
Although the formulae for the 
transport coefficients given above in 
Eq. 9.3-41 were obtained for gases 
composed of rigid spherical molecules, 
Enskog 1,2 showed that these results 
can be applied to real gases with 
reasonable success. In order to use 
the above formulae, it is necessary 
to specify b 0 and y. Enskog suggested 
that the pressure in Eq. 9.3-43 be 
replaced by the “thermal pressure,” 
T(dp/dT)y , so that y may be deter¬ 
mined from the experimental p-V-T 
data by using the relation 




Fig.9.3-2. The quantity y = ( pV/RT) 
— 1 as a function of bJV for rigid 
spheres (as calculated by Kirkwood, 
Maun, and Alder 17 ). The curve is 
asymptotic to the dashed vertical line. 


For rigid spheres this equation and Eq. 9.3-43 may easily be shown to be 
identical, but such is not the case for real gases. Enskog also suggested 
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that b 0 be evaluated by fitting the minimum in the curve of (* 7 / 77 °) K as a 
function of y . 18 - 19 

A justification for Enskog’s method may be obtained by the following 
considerations. The pressure experienced by a single molecule is made up 
of two components: the external pressure, p , due to the containing walls 
of the vessel, and the “internal pressure” (dO/dV) T , which represents 
the force of cohesion of the molecules. The sum of the external and 
internal pressures is called the “thermal pressure”, and is thermo¬ 
dynamically equal to T(dp/dT)p. When Enskog suggested that the 

TABLE 9.3-2 


The Viscosity of Nitrogen at 50°C as a Function of Pressure 0 


p (atm) 

P 

(g/cm 3 ) 6 

(-) x I 0 7 

Wexpl. 

(cm 2 /sec) 

r 7 X 10 7 
(g cm * 1 sec -1 ) 

Experimental 0 

Calculated 

15.37 

0.01623 

117900 

1913 

1810 

57.60 

0.06049 

32740 

1981 

1900 

104.5 

0.1083 

19280 

2088 

2050 


0.2067 

11480 

2373 

2240 


0.2875 

9520 

2737 



0.3528 

8870 

3129 

3080 

541.7 

0.4053 

8660 

3509 

3480 


0.4409 

8590 

3786 

3800 

742.1 

0.4786 

8700 

4163 

4180 

854.1 

0.5117 

8890 

4550 

4550 

965.8 

0.5404 

9090 

4913 

4920 


* This comparison is taken from Chapman and Cowling, The Mathematical Theory 
of Non-uniform Cases, Cambridge University Press (1939), p. 289. 

* Compressibility data taken from Deming and Shupe, Phys. Rev., 37, 638 (1931). 

* Viscosity data taken from Michels and Gibson, Proc. Roy. Soc., (London), A134, 
288 (1931). 

>• The values of b 0 obtained in this way are of the same order of magnitude as those 
obtained from the coefficient of viscosity of dilute gases for the rigid sphere model. 
However, the agreement is not particularly good. Other methods of determining b 0 
will present themselves after more experimental data become available. 

>• Actually the value of b 0 cannot be assigned arbitrarily. In order that rj°. A 0 , and 
SJ • be the low-pressure limits of the respective transport coefficients, it is necessary 

dB 

that y V- b 0 as p- 0. If y is defined by Eq. 9.3-45 it follows that b 0 = B + T 7r 
where B is the second virial coefficient. 
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..., h , determined from the experimental compressibility data by 
qUa o/eq 9 3-45, he supposed that a real gas is equivalent to a ngid- 
m f basin'which the external pressure has been replaced by the thermal 
SP «urf This notion forms the basis of Hildebrand’s treatment of the 
solubility of non-electrolytes in liquids, and it forms the basis for Eyrmg s 
. state of liquids (see § 4.5). From the empirical success of 

the theories of Hildebrand and Eyring, we can conclude that this model is 
satisfactory for liquids and very dense gases. It should not, however, be 
pood for dilute gases and becomes progressively poorer as the tempera¬ 
ture decreases. Under such conditions real gas molecules have a tendency 
to form small clusters, a phenomenon which does not occur with rigid 

spherical molecules. . . t 

An illustration of the application of Enskog’s semi-empirical extension 

of his rigid-sphere theory is given in Table 9.3-2. A comparison is given 

there between the calculated and experimental viscosities of N 2 at 50 C 

up to 1000 atm. It is evident that an excellent correlation is obtained. 

In Table 9.3-3 a similar comparison is given for C0 2 . The two numerical 


TABLE 9.3-3° 


The Viscosity* of Carbon Dioxide at 40.3°C as a Function of 

Pressure 





»/ X 

10 7 

p (atm) 

A 

(J)«p" * '0 7 

(g cm" 1 

sec' 1 ) 

r 




(g/cm 3 ) 

(cm 2 /sec) 

Experimental 

Calculated 

45.3 

0.100 

18000 

1800 

1910 

64.3 

0.170 

11500 

1960 

1990 

75.9 



2180 

2160 

82.7 


7840 

2430 

2400 

86.8 

0.380 

7240 

2750 

2730 

89.2 

0.450 

7020 

3160 

3150 

91.7 

0.520 

7040 

3660 

3670 

94.9 

0.590 

7220 

4260 

4270 

101.6 

0.660 

7560 

4990 

4980 

114.6 

0.730 

7950 

5800 

5780 


• This table is taken from D. Enskog, Kungliga Svenska Vetenskaps-akademiens 
Handlingar, 63. No. 4 (1922). 

* The experimental compressibility and viscosity data are those of E. Warburg and 
L. v. Babo, Wied. Ann., 17, 390 (1882). 
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comparisons given here are a rather convincing proof that Enskog’s 
method of applying the rigid-sphere results to real gases has in some way 
taken into account the primary features in the transport phenomena of 
dense gases. 

4. The Transport Properties of Dense Gases and Liquids from 
Non-equilibrium Statistical Mechanics 1 

In Chapter 7 the theory of transport phenomena in dilute gases is 
developed from the principles of non-equilibrium statistical mechanics. 
An explicit formulation of the transport coefficients in terms of inter- 
molecular forces is obtained by solving the Boltzmann equation for the 
distribution function/ (1) (r, p, r). In this section a rigorous kinetic theory 
of dense gases is developed on the basis of the Liouville equation. If it 
is assumed that the forces are two-body forces, the flux vectors may be 
expressed in terms of the non-equilibrium pair distribution function. 
Thus the principal problem in the kinetic theory of dense gases and liquids 
is the evaluation of this non-equilibrium pair distribution function. 
(In §4.9 it is shown that the problem of computing the equilibrium pair 
distribution function is the key to understanding the equation of state of 
dense gases and liquids.) Certainly this approach to the study of transport 
phenomena is more satisfying from a theoretical viewpoint than the 
developments given in §§9.2 and 9.3. At the present time, however, 
only very limited calculations have been carried out, so that the method 
may not yet be used for practical work. We present the salient features of 
this frontier field, since the statistical mechanical approach shows great 
promise and since some of the elements of the theory enable us to 
understand better the meaning of the Eyring and Enskog theories. 

The discussion given here is based on classical statistical mechanics, 
and the system under consideration is taken to consist of N identical 
molecules. 2 For simplicity it is assumed that these molecules are point 
particles with no internal degrees of freedom, although many of the results 
are, in fact, more general. It is further assumed that the forces between 
the molecules are two-body forces, so that the potential energy of the 
system 0(r* v ) may be written in the form 

v v 

<i>(r* v ) = } 2 I 
f-lj-l 

in which <p(r t> ) is the potential energy of interaction between molecules 
/ and j which are a distance r, y apart. 

1 J. H. Irving and J. G. Kirkwood,/. Chem. Phys ., 18, 817 (1950). 

> Irving and Kirkwood (Ref. 1) have given the theory for mixtures of several chemical 
species. 
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M The LiouvUie equation and the general equation of change 3 

nf m molecules which we are considering may be represented 
hv an ensemble of dynamically similar systems, as is described in § 7.1. 
The state of a single system in the ensemble may be described by one point 
jn'a S fW-d*imensional phase space (y-space), and the state of the repre¬ 
sentative ensemble is then described by a collection of points in the same 
h a se space. The distribution function /<* > representing the distribution 
of this cloud of points in phase space satisfies the Liouville equation: 



) + Ur" ’ 3p" ) 


(9.4-1) 


As described in § 2.1, the distribution function is normalized to N\: 


jI/W dr N dp N = N\ 


(9.4-2) 


Let o.(r* y p*) be any dynamical variable which is not explicitly 
dependent on time. According to the basic principles of non-equilibrium 
statistical mechanics (§7.1), the expectation value of a is the average 


value 


a 



«(r", p*)f*Kr”. p*, t) dr* dp* 


(9.4-3) 


This is the value of a which one would expect to measure. From this 
definition and the Liouville equation the rate of change of the expectation 
value of a is found to be 


3 1 


dr" dp " 


S-B // 

1 l N 3a \ / 30 3a \ 

— m\ " 3r"/ _ Ur" * dp") 


(9.4-4) 


s The distribution functions in classical statistical mechanics are used throughout 
this section. A complete summary of these functions, their definitions, and interrela¬ 
tions is given in § 2.1. 
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The transition from the second to the third step is made by means of 
Green’s theorem and the assumption that decreases sufficiently 
rapidly as -* co and p N -> co. This result is known as the “general 
equation of change.” 

b. The macroscopic variables 

The three basic equations of change may be obtained from the general 
equation of change by considering in turn three dynamical variables 
related to the densities (in ordinary three-dimensional space) of mass, 
momentum and energy. 

The probability per unit volume that molecule k is at the point r is 

- r) = jjj JJV* - r)/ <w > dr" dp" (9.4-5) 

in which 6(r k — r) is a Dirac (5-function. Consequently the (probable) 
total number density at r is 

n(r, 0=2 %r k - r) (9.4-6) 

*-i 

and the total mass density is 

P(r, 0 = 2 rnb(r k - r) (9.4-7) 

*-i 

Similarly, the contribution of molecule k to the momentum per unit 
volume at r is 

P<Mr„ - r) = ^11 p t 6(r t - r)/<« dr" dp" (9.4-8) 
Accordingly, the total momentum density is 

p(.r, t)v 0 (r, 0 = 1 p k 6(r k - r) (9.4-9) 

*-l 

The quantity v 0 (r, t) is the mass average velocity of the molecules, that 
is, the macroscopic velocity of the fluid. 

The internal energy of a gas is made up of the kinetic energy of the 
random motion of the molecules (that is, the motion relative to v 0 ) and 
the potential energy associated with the intermolecular forces. 4 The 
kinetic energy per unit volume at r is: 

l( Pk > 12 m) 6 (r t - r) = ± J j P £ 6(r t - r)/<« dr" dp" (9.4-10) 

4 Irving and Kirkwood 1 define the internal energy as the sum of the total kinetic 
energy, the potential of the intermolecular forces, and the potential energy related to 
the external forces. That is, they include, in addition to the terms included here, the 
potential energy of the system due to the external forces and the kinetic energy associated 
with the macroscopic flow. The difference in the definitions causes small changes in the 
energy balance equation, but of course does not affect the definitions of the flux vectors. 
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[Eq. 9.4-14] 

titv however, includes the kinetic energy ipv 0 2 which is con- 
hv^he macroscopic motion of the fluid. Hence the kinetic 
"wgy density associated with the random motion of the molecules is 

n(r, ,)u K (r, t) =£ (gj) - r) - W (9-4-1D 


where u K (r , 0 is the kinetic contribution to the internal energy per 

m The^densities of mass, momentum, and kinetic energy may be 
defined in a straightforward manner since the mass, momentum, 
and kinetic energy of a molecule may be considered as localized at the 
molecule. In contrast to this, the potential energy <p(r„), associated with 
the mutual force between molecules i and /, depends on the location of 
both molecules and hence is not so naturally localizable. Since the 
forces between molecules are of short range compared with macroscopic 
dimensions, this problem presents no difficulties from a macroscopic view. 
A very reasonable artifice is to assume formally that one-half of the 
potential energy <p{r u ) is localized at each molecule. Such a definition 
maintains the natural symmetry and enables us to write for the total 
potential energy density : 

* U 

n(r, /)u®(r, /) = } I I tp.frr, - r) (9.4-12) 

i-1j-1 


Here u 0 (r , /) is the potential contribution to the internal energy per 
molecule. The total internal energy per molecule is then 

u(r, t) = u K (r t t) + w*(r, t ) (9.4-13) 

We have thus succeeded in writing the densities of mass, momentum, and 
internal energy in terms of averages or integrals over / ( ‘ v, (r, p, /). 

c. The macroscopic variables in terms of the lower-order distribution functions 

Let us now rewrite the results which we have obtained in terms of 
integrals over low-order distribution functions. The distribution function 
/■<»> in the phase space of a single molecule is the integral of/ ( * N| over the 
position and momentum coordinates of all the molecules save one. To 
avoid singling out any one particular molecule in the integration process, 
we may write the function f ll) in the following symmetric form: 

/ (1) (r,p,0= Z %r k - r)d(p k - p) 

k = 1 


(9.4-14) 
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And, similarly, we may write 

/ (2, ( r » r\ p, p\ 0 = 1 I - r)<5(r t - r')6( Pj - p)d(p k - p') 

j -i 

k*i 

(9.4-15) 

for the distribution function in the phase space of pairs. In terms of 
these functions the number density, mass average velocity, and kinetic 
and potential energy per molecule may be written as 


n(r, t) = J / (1, ( r »P» 04P 

(9.4-16) 


(9.4-17) 

u K ( r < t) - ^ / [S - v ° 2 \ p> 0 dp 

(9.4-18) 


u o(r> = ^ ,2,(r ’ r '’ P ’ Pt t)dr ' dp dp> 

(9.4-19) 

The first three of these relations correspond to the definitions given in 
§ 7.2a. 

There are several other distribution functions which are useful in the 
development that follows. The function n< 9) (r, r\ /) gives the probability 
that one molecule is at r and another is at r'. It is defined according 


to Eq. 2.1-8 as 


n«*'(r, r\ t) = J J f n \r, r '< P. P'. 0 dp dp' (9.4-20) 


It is convenient to express the function n <2 > in terms of the ordinary 
number density and a “non-equilibrium radial distribution function,” 
g(r, R, 0, thus 


n l2l (r, r + R,t) = n(r, t)n(r + R, t)g(r, R, t) (9.4-21) 


in which we have chosen to write (r' - r) as R This radial distribution 
function depends macroscopically on r and microscopically on R. For 
values of R large compared to the range of the intermolecular forces 
g(r, R, I) approaches unity. In equilibrium statistical mechanics the 
radial distribution function is independent of r and 1 and becomes simply 
gW- 
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The expression for u^r, t) given in Eq. 9.4-19 may now be rewritten 
in terms of the non-equilibrium radial distribution function: 

u„(r, 0 = if V< R H r + R - '>g( r ' R ' '* dR (9.4-22) 


Inasmuch as the number density n(r, /) has only macroscopic dependence 
on r and the intermolecular forces are short range, this expression can 
be written with little error thus: 

u*(r, t) = M r * 0 J <P(R)g( r > 0 dR (9.4-23) 


Another distribution function which finds use later in the discussion 
is the function j™, defined thus: 


r\ t) = J J (P ® p’)f {t) ( r . r\ p, p', t) dp dp ' (9.4-24) 

This is the probability momentum density in the configuration space of 
a pair of molecules, and (p © p ) is a six-component vector, the first three 
components of which are p and the second three components are p'. 

d. The flux vectors and the equations of change 

In § 7.2e the three equations of change were derived for dilute gases. 
The same equations may be derived for dense gases by substituting various 
dynamical variables for a into Eq. 9.4-4. The only difference in the 
results is that more general expressions are obtained for the flux vectors. 
The derivations of these expressions are quite lengthy 1 and only the results 
are presented here. 

The equation of continuity may be derived by setting a in Eq. 9.4-4 
equal to: 

a = m 2 — r) (9.4-25) 

*-i 


Inasmuch as the rate of change of the expectation value of a is the expecta¬ 
tion value of the dynamical variable, 



(9.4-26) 
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it follows from the definitions of the density and the mass-average velocity 
(given in Eqs. 9.4-7 and 9) that: 

| + (l.. p v 0 )=0 (9.4-27) 

This is identical with the equation of continuity obtained in § 7.2e. 

The equation of motion is derived in a similar manner. It is obtained 
by writing the general equation of change with the dynamical 
variable, a, given by 

« = I P*'H r * - r) (9.4-28) 

*-l 

After considerable manipulation 1 we obtain the same equation of motion 
which we obtain for the dilute gas: 

' if + p ( v «* £ v °) = -(£ :p ) +nAr (9 - 4 - 29 > 


It is found, however, that the pressure tensor is made up of two terms: 


where 


P = ?k + P® (9-4-30) 

Pair .0 = "> J “ v o) - ’'o) f a \r, P) dp (9.4-3 1 ) 
P ®(r. 0 = - 1 Mr, /)) 1 J d -^~ g(r , R, i) ^ dR (9.4-32) 


The first term, p K , is the kinetic contribution and is the dominant term 
in gases. 5 The second term, p#, is the potential contribution and is the 
dominant term in liquids. This term represents the “collisional transfer” 
of momentum, or the transfer of momentum between the centers 
of the colliding molecules which takes place almost instantaneously 
during a molecular encounter. 6 Under equilibrium conditions the 
pressure tensor p becomes diagonal, with each of the diagonal elements 
equal to 

p = rtkT — In* J tf** 4 "** dR P- 4 " 33 ) 


5 ? K is identical with the expression for the pressure tensor in dilute gases given 
by Eq. (7.2-23). The term (^ “ v o) is thc “peculiar velocity” defined in Eq. 7.2-5. 

• Although the similarity is not apparent, this term and the corresponding term in 
the energy flux are generalizations of the corresponding terms introduced in the Enskog 
theory of § 9.2. 
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This is the equation of state derived from the virial theorem as described 
in 8 3 1 

The equation of energy balance may be obtained from the general 
equation of change in a similar manner. The result is 

£("“)+(£• nuv °) + il- q ) + { p: l v °) =0 (9 - 4 " 34) 

This is the same as the equation found for dilute gases, except that the 
heat flux vector, q, has the more general form 

Q = Qk + Q* (9.4-35) 

where 

q K (T, ') = i m j | ~ ~ y o | (£ - »'o) f m (r, P. 0 dp (9.4-36) 

q*Hr. I) = * J [?<«) u “ r +R’0 

- mv 0 (r,, tW”(r, r + R, r)j JR (9.4-37) 

Here U is the unit tensor, and j\ 2) represents the first three componient 
of j {2) . The first term q K is the kinetic contribution and is the dominant 
term in gases. 7 The second term, q 0 , is the potential contributor 
which arises because of the “collisional transfer” of energy and is the 
dominant term in liquids. 

e. The calculation of the transport coefficients 

In this manner we see that the ordinary equations of change apply to 
a dense gas or liquid, and we have obtained expressions for the flux 
vectors in terms of the pair distribution function and its integrals. These 
are the basic expressions which must be evaluated in order to extend the 
theory of transport phenomena into the dense gas and liquid region. 

The pair distribution function can be obtained rigorously either through 
the solution of the Liouville equation or the equivalent set of coupled 
equations for the lower-order distribution functions (Eqs. 4.9-15). 
However, this is completely impossible in practice, and it is necessary 
to make use of some approximate method which acts to terminate the 

7 q K is identical with the expression given in Eq. 7.2-26. 
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sequence of equations. These approximate methods involve some form 
of the superposition approximation discussed in § 4.9. 

Born and Green 8 have introduced one form of the superposition approxi¬ 
mation to obtain an integral equation for the radial distribution function. 
This equation has been solved by a perturbation method valid under 
conditions only slightly removed from equilibrium. The resulting solution 
is then used to obtain the flux vectors and values of the transport co¬ 
efficients for dense gases and liquids. Although a formal solution has 
been obtained, the transport coefficients have not yet been completely 
evaluated numerically. According to Born and Green, a comparison 
with experimental data indicates that their calculated results are of the 
correct order of magnitude and have qualitatively the right density and 
temperature dependence. 

Kirkwood 9 has introduced the superposition approximation in a some¬ 
what different manner. His perturbation solution leads to a theory of the 
friction factor similar to that which Chandrasekhar 10 developed on the 
basis of the phenomenological theory of Brownian motion. Particles 
moving through a fluid are subject to viscous resistance. If the particles 
are large spheres of radius r, the fluid acts as a continuous medium 
and the friction constant has the Stokes’ value (ynr\r. Kirkwood 
generalized the concept of the friction coefficient to apply to small particles 
or molecules. The ratios of the two coefficients of viscosity to the 
friction factor were obtained in terms of integrals of the intermolecular 
potential and the equilibrium distribution function. Kirkwood, Buff, 
and Green 11 used these results to evaluate the ratio of the coefficient of 
shear viscosity to the friction constant for liquid argon at 89°K, using the 
Lennard-Jones potential and the experimental radial distribution function 
of Eisenstein and Gingrich. 12 Although the theory of the friction constant 
is complete, it is not yet possible to evaluate the constant accurately. A 
crude estimate of the friction constant leads to a value of the shear viscosity 
of argon in reasonable agreement with experiment. 

The validity of the superposition principle has been examined by 
Klein and Prigogine 13 by considering a hypothetical one-dimensional 
gas. They find that the equations based on the approximation cannot 
describe the dissipative effects. 

8 M. Bom and H. S. Green, A General Kinetic Theory of Liquids, Cambridge University 
Press (1949); H. S. Green. Molecular Theor) of Fluids, Interscience Press (1952). 

9 J. G. Kirkwood, J. Chem. Phys., 14. 180 (1946). 

10 S. Chandrasekhar, Revs. Mod. Phys., 15, I (1945). 

n J. G. Kirkwood, F. P. Buff, and M. S. Green, J. Chem. Phys., 17, 988 (1949). 

11 A. Eisenstein and N. S. Gingrich, Phys. Rev., 62, 261 (1942). 

13 G. Klein and I. Prigogine, Physica, 19 (1953). 
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APPENDIX A. THE EYRING THEORY OF REACTION RATES ^ 

The theory of absolute reaction rates was originally deYised hy Eyr.ng 
to explain the rates of chemical reactions. It was soon realized, however 
that this theory could be satisfactorily applied to a great many other rate 
processes. The application to the theory of transport phenomena in 
liquids and dense gases is discussed in § 9.2. In this appendix we pr 
the basic notions of the theory of absolute reaction rates in terms ot a 

particular chemical reaction. 

Let us consider a hypothetical reaction of the form: 


A + BC-+AB+ C 


ra.A-n 


According to the principles of chemical kinetics, the rate R of the reaction 
is proportional to the concentrations n A and n nc : 

R = k'n A n BC (9.A-2) 


The quantity k! is referred to as the “specific reaction rate.” 

In the older chemical kinetics it was customary to express the specific 
reaction rate in the Arrhenius form, 

*' = sTe-* : ' kT (9.A-3) 


Here E x is the energy of activation, T is the number of collisions per unit 
volume per unit time between molecules of the type A and molecules of the 
type BC, and sY is known as the “frequency factor.” The product 
T exp (—E : /kT) is the rate of collisions between A and BC molecules in 
which the kinetic energy associated with the component of the relative 
velocity along the lines of centers in the collision is greater than the 
activation energy. The number s should then be the probability that the 
geometrical and the internal relations are favorable for the reaction. The 
disadvantage of the Arrhenius equation is that s cannot be predicted. 
Sometimes s is very small compared to unity, and sometimes it is very 
large compared to unity. When s is larger than unity or the specific rate 
decreases with temperature, the simple collisional explanation of reaction 
rates breaks down, and it is necessary to make a more careful formulation 
based on statistical mechanics. 


1 H. Eyring, J. Chem. Phys., 3, 107 (1935). 

2 H. Eyring, J. Chem. Phys., 4, 283 (1936). 

3 J. F. Kincaid, H. Eyring, and A. E. Steam, Chem. Revs., 28, 301 (1941). 

4 S. Glasstone, K. J. Laidler, and H. Eyring, Theory of Rate Processes, McGraw-Hill 
(1941). 

5 H. Eyring, J. Walter, and G. E. Kimball, Quantum Chemistry, Wiley (1944), 
Ch. XVI. 
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Let us now examine the reaction given in Eq. 9.A-1 from a detailed 
microscopic viewpoint. If it is assumed that this reaction of an atom 
with a diatomic molecule takes place in such a way that A, B, and C 
always remain in a straight line,® the course of the reaction may be followed 
by noting the values of the two interatomic distances r AB and r BC . Before 
a collision takes place between A and BC, r AB is large and r BC is small. 

If during the course of the collision a chemical reaction takes place, then 
after the products have separated from one another r AB is small and r BC 
is large. If such a chemical reaction does occur, there is one stage 
during the collision in which all three atoms are very close to one another. 

It is customary to speak of this combined molecule as the “collision 
complex.” We may give it a chemical symbol ( ABC) X and rewrite 
Eq. 9.A-1 as 

A + BC ^ (ABC)- -+AB + C (9.A-4) 

We write the first stage of this process as reversible, thus indicating that, 
once a collision complex has been formed, the atoms may separate in 
such a way as to give either the components A and BC or the components 
AB and C. 

The course of the reaction may be followed on a potential energy surface 
of the form shown 7 in Fig. 9.A-1. The configuration space may be 
divided into three regions: the upper left triangle corresponds to the 
initial state A + BC\ the lower right triangle corresponds to the final 
state, AB + C\ the swath across the middle represents the “activated 
state” in which the collision complex is formed. The dotted line indicates 
the trajectory which a ball-bearing would follow if placed at the minimum 
of the saddle and allowed to roll down either side of the energy hill. 
This path is known as the “reaction coordinate.” A cross-section through 
the energy surface along the reaction coordinate is shown in Fig. 9.A-2. 

• The purpose of keeping the three atoms in a line is to simplify the discussion given 
here by eliminating the necessity for introducing a third dynamical variable, the angle 
between A, B, and C. In a real chemical reaction, the path of lowest energy often 
corresponds to the three atoms in a line. Deviations from this line are taken into 
account by introducing bending vibrations in the partition function for the activated 

7 ft will be noted that potential energy surfaces of the kind shown in Fig. 9.A-1 
have their coordinates skewed, and the scale of distances is not always the same for 
the ordinates as for the abscissas. This is done so as to simj-’ify the dynamics of the 
collision process. In the skewed coordinate system, the gradient of the energy surface 
at any point is proportional to the force acting on the system, and the kinetic energy is 
proportional to the sum of the squares of the rates of change of these new coordinates. 
The trajectory on the energy surface corresponding to a collision will then be the same 
as would be obtained by the motion of a mass point on this energy surface. (See 
S. Glasstone, K. Laidler, and H. Eyring, Rate Processes, McGraw-Hill (1941), p. 100.) 
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Fig. 9.A-1. Potential energy surface for the reaction of A with BC in one 
dimension. Dotted line is the “reaction coordinate.” (s) and (o) illustrate 
the symmetric and anti-symmetric normal modes of vibration of the activated 

complex. 



Fig. 9.A-2. Potential energy as a function of distance along the "reaction 
coordinate." The top of this curve corresponds to a saddle point in Fig. 9.A-1. 
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Let us now consider the calculation of the rate of reaction R and the 
specific reaction rate k'. The rate of the reaction is the product of three 
factors: (i) the average number of molecules in the activated state, rr\ 

(ii) the frequency with which a molecule passes through the activated 
state, that is, the average velocity v divided by the barrier width w; and 

(iii) the “transmission coefficient,” k , which is the probability that a 
chemical reaction takes place after the system has reached the activated 
state. Accordingly, we may write for the rate of reaction: 

R = *#r( tJ/w) (9.A-5) 

The transmission coefficient is not known but is usually assumed to be 
unity. 8 The width of the activated state region is rather ill defined, but 
this quantity cancels out presently. The average velocity v with which the 
system crosses the activated state 9 is V kT/2nm : in which nr is the effective 
mass of the activated complex along the reaction coordinate. 

The quantity n : can be written in terms of an equilibrium constant, 
K : , describing the equilibrium between the initial component A and BC 
and the activated complex (ABC) 1 : 

K : = n : ln A n BC = z'lz A z BC (9.A-6) 

Here z , and z uc are the partition functions for atom A and molecule BC\ 
z* is the partition function for the activated complex. In order to examine 
z* we must first study the behavior of the collision complex (ABC)\ 
When the system is in the state A -f- BC there are two translational degrees 
of freedom and one degree of vibrational freedom; the same is true when 
the system is in state AB -f C. When the system is in the form of a 
complex (ABC) : t there are one degree of translational freedom and two 
vibrational degrees of freedom. The normal modes of vibration are 
indicated in Fig. 9.A-1. There is a symmetric vibration ( s) perpendicular 
to the reaction coordinate and an antisymmetric vibration (a) along the 
reaction coordinate. These vibrations are illustrated in Fig. 9.A-3. 


9 Extensive calculations for a large number of hypothetical cases (J. O. Hirschfelder 
and E. Wigner, J . Chem. Phys. f 7, 616 (1939); H. M. Hulburt and J. O. Hirschfelder, 
J. Chem. Phys. 9 II. 276 (1943)1 have shown that the transmission coefficient is of the 
order of unity or lies between J and 1 for those reactions which behave classically. 
However, if the reaction entails the quantum mechanical crossing of two potential 
energy surfaces, the transmission coefficient can be extremely small (of the order 

of 10 -*). 

• The velocity v is given by 



J 

o 


ve -mx?!2kT fo 



-m*l2kT dv = VkT/lnm 
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The symmetric mode is an honest vibration, but the antisymmetric mode 
isno/a true vibration because the potential surface is very nearly cons 
in the direction of the “vibration” In view of this fact, it is assumed 
this “vibrational" mode may be replaced by a translational mode and 
the collision complex is confined to move in a one-dimensional box 
length w. This corresponds physically to the assumption that the top oi 

the barrier is very nearly flat. 10 __ 

When this assumption is made <s) *- - ^ 

the partition function z : for a B c 

the activated complex may be 
written as 


4 = 2 : ' 


J 


lunvkT 


h 2 


w (9.A-7) < a > Jr 


B 


Fig. 9.A-3. The symmetric and anti¬ 
symmetric modes of vibration of the 
activated complex. 


Here z : ' is the partition function 
of the idealized activated com¬ 
plex in which the anti- 
symmetrical vibrational degree 
of freedom has been omitted; 

and VirmrkTIh 2 w is the partition function corresponding to 
the restricted translational motion along the reaction path at the top of the 
barrier. We may then define an “equilibrium" constant K in the following 
way: 




'IrrnvkT 


h 2 


w 


-—7 


'1-nm'kT 


n A n BC Z A Z BC 


h 2 


w 


(9.A-8) 


This allows us to write Eq. 9.A-5 as 


R= kK (kT/h) n A n BC 


(9.A-9) 


The specific reaction rate constant is then obtained as 

k' = k (kT/h)K 


(9.A-10) 


The universal factor kT/h is equal to 6.25 x 10 12 (77300) sec l . Usually 


10 Wigner has obtained corrections to the reaction rate for the curvature of the energy 
surface in the vicinity of the activated state. [E. P. Wigner, Z. phys. Chem ., 1319, 
903 (1932); see also Glasstone, Laidler, and Eyring, The Theory of Rate Processes, 
McGraw-Hill (1941), p. 191.1 
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it is convenient to write K in terms of a free energy of activation, AG 5 , 
so that Eq. 9.A-10 becomes 


k' 


This is the Eyring equation for the reaction rate constant. 11 

This result enables us to give an interpretation to the frequency factor 
in the Arrhenius equation. According to Eqs. 9.A-3 and 11 this factor, 
$r, is given by 

*r = (6.25 x 10 1I )K(77300)e +A5: ' ,i sec- 1 (9.A-12) 

For a great many reactions the entropy of activation can be estimated 
from simple thermodynamical or statistical mechanical considerations. 
For unimolecular reactions we would expect Ato be small so that the 
frequency factor would have a value of the order of 10 13 . For bio- 
molecular reactions we expect the entropy of activation to be negative 
because of the three degrees of translational freedom which are lost 
when the two reacting molecules collide to form a single activated complex. 
This is borne out quantitatively by experiment. In some activated 
complexes, rotational degrees of freedom which are present in the initial 
molecules are lacking. This would tend to make the reaction rate 
unusually slow. In other activated states, rotations are permitted which 
are impossible in the initial state, and this gives rise to the unusually rapid 
reactions. The combination of (C 2 H 5 ) 2 S and C 2 H 5 Br, 

(C 2 H 5 ) 2 S + C 2 H 5 Br - (C 2 H 5 ) 3 SBr 

occurs 100 times more frequently than the kinetic frequency of collisions 
between such molecules. This can be explained on the basis of rotational 
freedom in the activated state. The oxidation of nitric oxide has a 

11 In well-behaved rate processes (where quantum effects are not important) * varies 
between 4 and 1. It is, however, difficult to distinguish experimentally between k 
and AS 5 . Hence for some purposes it is convenient to define an effective entropy of 
activation AS c *fr, which includes the effect of «, and to rewrite Eq. 9.A-l 1 as 

k ' = e -wltrl*T = 

AG’ff = A// : —TAS'ff 
AS e S ff = AS : + R In * 


where 
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negative temperature coefficient because there is no activation energy and 
the rotations are restricted in the activated state. This explanation 
accounts quantitatively for the observed anomalous results. 12 

The theory of absolute reaction rates can be applied to chemical 
reactions in the liquid phase 13 as well as to gas phase reactions. In these 
applications the number densities are replaced by activities. The Eyring 
rate equation reduces to the Bronsted equation, and the various activity 
coefficients allow for the influence of the environment upon the specific 
reaction rate. For a general chemical reaction having the stoichimetrical 


form: 


a A -f bB -f- • • • ^ (a A — bB — • • • ) 5 -* products (9.A-13) 

the reaction rate in a dense gas or liquid phase is given by 

R = (* A a * B h • • • /a 5 ) k gkS n A a n B b • • • (9.A-14) 

Here the activity coefficients, <t A a t <x B b ,. . . and <x : of the initial molecules 
and of the activated complex, are defined with respect to the dilute gas 
in which the activity coefficients are unity. The specific reaction rate, 
fc'(gas), applies to a reaction taking place in a dilute gas. Regardless of 
the order of the reaction, the specific reaction rate in the dilute gas is 
given by Eq. 9.A-11. 

Although Eq. 9.A-11 was derived for the special case of a chemical 
reaction, it is possible to apply the result to a number of different rate 
problems in which a system goes through some sort of an activated state. 
In §9.2 we discuss the applications of this theory to the transport 
phenomena in dense gases and liquids. 


PROBLEMS 

1. Use Table 9.3-2 and the principle of corresponding states to estimate the viscosity 
of argon as a function of pressure at constant temperature. 

2. Use the principle of corresponding states to estimate the viscosity and thermal 
conductivity of N a at 60 atm and 100°K. 

3. Use the Eyring theory of transport phenomena to estimate the viscosity of liquid 
Nj at the normal boiling point. 

4. Explain why the viscosity of a gas increases with temperature whereas the viscosity 
of a liquid decreases with temperature. 


18 H. Gershinowitz and H. Eyring, J. Am. Chem. Soc., 57, 985 (1935). 
18 W. F. K. Wynne-Jones and H. Eyring, J. Chem. Phys ., 3, 107 (1935). 
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Quantum Theory 
and Transport Phenomena 

by J. de Boer 1 and R. Byron Bird 


The three preceding chapters deal with the classical theory of transport 
phenomena in dilute and dense gases. We now consider the modifications 
to the theory of transport phenomena due to the quantum theory. 

In the first section the general formulation of the problem of the transport 
phenomena is presented in terms of the non-equilibrium quantum statistical 
mechanics. It is shown that the results are formally analogous to those 
obtained by classical theory. From this work we can obtain the 
Boltzmann equation appropriate for the quantum mechanical description 
of dilute gases. This relation differs from the corresponding classical 
equation in that it takes into account the quantum effects due to the 
wave nature of the molecules (diffraction effects) and also those effects 
which owe their existence to the statistics of the particles (symmetry 
effects). The diffraction effects are of importance when the de Broglie 
wavelength associated with the molecules is of the order of magnitude 
of the molecular dimensions. The symmetry effects become important 
when the associated de Broglie wavelength is of the order of magnitude 
of the average distance between the molecules in the gas. 

The quantum theory of the transport phenomena of dilute gases may be 
developed along two different lines. At “very low" temperatures, where 
quantum effects are quite important, the transport coefficients may be 
expressed in terms of the “phase shifts." At “intermediate temperatures,” 
where deviations from classical behavior are small, the phase shifts may 
be obtained by the WKB method, and then the transport coefficients are 
obtained as power series in Planck's constant. These two approaches, 
which are discussed in the second and third sections of this chapter, are 
analogous to the two quantum mechanical formulations of the second 
virial coefficient (see §§ 6.4 and 6.5). 

1 Director of the Instituut voor Theoretische Physica, University of Amsterdam, The 
Netherlands. 
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GENERAL STATISTICAL MECHANICAL THEORY 

At the present time very little has been done in connection with the 
quantum corrections to the transport properties of dense gases and 
liquids. Some information may ultimately be obtained by analyzing 
experimental data in terms of the principle of corresponding states in 
quantum mechanics. This topic is dealt with briefly in the last section 
of the chapter. 


1. Non-equilibrium Quantum Statistical Mechanics 

In § 9.4 the statistical mechanics of dense gases and liquids according 
to classical theory is discussed. In the present section we indicate how 
this theory may be extended to apply to fluids in which quantum effects are 
important. It is shown that the usual equations of hydrodynamics 
may be obtained from the quantum mechanical Liouville equation. 
These results are valid for dense gases and liquids. In the low-density 
limit it is possible to obtain the quantum mechanical Boltzmann equation 
from this approach. 

a. General statistical mechanical theory 2 

The classical statistical mechanics is based upon the concept of an 
ensemble and a distribution function 3 in phase space / <V) (r A \ P‘ v . 0» as 
described in § 2.1. The time rate of change of this distribution function 
is given by the Liouville equation. Lower-order distribution functions 
may be defined as integrals over / <V) (r* v , p v , /), and the time rate of 
change of these functions may be obtained by a corresponding integration 
of the Liouville equation. The average value of a physical property 
X(r** t p v ) is obtained by integrating over all of phase space the function 
X(r N ,p s ) multiplied by the distribution function. These notions are 
used in the classical discussion of the transport phenomena in dense gases 
and liquids given in § 9.4. 

In the formulation of quantum statistical mechanics the concept of a 
distribution function cannot be taken over immediately from the classical 
theory, inasmuch as the Heisenberg uncertainty principle does not allow 
a precise specification of the location of a system point in phase space. 
Two approaches have been suggested for defining distribution functions 
in quantum theory. One of these has been outlined in § 2.2, where it is 

2 J. H. Irving and R. W. Zwanzig, J. Chem. Phys., 19, 1173 (1951). 

3 The various distribution functions arc given in Chapter 2. In discussions of 
equilibrium statistical mechanics it is customary to use the distribution function 
pl*v) (r .v, p.V f t) defined in Eq. 2.1-1. In discussions of kinetic theory many workers 
prefer to use/ (lV >(r- v , p- v , t ), which is defined in Eq. 2.1-5. The latter has the advan¬ 
tage that the lowest-ordcr function/ (1) (r, p, /), is just the ordinary (singlet) distribution 
function used in the kinetic theory of dilute gases. 
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shown that in the matrix formulation of quantum mechanics it is possible 
to construct a “probability density matrix” which may be interpreted as 
the analog of the classical distribution function in phase space. The 
time rate of change of this probability density matrix is given by the 
quantum mechanical analog of the Liouville equation. Lower-order 
density matrices may be defined as the integrals over the original density 
matrix. The average value of a physical property X(r N , p N ) is obtained 
by taking the trace of the matrix which is the product of the probability 
density matrix and the matrix which corresponds to the physical property 
X(r N , p* v ). This formulation of quantum statistical mechanics is used in 
Chapter 6 in the discussion of the quantum mechanical description of the 
equation of state. 

There is a second approach to the problem of formulating quantum 
statistical mechanics which has been proposed by Wigner. 4 5 In this 
method one constructs a “distribution function”. ^’ <A ) (r* v ,p* v ,0, which has 
no simple interpretation in terms of probability concepts but can be used 
directly for calculating average values in a manner precisely analogous to 
the classical formula for average values. It is this procedure which we 
use in the following discussion. 

The Wigner distribution function may be defined in terms of probability 
density matrices in either coordinate language or momentum language: 5,6 


jr(. V) (r‘ v , p \ I) = -L - Jr" 1 ', r v + Jr'". 0 

( 10 . 1 - 1 ) 

= -jp je-<‘W - Jp'\p v + iP' v . Ddp' K 


This distribution function p\ t) is everywhere real although 

not necessarily positive. Integration of this function over all of momentum 
space gives the diagonal elements of the probability density matrix in 
configuration space. Similarly, integration over all of coordinate space 


4 E. P. Wigner, Phys. Rev., 40. 479 (1932). 

5 The density matrix ^“ ( * V) (r‘ v , r* v , /) is defined by Eq. 2.2-24 and differs from 
the matrix ^* ( * V) (r* v , r y , t) by a factor of TV!, just as is true of /< A ’>(r- v , p* v , /) and 
P< A ’)(r‘ v , p* v , /) in classical statistical mechanics. 

4 The quantity w ^' (lV) (p* v , p‘ v , 0 is the s yV' -matrix in momentum language. It is 
not independent of K yY' {S \r s , r'- v , /) because of the Fourier transform relation 
between coordinate and momentum representations of the wave function. This is a 
point of major difference between the quantum and classical formulations of statistical 
mechanics. In the latter case the probability densities in configuration and momentum 
spaces can be independently specified, which independence permits the factorization 
of the classical distribution function for a canonical ensemble: 

/XA> (r .V p.V) = /XA >(r*) /*A >(p* v ) 
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gives the diagonal elements of the probability density matrix in the 
momentum representation: 

j f'*\r*, p- v , I) dp* = ^*\r*. r*, t) ( 10 . 1 - 2 ) 

J JTW(r*, p*. I) dr* = ^'*\p*, p*, i) (10.1-3) 

The particular advantage of the Wigner distribution function is that the 
calculation of average values is performed exactly as in classical statistical 
mechanics, that is, by direct integration over all of phase space: 


X = jj JT<*Kr*, P*. t)X(r*, p*) dr* dp* 


(10.1-4) 


Thus the operator technique described in § 2.2 is avoided. 

In view of the expression for average values given in Eq. 10.1-4 it is 
possible to transfer many of the results of classical statistical mechanics 
into quantum statistical mechanics simply by replacing/ ( ‘ V) (r* v . p* v . 0 by 
^-<.v>( r tf, p‘ v t fy in particular it is possible to carry over into quantum 
mechanics the expressions for the flux vectors and the equations of change 
given in § 9.4. In this way it is established that the usual equations of 
hydrodynamics are valid in quantum theory as well as in classical theory. 2 


b. The Boltzmann equation for dilute gas mixtures 

In § 7.1c it is shown that the classical Boltzmann equation for dilute 
gases may be obtained from the Liouville equation for the distribution 
function f <N) (r s t p A , /). It has recently been shown 7 that it is possible 
to get the quantum mechanical Boltzmann equation for dilute gases from 
the differential equation for the Wigner distribution function 
J?~ {N) (r N , p N t t ). It may thus be shown that the Boltzmann equation 
for the usual (singlet) distribution function /,(r, v„ t) for the ith species 
of a v-component gas mixture has the following form in quantum 
mechanics: 8 


= 2- i JJV//0 + 0,m + 0J,) + 0,/,')<l 


x x) sin X dx dv, 


OJ/)] 

(10.1-5) 


7 H. Mori and S. Ono, Prog. Theo. Phys., 8, 327 (1952). 

8 This form of the Boltzmann equation was given earlier by E. A. Uehling and G. E. 
Uhlenbeck, Phys. Rev., 43, 552 (1933), who gave the first complete treatment of the 
quantum theory of transport phenomena. 
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Here 0, = (A/m,) 3 (d/G,), where G, is a statistical weight factor of the ith 
molecule and 6 = — 1, 0, 1 for Fermi-Dirac, Boltzmann, and Einstein- 
Bose statistics, respectively. The quantities g it and x are the initial 
relative speed and the angle of deflection of the trajectory of two inter¬ 
acting particles, and a (g, it /) is the scattering cross-section defined in 
§ 1.7b. We see that the “streaming terms” on the left-hand side of the 
Boltzmann equation are the same as in classical theory 9 but that the 
collision integrals on the right-hand side differ from the corresponding 
classical quantities in two respects: (i) the replacement of g if bdb by 
<gw X) sin* 4* because of the “diffraction effects,” and (ii) the intro¬ 
duction of the factors (1 + 0,f) due to the “symmetry effects.” Let us 
now discuss briefly these differences between the classical and quantum 
mechanical formulations of the Boltzmann equation. 

The first difference arises because of the essential wave nature of the 
molecules. In classical collision theory it is possible to determine exactly 
(for any interaction law) the angle of deflection, x • And for the number of 
collisions per unit volume and per unit length of time, in which v„ and 
^ lie in ranges dv h dv it and db, we may write 

f db ) dv i dv i (10.1-6) 

In wave mechanics, on the other hand, the Heisenberg uncertainty 
principle forbids the simultaneous determination of the position and the 
velocity of a molecule. Hence it is impossible to determine exactly the 
angle of deflection x after the collision of two molecules. Let us, however, 
consider a stream of molecules, with mass m„ velocity v„ and number 
density n t , which is interacting with a stream of molecules with mass m„ 
velocity v f , and number density n f . Then it is possible to determine the 
probable number of collisions per unit volume per unit length of time, 
such that the relative velocity after collision, g u \ lies within a solid angle, 
dio = 2i t sin x d/ about g tf as polar axis. This probable number of 
collisions is clearly proportional to the number density of both streams, 
and the proportionality factor is dependent upon /. and g u . Hence the 
probable number of collisions is n t n f 0 L{g ift x) do*. This defines the quantity 
<*(£.>» X.)- No\v let one stream of gas be those molecules in the gas with 
velocity range dv, about v„ and let the second stream be those with 
velocity dv t about v t . Then 

ffMgu . X) V” sin x d x) d *i dv t (10.1-7) 

is the number of collisions per unit volume per unit length of time accord¬ 
ing to quantum theory. Hence the classical development in Chapter 7 

• A proof of this was given by Nordheim and Kikuchi, Z. Physik , 60, 652 (1930). 
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may be altered to account for the wave nature of the molecules, by 
everywhere replacing g t) b db by a (g if% x ) sin X d X . The quantum 
mechanical calculation of a (g iJt x ) is given in § 1.7b. 

The second difference, that is, the introduction of the factors (1 + 
occurs solely because of the “statistics” of the molecules. Let us begin 
by considering a one-component gas in volume V y made up of molecules 
or particles which obey Fermi-Dirac statistics (the Pauli exclusion prin¬ 
ciple). Then we know that there may be no more than VG(mlh ) 3 dv 
such particles in the velocity range dv. G is the “statistical weight” of 
the particle which is the number of independent quantum states in which the 
particle possesses the same internal energy. For an electron, for example, 
G = 2, since there are two accessible spin states. If Vf(v) dv molecules 
have velocities in the range dv about v, the probability of a collision, 
which would result in an additional molecule entering this velocity range, 
is reduced in the ratio [1 — fly) Wm)*IG]. This behavior is associated 
with the concept of the “apparent repulsion” between Fermi-Dirac 
particles, which is discussed in § 6.3a. This is equivalent to saying that, 
if there are already VG(nt/h) z dv particles in the velocity range dv t and 
if the result of a collision would be that an additional particle would 
enter the same velocity range, the collision simply cannot take place. For 
Bose-Einstein particles, we must include factors like [1 -f /(v) (h/m) z IG ], 
which corresponds to the “apparent attraction” between the molecules. 
For Boltzmann statistics, all types of collisions are permitted, and then 
the 0, are zero. 

When the quantum corrections due to the statistics effects become 
important, a gas is spoken of as being “degenerate” or in a “state of 
congestion.” The same terminology is used in the analogous discussion 
of the quantum theory of the equation of state. In order to determine the 
conditions under which these symmetry effects are of importance, we 
come back to the statement that the number of particles per unit volume 
in a velocity range dv may not exceed G(m/h ) 3 dv. Under those conditions 
where the velocity distribution is Maxwellian, the number of particles 
per unit volume is 

fdv = " ( 2 S 7 ) '' e ~ imV,llT dv (10.1-8) 


and the largest density exists at v = 0 where f dv = n(ml2TrkT)*'* dv. 
Now, under normal conditions, 



(10.1-9) 


and the occupation of the quantum levels is so dilute that no congestion or 
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degeneration exists. In the other limit of high densities or low 
temperatures 

n {^' dv > G {t) dv 

and the density of particles is much higher than the density of states. 
In this case, however, the degeneracy according to Fermi-Dirac or Bose- 
Einstein statistics plays a role giving deviations from the Maxwell distri¬ 
bution. We may thus introduce with advantage Sommerfeld’s 
“degeneracy parameter,” 10 X 3 n/G t so that 

if Pn/G 1, degeneracy is but slight. 

if A 3 /i/(7^» 1 , degeneracy is very great. 

Here P = h 2 l2-nmkT. From this it is clear that degeneracy is greatest for 
light particles or molecules at high densities and low temperatures. This 
effect would then be quite prominent in an electron gas. For even the 
lightest atomic and molecular gases, however, this effect is almost entirely 
negligible except at extremely low temperatures (for example, for He, 
about 1°K). We can draw the conclusion, then, that the most important 
quantum effects are those due to the wave nature of the molecules—that 
is, the diffraction effects. 

Before proceeding to discuss these two effects in detail, let us summarize 
the important differences between them. Diffraction effects become 
important when the temperature is sufficiently low that the de Broglie 
wavelength is about as large as the dimensions of the molecules. For 
symmetry effects to become important, however, it is necessary that the 
temperature be so low and the density so high that the de Broglie wave¬ 
length is of the order of magnitude of the average distance between the 
molecules in the gas. Consequently the magnitude of the symmetry 
effects is mainly density dependent, whereas the diffraction effects are 
density independent. 

2. Transport Phenomena at Very Low Temperatures 

The quantum mechanical version of the Boltzmann equation given in 
Eq. 10.1-5 may be handled in very much the same way as the classical 
Boltzmann equation in Chapter 7. Without solving the Boltzmann 
equation, we may proceed to show that the hydrodynamical equations 
of change are obtained from Eq. 10.1-5. The actual solutions of the 
equation to obtain the explicit expressions for the flux vectors and the 

10 A. Sommerfeld, Z. Physik, 47, 1 and 43 (1928); see also §2.5b. 
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[Eq. 10.2-2] 


transport properties proceeds along the same lines as outlined in Chapter 
7 for the classical theory. Hence only the results are presented here. 
First we discuss the results obtained by considering diffraction effects only. 
Then we show that these results are modified when the symmetry effects 
are also considered.. The section is concluded with a summary of the 
various quantum mechanical calculations which have been made at low 
temperatures. 


a. The diffraction effects 

We have pointed out that the diffraction effects may be taken into 
account by replacing gb db in the classical expressions by a(g, y) sin y dy. 
Accordingly, the expressions for the cross-sections Q ln) (g) given in Eq. 
8.2-2 for classical theory become, in quantum mechanics, 


Q in) (g) = 



cos n y)<x(g, y) sin y dy 


( 10 . 2 - 1 ) 


The quantity a(g, y) gives the probability of an angle of deflection y. 
Explicit formulae have been obtained from this quantity for Boltzmann, 
Bose-Einstein, and Fermi-Dirac statistics (see Eqs. 1.7-26, 27, 28) from 
the quantum theory of collisions. 

Let us now examine the expressions for g (l) and Q {2) for Boltzmann 
statistics. When the expression for a(g, y) for Boltzmann statistics is 
substituted into Eq. 10.2-1, we obtain after lengthy algebraic manipulation 
the following expressions for the quantum mechanical cross-sections: 1 


Q,1> =2 (?) ,.oL- (/+1} sin * ~ v,) 

Q (« = ( 2 :) | SLtM±2^ 

\k 2 /|-0.1.2. ••• 


(/ + !) 


sm 2 (*/i+2 — *?i) (10.2-2) 


Here / and k are quantum numbers characteristic of the angular 
momentum and the relative kinetic energy of a two-molecule collision, and 
the ? 7 ,(k) are the phase shifts in the radial wave function for a binary 

1 These are the same formulae which are given in standard references on the quantum 
theory of transport phenomena, except that they are usually written in a more com¬ 
plicated form. The more compact form presented here was first suggested by Pro¬ 
fessor H. Kramers of the University of Leiden. These formulae are easier to use from 
a computational standpoint and bring out nicely the analogy with the classical formulae. 
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collision (see § 1.7a). It is interesting to compare these results with the 
analogous formulae in classical kinetic theory, which are 

CO 

G'“ = 2 J sin 2 lx 2 Trb db 
0 
co 

G I2 ’ = J sin 2 * 2 nbdb (10.2-3) 

0 

At high temperatures where the deviations from classical theory are 
negligible the quantum mechanical expressions approach the classical 
expressions in accordance with the correspondence: 

l-*^Y=bK fo, + ! (x) ~ r)M]-*■ x(.b, g) (10.2-4) 

where n is the reduced mass of the colliding pair of molecules. This 
correspondence is discussed in more detail in § 10.3. 

It was pointed out in Chapter 8 that the primary problem encountered 
in the calculation of the transport phenomena is the evaluation of the 
angle of deflection x(b> g) for many values of the collision parameter b 
and the initial relative velocity g. Or, more fundamentally, we have to 
know the angle of deflection as a function of the angular momentum 
pbg and the relative kinetic energy \ng 2 . Similarly, in quantum 
mechanical calculations of the transport phenomena, the major problem 
is the evaluation of the phase shifts, */,(*), which are obtained by solving 
the radial wave equation for a collision for many values of the quantum 
numbers / and *, or, for many values of the angular momentum hV 1(1 + 1) 
and the relative kinetic energy h 2 K 2 l2ft. In the classical theory the cross- 
sections are obtained by an integration over b t and in the analogous 
quantum formulae a summation over / is performed. In both classical 
and quantum theory the Q {n • 0 integrals are obtained from the expression 


V2ir/ilkTQ ln ‘ t) = J e~ y$ y 2,+3 Q {n) dy (10.2-5) 

o 

In the classical theory y 2 = fig 2 !2kT t and in quantum theory 
y 2 = h 2 K 2 ll/ikT. Once the Q {n • n have been calculated, either from the 
classical cross-sections or from the quantum mechanical cross-sections, 
the transport coefficients may be computed according to the formulae 
given in § 8.2. 
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(Eq. 10.2-9] 


We have thus succeeded in expressing the transport cross-sections, and 
hence the transport properties themselves, in terms of the phase shifts, 
yj^k). The calculations of the phase shifts have been described in §§ 
6.4b and c, in connection with the calculation of the second virial coefficient 
at very low temperatures. The actual calculation of the transport 
coefficients at low temperatures is discussed in § 10.2c. 


b. The symmetry effects 

Thus far the discussion has been limited to Boltzmann statistics. When 
the particles are considered to be indistinguishable and the symmetry of 
the wave functions is taken into account, we must use the expressions for 
a (g t %) which are given in Eqs. 1.7-27 and 28 for Bose-Einstein and Fermi- 
Dirac statistics, respectively. Then the formulae for the cross-sections 
become, in Bose-Einstein statistics, 


Cd'.e. = 4 (^i) I ( 2/ + 1) sin* n, 

\K > f-0.2,4."’ 

,/2"\ " (/+l)(/ + 2) . .. 

csk =2 b;.. — (/+1) s,n ~ *> 


( 10 . 2 - 6 ) 


and, in Fermi-Dirac statistics, 

Gk.d. = 4 ( 3 ) 2 (2/ 4- 1) sin 2 rj t 

XK 7 1—1,3.5. • • • 

./M ? (/+!)(/+2).. 

Cf.d. = 2 ( Z2 1 2 — jrrr — sm # 

These expressions are valid for particles with zero 
with spin s # 0, the cross-sections are given by 


K»J" - (sri) *■ + ( 


+ 

s 


2 s+ 1 



(10.2-7) 

(Vi+t - 

-Vi) 

spin. 

For particles 

) CRk 

(10.2-8) 

) esk 

(10.2-9) 


The and g?.i). without a superscript are those calculated by Eqs. 
10.2-6 and 7 for particles with zero spin. Equation 10.2-9 is used for 
calculating the cross-sections and transport coefficients for He 3 , which 
contains an odd number of particles and has spin s = For the cal¬ 
culation of the transport coefficients the expressions given in Eqs. 10.2-6, 
7,8 and 9 may be substituted directly into Eq. 10.2-5 in order to obtain the 
integrals Q {n - 
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A second effect, which should be considered when the symmetrization 
of the wave functions is taken into account, is the correction of the 
transport coefficients resulting from the inclusion of the terms Of in the 
quantum mechanical Boltzmann integro-differential equation. This 
correction, which is often referred to as the “symmetry effect’* proper, 
is considered next. 

In Chapter 7 it is shown that the main problem in the development of 
the theory of transport phenomena is the solution of a set of integral 
equations for functions AB,(W'), and Cf(W^ 9 which give, 
respectively, the coefficients of thermal conductivity, viscosity, and 
diffusion. We have just seen that, by simply changing gb db into 
a(g, X) sin X dx* we g et immediately the correct quantum mechanical 
expression for the transport properties which include the diffraction 
effects (and the first “statistics” effect mentioned above). To get the 
transport properties in quantum mechanics including both “diffraction” 
and “symmetry” effects, it becomes necessary to re-solve the set of integral 
equations just mentioned with the factors (1 + 0,f) included. This has 
been accomplished, and the formal results have been given elsewhere for 
both pure gases 2 and gaseous mixtures. 3 

For viscosity and thermal conductivity of pure gases the following 
explicit formulae have been given 2 (good to the second approximation 
in the solution of the integral equations): 

M- - ifr iff [ 1 ±" ^ 

W.-fig&T’I 1 ±”0^'«' + «] 

The plus sign is for Bose-Einstein, the minus sign for Fermi-Dirac 
statistics. The quantities H (2> 2) ,f^\ and f { p must be calculated quantum 
mechanically by means of the cross-sections given in Eqs. 10.2-6, 7, 8 and 
9. The f {2) and /i 2) are factors very close to unity 4 ' 5 and represent the 
inclusion of the next higher terms in the Sonine polynomial expansion in 

* E. A. Uehling and G. E. Uhlenbcck, Phys. Rev., 43. 552 (1933). E. A. Uehling, 
Phys. Rev., 46, 917 (1934). 

4 E. J. Hellund and E. A. Uehling, Phys. Rev., 56, 818 (1939). 

4 For an inverse twelfth power repulsive potential /!, 2> and /^ -) approach 1.016 and 
1.025, respectively, as T approaches absolute zero. Calculation of these quantities 
for the Lennard-Jones (6-12) potential indicates that the correction is appreciable only 
at very low temperatures. (See footnote 6.) 

4 These factors are defined in classical theory in Eqs. 8.2-19, 32. 
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srsr. 

The brackets account for the so-called ''symmetry-effeet w d h ^ h t ° es t uIt 
0/-corrections considered here. The functions b n and * , 
from the first approximation, are given by 


„ r 128 

= 2 -1 [4-^77 oT^J 


ap> = 2 


„ 128 

“ * L 7 3’ , ‘ 


128 T* IS > + 6T 1 *' 


9Q.I.J. 


"] 


(10.2-12) 


(10.2-13) 


The quantities T<-‘> are integrals like the defined in Eq. 10.2-5 

except that the exp(-y 2 ) is replaced by exp(-$y 2 ). The terms 6 
and which occur in the second-order approximation, contain the 
£}<"• <> and T (n> with n = 2, 4 and / = 2, 3, 4, 5. These terms are small 
in comparison with 6™ and d\ l) and are not considered further here. 

Hence we see that the inclusion of the factors (1 4* 0 t f) in the Boltzmann 
equation leads to a density-dependent contribution which is directly due 
to symmetry effects. An actual evaluation 6 of this symmetry correction 
for He 4 gas at temperatures around 1°K indicates that it is of the same order 
of magnitude as the Enskog correction term for dense gases, 7 which 
accounts approximately for the change in the transport coefficients with 
density in the classical theory. A change of this order of magnitude 
has been observed by Ubbink 8 in the thermal conductivity. It is not 
possible to analyze these data at the present time, however, because of our 
lack of knowledge of the effect of multiple collisions on the density 
dependence of the transport properties. 

Because we consider in this section only the density-independent part 
of the transport coefficients, this second symmetry effect will not be 
considered further. The reader is reminded, however, that the statistics 
effects which enter into the cross-sections are important at moderately 
low temperatures and therefore must be taken into account. 


• J. de Boer, Physica, 10, 348 (1943). 

7 The Enskog theory of the density dependence of the transport coefficients of a gas 
composed of rigid spherical molecules is discussed in § 9.3. 

8 J. B. Ubbink, Doctoral Dissertation, Leiden (1945). 
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c. Calculations at very low temperatures 

The viscosities of helium and hydrogen have been calculated from Eq. 
10 .2-6 for the rigid-sphere model, 9 - 10 for which an analytic evaluation of 
all the phase shifts is possible (see § 6.4b-i). For this simple potential 
field it was found that the quantum mechanical results showed consider¬ 
ably better agreement with the experimental data than calculations based 
on the classical theory. 

The viscosity of He 4 has also been calculated, 11 using Slater’s 12 inter¬ 
atomic potential function. The agreement between calculated and 
experimental results is not exceptionally good, although the shape of the 
viscosity versus temperature curve appears to be about right. It must be 
remembered, however, that Slater's potential function was derived from 
quantum mechanics alone and contains no constants which are adjusted 
to the experimental data. In view of this fact the calculations based on 
this potential must not be regarded as too unsatisfactory. The calculated 
results based on Slater’s potential and on the rigid-sphere model are 
compared with the available experimental data in Fig. 10.2-1. 

The most extensive low-temperature transport property calculations 
have been made using the Lennard-Jones (6-12) potential. The com¬ 
putations of the phase shifts for this potential are described in § 6.4c, and 
from the tables of phase shifts the viscosities of the isotopes of helium 11 - 13 
and the isotopes of hydrogen 14 have been calculated. As an illustration 
we consider here the results for He 3 and He 4 . Very recently the co¬ 
efficient of self-diffusion has been calculated for the isotopes of helium. 15 

The starting point for the calculation of the transport properties of 
dilute gases in quantum mechanics is the solution of the radial wave 
equation for a pair of interacting molecules. This equation may be 
written in reduced form by using the parameters in the Lennard-Jones 
(6-12) potential as a basis for the reduction of the variables. The radial 
wave equation then assumes the form 



/(/+ 1) 16w 2 / 1 

r* 2 + A* 2 \r* 12 


>.)] 


(/>) = 0 


(10.2-14) 


in which r* = r/o and k * = kg. We see thus that for various substances 
a different value of the quantum mechanical parameter A* = hKaVTne) 


8 H. S. W. Massey and C. B. O. Mohr. Proc. Roy. Soc. (London), A141, 434 (1933). 

10 E. A. Uehling, Phys. Rev., 46. 917 (1934). 

11 H. S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc. (London), A144, 188 (1934). 

12 See Equation 14.2-13 and J. C. Slater. Phys. Rev., 32. 349 (1928). 

13 J. de Boer and E. G. D. Cohen. Physica, 17, 993 (1951). 

14 R. Miyako, Proc. Physico-Mathematical Society of Japan (Ser. 3), 24, 852 (1942). 
16 E. G. D. Cohen. M. J. Offerhaus, and J. de Boer, Physica (in preparation). 
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has to be inserted into the differential equation. The method of obtain¬ 
ing the phase shifts from this equation is discussed in § 6.4c, and tn 
numerical results are given there. Values of the quantum mechanical 
parameter A* for various substances are given in Table 6.5-2. 



Fig. 10.2-1. Comparison of the calculated and experimental values of the viscosity 
of He 4 , (a) Experimental, (b) Calculated for rigid spheres in classical theory, 
(c) Calculated for rigid spheres in quantum theory (Uehling). (d) Calculated for Slater 
potential in quantum theory. (Material for graph was taken from S. Chapman and 
T. G. Cowling, The Mathematical Theory of Non-uniform Cases, Cambridge University 

Press, 1939—Table 30, p. 303.] 

After the phase shifts have been computed from the radial wave 
equation, the cross-sections Q n) (for diffusion) and Q (2) (for viscosity 
and thermal conductivity) may be determined. For He 4 , which has zero 
spin, it is necessary to calculate 0 ( B n) E from Eq. 10.2-6. For He 3 , which 
has spin £, we have to calculate both Q$* Dm and Qb.e. and use Eq. 10.2-9 
to compute the cross-sections. The calculated values of the cross-sections 
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for the isotopes of helium are shown 13 in Fig. 10.2-2. This graph 
illustrates nicely the diffraction effects encountered in transport 
phenomena. In Fig. 10.2-3 we compare the classical curves for Q {1) 
and Q {2) with the analogous quantum mechanical curves calculated on 
the basis of Boltzmann statistics for a value of A* characteristic of the 



Fig. 10.2-2. The dependence of the quantum mechanical cross-section (?“’ 
on the energy. The quantity Q'*'* is the cross-sectioo divided by the corres¬ 
ponding classical rigid sphere value. *• - ko, where k is the energy quantum 
number which characterizes a collision. [Taken from J. de Boer and E. G. D. 

Cohen, Physica, 17, 993 (1951).! 

light isotope of helium. From this figure it may be seen that for low- 
energy collisions the quantum mechanical cross-sections are considerably 
smaller than the corresponding classical quantities. 

The values of the viscosity calculated from the cross-sections shown in 
Fig. 10.2-2 are given in Table 10.2-1 and graphically in Fig. 10.2-4. 
It may be seen that the viscosity of He 3 is considerably greater than that 
of He 4 . Furthermore, at very low temperatures the viscosity of the 
heavier isotope is proportional to the 3/2 power of the temperature, 
whereas that for the lighter isotope is proportional to the square root of 
the temperature. This difference in temperature dependence stems from 
the fact that there are no stationary states for a pair of He 3 atoms whereas 
for He 4 there is either a real or a virtual level at the top of the energy well. 
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Fig. 10.2-3. A comparison of the cross-sections Q ,lt * and Q ,l) * as given by 
the classical and quantum theories. The quantum mechanical curves are for 

Boltzmann statistics. 



7TK) 


Fig. 10.2-4. The viscosity of He 3 and He 4 as a function of temperature, 
according to quantum mechanical calculations based on the Lennard-Jones 
potential. [Taken from J. de Boer and E. G. D. Cohen, Physica, 17, 

993 (1951).! 
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A further graphical comparison of calculated results may be found in 
Fig. 8.4-6, where the classical and quantum mechanical curves for viscosity 
are given on the same graph. 

TABLE 10.2-1 


The Viscosity and Thermal Conductivity of He 3 and He 4 as 
Calculated from Quantum Mechanical Theory for the 
Lennard-Jones (6-12) Potential 6 - 13 


He 3 

He 4 

7X°K) 

»/ x 10 7 

X x 10 7 


rj x 10 7 

X x 10 7 

(g/cm-sec) 

(cal/cm-sec-°K) 

7TK) 

(g/cm-sec) 

(cal/cm-sec-°K) 

0 . 

0 . 

0 . 


0.7 

1.3 

0.51 

37.7 

93.1 

fjltl 

2.4 

4.6 

1.02 

72.0 

178. 


8.0 

14.9 

2.04 

113. 

279. 

0.366 

12.6 

23.6 

3.07 

124. 

306. 

0.457 

20.1 

37.8 

4.09 

131. 

324. 

0.640 

30.9 

57.9 

5.11 

140. 

346. 

0.915 

33.8 

63.4 




1.280 

36.1 

67.6 




1.634 

41.2 

77.2 




1.828 

44.6 

83.7 




2.285 

55.6 

104.1 




2.740 

67.3 

127.1 


As was mentioned in connection with the calculation of second virial 
coefficients, the calculation of the properties of gases from phase shifts 
is fairly well limited to the very low temperature region, since for higher 
temperatures it is necessary to calculate the phase shifts for many more 
values of the quantum numbers / and *. For higher temperatures, where 
the deviations from classical behavior are not great, it is possible to obtain 
a series development in powers of Planck's constant analogous to that 
obtained for the second virial coefficient in §6.5. This approach is 
discussed in the following section. 


3. Transport Phenomena at Intermediate Temperatures 

In the last section it is shown that the transport properties can be 
calculated at very low temperatures by the use of quantum statistical 
mechanics. In Chapter 8 the classical formulae for the transport co¬ 
efficients are given, whereby the properties of gases may be calculated at 
high temperatures. In this section we wish to discuss the description of 
the transport phenomena in the “intermediate temperature ” region, in 
which the quantum deviations from classical behavior are small. 
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,,, t u p calculation of the second virial coefficient in this mter- 
Jdial temperate Ilgion is discussed. It is found there that the 

quantum correction to the second virial coefficient vetoped" by Two 

nower series in h 2 . This series expansion has been developed by t 
methods One method involves the solution of the Bloch differential 
equation (this is the method used in § 6.5). In the other method the phase 
shifts are expanded by the WKB method. This latter technique which was 
developed by Kahn, 1 may also be applied to the calculation of the transport 
coefficients. It is found that the quantum corrections to the transport 
coefficients may also be written as power series h 2 . 


a. The WKB development of the phase shifts 2 3 

The phase shifts for a binary collision are obtained by solving the 
radial wave equations given by Eqs. 1.7-3 and 4. The first of these is the 
differential equation for (r V ,,), which describes the relative radial motion 
of two particles that interact according to an interaction potential energy 
function f{r). The second is a differential equation for (n^i). whlch 
describes the relative motion of two non-interacting particles. The 
solution to the first of these equations may be written in the form 

(np.,) = exp [iuJr)IH] (10.3-1) 

According to the WKB method, the function ujr) may then be developed 
in the series 

ujr) = + (J) «<}> + (J)‘ + • • ' (10.3-2) 


The tt$(r) are determined by substituting Eqs. 10.3-2 into Eq. 1.7-3 and 
equating equal powers of Planck’s constant. 4 Then the solution takes 
the form 



(10.3-3) 


1 B. Kahn, Dissertation, Utrecht (1938). 

a A brief description of the WKB method is given in § 1.6e. A somewhat more 
extensive explanation is given in L. I. Schiff, Quantum Mechanics , McGraw-Hill (1949), 
and a detailed discussion may be found in E. C. Kemble, Fundamental Principles of 
Quantum Mechanics , McGraw-Hill (1937). 

3 The quantum dynamics of binary collisions is discussed in § 1.7. The results of 
that section are used in this discussion of the phase shifts. 

4 In performing this operation we disregard the fact that h appears also in the 
quantum mechanical centrifugal potential [h}l{l + l)/2 pr*]. 
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The index / is the angular momentum quantum number, and k is the 
quantum number which indicates the total relative kinetic energy of the 
colliding pair of molecules. The quantity/,(/•) is [/(/ -f l)/' 2 ] + [2/ug>(r)/jj*J 
and r m is a limit point of classical motion, that is, a point at 
which f(r) = k 2 . We restrict the discussion which follows to inter¬ 
action potentials for whiph there is but one such classical limiting point, 
namely, the distance of closest approach of the two molecules. 

Two linear combinations of the two solutions in Eq. 10.3-3 must be 
found: one for the “classical region,” where/, < * 2 , and another for the 
“non-classical region,” for which/, > * 2 . To join these two solutions at 
the classical limiting point, we use the Kramers’ connection formulae. 2 
When in this way the WKB solution for ( ry> Kl ) has been determined, it is 
easy to find the phase shifts. The phase shifts may be developed in an 
expansion: 

t]M = t/?\k) + + rffK*) +••• (10.3-4) 


the successive terms arising from the various terms in the exponent of 
Eq. 10.3-3. This discussion is confined to the first two WKB approxi¬ 
mations. The first approximation gives the correct classical formulae 
for the transport properties, and the second approximation gives rise to 
the first quantum correction, that is, the correction proportional to h 2 . 

The use of the connection formulae yields for the first WKB approxi¬ 
mation to the wave function in the “classical region”: 



(10.3-5) 


For large r this simplifies to 


(ry>J~c°s 



+ 


r 

f [Vk* -f(r) - 


rm 



(10.3-6) 


This then is the solution of Eq. 1.7-3, the radial wave equation with an 
interaction potential <p(r), according to the first WKB approximation. To 
obtain the solution of Eq. 1.7-4 to the same approximation, we 
set f(r) equal to /(/+ l)/r 2 in Eq. 10.3-6 and perform the indicated 
integration. This gives then for the radial wave function for two non¬ 
interacting particles at large r : 

('T*/ 0 ) ~ cos [* r — ^ \ ^/(/ + 


large r (10.3-7) 
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[Eq. 10.3-10] POWER SERIES IN PLANCK’S CONSTANT 

The ohase shift is defined as the difference, at large r, in the phase between 
the radial wave functions, with and without the interaction <p{r). 

£qs 10 3-6 and 7 the phase shift may be found to be 




= 3 VW+ T) - «r m + J (Vk* -/,(<•) - •<) dr (10.3-8) 



according to the first WKB approximation. 

In a similar way we find for the second-WKB approximation. 

_ - -if Sf ' ~ dr- (10.3-9) 

The integral in this expression 
does not converge. An examination 
of Kramers’ connection formulae 

reveals, 1 however, that the integral _ 

must be interpreted as half the 
integral over the contour in the 
complex r-plane shown in Fig. 10.3-1. 

It has been shown by Hadamard 5 
that this integral in the complex r- 

plane may berewritten as the principal Fig. 10.3-1. The path of integration in 
part of the integral along the real.r- ihecomplexr-planeusedinthccvaluation 

axis. This means that we must of the integral in Bq. 10.3-9. IFromB 
a .• 11 .U Kahn, Doctoral Dissertation, Utrecht 

integrate partially the integral in ( 1938 ).! 

Eq. 10.3-9 a sufficient number of 

times until a convergent integral appears, and all infinite terms of the 
integrated parts must be discarded. Doing this, we finally obtain 




, r (/r///)-(/,w„ 
K) =Ti - r 4 J Vk2 -u r) 


(10.3-10) 


16\//(/ 4- 1) 

This is the second term in the expansion of the phase shifts by the WKB 
method. 


b. The cross-sections as power series in Planck’s constant 6 
In Eqs. 10.2-2 are given the formulae in Boltzmann statistics for the 
cross-sections in terms of the phase shifts. The substitution of the 
expressions for ^J 1J (#c) and rf^X*) into the expressions for the cross-sections 

• J. Hadamard, Le probleme de Cauchy, Paris (1932), p. 184. 

• J. de Boer and R. B. Bird, Phys. Rev., 83, 1259 (1951). 
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leads to a development in a series, the various terms of which are 
proportional to successive powers of h. 

The differences in the phase shifts, [r) l+n — 77 ,], occurring in Eq. 10.2-2 
may be written in terms of derivatives according to a Taylor expansion 
of rj,+ n as a function of /: 

It turns out, however, to be more convenient to introduce a variable, b y 
defined by hV 1(1 -f- 1) = pgb, and to express the phase shift differences 
in terms of derivatives with respect to b. We also replace k by its 
equivalent pg/H. When the WKB expressions for and ti\ 2 \k) are 

used, we obtain: 

+m*- v+ *s + 5* , s] ty' + ^ (io - 3_i2) 

[Vm ~V,]= X + (^) 

+ i * + * S + T * 2](s*)' + 0(fi3) (,a3 - ,3) 

The quantities % and V are defined in terms of the first and second approxi¬ 
mation to the phase shifts, thus: 

(,0 - 3 - 14) 


v = 16 bK^' (10.3-15) 

By means of the explicit expressions for the first and second WKB approxi¬ 
mations to the phase shifts given in Eqs. 10.3-8, 10, we obtain the following 
integral expressions for % and V- 

CO 

x (b,g ) = it -2b j [1 - F]~' l, r~ z dr (10.3-16) 

Tin 


V (b, g) = n-ibj Win - (f/r)*] [1 - F]-' 1 ' dr (10.3-17) 

rm 

In these expressions the quantity F(r ) is the “effective potential" in units 
of the initial relative kinetic energy \pg 2 : 


F(r) = 


y( r ) 



(10.3-18) 



flS* 10.3-221 POWER SERIES IN PLANCK'S CONSTANT 
and ; h t e 

VEZS&SSS * which we introduced is the impact para- 

—“ in § ■ f rr Eq ( \ (io.3-i9) 

[Vl+zi*) ~~ VlM] limit X\ *8’ 

This is then the correspondence relation’ between the phase shifts and the 

a thet"ions may now be obtained by substituting^, lO.^ 
and 13 into the formulae for 2'" and 0- which arc gwen m Eq^.O^ for 
Boltzmann statistics. The quantities, sin (r?,„ - •?,). may bed«dI p 
a power series in h^gb, and the summat.ons over / may be transformed 
into an integration over the variable b by means of the expression 

Hf)('-i(£)‘ + > <l0 ' 3 ' 2 '” 

By this means the cross-sections are obtained as a series, the terms of which 
contain successively higher powers of Planck's constant The first term 
proportional to b°, is just the classical cross-section Q cl or <?., given n 
Eq 10 2-3. The terms proportional to odd powers of h may be shown to 
vanish by partial integrations. Hence the final expressions have the form 

q ■"» = es» + cs° + (^) + • •' (,<u ' 21) 

The Q[ n) are the first quantum corrections to the cross-sections and have 
been found to be 

r 1 f db 

el” = 2w J (sin x) ix ~ v) T 

-j](cos Z )(v + 5*|f)|^-J] 


00 


db 

(sin 2 X ) (x-Y)-r 


(10.3-22) 


-JJ(cos2*)(» + 5^)g*-j|(*i" , *)f] 

0 0 
Explicit expressions for the Q$ have not yet been obtained. 

7 This correspondence has been obtained by another method as outlined in N. F. 
Mott and H. S. W. Massey, The Theory of Atomic Collisions, Oxford University Press 
(1949), pp. 120 et seq. The method given there does not provide directly a means for 
obtaining the quantum corrections to the classical value. 
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Substitution of these expressions into the formula for Q (n<0 given in 
Eq. 10.2-5 leads to 


Q("-» = as-*> + (^) 2 05 "° + 


+ • 


in which 


V2ir#rflf" = | e -dy 


0 

00 


0 

CO 


y/2i,plkTOfi; n = J 


(10.3-23) 


v/2tt n = J (10.3-24) 


The variable y is defined as y 2 = i ng 2 /kT. Thus we have succeeded in 
obtaining expressions for the quantum deviations from the classical 
values of the £2 (n * 0 and hence also for the transport coefficients themselves. 

c. Calculations for an inverse twelfth-power repulsive potential 

Calculations of the quantum deviations of transport properties accord¬ 
ing to the formulae above cannot be performed for rigid spheres easily, 
since derivatives of the potential functions occur in the formulae for x 
and The simplest model for which the calculations may be made is 
one which represents the molecules as point centers of repulsion. We 
consider here the special case of the potential function: 

(p(r) = 4c((r/r)' 2 (10.3-25) 

which is just the repulsive component of the Lennard-Jones (6-12) potential. 
Classical transport property calculations for potentials of this type have 
been discussed in § 8.3b. The particular advantage of this model is 
that the quantities x and y> may be written as a function of a single variable, 
y 0 , and furthermore the integrations over y in Eq. 10.3-24 may be per¬ 
formed analytically. 

It is convenient to introduce the quantities y, y m , y 0 , and z, which are 
defined by: 

y = b/r y m = b/r„ z = y/y m 


/ \'i» 

yo_ *ll2 WV Icrj148* / 


(10.3-26) 



m 10.3-32] INVERSE TWELFTH-POWER REPUI5IVE POTENTIAL 

T . ,„ nolh . is t he classical distance of closest approach in a collision 
SSSSSiS. With Eq. 1.5-26), and which is a function of*, 
is determined as the positive root of the equation: 



12 \*/ 


(10.3-27) 


In terms of these quantities the integrals * and V may be written in a form 
convenient for purposes of calculation: 


x(Vo) = ” 



dz 

VT - F l0 \z) 


(10.3-28) 


f F l2) F (1 > — F i2)Z 4- 2F il)t + 2 F n) F< 2) ^ 

— fom J /r(l)2 y/\ /T(0) 

0 (10.3-29) 

in which w 

^-*.M + ±(M) ( 10 - 3 - 3 °) 

F lk) (z) = Jz* F <0 >) (10.3-31) 


In Table III we give the calculated values of y mt x> % and /' = dxldy 0 
as functions of y Q . 

From the table of x and the classical cross-sections (Eq. 10.2-3) and 
the first quantum corrections (Eq. 10.3-22) may be calculated. The 
results may be expressed in the form 

Off = 2n (^r) ‘ A,n ’ ; OF* = 2irB,n> (io.3-32) 

The quantities A ln) and B ln) are integrals over y 0 and do not depend on 
g. Their numerical values are given by 

A 11 ' = +0.3458 B™ = -0.2680 


A (2) = +0.2787 B (2) = +0.5251 
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The integrals Q ( "' 0 may then be written as 

Q«-" = A™ J— (^)’ / ‘ r(/ + -V) [l + (n, ')£ + ■ ■] 

(10.3-33) 

in which 

a* = —r* = kTi< 

aV2/X€ 

K t (n t 1) = [fi (n, M (n, l (7.706 X 10" 3 ) (10.3-34) 

2) = (5.439 X 10~ 3 ) 

According to the calculations of the first quantum correction to the trans¬ 
port coefficients, the quantum deviations of the viscosity, thermal 
conductivity, and self-diffusion of He and H 2 are less than 0.5 per cent 
at room temperature. The magnitude of the second quantum correction 
has not yet been estimated. The experimental data are not sufficiently good 
at the present time to warrant a comparison of experimental and calculated 
results. 

4. The Principle of Corresponding States in Quantum Mechanics 1 
The discussion in the two preceding sections is applicable only to dilute 
gases in which three-body collisions are negligible. It is possible, how¬ 
ever, to formulate for the transport coefficients a principle of correspond¬ 
ing states, the validity of which is not limited to this region of low densities, 
but which is valid for all densities and, in particular, also in the liquid 
state. 

This principle of corresponding states may be established by means of 
dimensional arguments presented in § 9.1b. Let the interaction potential 
between a pair of molecules be characterized by two parameters, a 
characteristic length o and a characteristic energy €. Then in quantum 
theory the bulk properties, such as the transport coefficients, are functions 
of the seven quantities, t>, T, m, k, a , *, and h. Dimensional analysis 
then indicates that the reduced transport coefficients (defined in Eq. 
9.1-2) may be written in the form 

&* = &*(v* y T* \ A*) 
rj* = T*; A*) (10.4-1) 

= T*\ A*) 

1 Other discussions of the principle of corresponding states may be found elsewhere 

in this volume. §4.1: Classical principle applied to equation of state. §6.6: Quan¬ 
tum principle applied to equation of state. §9.1: Classical principle applied to 
transport properties. 
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[Eq. 10.4-4] 

The variables i>* and T * are the reduced volume and temperature defined 
in Eq. 9.1-1, and A* is the quantum mechanical parameter defined by 

h (10.4-2) 


A* = 


aV me 


The meaning and interpretation of this parameter have been discussed in 

5 6 6 where the principle of corresponding states is applied to equilibrium 
properties. The values of A* for various substances are given in Table 

6 The principle of corresponding states may also be formulated in terms 
of reduction with the critical constants. For example, we may write 

Vr=Vr(Pr.T r ;A r ) (10-4-3) 


K = K(Pr. T,\ A r ) 

in which the reduced transport coefficients, the reduced pressure, and the 
reduced temperature are those defined in connection with Eq. 9.1-6. 
The quantity A r is the dimensionless combination: 


A ' V'HmkTj 1 * 


(10.4-4) 


which was used in the earliest studies of the quantum deviations from the 
classical equation of state . 2 However, as pointed out in § 6 . 6 a, this 
quantity A r is not completely satisfactory, since it is dependent upon 
quantum effects through v c and T e . The parameter A* does not suffer 
from this objection. 

At the present time there are not sufficient viscosity, thermal conductivity, 
or diffusion data to make it possible to apply the principle of corresponding 
states in quantum mechanics. When such data become available, this 
principle should provide a means of correlating the experimental facts 
and predicting the quantum properties of fluids. 


PROBLEMS 

1. Estimate the quantum correction to the viscosity of neon at 300°K. 

2. Is the relation [A] t = ^ - [ 77 ], (see Eq. 8.2-31) valid in quantum mechanics? 

4 m 


2 A. Byk, Arm. Physik, 66 , 157 (1921); 69, 161 (1922). See also § 6 . 6 a. 



• 11 - 


Hydrodynamic Applications 
of the Equations 
of Change 


In Chapters 2 through 6 the equilibrium properties of gases and liquids 
are studied; in Chapters 7 through 10 the non-equilibrium properties 
are examined. In this chapter we consider the application of these 
results to the study of the hydrodynamics of fluids. The solution of any 
hydrodynamical problem requires the following fundamental equations: 

(i) The thermal equation of state, p — p(V, T). 

(ii) The caloric equation of state, U = U(V t T). 

(iii) The equation of continuity. 

(iv) The equation of motion. 

(v) The equation of energy balance. 

These five equations, along with equations describing the temperature 
and density dependence of the transport coefficients, form the starting 
point for the solution of problems of fluid flow. The solution to practical 
hydrodynamical problems requires the solution of these equations for 
specific initial and boundary conditions. Many various types of 
phenomena can be described by means of this set of equations and the 
associated boundary conditions. In this chapter we illustrate the applica¬ 
tion of these equations to the description of the propagation of waves of 
infinitesimal amplitude (sound waves), waves of finite amplitude, and 
shock waves. We also show how the explicit inclusion of chemical 
reactions enables us to describe flames and detonations. Finally we 
discuss the flow of fluids through nozzles as applied to rocket propulsion. 
For simplicity, the discussions in this chapter are limited to laminar 
flow. 

The equations of change (Eqs. iii, iv, and v) contain, the mass fluxes 
j it the momentum flux p, and the heat flux q. In order to apply the 
equations of change to hydrodynamical problems it is necessary to 
express the fluxes in terms of the gradients of the physical properties 
and the transport coefficients. Relations between the flux vectors may 
be obtained by means of the thermodynamics of irreversible processes 

694 
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APPLICABILITY OF THE EQUATIONS OF CHANGE 

and the Onsager relations. In this chapter we indicate how the energy 
transfer by radiation can be included in the energy flux vector. 

1. The Hydrodynamic Equations 

The dynamics of a fluid may be expressed compactly in terms of the 
equations of change. They describe the changes in the macroscopic 
properties of the fluid (that is, the local number density, stream velocity, 
and temperature) in terms of the flux of mass (the diffusion velocities), 
the flux of momentum (the pressure tensor), the flux of energy, and the 
chemical kinetics. The equations of change have been derived for very 
general conditions both classically (see § 9.4) and quantum mechanically 
(see § 10.1). In this section we summarize the results and discuss the 
limit of applicability of these equations. We also give a derivation of 
the equation of change of entropy, which is used later in the chapter in 
connection with the theory of propagation of sound waves, waves of 
finite amplitude, detonations, and flow through nozzles. 

a. Applicability of the equations of change 

Although the equations of change are general and apply to any fluid, 
they are clearly useful only under conditions that make it physically 
meaningful to discuss point properties. The local density, velocity, and 
temperature have been defined formally, but these definitions are reason¬ 
able only under those conditions where the fluid behaves as a continuum. 
When there are large differences in the macroscopic properties over 
distances of the order of a mean free path, the distribution of the velocities 
of the molecules deviates considerably from a Maxwellian distribution. 
Under these conditions, the flux vectors can no longer be expressed in 
terms of the local density, flow velocity, and temperature and their first 
derivatives. Two well known examples of a fluid under such a condition 
are: (i) an extremely dilute gas 1,2 (or "Knudsen gas”), in which the 
dimensions of the containing vessel or an object immersed in the gas are 
of the same order of magnitude as the mean free path, and (ii) a shock 
wave, 3 in which the macroscopic properties as a function of distance 
undergo an abrupt change within a distance of a few mean free paths. 
In both these cases it is meaningless to speak of point values of the macro¬ 
scopic variables. 

We might well question the applicability of the equations of change 

1 M. Knudsen, Kinetic Theory of Gases, Methuen (London) and Wiley (New York), 
1950. 

1 See §§ 1.2b and 7.5. 

» See §§ 11.5c and 11.8. 
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to the description of turbulent motion. It is well known that fluid flow 
in pipes may be either laminar or turbulent. Laminar flow, which 
occurs in slowly moving fluids, 4 is characterized by smoothly varying 
streamlines. As the rate of flow is increased, however, the flow becomes 
turbulent; small eddies appear, and there is superimposed on the overall 
flow a complex pattern of more or less random motions. The dimensions 
of these eddies are always large compared to the mean free path, so that 
the turbulent motion is macroscopic rather than molecular. Accordingly, 
the concept of the fluid as a continuum remains valid, and the ordinary 
equations of change may be used. In these equations the variables refer 
to instantaneous values at a point. For most practical purposes, however, 
we are interested in the values of these quantities averaged over a time 
long compared with the period of fluctuations. Hence, in turbulent flow, 
the equations of change are modified by time averaging to obtain relations 
among the average macroscopic variables. The equations presented 
in this chapter form the basis of the theory of turbulence, but this 
subject is not discussed further here. 5 

Let us now consider in somewhat more detail the energy balance 
equation. Energy transfer in practical problems 6 may take place by one 
or several of four mechanisms: conduction, 7 diffusion, convection, and 
radiation. Up to this point we have considered only the first two of 
these mechanisms. Let us now examine briefly the phenomenon of energy 
transfer by the two types of convection—forced and natural. In forced 
convection the flow pattern is prescribed directly by the hydrodynamics 
and boundary conditions of the problem. In natural convection, the 

4 The nature of the flow in circular pipes is determined by the Reynolds number, 
Dpv/tj. Here D is the diameter of the pipe, p is the density, v is the velocity, and rj is 
the coefficient of viscosity. For small Reynolds number the flow is laminar; for high 
Reynolds number the flow is usually turbulent. 

6 For a discussion of the theory of turbulence, see: (a) S. Goldstein, Modern Develop¬ 

ments in Fluid Dynamics , Vols. 1 and 2, Oxford University Press (1938). (b) H. L. 
Dryden, Sr., Quart. Appl. Math., 1, 7 (1943). (c) G. K. Batchelor, The Theory of 
Homogeneous Turbulence, Cambridge University Press (1953). <d) S. Goldstein, 

Statistical Theory of Turbulence, Lecture Series No. 6, Institute for Fluid Dynamics and 
Applied Mathematics, University of Maryland (1950). (e) F. N. Frenkiel, Introduction 
to Some Topics in Turbulence, Lecture Series No. 3, Institute for Fluid Dynamics 
and Applied Mathematics, University of Maryland (1950). (f) H. Schlichting, 
Grenzschicht-theorie, G. Braun, Karlsruhe (1951). 

• For general treatments of practical heat-transfer problems in gases and liquids, see: 

(a) W. H. McAdams, Heat Transmission, McGraw-Hill (1942). (b) M. Jakob, Heat 
Transfer, John Wiley, Vol. I (1949) and Vol. II (in preparation), (c) J. H. Perry, 
Chemical Engineers' Handbook , McGraw-Hill, 3rd Ed. (1950), Section 6. 

7 For mathematical treatment of conduction in solids (no flow), see: (a) H. S. 
Carslaw and J. C. Jaeger, Conduction of Heat in Solids, Oxford University Press (1947). 

(b) L. R. Ingersoll, O. J. Zobel, A. C. Ingersoll, Heat Conduction , McGraw-Hill (1948). 
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flow is established by density gradients developed fay. he^heat tran fe 
and the gravitational acceleration. Of all the possible flow patte ns 
the steady-state flow realized in nature is the most stable withi respect to 
perturbations. Although natural convect.on represents an ^ceed.ngy 
difficult type of hydrodynamical boundary-value problem, there are a te 
special examples where satisfactory theoretical treatments have been 
developed. The most notable of these are: (i) the convection currents l 
a Clusius-Dickel thermal diffusion column 8 (a gas or liquid constrained o 
the annular region between two concentric vertical tubes maintained at 
different temperatures), and (ii) the cellular convection of a gas or liquid 
constrained between two large horizontal flat plates which are kept at 
different temperatures. 9 Convection plays a very important role in 
diffusion methods of separating mixtures. 10 Natural convection, like 
turbulence, is beyond the scope of this book. 

When energy is transferred by radiation, 11 it is necessary to replace the 
energy flux q in the equations of change by (q + Qn)* the sum ^ ux 
due to conduction and diffusion and that due to radiation. The nature 
and magnitude of this radiation flux is considered in detail in § 11.3. 
In flames or other systems involving high temperatures, radiation can be 
an important mechanism for transferring energy. In principle, radiation 
pressure p„ should be added to the hydrodynamic pressure tensor, 
and the density of radiation energy 0 R should be added to the 
internal energy of the system. It is, however, only under astronomical 
or atomic-bomb conditions that the radiation energy 12 or the radiation 


* R. C. Jones and W. H. Furry, Revs. Mod. Phys., 18, 151 (1946). 

• Lord Rayleigh, Phil. Mag., 32, 529 (1916). H. Jeffreys, Phil. Mag., 2, 833 (1926); 
Proc. Roy. Soc. {London), A118, 195 (1928); Quart. J. Mech. Appl. Math., IV (3), 
September 1951. Experimental confirmations of the theory are given by K. Chandra, 
Proc. Roy. Soc. (London), A164, 231 (1938). S. Chandrasekhar, Proc. Roy. Soc. 
(London), A210, 26 (1951). 

(a) M. Benedict and A. Boas, Chem. Eng. Prog., 47, 51 (1951). (b) M. Benedict, 
Diffusion Separation Methods, Encyclopedia Chem. Tech., 5, 76 (1950). (c) M. 

Ruhemann, Separation of Gases, Oxford University Press (1949), 2nd Ed. 

»» For further discussions of radiative transfer, see: (a) S. Chandrasekhar, Radiative 
Transfer, Oxford University Press (1950). (b) S. Chandrasekhar, An Introduction to 
Stellar Structure, Chicago University Press (1939). (c) S. Rosseland, Theoretical Astro¬ 
physics, Oxford University Press (1936). 

» The fact that radiation energy is usually negligible with respect to the material 
internal energy may be seen in the following manner. The radiation energy of a black 
body at temperature T is 

0 R = paT 4 = 1.833 x 10-«pT 4 cal/g 

Here a is the Stefan-Boltzmann radiation constant. If the matter density, p, is unity 
and T = 100,000°K, 0 R is only 0.02 cal/g. 
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pressure 13 becomes appreciable. Hence these two effects of radiation 
are not considered here. 


b. Summary of the equations of change 

The macroscopic variables describing the state of a system are the 
number densities of the various chemical species n it the mass average 
(or stream) velocity 14 v, and the temperature T. These quantities are 
related to the quantities conserved in a molecular collision: the masses 
of the individual molecules, the momenta of the colliding molecules, 
and the energies of the colliding molecules. Corresponding to each of 
these “summational invariants” there is an equation of change: the 
equations of continuity of the individual species, the equation of motion, 
and the equation of energy balance. 15 These equations are: 


1. (a) The equations of continuity of the individual species: 

S' = Tt + ( v ‘k n ) = (S' v ) - (l ■ n *)+ K < (1 ,M > 


(b) The overall equation of continuity: 

§7 )—'(&•”) < lu - 2 > 

2. The equation of motion: 

57 -I, + ( v -l r ) = - l P {l-’’) + l 1 '"‘ x ‘ < lu - 3 > 

3. The equation of energy balance: 

T! - T, + (- ’ 1 °) ~ -; (s-1" + , * ) ) - ; ( p : Fr y ) 

+ - IMVi • *.) (11.1-4) 

p 


,s Under equilibrium conditions the radiation pressure is given by 

p R = aT • = 2.523 x 10-»r«atm 

If T = 10,000°K, p R = 2.5 x 10- $ atm. If T = 100.000’K, p R = 0.25 atm. Thus, 
for all ordinary applications, radiation pressure is negligible. 

14 In Chapters 7 to 10 the symbol v 0 is used for the mass-average velocity. In the 
hydrodynamic applications discussed later in this chapter, it is cumbersome to carry 
the subscript 0. Hence it is omitted in all of Chapter 11. 

16 The conservation of angular momentum in collisions leads to another equation 
of change. This equation describes the coupling of the angular momentum associated 
with the macroscopic motion of the gas and that associated with the rotation of the 
molecules. This equation, which is not generally recognized, is discussed in § 7.6d. 
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[Eq. 1U-6] 


Here p is the density of the fluid, and 0 is the internal energy per gram. 
The quantities leading to the irreversibility of the flow are: K it the rate of 
formation of the ith chemical species per unit volume per unit time; 
V the diffusion velocity of the ith species; p, the pressure tensor; and 
q- q I{ the energy flux vector. Expressions for these quantities which 
apply to a dilute gas in the absence of radiation are discussed in § 8.1. 
In § 11-2 the thermodynamics of irreversible processes is used to develop 
expressions for the flux vectors which apply under more general conditions. 
In §11.3 the radiation contribution q R to the energy flux vector is 


considered. 

The substantial derivative D/Dt appearing in Eqs. 11.1-1, 2, 3, and 4, 
represents the time rate of change following a fluid element which moves 
with velocity v. According to Eq. 11.1-1, the number density of species 
i changes for three reasons: the first term on the right indicates the change 
due to expansion of the fluid, the second term accounts for the change 
due to diffusion processes, and the third term represents the change due 
to the production of the ith component by chemical reaction. According 
to Eq. 11.1 -2, the density of the fluid changes only because of the expansion 
of the fluid represented by the term on the right. According to Eq. 
11 . 1 - 3 , the velocity of the fluid element changes because of the gradient 
of the pressure tensor and also because of the external forces acting upon 
the various species present. The pressure tensor may be written as the 
sum of two terms: 


p = p\J + P 


(11.1-5) 


the first term representing static pressure and the second term representing 
the viscous effects. According to Eq. 11.1-4, the internal energy changes 
for the following reasons: the first term on the right represents the change 
due to the energy flux including the radiation effects, the second term 
represents the change due to the y?K-work and the viscous effects, and the 
third term describes the change due to the work which the diffusing 
molecules do in overcoming the external forces. 

For some purposes it is convenient to have equations of change of the 
variables T and p. For a one-component system these relations, which 
are contained in those above, are 
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and 



The analogous equations for general multicomponent fluids are compli¬ 
cated by the fact that the partial molar internal energies are functions of 
the density and chemical composition as well as the temperature. 


c. The equation of change of entropy 

The equations of change described above provide a complete description 
of the hydrodynamics of a fluid. Nevertheless, another equation which 
describes the rate of change of the entropy in a flow process is very useful, 
particularly under adiabatic conditions. This equation is written in such 
a form as to exhibit the rate of irreversible production of entropy due to 
each of the various processes going on within the gas; the principles of 
the thermodynamics of irreversible processes may be applied to obtain 
information as to the form of the flux vectors. This information is 
particularly valuable in the case of a liquid where the form of the flux 
vectors would otherwise be unknown. 

Let us consider the rate of change of entropy within a finite region of 
space, A. The region is defined by a surface, each portion of which moves 
with the local flow velocity of the gas, v. The entropy of the gas within 
the region changes for two reasons: (i) because of the reversible flow of 
entropy through the bounding surface and (ii) because of the irreversible 
production of entropy. Let § be the entropy per unit mass, o be the 
flux vector representing the reversible flow of entropy, and g be the rate of 
irreversible entropy production. Then, in terms of these quantities, 

^Jp5</r=-J(o-</S) + Jsrfr (11.1-8) 

A A 

Here / dS indicates an integration over the surface of the region A under 

a 

consideration. This is the equation of change of the entropy in integral 
form. 
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From the meaning of the differentiation, it is clear that this equation 
can be rewritten in the form 

f 1 (pS) dr + f P s(ydS) = - J (o -dS)+ J gdr (11-1-9) 
J 9 ' i a a 

Then, using Gauss’s theorem, we obtain the relation 

A 

Since this expression is true for any region in space, it follows that 

j'(pS) + ^- r -(pSv)= - (^•°) +8 (11.1-11) 

and, using the equation of continuity (Eq. 11.1-2), one finds that 

pd {, + ( pv ' d S) = -(l’°) +g (11,M2) 


This is the equation of change of entropy in the differential form. 

It is convenient to write the equation of change in terms of the 
substantial derivative, D/Dt. In terms of this operator, Eq. 11.1-12 is 18 


(s-) + * " ,w3) 

An equation of change of entropy of this form may also be obtained 
from the equations of change of § 11.1b. A comparison of the two 
equations then gives an explicit expression for the rate of irreversible 
production of entropy, g. 

Under equilibrium conditions the entropy is a quantity which depends 
only on the state of the system. Under non-equilibrium conditions the 
entropy per gram S, at a point, is taken to be the same function of the 
local temperature, density, and composition. The differential of the 
entropy is 

TdS = dO 4 - pd(\!p) — ZiPAnJp) (11.1-14) 


Here is the chemical potential (or partial molar Gibbs free energy). 
In an equilibrium system p is the pressure exerted by the fluid. In a 


» it should be noted that the derivation of this equation does not make use of the 
specific properties of the entropy. S', and hence a similar equation applies to any 
extensive property of the gas. 
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non-equilibrium system p is taken to be the same function of the local 
temperature, density, and composition. As discussed in § 11.2e only 
under special conditions is one-third the sum of the diagonal elements of 
the pressure tensor equal to p. 

From Eq. 11.1-14 it follows immediately that 



DO D(\/ P ) 
Dt P Dt 


— lift 


D(nJp) 

Dt 


(11.1-15) 


The equations of change of § 11.1b may be used to eliminate the time 
derivatives on the right of this equation. The result is an equation of 
the same form as Eq. 11.1-13, with o and g given by 

a = j.l{q+q R }-I,n,Miy,] (11.1-16) 

^=- r4 (9+ ID - M (p - /,u)s ^ v ) 
-MMrD?) -W) (,1M7) 


Let us now rewrite the quantities o and g in a somewhat more convenient 
form. 

The vector a represents the reversible flow of entropy. That this is 
reasonable may be seen from the following arguments. The total energy 
flux, q -f- q R , may be written as the sum of two terms: 

' Q + 9r = « + nfitVi (11.1-18) 

where /7, is the partial molal enthalpy. The second term is the flux of 
energy incidental to the diffusion processes, whereas c (which is defined 
by this equation) is the flux of thermal energy. It follows from Eqs. 
11.1-16 and 18 that 

a = i.6 + S in ,S,V i (11.1-19) 


where 5, is the partial molal entropy. In this form it is seen that a is the 
sum of two terms. The first term is the reversible flow of entropy due to 
the heat flow; the second term is the flow incidental to the diffusion 
processes. 

The quantity g may be rewritten by introducing the expression for the 
rales of formation, K it of the various types of molecules. The chemical 
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kinetics of a reacting mixture may be described in terms of a set of chemical 
reactions, which we write symbolically as 

p u ii] + pui 2] + ••••» '/»m + + • • • (,u_20) 

the 5,, and the r, it being integers and the [/] indicating the Ah species. Let 
the rate constant for theyth forward reaction be k, and that for theyth 
backward reaction be */, so that the rate of the forward reaction is 

• • * (11.1-21) 

where f is the fugacity of component i. # A similar expression applies to 
the backward reaction. Then the total rate of formation of molecules 
of i by all the chemical reactions is 

K t = Z/ij* - Pu) K*,/.'’■'//•' • ’ •) - (W • • •>] O' 1 - 22 ’ 

Let us now define the chemical affinity Y t and the net rate r f of theyth 

reaction by ... . 

Y, = -ZAVu ~ PiMi (11.1-23) 

r, = {kjpff* ■■■)- V'/fi'of,'* ■■) (■' • >- 24 > 

Then, according to Eq. 11.1-17, the contribution of the chemical reactions 

to the rate of production of entropy is 

= O'- 1 - 25 ) 

When this expression and that given in Eq. 11.1-18 for the energy flux 

are substituted into Eq. 11.1-17 for the quantity g , we obtain the result 

* = - f lAh ■ a,)- f ((p- p : Vr ') " b ( e ‘It) + 't L r ‘ Y ‘ 

(11.1-26) 

in which /, = is the flux of mass of species / defined in Eq. 7.2-19 

and At is 17 

1 dp, Si dT 1 
A, = — t: + — 


m, 0r m, dr 

-=Ly - — X 

m, 1 ’ \dnjr.p dr m,dr m, 


(11.1-27) 


17 The second form of this equation is obtained by making use of the fact that the 
chemical potential p t depends on the state of the system and, in particular, may be 
considered as a function of T, p, and the n f . The partial derivatives with respect to 
T and p are eliminated by the thermodynamic relations. 



and 



Note that V, (light face) is the partial molal volume, not to be confused with V, (bold 
face) which is a diffusion velocity. 
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Equation 11.1-26 then gives the rate of irreversible entropy production. 
The first term is the contribution due to diffusion, the second term that 
due to momentum transfer, the third term the contribution due to energy 
transfer, and the last term is due to chemical reactions. This equation 
is of such a form that we may apply the principles of the thermodynamics 
of irreversible processes to obtain expressions for the fluxes. However, 
before considering the implications of this equation, let us discuss briefly 
the principles of the thermodynamics of irreversible processes. 

2. The Thermodynamics of Irreversible Processes 1 

Up to this point the transport phenomena have been studied from the 
standpoint of non-equilibrium statistical mechanics or kinetic theory. 
The equations of change have been expressed in terms of the flux vectors, 
which, in turn, are given in terms of integrals of the distribution functions. 
Ultimately we would like to express the flux vectors in terms of the 
properties of the individual molecules. On the basis of such a molecular 
theory it is possible to predict transport properties under conditions 
where no experimental data exist. Such a molecular theory has been 
developed only for certain special types of molecules and for certain 
limited conditions. For a dilute monatomic gas the flux vectors and the 
transport coefficients are derived classically 2 in Chapter 7 and quantum 
mechanically in Chapter 10. This theory has been extended to a dilute 
polyatomic gas (see § 7.6c), but no numerical results have thus far been 
obtained. The transport phenomena of a dense monatomic gas are 
discussed in Chapter 9 in terms of the recent developments of non¬ 
equilibrium statistical mechanics. Here again, although formal results 
have been obtained, much numerical work needs to be done in order to 
make the results of practical value. 

For a fluid made up of any kind of molecules and under any arbitrary 
conditions of temperature and pressure, it is not possible at the present 
time to use statistical mechanics to obtain the form of the flux vectors 
and to derive expressions for the transport properties in terms of inter- 
molecular forces. For such a “general” fluid, a certain amount of 
information may be obtained from the thermodynamics of irreversible 
processes. It is possible to derive the form of the flux vectors and by 
means of the “reciprocal relations” of Onsager to obtain certain relation¬ 
ships between the transport coefficients. A purely thermodynamic 

1 S. R. De Groot, Thermodynamics of Irreversible Processes , North-Holland Pub¬ 
lishing Co., Amsterdam (1951). I. Prigogine, “£tude Thermodynamique des Processus 
Irreversibles” (Dissertation, University of Liege), Dunod (Paris, 1947). 

* A convenient summary of these results is given in § 8.1. 
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approach, however, cannot lead to expressions 
efficients in terms of the molecular propert.es. 


for the transport co- 


a . The Onsager reciprocal relations 

We have seen in previous chapters that the fluxes, which lead to the 
occurrence of the irreversible phenomena, depend upon a numb 
“antities such as the gradients in the temperature or concentration or 
?he external forces. These causes are usually referred to as generalized 
TrcTTaffinides, designated by X,. With each of the affimt.es . 
associated a flux, designated by J,. The generalized forces and fluxes 
can be scalar, vector, or tensor quantities. However, for the abstra t 
treatment it is convenient to consider them all as scalar components. In 
Jeneral Iny affinity can give rise to any flux. For example, . there .s 
fn a sysiem both a mass gradient and a temperature gradient, the following 
fluxes are observed: (i) mass flux due to the mass gradient 
diffusion); (ii) energy flux due to the temperature grad.ent therma 
conductivity); (in) mass flux due to the temperature grad.ent (thermal 
diffusion or the “Soret effect"); and (iv) energy flux due to the mass 
gradient (the “Dufour effect"). We see thus that there are two types of 
^fleets —direct effects, such as (i) and (ii), and coupled effects, such as 

^ItTs^Kumed as a postulate of the thermodynamics of irreversible 
processes that, for situations not loo far removed from equilibrium, the 
fluxes may be written in the form 

/,-Wi o'- 2 - 1 ) 


which states that the fluxes are linear functions of the generalized forces. 
The a„ are referred to as the phenomenological coefficients. The 
diagonal coefficients a„ are the coefficients which represent the direct 
effects- the off-diagonal coefficients <x i( (i #y) are the phenomenological 
coefficients for the coupled effects. The expressions for the fluxes 
obtained by the various treatments of transport phenomena in the pre¬ 
ceding four chapters are of this same general form. Such “linear” 
relations are also found in connection with other types of physical and 
chemical phenomena, for example, in thermomagnetic effects, thermo- 
galvanic effects, electrokinetic effects, etc. 1 Linear relations should 
always apply sufficiently close to equilibrium; the postulate of Eq. 
11.2-1 then defines the range of applicability of the thermodynamics of 
irreversible processes. 

The fundamental theorem of the thermodynamics of irreversible processes 
is due to Onsager. 3 This theorem, the proof of which is discussed later. 


» L. Onsager, Phys. Rev., 37, 405 (1931); 38, 2265 (1931). 
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states that if a “proper choice" of the fluxes and the affinities has been 
made, the phenomenological coefficients a if are symmetric: 

<*., = «„ ( 11 . 2 - 2 ) 

These equations are commonly referred to as the “reciprocal relations." 
The “proper choice" of the fluxes and affinities may be explained in the 
following manner. Let us consider an isolated system. The state of 
the system may be described by a set of variables, w v w 2 , w 3 ,.... These 
variables may be, for example, the local values of the temperature, 
density, and concentrations. In this case, because of the continuous 
variation of the properties, the variables form an infinite set. For 
convenience the variables are chosen in such a manner that at thermo¬ 
dynamic equilibrium all the variables are zero. Then, since at equilibrium 
the entropy of the system is a maximum, we may write as a first 
approximation for the deviation, AS, of the entropy from the maximum 
value, a quadratic form in the variables 4 

AS=-JL,E^ lW (11.2-3) 

The “proper choice" of the fluxes and affinities may now be given in 
terms of the state variables and their time derivatives: 5 

J t = w t (11.2-4) 

X, = T^AS = -T Z#,,*, (11.2-5) 

With these definitions the fundamental theorem of Onsager given in 
Eq. 11.2-2 is valid. 

Onsager’s proof of the reciprocal relations is based on very general 
statistical mechanical arguments and is founded basically on the concept 
of microscopic reversibility. The principle of microscopic reversibility 
refers to the symmetry of the mechanical equations of motion with respect 
to the time variable, or, in other words, to the invariance under the 
transformation /->—/. The proof depends on a formal treatment of 
the kinetics of irreversible processes and does not depend upon the detailed 
nature of the process under consideration. 

It is assumed that the rate of a macroscopic irreversible process is the 
same as the average rate of regression of statistical fluctuations in the 
state of the system. Let us consider a system in a particular non- 
equilibrium state. We wish to determine the rate of approach to equili¬ 
brium. To accomplish this, let us consider the same system in the 

4 The coefficients g it (which are essentially the mixed second derivatives appearing 
in a Taylor series) are clearly symmetric. 

4 The T is introduced in the definition of X t for convenience. This is in accord with 
the usual convention. 
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corresponding equilibrium state. Because of statistical fluctuations, 

there is a small but finite probability of finding this system in any micro- 
copic state. Let us wait until a fluctuation occurs which brings the 
system into a state corresponding to the particular non-equilibrium state 
which we are studying. Again after a time / the system may be found in 
any one of the microscopic states of the system. However, one class ot 
these states is much more probable than any other, and this corresponds 
to a new non-equilibrium state of the system. In this manner on the basis 
of the theory of fluctuations we can trace out the approach of the system 


to equilibrium. 

Because of the large number of degrees of freedom of the macroscopic 
system, the probability of a fluctuation is small, and the system is much 
more likely to be found in a microscopic state corresponding directly to 
the equilibrium state than in any other. This is the basis of the usefulness 
of the statistical method. For a similar reason the path of the regression 
of a fluctuation is well defined, with the probability of a deviation from this 
path being of a still smaller order of magnitude. Physically this corres¬ 
ponds to the fact that the irreversible process is well specified. 

By these arguments Onsager developed a formal theory of the rates of 
irreversible processes. Then, assuming the linear law, he obtained 
expressions for the coefficients. The principle of microscopic reversibility 
then implies the reciprocal relations. 

When Eq. 11.2-3 is differentiated with respect to time, we obtain an 
expression which contains the 7, and the X it as defined in the last two 
equations: 

i (AS) = w, = i S, XJ, (11 -2-6) 

at 1 


This expression represents the rate of irreversible production of entropy. 
In Eq. 11.1-26 we obtained an expression for a quantity g. This quantity 
is the rate of irreversible production of entropy in a small element in a 
fluid moving with the stream velocity v. (The actual change of entropy 
of a fluid element, which is clearly not an isolated system, DS/Dt , is the 

sum of g and a term o the latter being a measure of the reversible 

entropy change due to the flow of thermal energy.) We see that the 
expression for g (Eq. 11.1-26) is of the same form as the expression of 
the equation above. Intuitively we may compare these two equations to 
obtain expressions for the 7, and the X x . There is a lack of uniqueness due 
to trivial constant factors and a further lack of uniqueness since any set 
of linearly independent combinations of a particular set of 7, may be 
used. Nevertheless, the reciprocity relations apply to any choice so long 
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as the rate of irreversible production of entropy is of the form given in 
Eq. 11.2-6. It should, however, be noted that the fluxes 7, obtained by 
this method from Eq. 11.1-26 are not the quantities appearing in the 
basic theorem of Onsager defined by Eq. 11.2-4. For example, the flux 
of thermal energy c is clearly not the time derivative of any macroscopic 
state variable. The application of the reciprocal relations to the fluxes 
and the affinities, as they are usually defined, requires further justification. 
The proof of the applicability of the Onsager reciprocal relations in various 
specific cases has been given. 6 

The macroscopic state variables of a system are defined in terms of the 
microscopic state, that is, in terms of the position and momenta of all 
the particles. The definition is usually in the form of an average value 
or an integral. In the derivation of the reciprocal relations Onsager 
tacitly assumed that the state variables w, are even functions of the particle 
velocity (so that they are unchanged by the time inversion). Casimir 
and Tellegen 7 considered the more general situation in which some of the 
state variables are odd functions. They showed that the a.^are symmetric 
if both / and j refer to even variables or if both i and j refer to odd variables, 
but the a tt are antisymmetric if one index refers to an even variable and 
the other to an odd variable. 

In the applications of the reciprocal relations discussed in this section 
the only state variables considered are the concentrations the mass 
average velocity v, and the temperature T. These quantities are defined 
in terms of the microscopic variables by Eq. 7.3-15, 16, and 17. For 
situations near equilibrium the distribution function is symmetric in the 
velocities. Thus n i and T are even functions of the molecular velocities, 
whereas v is an odd function. Hence the a if which couple the diffusion 
and thermal conductivity processes are symmetric, whereas the coefficients 
which couple viscous effects with either other process would be anti¬ 
symmetric. However, as is discussed in § 11.2b, in an isotropic medium 
coupling cannot occur between the viscous effects and thermal conductivity 
or diffusion. 

b. Application to the transport phenomena 8 

Let us now consider the application of the Onsager reciprocal relations 
to the study of transport phenomena of fluids in which the transport of 
energy by radiation is negligible. The rate of irreversible production of 
entropy in a flow process is given by Eq. 11.1-26. A comparison of this 

• S. R. de Groot, Thermodynamics of Irreversible Processes , North-Holland Pub¬ 
lishing Co., Amsterdam (1951), pp. 41 et seq., pp. 218 et scq. 

7 Ibid., Ch. XI. 

8 L. Onsager, Annals N. Y. Acad. Sci. t 46, 241 (1945). 
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expression with the form of Eq. 11.2-6 indicates a proper choice of the 
fluxes and affinities. These quantities are tabulated in Table 11.2 1, 
where for convenience we have introduced the tensor P defined as the 
pressure tensor less the hydrostatic contribution, 

P = p — pU (11.2-7) 

if it is assumed that the system is not too far removed from equilibrium, 
the linear law may be applied to this expression. This leads to expressions 
for the flux vectors equivalent to the first approximation of Enskog. 
That is the expressions for the flux vectors are linear in the first derivatives 
of the macroscopic variables and do not contain higher derivatives or 
powers of the first derivatives. The linear law may also be used to 
obtain limiting forms of the expressions for the rates of the chemical 
reactions applicable to systems near chemical equilibrium. However, 
since these latter results are of limited applicability only, they will not be 

discussed here. 


TABLE 11.2-1 


Fluxes and 
Flux, J { 
ji = 


Affinities in a Flowing Fluid 

Affinity {Generalized Force), 

— A t (defined by Eq. 11.1-27) 


p-pU 



€ 


q - 2*1.7/, V, 


\_dr 

T 0r 


r, (defined by Eq. 11.1-24) F, (defined by Eq. 11.1-23) 


If the system under consideration is in a state not too far removed from 
equilibrium, the linear law given in Eq. 11.2-1 indicates that each of the 
components of the fluxes above may be written as a linear combination 
of all the components of all the affinities. However, if the system is 
isotropic, it may be shown that those terms which correspond to a coupling 
of tensors whose orders differ by an odd number do not occur. Thus 
no coupling occurs between /, or € (first-order tensors) and P (second- 
order tensor) or r* (zeroth-order tensor). Coupling does occur between 
the energy flux € and the mass flux /„ resulting in the Soret effect and the 
Dufour effect. Coupling also occurs between the momentum flux and 
the chemical reaction rates, since there is a difference of two in the order of 
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the tensors. This coupling is proportional to the trace of the affinity, 

- - v. Such an effect has not been studied experimentally and is not 

dr 

further discussed here. 

In the next subsection we show how the thermodynamics of irreversible 
processes may be used to study the momentum flux in a fluid in which 
there are no chemical reactions taking place. It is shown how the form 
of the pressure tensor may be deduced and how we may calculate the 
contributions of the viscous effects to the rate of production of entropy. 
In the following subsection the fluxes of mass and energy are studied, and 
it is shown how the diffusion and heat conduction processes contribute to 
the rate of production of entropy. 


c. Application to momentum transport 

The application of the linear law (Eq. 11.2-1) to the components of the 

d 

flux P and the affinity — — v gives 

or 

r „ = ^ 0.2-8) 

Here v lt v 2 , and v 3 are respectively the x, y, and z components of v. 
The set of phenomenological coefficients a,/'* is a matrix of eighty-one 
elements. However, not all these elements are independent. For example, 
from Onsager’s reciprocal relations it is clear that 

««-«<* (11.2-9) 


Furthermore in the statistical mechanical derivations of the equations 
of change, the pressure tensor is defined in such a way that it is symmetric. 
Such a definition is necessary, for otherwise each small element of volume 
would be subject to a torque. Accordingly the a,/ 1 must be such that 

a *‘ = a « (11.2-10) 


Combining the last two results, we find that 

„ kl _ - 1* 

a a — a./ 

and Eq. 11.2-8 may be written in the simpler form: 



( 11 . 2 - 11 ) 


( 11 . 2 - 12 ) 


Because of the above symmetry relations there are only thirty-six inde¬ 
pendent coefficients a,/'. These are the “elastic constants” of the medium. 



711 


[Eq 11.2-14] APPLICATION TO MOMENTUM TRANSPORT 

The same symmetry requirements may be obtained by assuming that P 
is identically zero for motions corresponding to rigid-body translations 
and rotations. Hence, in this case, Onsager’s reciprocal relations have 
a simple physical interpretation. 

If the medium has any natural symmetry, the number of independent 
elastic constants is considerably less than thirty-six. In particular, if the 

medium is isotropic, the relation between P and [(^v) + (g7 v ) ] 

is independent of a rotation of the coordinate frame. Then it can be 
shown that the a,/' are of such form that 8 9 


P = p _ / ,U = -,[(|;K) + (i ; v) t ] +(!„-,) (l.v)u 


(11.2-13) 


where 77 and k are two independent coefficients, which are known as the 
coefficients of shear and bulk viscosity. 10 This form follows immediately 
from the condition of isotropy since the only tensors upon which P may 

depend are the U, ^ v, and the transpose ^ v)*. Hence P must be a 

linear combination of these three tensors. However, the antisymmetric 

combination of — v and its transpose are eliminated by the symmetry 

or 

arguments of the preceding paragraph. Hence the form given by Eq. 
11.2-13 follows. Thus in an isotropic medium there are in general two 
coefficients of viscosity. The shear viscosity tj is important in flows in 
which successive plane layers of the fluid move with different velocities. 
The coefficient of bulk viscosity k is important in the pure expansion of a 
fluid. 11 

From Eqs. 11.1-26 and 11.2-13, it follows that the contribution of the 
viscous effects to the rate of production of entropy is 

/r.-i[2,S + .(^-v)u]=(l.) (11.2-14) 


8 This treatment is essentially that of St. Venant., Compt. rend ., 17, 1240 (1843), 

and Stokes, Trans. Cambridge Phil. Soc., 8 (1845). It is interesting to note that the 
only assumptions made are that the normal and shear stresses are linear functions of 
the deformation velocities. 

10 The coefficient of bulk viscosity is discussed in § 7.6c in connection with the 
kinetic theory of polyatomic molecules and in § 9.3 in connection with the theory of 
dense gases. 

n S. M. Karim and L. Rosenhead, Revs. Mod. Phys., 24, 108 (1952). 
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where S is the “rate of shear tensor” defined by Eq. 7.4-16. This 
expression may be rearranged into the form 

*-*<>**>+?(£-)’ < iu - 151 

The factors multiplying both tj and k are sums of squares, and hence both 
are positive. According to the second law, 

g v >0 (11.2-16) 

for all v. Since either factor may be zero while the other factor is 

not, it follows that 

rj> 0 and k>0 (11.2-17) 

The kinetic theory of dilute gases in the Navier-Stokes approximation 

(as given in Chapter 7) leads to an expression for the pressure tensor in 
complete agreement with the form of Eq. 11.2-13. In this limit, however, 
the coefficient of bulk viscosity k is zero. The integral expressions given 
in Chapter 7 for the coefficient of shear viscosity of ideal gases are such 
as to lead to positive values in accordance with Eq. 11.2-17. 

d. Application to mass and energy transport 

Let us now consider the application of the linear law and the Onsager 
reciprocal relations to the processes of diffusion and thermal conduction 
in a fluid containing v chemical species. When only these terms are 
considered, the rate of entropy production is (according to Eq. 11.1-26): 

The situation is somewhat complicated because all the fluxes /, are not 
independent. Because of the definition of the diffusion velocity, 12 

2 ji = 0. Hence one of the /, may be eliminated from Eq. 11.2-18. 
»-i 

In particular, we choose to eliminate the mass flux vector for the A:th 
component, j k . Then the expression for g may be rewritten in the form 

11 The diffusion velocity is defined in § 7.2a. 
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The application of the linear law then gives the following expressions for 
the fluxes c and/,: 

T-io^-A*) <»- 2 - 20) 

T or 

A = - T £- 2 “..(A, - A t ) (/ * A:) (11.2-21) 

1 ° r i-1 

i*k 

The constants « w are the phenomenological coefficients of Onsager which 
satisfy the reciprocal relations. 13 The index 0 refers to the temperature 
variable; the other indices refer to the components in the mixture. For 
the present, the phenomenological coefficients with either index k are not 
defined. 

The above expressions for e and /, may be written in another form so 

that the £th component no longer plays a special role. From Eq. 

¥ 

11 .2-21 and the fact that 2 /. = 0 it follows that 

i-1 

A = \ 2 + i i ««CA, - A*) (II .2-22) 

i** i** i** 

Equation 11.2-21 may then be made correct formally for / = k by defining 
« w = - I j = 0, 1, 2, 3, • • •, v (11.2-23) 

f-1 
if* A 

Let us define the so as to extend the reciprocal relations correspondingly: 

«)» = “« = - 2 «/i / = 0, 1,2,3, ••-,v (11.2-24) 

«-l 

In terms of these quantities Eqs. 11.2-20 and 21 may now be written in 
the simpler form: 

• — 75 ;- I««A# (11.2-25) 

(X 37* r 

A = - y ^ - I «,,A, (11.2-26) 

13 For a completely general system the phenomenological coefficients are tensors. 
The reciprocal relations of Onsager then imply that 

<x„ = <x„t 

where t indicates the transpose. In an isotropic system it is clear that the coefficients 
are scalar multiples of the unit tensor. It is only this case which we shall consider here. 
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The rx {i are symmetric and satisfy the linear relations (Eqs. 11.2-23 and 
24), which may be written in the form 


Z««=Z«« = 0 (11.2-27) 

»-l i -1 


It is convenient to write the expressions for e and in terms of a set of 
quantities </, which are closely related to the A<- These </, are generaliza¬ 
tions of the </, which were defined in Eq. 7.3-27 in the discussion of*the 
kinetic theory of dilute gases. We define the generalized d t by 



n i m i . 

p A, ~ 


aajs + aoi^ 

PP PP j-i 


(11.2-28) 


Insertion of the expression for A, (given in Eq. 11.1-27) into this equation 
gives 14 



dn. / - 

,T? + \ n,Vi ~ 

Wi [p_ 

PP L mi 




(11.2-29) 


It is easy to show that S,</, = 0 by making use of the properties of partial 
molal quantities and the Gibbs-Duhem relation. Now using the above 
expression for </, and the relations given in Eq. 11.2-27, we obtain the 
following expressions for the fluxes: 


a^ar 

T dr 



o^o ar 

T dr 




Plzt d > 


(11.2-30) 

(11.2-31) 


These expressions are equivalent to those given above but have a formal 
resemblance to those obtained by the kinetic theory treatment of a perfect 
gas. 


14 In the special case of a mixture of perfect gases, 



Substitution of these values into Eq. 11.2-29 gives exactly the expression for d { given 
in Eq. 7.3-27. 
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The kinetic theory of dilute gases as discussed in Chapter 7 gives 
expressions for the flux vectors for energy and diffusion which may be 
written in the form _ __ T 

(11.2-32) 
(11.2-33) 


6= _ X Z-pY!£ dt 
dr jZi n i m i 


The quantity X is closely related to the coefficient of thermal conductivity 
(see Eq. 7.4-65). The D it are generalized diffusion coefficients, and the 
pT ar e generalized thermal diffusion coefficients (these quantities are 
defined in § 7.4a). Inasmuch as the d, are not linearly independent, the 
D it are not simply related to the a,,. In Chapter 7, the D if were fixed 
by defining 

J D ti = 0 (11.2-34) 


In the case of the « w the uniqueness is imposed in an entirely different 
manner by the reciprocal relations. 

Let us now examine the consistency of the results of the kinetic theory 
of dilute gases with those from the thermodynamics of irreversible 
processes. It is at once clear that one set of the reciprocal relations is 
valid, namely, 

« 10 = «oi = D? (11.2-35) 


It is not so clear, however, that the remaining reciprocal relations are 
satisfied. Making use of the fact that = 0 to eliminate the “diagonal” 
elements from Eq. 11.2-31, we see by comparison with Eq. 11.2-33 that 
the D it are related to the a t> in the following manner: 


n £ m t mf \nfm f 


7 ^ 2 «*) 

k*i 


(11.2-36) 


This equation may be solved for the a,, to obtain the relation 

«« = \~P m ,D il + i (11.2-37) 

p P L x-i J 




Thus the D> it must be such that this linear combination is symmetric. 15 


15 For a v-component mixture there are — 1) reciprocal relations, and hence 
the v(v — 1) values of D it may be expressed in terms of $v(v — 1) quantities. For 
example, the dilute gas kinetic theory expressions for the D if have been expressed in 
terms of the iv(v — 1 ) values of the binary diffusion constants 3f» for the various 
pairs of components. [See Eq. 7.4-44.] 
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For a two-component mixture, Eq. 11.2-37 reduces to 

= ~~r p •W 

and hence the symmetry relations imply that 


(11.2-38) 


Ai = £>„ (11.2-39) 

In this simple case the result is trivial in that we can obtain it directly 
from Eq. 11.2-33, making use of the fact that = 0. In general, 
however, the reciprocal relations impose important restrictions. 

For a three-component mixture, Eq. 11.2-37 reduces to 

a I2 = [-m 2 (p - n 2 m^)D l2 + n 2 m 3 2 D 12 \ (11.2-40) 

PP 

The kinetic theory results of Chapter 7 give the following relation for 
D 12 in terms of the binary diffusion constants, 




12 


1 + 




n \^23 + 


^13 “ &iz) 

"2-^13 + n 3 ^ 12 . 


(11.2-41) 


and similar expressions for the other D it . Thus for a dilute gas 


n*n l n^n i m t 


«12 = 


\n 2 m 2 2 £& u — m 2 (p — n 2 mj<& n & 

_ ~ m i(p ~ ”i™i)&i 2 &i3 

P 2 p( n 1^23 + *2^13 + VI ) 


23 


(11.2-42) 


This expression is symmetric in “1” and “2”, and hence in this case the 
kinetic theory result is consistent with the reciprocity relations. It should 
be possible to show that the result for a general multicomponent mixture 
is consistent. 

The rate of production of entropy due to thermal conductivity and 
diffusion processes is given by Eq. 11.2-18. Introducing the d { defined 
by Eq. 11.2-28 and making use of the fact that = 0, we obtain the 
relation 

g = Yi(~-*)-favrdd (11.2-43) 


Then from Eqs. 11.2-32 and 7.4-48 and 65 it follows that, for a perfect 
gas, 
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Since each term in this expression can separately be zero, 
the second law, which states that 

£>0 

implies that 

X > 0 and & if > 0 
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it follows that 


(11.2-45) 

(11.2-46) 


e. Summary of results 

The expressions for the flux vectors applying to a fluid under general 
conditions have been developed above. The results may be summarized 
in the following manner. 

(a) The pressure tensor is given by Eq. 11.2-13 as 




(11.2-47) 


The coefficients ij and k are the coefficients of shear and bulk viscosity, 
respectively. In a dilute gas made up of molecules without internal 
degrees of freedom, the coefficient of bulk viscosity k is zero and the 
static pressure is one-third the trace of the pressure tensor. In § 7.6c 
it is shown that the presence of internal degrees of freedom introduces 
a finite bulk viscosity, and in Chapter 9 it is shown that the bulk viscosity 
is not zero in a dense gas or liquid. Nevertheless, this effect is generally 
small, and it is often sufficiently accurate to neglect these terms. 

(b) The energy flux , q, is given by Eqs. 11.1-18 and 11.2-32. For a 
fluid made up of single component q is of the form 



(11.2-48) 


where X is the coefficient of thermal conductivity. In a mixture it is 
often sufficiently accurate to write q in the form 

q = -A0-+ LMW (11.2-49) 

where K, is the diffusion velocity of component i. The added terms 
represent the flow of energy incidental to the diffusion processes. This 
expression for q is approximate in that the terms representing the Dufour 
effect, the direct effect of concentration and pressure gradients on the 
energy flow, have been omitted. The Dufour effect which is the reciprocal 
process to thermal diffusion is generally small and can usually be neglected. 
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(c) The diffusion velocity of component i is given by Eq. 11.2-33 in 
terms of the d { given by Eq. 11.2-29. This expression is 



n 2 n t 

— 
n iP 


a In T 
0r 


(11.2-50) 


The last term in this expression represents the direct effect of a tempera¬ 
ture gradient. This contribution is referred to as the thermal diffusion 
effect or in liquids as the Sore't effect. This contribution is usually small 
and can often be neglected. The remaining terms depend on the d t as 
defined by Eq. 11.2-29. The first term in d t represents the direct effect 
of a concentration gradient. In a dilute gas this term is simply the gradient 
of the mole fraction of species j. The added terms represent the effect 
of a pressure gradient (pressure diffusion) and external forces. 

The D ti of Eq. 11.2-50, which are defined in such a manner that D u = 0, 
are known as the multicomponent diffusion coefficients. These 
coefficients depend on the entire composition of the gas or liquid. In the 
special case of a binary mixture it is convenient to use to refer to 
D 12 and to define 


* P Pi* 

h T — I 

n % m x m t 


(11.2-51) 


If these definitions are used, the expression for the diffusion velocity, Eq. 
11.2-50, in the special case of a binary mixture becomes 


(11.2-52) 


v n% c* \a l a,n7 1 
V 1 = —m 1 2’ u d 2 - k T —— 

n lP or 


Then, since the binary diffusion coefficients are symmetric, j^ 12 = i^ 2 i» 
and the diffusion velocities are defined so that = 0, it follows that 

v* — Vi = [ d i + k T d -^~] (11.2-53) 


For a dilute gas, this result has been generalized to give the result given 
by Eq. 7.4-48. This result is 


2 . 


n Si — — 


n*2> tl 


(Y, - v t ) = d,~ 




for the diffusion velocities in a multicomponent mixture. There is 
empirical evidence that this result also applies quite well in dense gases 
and liquids. 

The Navier-Stokes equations of hydrodynamics (generalized to include 
more than one component and chemical kinetics) are given by Eqs. 11.1-1, 
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[Eq. 11.2-58 J 


2 3, and 4, when the pressure tensor is given by Eq. 11.2-47, the energy 
flux* is given by Eq. 11.2-49, and the diffusion velocities are given by Eq. 
11.2-50. These expressions for the fluxes, and hence the Navier-Stokes 
equations, should apply quite well to dense gases and liquids, as well as 
to dilute gases, as long as the gradients of velocity, concentration, tempera¬ 
ture, and pressure are moderately small. 

In the solution of diffusion problems 18 it is often convenient to express 
the equations of continuity with respect to the number average velocity, 

OJ = v+-Z. l n,V l (11.2-55) 


Using this equation to replace v in Eq. 11.1-1, we obtain the equations of 
continuity: 



(11.2-56) 


If these equations are added up for all components of a v-component 
fluid, we obtain the equation 



(11.2-57) 


From Eq. 11.2-57 we see that to is a constant (independent of position and 
time) and easily determined from the boundary conditions if the following 
conditions apply: (1) the chemical reactions do not either increase or 
decrease the number of molecules, that is, = 0; (2) the temperature 
and pressure are constant so that * is constant; and (3) the flow is irrota- 
tional, that is, [(d/8 r) X to] = 0. In the case of a dilute gas containing 
two components, substituting the explicit expressions for the diffusion 
velocities as given by Eqs. 11.2-52 and 8.1-2 into Eq. 11.2-56, we find that 






+ 


n 1 n 2 (m 2 — m,) d In p 


np 


dr 


*1*2 


+ ~ mJC x ) + k T 


a In T 
dr 


(11.2-58) 

16 For the solution of many types of diffusion problems see W. Jost’s Diffusion in 
Solids, Liquids , Gases (Academic Press, 1952). For solutions to some special cases 
where the coefficient of diffusion depends on concentration, see J. L. Hwang, J. Chem. 
Phys., 20, 1320 (1952), and R. H. Stokes, Trans. Faraday Soc. % 48, 887 (1952). 
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It is easy to see that Eq. 11.2-58 reduces to the usual Fick's law equation 
for diffusion, Eq. 8.1-12, of a two-component dilute gas in a closed 
vessel at constant temperature and pressure with no chemical reactions. 

3. Energy Transfer by Radiation 1-3 

Energy transfer by radiation is often important in problems involving 
systems at high temperatures. If the fluid is sufficiently transparent, 
radiation provides a means for transporting energy for large distances; 
the radiant heating of rooms by radiators or by electric heating units is an 
example. If the fluid is opaque, the radiation travels in small random 
jumps from a point of emission to one of absorption. The average 
distance between these jumps is known as the “radiation mean free path,” 
and the transfer of energy by radiation in an opaque medium closely 
parallels the kinetic theory notion of diffusion. The radiation in molten 
iron in a smelter is of this nature. The radiation in the hot gases in a 
diesel engine is another example. 

In § 12.6 the theory of the absorption and emission of radiation is 
developed. In the presence of radiation a molecule has a certain proba¬ 
bility of either absorbing or emitting light of a frequency characteristic 
of some transition from one quantum state to another. Or a molecule 
in an excited state has a certain probability of spontaneously emitting 
light of such a characteristic frequency . 1 * * 4 Each substance therefore has 
an absorption spectrum which can be expressed in terms of the co¬ 
efficient of absorption, which is a function of the frequency. Since 
the absorption spectrum depends upon the distribution of the molecules 
in their various quantum states, depends upon the temperature of the 
substance. In § 13.7 it is shown that the spectral lines for isolated 
molecules have a natural width (due to the spontaneous emission of 
light), and as the molecules are brought together these lines become 
broader (due to pressure broadening) and become displaced (due to 
distortions of the molecules themselves). Thus the coefficient of absorp¬ 
tion depends upon the density of the system or its state of aggregation. 

1 Most of the material in this section is from J. L. Magee, “The Effect of 
Radiation in Flames,” CM-627, University of Wisconsin Naval Research Laboratory 
(August 1950). 

* S. Chandrasekhar, Radiative Transfer , Oxford University Press (1950); An Intro¬ 
duction to Stellar Structure, Chicago University Press (1939). 

* S. Rosseland, Theoretical Astrophysics, Oxford University Press (1936). 

4 A detailed treatment of the spontaneous emission of light is not given in Chapter 
12 because it is readily available in many standard references such as A. E. Ruark and 
H. C. Urey, Atoms, Molecules, and Quanta, McGraw-Hill (1930), p. 60; H. Eyring, 
J. Walter, and G. E. Kimball, Quantum Chemistry , John Wiley (1944), p. 114. 
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The theory of the function p) is described in Chapters 12 and 
13. The calculations, however, are very difficult, 5 and up to the present 
time, except for a few astronomical cases, 3 the best values of this function 
are obtained empirically. After radiation has been absorbed and re¬ 
emitted a large number of times, the intensity of the radiation as a function 
of frequency becomes characteristic of the temperature rather than of the 
substance itself. This thermal radiation is called black-body radiation. 6 
Thus it is possible to measure temperatures on the basis of radiation 
intensities. The more opaque the substance, the smaller is the length of 
the optical path required to establish this type of radiation. 

From very simple considerations it is clear that the flux of radiation at 
any point r x can be expressed as an integral over all space. Radiation 
which reaches this point must have been emitted by the matter at some 
other point r 2 . The ray could have come directly from the point of 
emission or it could have been scattered once or more along the way. 7 
Fortunately, scattering does not play an important role in most problems of 
interest, and therefore we neglect it in this treatment. 

If A is the rate of radiation energy absorption per unit volume, and R 
is the rate of radiation energy emission per unit volume, the divergence 
of the radiation flux, q R , is given by 



Let us suppose that the material has a coefficient of absorption, 
/i r (cm 2 /g), for light of frequency v. Also let /?,(r) be the energy emitted 


* Approximate calculations have been made by S. S. Penner on the radiation emitted 
from the diatomic gases. CO. HI. HBr, HC1. and HF. [J. Appl. Phys., 21, 685 (1950), 
and GALCIT (Guggenheim Aeronautical Laboratory, California Institute of Tech¬ 
nology) Progress Report 9-38 (1949).] 

• Black-body radiation is treated in considerable detail in a number of standard 
references. For example, A. E. Ruark and H. C. Urey, Atoms , Molecules , and Quanta, 
McGraw-Hill (1930), p. 53; L. Brillouin, Die Quantenstatistik, Julius Springer (1931), 
Ch. I. 


7 A great deal of complication in radiative transfer problems comes from scattering. 
In reference 2 it is shown that the total cross-section o, for light scattering by a molecule 
5I27T 7 a* 

is a, = ——— cm*, where a is the polarizability of a molecule in cubic centimeters 
3 a* 


and A is the wavelength in centimeters. For visible light A is of the order of 10 -4 cm; 
for an average molecule a is of the order of 10 _, *cm*. Thus o, is of the order of 
5 x 10 _25 cm*. The mean free path for scattering is 1/wo,. Scattering is negligible if 
its mean free path is long compared to either the dimensions of the system or else long 
compared to the mean free path for absorption. For a gas containing n = 10‘® 
molecules/cm*, the mean free path for scattering is 2 x 10 s cm or one mile. Scattering 
can be important in fluids which are turbid due to fluctuations (see § 12.7) or in fluids 
containing smoke, dust, or other suspended small solid particles. 
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per cm 3 per second in unit frequency range about v, and q 9 {r) be the 
radiation energy flux in this frequency range. Then the total rate of 
energy emission R and the total radiation energy flux q R are given by the 
equations: 

CO 

R(r) = J R,(r) dv (11.3-2) 

0 


co 


9d r ) = J qtf) dv 


(11.3-3) 


From geometrical considerations it may be shown that q 9 can be expressed 
in terms of R v and p 9 by the integral 

* is 

9,(r.) = - J XJM 4^ «P (~ J d') dr , (11.3-4) 


line 


Here r 12 = | r x — r 2 |, the integral, J /x 9 dl t is to be taken along the li 

o 

connecting these two points, and p is the matter density. 

If the problem is one dimensional in the sense that R 9 and //„ vary only 
in the ^-direction, the y- and z-components of the radiation flux vanish, 
and the x-component q is given by the one-dimensional integral, 8 

X ® 

qj*d = J *W> dx t - J dx 2 (11.3-5) 


where 


JJM = 


exp (-r,(z„ x,)) 

ii) Ei(-r,(Xj, zj) 


(11.3-6) 


and 


x,) = | J p,i w (x) dx' | 


(11.3-7) 


The symbol Ei(— t„(x 2 , x,)) is the exponential integral. 

• The cartesian coordinates in Eq. 11.3-4 are replaced by cylindrical coordinates 
(4>i, Pi. *«)• The integration over <£, can be carried out immediately to give a factor 
of 2rr. Now eliminating p, in terms of a new variable s = (*,* + pi*) '* leads to the 
double integral 

CO CO 

f*(*l) = “* J j &r( x t) ex P ( —*l) “) ds 

— co 0 

Integration over s gives Eq. 11.3-5. 
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[Eq. H.3-I2] 


a. Radiation flux for two special cases 
There are two special cases for which the radiation flux can be treated 
with facility: (i) opaque materials, in which the absorption of radiation is 
so intense that the radiation is in local thermodynamic equilibrium with 
the matter, and (ii) transparent materials, in which there is little self¬ 
absorption of the radiated energy. 


i. Intense Absorbtion of Radiation and the Method of Rosseland 
If the medium were of infinite size and at constant temperature, the 
energy density, e 9t of the radiation (in unit frequency range) would be 
characteristic of a black body at the temperature, T t of the matter with 
which it is in equilibrium: 


877/iv 3 1 

“ c> - 1) 


(11.3-8) 


Since light travels with the velocity c, and the material has an absorption 
coefficient p v , the energy absorbed in this frequency range is ce v pfx 9 
(per cm 3 per sec). Since a radiative equilibrium exists, the radiation 
emitted is equal to the radiation absorbed so that 

Rp " ce,pfx 9 (11.3-9) 

Thus Eq. 11.3-4 becomes 

q,= - ^ J <r2 f[ ^ ri) e.(r 2 ) exp (-p/i.r,,) dr 2 (11.3-10) 

Now consider a situation in which the temperature varies very slowly 
in a distance of (p/O -1 (for any frequency). Then, to a first approxi¬ 
mation, R v is given by Eq. 11.3-9, and e 9 (r 2 ) is characteristic of the local 
temperature T(r 2 ). Then for a point r 2 in the vicinity of r lt e v can be 
approximated by the first terms in a Taylor's series expansion: 

«.(**) = • (r* - r,)j (11.3-11) 


The coefficient of absorption varies sufficiently slowly that it may be taken 
locally to be constant. Integration of the term involving efrj) in Eq. 
11.3-10 then gives zero; the remaining terms may be integrated to give 9 


c de y 
ip/x, Sr 


(11.3-12) 


• This integration can easily be carried out using spherical coordinates. 
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Or, since e r is a function of the local temperature only, we can express 
this relation in the form 


c de, dT 
3 p/i r dT dr 


(11.3-13) 


Then, according to Eq. 11.3-3, the total flux is given by the integral of the 
q 9 over the frequency so that 


Qr = 


3 L J pn. dT \ Sr 
0 


(11.3-14) 


Rosseland 3 defined a mean free path, X Rt for the thermal radiation 


such that 


<Jr=- 


cX R d(aT 4 ) dT 
3 dT dr 


(11.3-15) 


Here a is the Stefan-Boltzmann constant (7.67 X 10~ 16 ergs cm~ 3 deg" 4 ), 
and aT* is the energy of the black-body radiation contained in one cubic 
centimeter of volume, 


aT 4 



(11.3-16) 


A comparison of Eqs. 11.3-14 and 15 shows that 1 ®* 



o 


(11.3-17) 


The Rosseland definition of the mean free path corresponds to photons 
traveling with the velocity of light in random directions in jumps of an 
average length X R . From this viewpoint, Eq. 11.3-15 is the simple 
kinetic theory expression for the diffusion of photons. 


ii. Weak Absorbtion of Radiation {Non-luminous Flames , etc.) 

There are a great many examples, such as non-luminous flames, 11 where 
the rate of energy absorption A is small compared to the rate of energy 


10 Discussion of induced emission has been neglected in this treatment. The only 
result of the inclusion of this effect is to multiply the absorption coefficient in Eq. 
11.3-17 by the factor (1 — exp {-hv/kT)\. See § 11.1, ref. 11. 

11 R.T. Haslam, W. G. Lovell, and R. D. Hunneman, Ind. Eng. Chem ., 17,272 (1925). 
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emitted R. Under these conditions A can be neglected, and Eq. 11.3-1 
becomes? 

\8r' g '( r )) = *' (r) (11.3-18) 

and Eq. 11.3-4 becomes 

</.( r i) = - r dr * (n- 3 - 19 ) 

J r 12 


There are two kinds of radiation emission processes, thermal radiation 
and chemiluminescence. The rate of emission of thermal radiation, 
R v > is given b y Ec l- 1in terms °f P*P and the black-body radiation 
density, e,. The emission of chemiluminescence depends upon the 
chemical kinetics of photochemical reactions, and each special case must be 
treated separately. Experimental evidence indicates that the radiation in 
flames is a combination of chemiluminescence and thermal radiation, with 
thechcmiluminescence being the more important. 12 Time lags in the specific 
heat, corresponding to a relaxation time for the transfer of energy between 
translational and internal degrees of freedom within a molecule, 12,13 lead 
to non-thermal radiation which might be classed with chemiluminescence. 

For thermal radiation, the radiation flux can be determined from the 
absorption coefficient n(T). However, engineers present their radiation 
data in terms of an effective emissivity, €, which is a function of the size 
of the experimental apparatus and the density (or pressure) of the matter. 
They consider the radiation emitted by a hemisphere of fluid of radius L 
kept at a constant temperature and density. As far as the radiation is 
concerned, the material outside the hemisphere might be absent. Under 
these conditions Eq. 11.3-4 may be integrated (in spherical coordinates) 
to give the axial component of the flux at the center of the hemisphere, 

q. = \ — (1 - e-"' 1 ) (11.3-20) 

Since the radiation is thermal, R v is given by Eq. 11.3-9 so that 

q. = i «,(1 - e-’“’ L ) (11.3-21) 


13 A. G. Gaydon, Spectroscopy and Combustion Theory, Chapman and Hall (1948), 
2nd Ed. This book furnishes the most complete account available of the various 
radiation mechanisms involved in flames. Many references are cited. 

13 Theoretical research on these molecular relaxation times are given in: (a) L. Landau 
and E. Teller, Physik Z. Sowjet Union, 10, 34 (1936). (b) H. Bethe and E. Teller 
(informal report, unpublished), (c) R. N. Schwartz, Z. I. Slawsky, and K. F. Herzfcld, 
J. Chem. Phys ., 20, 1591 (1952). Experimental results are given in: (d) I. M. Metter, 
Physik Z. Sowjet Union , 12, 232 (1937). (e) A. Kantrowitz, J. Chem. Phys., 14, 150 
(1946). (f) P. W. Haber and A. Kantrowitz, J. Chem. Phys., 15, 275 (1947). 
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and the total axial component of the radiation flux at this point is 

CO ® 

1 9.* = j'T* [> exp(-«./)*] (113 _ 22) 

0 0 

The factor caT*/4 is the radiation flux which would be emitted from a 
black body at the temperature T. The second factor can, therefore, be 
interpreted as the effective emissivity, 

CO 

f(T, P L) = 1 - ^- 4 I e. exp (-pip.) dv (11.3-23) 

0 

Tables of c(T, pL) are available for quite a few materials . 14 These 
emissivities correspond to an effective coefficient of absorption, p(T, pL), 
defined by the relation 

CO 

J c.exp (~pLp,)dv 

exp (-pLp) = 2- 5 - (11.3-24) 

J e,dV 

0 

The effective coefficient of absorption can then be expressed in terms of 
the emissivity by the relation 

p = _ 1 ln (1 - f (T, pL)) (11.3-25) 

pL 

In determining the radiation flux, p(T, pL) is used in place of in all the 
previous formulae. It is clear, however, that considerable error is made 
both by not taking into account the frequency dependence of the coefficient 
of absorption and also by not knowing, for any actual problem with 
complicated geometry, what value to use for pL. 

b. Stationary radiation front 

If a moving body is maintained at a high temperature, the surrounding 
fluid is heated up and the temperature distribution eventually reaches a 
steady state. Let us consider the simplest example of a steady-state 
radiation front. Suppose that an infinitely large flat plate, moving with 
the velocity v perpendicular to its face, is maintained at the temperature, 
r 0 , and surrounded by a homogeneous fluid of constant specific heat £ v . 

14 (a) See § 11.1, reference 11. Also (b) H. C. Hottel, “Radiant Heat from Water 
Vapor,” Trans. Am. Inst. Chem. Eng. t 38, 531 (1942). (c) A. Schack, “Strahlung 
der Feuergase,” Arch, fur Eisenhiittenw. t 19, 11 (1948) (CO„ H t O up to 2000°C). 
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[Eq. 11.3-33J 


If we neglect the kinetic energy and thermal conductivity of the fluid 
and set the external forces equal to zero, the equation of energy balance 

(Eq. 11.1-4) for a steady state = o) becomes 


P»C.X=-% (11.3-26) 

ax ax 

Here x is the distance from the moving wall and q Rx is the component of 
radiation flux perpendicular to the wall. Equation 11.3-26 may be 
integrated immediately to give 

P vC v (T - T m ) = -q Rx + (*«,)„ (11.3-27) 


The subscripts oo refer to x = co. Let us assume that T and (^jj,)® 
are negligible. If the absorption is intense so that the radiation flux can 
be expressed in terms of the Rosseland mean free path, Eq. 11.3-27 
becomes 


ovrT _cX R d^ndr_ 

pvCj 3 dT dx~° 


(11.3-28) 


If the mean free path varies as the s power of the temperature, 

(11.3-29) 


where Aq is a constant independent of temperature, Eq. 11.3-28 can be 
integrated to give 

(r*+ 3 - TV 3 ) - 3) x — 0 (11.3-30) 

4 AqCQ 


If we let 


4Va7y* 

3(5 -I- 3)pC 9 v 


(11.3-31) 


Eq. 11.3-30 can be written in either the form 


or else 



( x \ l/(* + 3) 


(11.3-32) 

(11.3-33) 


The constant x 0 then is the distance from the place, x = 0, where the 
temperature is maintained at the temperature T 0 to the place where the 
temperature has dropped to zero. The radiation preceding a shock or 
detonation wave has very much the structure considered in this example. 
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4. The Theory of Sound Propagation 

In the remainder of this chapter we discuss a number of non-equilibrium 
flow processes. The equations of change (given in §§ 11.1b and 11.2e) 
form the starting point for the development of these theories. In this 
section we consider the propagation of sound waves (waves of infinitesimal 
amplitude) through a fluid. If the perturbations are taken to be infini¬ 
tesimal, it is possible to simplify the equations of change by discarding 
squares and higher powers of small quantities so that the equations of 
change become linear differential equations. 

We begin by neglecting the “dissipative terms”—those containing the 
diffusion, viscosity, thermal conductivity, and chemical kinetics. The 
linearized differential equations obtained in this case lead to solutions 
representing waves which travel without absorption; the results apply to 
any fluid. When the dissipative terms are included the linearized differ¬ 
ential equations lead to solutions representing traveling waves which are 
absorbed. The absorption coefficient depends upon the transport 
coefficients, the chemical kinetics, and any relaxation phenomena, and our 
results are applicable strictly to dilute gases only. 

a. Propagation without absorption 

In the study of the propagation of sound waves it is convenient to 
consider the entropy equation rather than the equation of energy balance 
as one of the equations of change. When we neglect the dissipative 
terms which lead to absorption, the entropy equation (Eq. 11.1-11) is 



(11.4-1) 


That is, to this approximation the entropy of an element of gas moving 
with the stream velocity v remains constant. Although it is clearly not 
necessary for the treatment, for simplicity we assume that the unperturbed 
system is in a uniform state at rest; that is, except for the perturbations 
induced by the passage of the sound wave, the stream velocity is every¬ 
where zero, and the pressure and density have everywhere the constant 
values p 0 and p 0 respectively. 

When the dissipative terms are neglected, the equation of motion 
(11.1-3) is 



(11.4-2) 


This equation may be linearized by the following arguments. First, the 
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mass velocity, v. associated with the passage of the sound wave .s 

infinitesimal. Therefore, the term (pv ■ ■£) involves the square^ a 

small quantity and can be dropped. Furthermore, in the term p the 

density p may be replaced by the equilibrium value Po since the derivative 
dv/dt is Uself a small quantity. Thus the linearized equation of motion 


dv dp 

*57 + a7 = 0 


(11.4-3) 


We rewrite this equation in terms of p rather than p. The pressure may 
be considered a function of 5 and p ; but because of the conservation of 
entropy during the passage of a sound wave (Eq. 11.4-1), p is a function 
of p alone, and we may write 


d P _ c z d _P 
~ c ° ar 


(11.4-4) 


Here c 0 is the value of 1 _ 

( " W) 

under the equilibrium conditions. 2 (The quantity c is a thermodynamic 
property of the system. It will shortly become evident that c 0 IS 
speed of propagation of the sound wave.) Thus the equation of motion 
becomes 

t + C JL*£ = 0 (11.4-6) 

dt po dr 


Let us now consider the equation of continuity (11.1-2). The term 

v • —) is a small quantity of the second order, and therefore we obtain 
dr! 



(11.4-7) 


for the linearized equation of continuity. 


1 For a perfect gas p — pkT/m and c — 

For real fluids c depends weakly on the density. 

a The second form of Eq. 11.4-5 follows from straightforward thermodynamical 
arguments. 


P, 


y - = y/ykT/m , where y 
P 
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Equations 11.4-1, 6, and 7 form the basis for the theory of sound 
propagation without absorption. From these three equations we can 
obtain a second-order partial differential equation for the density, the 
solutions of which give a description of the wave motion. If the equation 
of continuity (11.4—7) is differentiated with respect to time, we obtain 


d 2 p , Id dv\ 
dt 2 1 'Mar* dt) ~ 


(11.4-8) 


The equation of motion (11.4-6) may be used to eliminate 
v from Eq. 11.4-8, thus: 



the 


quantity 


(11.4-9) 


A solution of this equation is 

p = Po [ * + *f>o s«n y (z - <y)j (11.4-10) 


This solution represents a harmonic wave of wavelength A and amplitude 
P0*1*0* traveling in the positive z direction with speed c 0 . An arbitrary solution 
can be written as the sum of such solutions, each representing a sound 
wave of a particular wavelength, traveling in a particular direction. 

This last result may be combined with the equation of motion (11.4-6) 
to obtain the components of the velocity, thus: 


dv, 

dt 


2n 

T 





dv, 

dt 



(11.4-11) 


Integration with respect to t gives at once 3 
= c 0 <f> 0 sin ^ (z - c 0 t); 



(11.4-12) 


Hence the velocity wave, of amplitude <f> 0 c 0 , is in phase with the density 
wave. Inasmuch as the pressure and density are related by the adiabatic 
relation (Eq. 11.4-4), the pressure and density waves are in phase, and the 
amplitude of the pressure wave is p 0 c 0 2 <f> 0 - 


b. Propagation with absorption 4 

Let us now consider the effect of the dissipative terms in the equations 
of change. At any particular point in space, the gas is alternately com¬ 
pressed and expanded. The irreversibility of this cycle leads to an 
absorption of energy. This irreversibility and consequent absorption 

• The additive constants are taken to be zero since it is assumed that except for the 
passage of the sound wave, the fluid is at rest. 

4 J. J. Markham, R. T. Beyer, and R. B. Lindsay, Revs. Mod. Phys. t 23, 353 (1951). 
Also L. Bergmann, Der Ultraschall [S. Hirzel, Zurich, 1949]. 
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[Eq. 11.4-14] 

dispersion „ due :<i) 
diffusion, (iv) chemical reactions, andM thet. ^ The 

3rTe"nC ^ 2 -thematically as a specia, type of 
'b^s^'oninear' differential equations 

sound wave (with absorption) may bt obtal " e(l frorn ‘ w q aves are 

of change in the following manner. The effects of <he soundwav^ ^ 

considered to be small perturbations. According y, P 

each of the macroscopic variables are written as thei sum‘ 
one representing the unperturbed value and the other representing 
perturbation. For example, the density may be written as 

/»-*,[!+*] (1, - 4_13) 

If expressions of this form are substituted into the equations of change 
the terms involving products of perturbations may be dropped (since they 
represent squares of small quantities) and the terms containing only 
the unperturbed values of the variables may also be dropped (since these 
quantities themselves satisfy the equations of change). The result is a 
set of homogeneous linear differential equations in the perturbation 

^'solution of such a set of linear homogeneous differential equations 
consists of a superposition of harmonic waves of different frequencies v. 
For example, the perturbation in the density is of the form 

<f> = a = y + iV (11.4-14) 


The perturbations in the other quantities are of the same form. The 
quantity <f> 0 is an amplitude factor, and a is a complex wave number. The 
real part of a is the reciprocal of the wavelength X multiplied by 2* and 
the imaginary part is the absorption coefficient k. 

If expressions for each of the variables, similar to that given in Eq. 

1 1.4-14, are used as trial solutions in the linearized equations of change, 
we obtain a set of homogeneous linear algebraic equations for the ampli¬ 
tude factors. This set of equations possesses a non-trivial solution if and 
only if the determinant of the coefficients is zero. This provides an 
implicit equation for a as a function of v. If the terms representing the 
dissipative mechanisms are omitted from this equation, the resulting value 
of a is real. That is, there is no absorption and the solution is identical 
to that obtained in § 11.4a. The inclusion of the dissipative terms leads 
to a complex value of a. Its real part, 2*1 X, is simply related to the velocity 
of propagation, and its imaginary part, k, is the absorption coefficient. 
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Since the absorption of sound due to the transport processes (that is, 
in the absence of chemical reactions and relaxation phenomena) is generally 
small, it is convenient to expand the expression for k and keep only terms 
of the first order. In this approximation, k is the sum: 

* = K n + K x + «d (11.4-15) 

Each term represents the effect of one of the transport processes. The 
contributions due to viscosity, thermal conductivity, and diffusion in a 
multicomponent mixture are 


8 tt 2 v 2 rj 

'•"if; 

4t r 2 (y - 1)» v 2 X 
Kx ~ 2 y c 3 nk 


(11.4-16) 

(11.4-17) 


*D = 


2ttV 
nc 3 


L yn 1 ^ ik \n i m i n/nj] 


(11.4-18) 


The predominant term in the last expression may be rearranged into the 
form 


n 2 yv 2 

c*p 2 


2 *. t. k n > n k( m i — m k ) ( m i D u “ m k D ik) 


(11.4-19) 


and represents the effect of the diffusion resulting from the pressure 
gradient. For a binary mixture 5 k d may be written more simply in 
terms of the thermal diffusion ratio [defined by Eq. 8.1-10] 


2,.2 


K o = 


2yrr 2 v 

C*p‘ 


*1*2 


12 


(m 2 - 


m i) + 


(y — i) 


^k T 

n l n 2 


(11.4-20) 


It is clear from the forms of the above expressions for K n and k x that 
these quantities are positive. Furthermore, it can be seen from the last 
equation that for a binary mixture k d is positive. This is probably true 
in general, so that k is always positive. 


6 The expressions for a binary mixture were obtained by M. Kohler, Ann. Physik, 
39, 209 (1941). 
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[Eq. 11.4-23] 

To the linear approximation discussed thus far, the velocity of propa¬ 
gation of the sound wave is c 0 . The transport processes do "°t apprecab y 
Effect the velocity of the sound wave (only quadrat.c and h.gher term 

m HavingHconsldered" the effect transport phenomena on the process 
of absorption, let us now turn our attention to the effect of chemical 
reactions It often happens that chemical reactions give r.se to “ ns, J 
able absorption and dispersion. The expression for* under these 
conditions is quite complicated.' ’ However, under conditions such that 
the absorption of sound due to the chemical reactions is small, the 
expression for * can be expanded to obtain a term linear in the reaction 
constants. This chemical contribution to the absorption coefficient is 


LKA«), - (n, - A)c.7 Vkfipnf* ■ • • 


(11.4-21) 


Here (Au), is the internal energy change of the y'th reaction, c, is the 
heat capacity per molecule of the mixture, the ft, are the number ol 
molecules of / entering into theyth reaction, and (*), - ft) is the increase 
in the number of molecules due to the reaction. 

The transfer of translational energy to the internal degrees of freedom 
of the molecule may be considered as a special case of a reaction rate. 
The gas is assumed to consist of two types of molecules: the unexcited 
molecules, A, and molecules A *, which possess an additional amount of 
energy, e, in an internal degree of freedom. The “chemical" reaction is 

then of the form 

M + A^M+A* (11.4-22) 


where M may be a molecule of A or A’. This type of chemical reaction 
has been studied by Kneser. 8 The rate of the reaction is characterized 
by a relaxation time r defined by 

T = [n(k a + ft,')]’ 1 (11.4-23) 

where k a and kj are the rate constants of the forward and backward 
reactions. Let c„ be that part of the heat capacity per molecule at constant 
volume due to the degrees of freedom other than that under consideration 
(or that of the unreacting mixture). (See §2.5d.) The increase in heat 
capacity per molecule at constant volume due to the extra degree of freedom 


• G. Damkohler, Z. Electrochem., 48, No. 2 and 3 (1942). (Translated by the 
National Advisory Committee for Aeronautics as T.M. 1268 and 1269.) 

7 K. Herzfeld, J. Chem. Phys. t 9, 513 (1941). 

8 M. O. Kneser, Ann. Physik, II, 761 (1931). 
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or due to the reaction (under conditions of complete equilibrium) is 


Let 


c, = * feF e " lT 0 + e ' ltTyt (11.4-24) 

c, = c. + c, (11.4-25) 


be the specific heat of the mixture under conditions of complete equilibrium. 
Kneser showed that for such a gas the velocity of sound is 


kTi *[c. + 

m \ + e* + e m \ 2 t,vt)*/J 


(11.4-26) 


and the absorption coefficient is 

kc x 2TT 2 v 2 T 

K ~ c[c 9 (c 9 + k) + c a (c a + k) (27TVT) 2 ] 

(11.4-27) 

The velocity of sound as a function of 
frequency as given by Eq. 11.4-26 is a 
step function of the form indicated in 
Fig. 11.4-1. It is clear from the express¬ 
ion that at low frequencies (that is, 
low compared to the characteristic 
frequency, r" 1 ) the velocity of sound 
is given by the usual expression 
c = VykT/m y in which the y is the ratio 
of the heat capacities of the reacting 
Fig. 11.4-1. A schematic illustration mixture. Under these conditions the 
of the dependence of the velocity composition of the mixture changes and 
and the coefficient of absorpt.on $o ^ (he composition at 

on frequency. J , . . J .... 

any point and any time is the equilib¬ 
rium composition characteristic of the density and temperature at that 
point. At high frequencies the expression gives a velocity of sound in 
which the value of y is that characteristic of the non-reacting mixture, 
since in this case the composition remains constant and does not follow 
the oscillations. The point of inflection of c 2 as a function of In v is at 
the frequency 




v = —- 
27 TT C Q 


(11.4-28) 


The absorption coefficient per wavelength is kc/v. As would be 
expected, this quantity is small for both high and low frequencies. This 
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[Eq. H.4-29] 

curve is illustrated in Fig. 11.4-1. The maximum in this curve occurs 

at the point - 

J_ / c,(c, + k) (11.4-29) 

2irr V c a (c„ + A:) 

which is approximately the same frequency as that at which the change in 
velocity occurs. For c„ of the same order as c„ the half width of the 

absorption curve is approximately 3.8 octaves. 

Interesting complications occur in the study of the absorption of sound 
of high frequency. When the wavelength of the sound approaches the 
mean free path in magnitude, the gas no longer behaves as a continuum, 
and the Navier-Stokes equations are no longer applicable. As discussed 
in 8 7.3b, the Enskog series solution of the Boltzmann equation is an 
expansion in powers of a quantity which is essentially the ratio of the 
mean free path to a characteristic distance in which the macroscopic 
properties change appreciably. The Navier-Stokes equations are the 
equations resulting from the first approximation of Enskog. The results 
of the second approximation are referred to as the Burnett equations. 
In order to study the absorption of sound of short wavelengths it is 
necessary to make use of the higher approximations. 

Primakoff 9 and later Tsein and Schamberg 10 used the second approxi¬ 
mation or the Burnett equations to obtain corrections to the absorption 
coefficient due to the approach of the wavelength to the mean free path. 
Wang Chang and Uhlenbeck 11 have applied these results to the calculation 
of the dispersion of sound in helium. The corrections to the absorption 
coefficient obtained by the use of higher approximation is appreciable in 
the range of short wavelengths. The difficulties involved in the applica¬ 
tion of the higher approximations are sufficiently great that it is probably 
impractical to go beyond the stage reached by Wang Chang and Uhlenbeck. 
Furthermore, it is probable that the Enskog series is only asymptotically 
convergent. Hence it is necessary to make use of other methods to 
obtain information as to behavior of gases under the influence of large 
gradients in the macroscopic properties. 

Mott-Smith 12 has obtained expressions for the absorption of sound of 
short wavelengths by making use of the Boltzmann equation without 


• H. Primakoff, J. Acoust. Soc. Am., 13, 14 (1942). 

10 H. S. Tsien and R. Schamberg, J. Acoust. Soc. Am., 18, 334 (1946). 
n c. S. Wang Chang, “On the Dispersion of Sound in Helium," University of 
Michigan, Department of Engineering Research Report UMH-3-F, APL/JHU CM-467 
(I May 1948). See also C. S. Wang Chang and G. E. Uhlenbeck, “On the Propagation 
of Sound in Monatomic Gases," University of Michigan, Department of Engineering 
research report to ONR (October, 1952). 
lt H. M. Mott-Smith, Private Communication, 1952. 
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the introduction of the equations of change. If we assume that the 
distribution of molecular velocities is only slightly different from 
Maxwellian, we may obtain directly from the Boltzmann equation a 
linear equation describing the propagation of sound waves. This 
approach avoids the difficulties inherent in the previous methods and is 
valid for any ratio of the mean free path to the wavelength. It is found 
that the absorption coefficient at high frequencies is less than that pre¬ 
dicted by the Navier-Stokes equations, but that the Burnett equations 
overcorrect the result. 

5. The Propagation of Finite Waves in One Dimension 1 
We now turn our attention from the infinitesimal sound waves 
considered in the last section to waves of finite amplitude. We consider 
here the propagation of finite waves in one dimension in terms of the 
Riemann method of characteristics. The effects of viscosity, thermal 
conductivity, and diffusion are neglected.* As a consequence of this the 
flow is taken to be isentropic. We will not, however, discard the second 
order terms in the equations of change. 

The speed of sound c is defined by Eq. 11.4-5 as a thermodynamic 
quantity. It may be shown that for any real fluid the velocity of sound 
increases with pressure along an adiabat. The fact that the speed of 
sound is greater in the high-pressure part of a wave explains the formation 
of shock waves. Consider the sinusoidal wave traveling in the positive 
^-direction shown in Fig. 11.5-la. According to the theory of the preced¬ 
ing section any small disturbance is propagated with the local velocity 
of sound. Thus the crest of the wave travels faster than the trough, and 
after some time the wave assumes the shape shown in Fig. 11.5-lb. 
Finally after a long time the crest overtakes the trough, and the waves 
have the sawtooth appearance of Fig. 11.5—lc. The abrupt discontinuity 
at the front of the sawtooth is called a shock wave. The behavior of 
shock waves is discussed in § 11.8. 

a. The Riemann method of characteristics 
As in the last section the starting point for the discussion is the equations 
of change. Once again it is convenient to use the entropy equation 
(11.1-11) in place of the energy equation (11.1-4). If the approximation 

1 R. Courant and K. O. Friederichs, Supersonic Flow and Shock Waves, Interscience 

(1948). . . 

* The original method is restricted to one-dimensional problems and to the isentropic 
approximation. As will be mentioned later, however, with only slight modification 
the method can be adapted to the numerical solution of three-dimensional problems 
and take into account the effects of transport processes. 
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made that the effect of the transport processes may be neglected, then 
we have the entropy equation, the equation of continuity, and the equal 
motion in the following form: 3 

(11.5-1) 
(11.5-2) 
(11.5-3) 



dS A 


dt 

+ v dz~° 


dp 

dp 

dv 

dt 

+ V Tz = ~ 

P dz 

dv 

dv 

c 2 dp 

Jt 

+ V 3z=- 

i ** 
\<*> 

1 Q- 
l 





Fig. 11.5-1. The formation of a shock wave. 


The last two of these relations are a pair of equations for the quantities 
p and t>, as functions of space and time. These equations may be solved 
by the following method of Riemann. Let us consider a thermodynamic 
property of the fluid, o(p, §) to be defined later. Then application of 

> The equation of motion (11.5-3) in this form is obtained by combining Eq. 11.4-2, 
written for one dimension, and Eq. 11.5-1. The quantity c is defined thermodynami- 
cally in Eq. 11.4-5. 
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the operator ^ + v t0 &) and use of the equation of continuity 
(11.5-2) gives 



/ do\ dv 
\dp/s dz 


01.5-4) 


since, according to the entropy equation (11.5-1), the entropy of a fluid 
element moving with velocity v is constant. Now adding the equation 
of motion (11.5-3) to this equation, we obtain 


<»■»> 

f dv do~\ 

By adding c -f — I to both sides of the result, we obtain 

[I+<•+■> <■+•>- [($. -;] (• I - -1) <"■«> 

By a similar set of manipulations, we obtain the equation 

[| + <- 4 ]—-[©,•-;] ( 4 >!) 


The important trick of the method is in the definition of the quantity 
o(p, S). This thermodynamic property, the so-called Riemann character - 
istic, is defined by 

<Kp,S ) = J (3* (11.5-8) 

s) P 

Here the integration is taken along an adiabat, and p 0 (5) is any convenient 
reference density. The value of p 0 (S ) does not affect the calculations, as 
long as it remains unchanged during the course of the calculation. There 
are two definitions of p 0 ($) which are widely used: (1) p 0 (S) is taken to 
be the density of the fluid under standard conditions of temperature and 
pressure (and is then independent of 5), and (2) p 0 ($) is taken to be the 
density which the fluid with specific entropy S has at the standard pressure. 
The choice of definition of p 0 (S ) usually depends on the particular appli¬ 
cation under consideration. 
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As a consequence of the above definition of o(p, S), its derivative with 
respect to the density is 

Hence Eqs. 11.5-6, 7 simplify to 

[| / + ( v + c)| 2 ]/ = ° f = v+a (11.5-10) 

[li + (w-c )£] 8 = 0 g = v ~ a C'- 5 " 11 ) 

The first of these equations states that the property/= v + o remains 
unchanged in the neighborhood of a point moving with the velocity 
(t, -t- c ). Similarly, the second equation states that the quantity g = v — a 
remains unchanged in the region of a point moving with the velocity 
(v — c). These equations, along with the entropy equation (11.5-1), 
determine the complete hydrodynamic behavior of the gas. The entropy 
equation states that the entropy, in the neighborhood of a point moving 
with the gas at the velocity v, remains unchanged in time. 

It is assumed that at some initial time t 0 the velocity t>(z), the density 
p(z), and the specific entropy $(z) are known as functions of position. 
From the thermodynamic properties of the system we can then calculate 
the values of c(z) and a(z), and consequently also/(z) andg(z). Then, 
making use of the concepts of the preceding paragraph, we can calculate 
the values of/(z), g(z ), and $(z) at a somewhat later time, t 0 + A t. Having 
these values, we can easily calculate v and a from 

t<*) = »/(*) + *(*)] (11.5-12) 

o(z ) = i [/(z) - $(*)] (11.5-13) 

Then from a knowledge of the thermodynamics of the system we can 
find c(z) [and, if desired, p(z), p(z\ and T(z)]. The process may then be 
repeated to generate the complete solution to the hydrodynamical problem. 

The Riemann method is applicable as long as the “characteristics” 
f(z) = (« + a) and g(z ) = (v — a) remain single valued. However, as 
we shall see later in this section, it is altogether possible for two different 
characteristics /, and / 2 (which start at the initial time at two different 
points Zj and Zg) to intersect. Under these conditions the velocity, 
density, and other hydrodynamical variables are no longer uniquely 
specified at the point of intersection, and a shock wave has set in. Of 
course, this situation cannot actually take place. As a point of inter¬ 
section of the characteristics is approached the gradients in density, 


!?'!=£ (11.5-9) 

dp/s p 
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temperature, pressure, and velocity become large. Somewhere before the 
point of intersection the gradients become sufficiently large that one is 
no longer justified in neglecting the terms involving the viscosity and 
thermal conductivity. Nevertheless, the crossing of the characteristics 
serves as a useful method of predicting the time and place of the formation 
of a shock wave. 

This “method of characteristics” can be used for the solution of three- 
dimensional problems and for problems involving viscosity, thermal 
conductivity, diffusion, and external forces. In such problems the basic 
equations for the method, that is, the equation of entropy and the 
differential equations for/ and g , do not have zero on the right-hand side. 
Consequently/, g , and £ vary slowly instead of remaining constant along 
their respective curves. This, however, does not seriously impede the 
numerical calculations. 


b. Application of the method of characteristics to a perfect gas 

A certain amount of qualitative information about the propagation of 
finite waves may be obtained by considering the simple case of a perfect 
gas with constant specific heat. Such a gas has the following properties: 


Equation of state: p = ( p/m)kT 

Equation of an adiabat: (plp 0 ) = (p/p 0 ) v 


Speed of sound: 



Riemann characteristic: a = -- c 

Y- 1 


(11.5-14) 

(11.5-15) 

(11.5-16) 

(11.5-17) 


In the definition of the Riemann characteristic, the reference density is 
taken to be zero. We discuss now solutions for the perfect gas with 

y = 3 and with y = -——- (m, an integer). 

i. y = 3 or m = 1 

The solution to the hydrodynamical equations is particularly easy in 
the special case of y = 3. These solutions describe roughly the propa¬ 
gation of finite waves through a solid since most solids follow approxi¬ 
mately the ideal gas adiabat with y = 3, that is, (p/p 0 ) = (p/p 0 ) 3 . (This 
value of y is not to be confused with the true ratio of specific heats which 
lies between 1 and |.) In this case the velocity of sound is proportional 
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APPLICATION TO A PERFECT GAS 


to the density, and the Riemann characteristic is just equal 

of sound: 


to the velocity 
(11.5-18) 


Hence f — (v + c) is constant along the curve of z = z(t) whose slope is 
(t; + c); and g = (t> — c) is constant along the curve whose slope is 
(v — c). Therefore,/is constant along the line 


2 = a(f)+ft (11.5-19) 


and g is constant along the line 

z = b(g) + gt (11.5-20) 

The quantities a(f) and b(g) are functions determined by the initial con¬ 
ditions. These equations may be solved simultaneously to obtain 

b(g) - aif) 
f-g 

/big) ~ g°(f) 

f-g 

Also, from the definition of/ and g, it follows that 

*>(*, ') = H f+g) 
c(z, 0 = i(f-g) 

The last four equations give a complete solution to the hydrodynamic 
equations in parametric form. From a knowledge of the velocity and 
density as functions of position at the initial time, we can calculate the 
velocity of sound, c(z, 0), and the values of /(z, 0) and g(z, 0). The 
latter functions determine the functions a(/)and b(g). A knowledge 
of a(f) and b(g) enables us to use Eqs. 11.5-21 and 22 to determine the 
values of z and / for any desired value of/and g. Equations 11.5-23 and 
24 are used to compute r(z, /) and c(z, /). Then, since c = c 0 (p/p 0 ), all 
the properties of the fluid motion are known. 


(11.5-21) 

(11.5-22) 

(11.5-23) 

(11.5-24) 


2m + 1 . . 

11 . y = r - 7 ; (W, integer) 

Am — 1 

Darboux 4 obtained analytical solutions to the hydrodynamical 
equations for all values of y such that y = y where m is an integer. 


4 J. Hadamard, Legons sur la propagation des ondes , Paris (1902). 
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The case where y = 3 (m = 1) has already been considered. Two other 
cases are of particular interest: m = 2, which corresponds to a perfect 
monatomic gas (y = 1.677), and m = 3, which corresponds to air 
(y = 1.400). The equations of Darboux amount to the solution of the 
following parametric equations: 


/= v+ g = v — o 


Z = 





(11.5-25) 

(11.5-26) 

(11.5-27) 


Here a(f)> b(g) t and Z are parameters. The hydrodynamical equations 
are then solved in much the same manner as when y = 3. 


c. The formation of shock waves in a perfect gas 

As discussed above, the formation of a shock wave occurs at the 
intersection of characteristics having different values. The following 
example shows how such a condition might arise. Consider a perfect 
gas at time t = 0, in a condition defined by 

0 < z < co The gas is at rest with uniform temperature, 
pressure, and density. 

—co < 2 < 0 The gas is non-uniform in an arbitrary 

fashion. 

The characteristics / and g are shown schematically in Fig. 11.5-2 as a 
function of time. There are three regions shown in this figure: 

(I) The gas remains undisturbed. Here all the characteristics are 
constant. This region is bounded by the straight line with slope 
(dz/dt) = c 0 , the velocity of sound under the uniform condition. 

(II) The gas remains arbitrarily non-uniform. This region is bounded 
by the wavy line with slope (dz/dt) = -c, the (negative) velocity of sound 
under the local conditions. 

(III) Between regions I and II, the characteristics /= v -f o follow 
straight lines since all the characteristics g = v — a with which they 
intersect arise in region I and therefore all have the same value 
g = -2c 0 /(y - 1). The slope of the/line is (v + c), given by the relation: 

v + c= i(/+ g) + i(f-g) 

= (r±J)f + (JLZ*0 

[ 4 / ' 2(y — 1) 

and hence the slope of/ is constant for each value of/. 


(11.5-28) 
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Since the /characteristics in region III are straight lines having slopes 
which are linear functions of the value of/itself, it is quite possible tor 
two different/characteristics to intersect at a point S, as shown in rig. 
1 1.5-2. A shock wave forms at such a point. 



Fig. 11.5-2. Schematic illustration of the general behavior of the 

characteristics /and^. 


To illustrate the formation of a shock wave let us consider a gas in a 
cylinder fitted with a piston, which can be set into motion in an arbitrary 
manner. The position of the piston at any time is taken to be 


z = 0 f <0 

z = W(t) t > 0 


(11.5-29) 


Let the motion of the piston be restricted to subsonic velocities. 

In Fig. 11.5-3 the lines of constant / with slope (v + c) are shown 
drawn from the face of the piston. We suppose that the gas satisfies 
the ideal gas adiabat so that a = 2c/(y — 1). Again, as in the previous 
problem, we can construct the line with dz/dt = c 0 . To the left of this 
line, the gas remains undisturbed. At any point on the face of the 
piston, (v — a) = —2cJ(y — 1) [since the lines of constant (v — o) arise 
in the undisturbed part of the fluid as in the previous problem]. Thus 
since on the face of the piston, t; = dWjdt it follows that at this point, 


2c 0 dW 

a =— x +-d, 


(11.5-30) 
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Then, since c = 


y - 1 , dW 

—-— a and v = we have 

2 at 


y-ldW 

c=c# + — -J, 


y+ l dw 
«- + c = c 0 + ~y~ -J t 


(11.5-31) 

(11.5-32) 



Fig. 11.5-3. Schematic illustration of formation of a shock wave. 


From Eq. 11.5-31 it can be seen that whenever dW/dt is positive, 
c > c 0 , and the density of the gas in the neighborhood of the piston face 
is increased. If dW/dt is negative, the gas in the neighborhood of the 
face is expanded. A line starting from a point (z„ t Y ) t where dW/dt is 
positive but small, will have a slope less than the line starting from point 
(z 2 , ' 2 )* where dW/dt is larger. Thus, if z 2 > z, these lines meet at some 
point. It is clear that the less the piston face is accelerated, the smaller 
will be the differences in the slopes of the lines of constant (v + cr), and 
a longer time will be required before the characteristic lines cross and 
a shock wave forms. That is: 

1. Whenever the piston is accelerating, the lines of constant (v-f a) 
tend to come together to form shock waves. 

2. Whenever the piston is decelerating, the lines of constant (v -f a) 
tend to go apart and not to form shock waves. 

These are special cases of the more general theorem that shock waves 
always will be formed, if given sufficient time, when a gas is compressed 
but will not be formed when a gas is expanded. A few examples are 
illustrated in Fig. 11.5-4. 

The transformation of a sinusoidal wave into one of a sawtooth form 
was mentioned earlier in this section. The distance at which this complete 
transformation takes place can be determined in the following manner. 
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«- rs iastr-- 



FiP 115-4 Several illuslralions of wave formalion. (a) The piston is pushed 
suddenly into the gas. A shock wave develops immediately at the wall. 

(b) The piston is pushed gradually into the gas. Shock wave develops later. 

(c) The piston is withdrawn suddenly from the gas. No shock wave forms. 

sound wave is transformed into a sawtooth form. To determine the 
distance required for the transformation to occur, we determine the point 
of intersection of two adjacent characteristic lines. Consider two lines 
of constant f=(v +a) emanating from the piston as shown in Fig. 11.5-5. 
The points (*,. /,) and (z„ l t ) are considered arbitrarily close together. 
The slope, m, of the constant/lines is, according to Eq. 11.5-32, 


y 4 - 1 

m = (v + c) = c 0 H-— V 


(11.5-33) 


where V is the velocity of the piston. Thus, the 
slope of the line emanating from (z 2 , t 2 ) is, 



dm . v 

m + T. ('* _ 
at 


= c o + 


Fig. 11.5-5. An illustra- 

( jy \ lion of the crossing of two 

V + ^ (^2 — *i)j 1-5-34) characteristic lines. 


From these considerations it can be shown that the distance to the 
point of intersection of neighboring lines is 

y - 1 

I -4- - K II f « 4- 

m( m — y) 
dm 
dt 




( 




y+ 1 dV 
2 ~dt 


(11.5-35) 


Now we assume that the piston is moving with sinusoidal variation: 

V=V 0 sin 2 t rvt V 0 < c 0 (11.5-36) 
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Then the closest point of intersection is at 

4 ‘“(rb)^. <" s - 37 ' 

or in terms of the wavelength X = c 0 /v: 



(11.5-38) 


The quantity V 0 represents the amplitude of the sound wave. However, 
the amplitude is more commonly described in terms of the “overpressure,** 
which is given by 



Po = ypo — 
c o 


(11.5-39) 


Thus in terms of the amplitude in the pressure wave a shock wave forms 
after a number of wavelengths given by 



(11.5-40) 


As an example suppose that we have a wave in air (y = 1.4) at 1 atm 
pressure with an overpressure, p — p 0 = 0.001 atm. Then the wave 
would change into sawtooth form in A z/X = 186 wavelengths. This 
indicates that all sound waves degenerate into small periodic shock waves 
and that the simple theory of sound propagation does not apply at large 
distances. However, the present discussion is based on the neglect of 
such complicating factors as viscosity and thermal conductivity. These 
factors lead to an absorption of the sound wave. They also tend to 
destroy the abrupt discontinuous nature of the shock front and hence 
apparently retard the formation. The actual changes occurring in the 
wave form are a balance between the tendency to change into a sawtooth 
form and the absorption processes. 


6. One-Dimensional Steady-State Equations of Change 
The three sections following this section deal with the theoretical 
treatment of flames, shock waves, and detonations, all three of which may 
be described in terms of a steady-state formulation. Accordingly, the 
mathematical descriptions of these three phenomena have a great deal in 
common. It is, therefore, the purpose of this section to discuss some of the 
general principles of steady-state phenomena and to present the basic 
equations which form the starting point for each of the discussions given in 
the next three sections. We also present the limiting linear forms of the 
equations, which describe the behavior of a system which is in a state only 
slightly removed from chemical and thermal equilibrium. 



[Eq. 11.5-40] 


THE BASIC EQUATIONS 
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For simplicity the discussion is limited to one-dimensional steady-state 
system-that is, systems in which the propert.es of the fluid are un.form 
over parallel planes, and the properties are functions of a single-space 
coordinate 2 . In the theory of flames the coordinate system is fixed with 
respect to the flameholder. In the theory of shock waves and detonations, 
the coordinate system moves with the wave. A particular value ot 2 
then corresponds to a particular position within the wave, and the 
properties at this point are independent of time. Large positive values 
of 2 correspond to points where the gas has already passed through the 
wave, and chemical and thermal equilibrium has been attained. The 
properties of the fluid at 2 = 00 are indicated by a subscript co. Most 
of the equations given in this section are applicable to fluids of any sort 
and under any conditions of density and temperature. At a number of 
points special formulae are given which are, strictly speaking, valid only 
for a dilute gas, that is, one which obeys the ideal gas law (p = nkT) and 
for which the transport phenomena are described by the Chapman-Enskog 
theory of Chapter 7. In the text it is clearly indicated which equations 
belong to this latter category and to what extent they may be applied 
outside the dilute gas range. It is assumed that the fluid is a reacting 
multicomponent mixture. External forces and radiation flux are not 
considered inasmuch as their inclusion would complicate the development. 
They usually do not play an important role in determining the hydro- 
dynamical behavior of a fluid. 


a. The basic equations for a system under general conditions 

The fundamental hydrodynamic equations of change are summarized 
in § 11.1b. There the equations of continuity, motion, and energy 
balance are given in terms of the fluxes: the diffusion velocities V t (or 
the mass fluxes /,), the pressure tensor p, and the heat flux vector q. 
These fluxes may be written in terms of the transport coefficients and the 
derivatives of the variables as described in § 11.2. Hence it is possible 
to rewrite the equations of change in terms of the transport coefficients. 
In the discussions in the next three sections, however, it turns out to 
be more convenient to do the following: We write the equation of motion 
in terms of the coefficient of viscosity, and the equation of energy balance 
in terms of the coefficient of thermal conductivity. The equations 
of continuity, however, we leave in their original form—in terms of the 
diffusion velocities. Then we include, in addition to the equations of 
change, the relations which give the diffusion velocities in terms of the 
diffusion coefficients. We call these relations the “diffusion equations.” 
Finally, in order to describe the behavior of a fluid system, it is necessary 
to specify the equation of state. Hence the basic equations which we 
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consider are: (i) the equations of continuity, (ii) the equation of motion, 
(iii) the equation of energy balance, (iv) the diffusion equations, and (v) 
the equation of state. 


i. The Equations of Continuity 

The overall equation of continuity of a one-dimensional system in a 
steady state is obtained from Eq. 11.1-2 by setting the time derivative 
equal to zero. Since none of the properties of the gas depend on either 
x or y, we obtain 

4p» = 0 ( 11 . 6 - 1 ) 

dz 

This equation may be integrated immediately to give 

M = pv (11.6-2) 

The constant of integration, A/, is identified as the mass rate of flow (per unit 
cross-section in the xy-plane) and is independent of the coordinate z. 

Similarly the equations of continuity for the individual chemical 
components (Eq. 11.1-1) become 

j z Mv+y l )) = K i (11.6-3) 


It is convenient to introduce as a new dependent variable the quantity 
G ( , which is the fraction of the mass rate of flow contributed by the ith 
chemical component: 

- +Vi 


M 


In terms of (7, the equations of continuity become 

dz 


(11.6-5) 


Let us now discuss the number of linearly independent G t for a system 
which consists of s chemical species reacting according to a set of /' 
chemical reactions (indicated by the subscript j) which have the stoichio- 
metrical form 

Ml] + M 2 ] + •••** Ml] + * 72 , 12 ] + ••• ( 11 . 6 - 6 ) 

If k i and k- are the rate constants for the forward and reverse reactions, 
respectively, the net rate of the yth reaction is 

r, = kfDnpnf* - k l \T)n l ’“'n 2 "» ■ ■ ■ (11.6-7a) 

= k ‘ (T) {krT 1 ^ - km {krf”*'"**"'' ■ (1,6 " 7b) 



the basic equations 
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( 11 . 6 - 8 ) 


TUj. 

[Eq. 11.6-12J 

Then the values of AT, are given by: 

k, = 2 (.nu - Pn>i 

c- ,h P * and 8, are constants, it follows that there can be at most 
onW /' linearly independent K, corresponding to the /' functions r,. In 
y p rases not all the r. are linearly independent, and hence the number of 
r r^dSndentV may be less than /'. For example, if there are * 
different kinds of atoms present, and v,* is the number of atoms of the 
Jtl kind in a molecule of the rth kind, there are surely o relations of the 

f ° rm S ( v rt AT ( = 0 * = 1,2, • • •, a (11.6-9) 

Equation 11.6-9 expresses the fact that chemical reactions neither destroy 
nor create atoms. However, not all the a equattons of Eq 11.6-9 are 
really linearly independent if certain groups go through all the chem.ca 
reactions intact. In this case, the number of independent relations 
expressed by Eq. 11.6-9 is equal to the number of independent components 
in the sense of the phase rule, o' < fl. Thus the number / of linearly 
independent K, is either (s - o') or else /'. whichever is the smaller. 
From Eq. 11.6-5 it is clear that the number of linearly independent G, 
is the same as the number of linearly independent K t . 


ii. The Equation of Motion 

The equation of motion is given in Eq. 11.1-3 in terms of the pressure 
tensor. In § 11.2 it is pointed out that the form of the pressure tensor 
may be obtained quite generally by means of the thermodynamics of 
irreversible processes. For one-dimensional flow the 22 -component of 
the pressure is 

P„- P -fa + *)% o'- 6 - 10 ) 

Substitution of this expression into the equation of motion written for a 
steady state in one dimension gives 

'»£ + S - 7 > + ”» s )= 0 " ,W1) 

Inasmuch as pv = M is a constant, this equation may be integrated 
immediately to give 

Mv -f- p — (*rj -f k) — = B (11.6-12) 

Here B is a constant of integration which depends upon the boundary 
conditions. If complete chemical and thermal equilibrium is attained 
at the point z = co, it follows that (>dv/dz) a> = 0 and B = Mv^ + p^- 



750 


HYDRODYNAMIC APPLICATIONS 


l§ 11.6] 


Hence we obtain finally 

(iv + k) = (p - pj + M (» - vj 
for the equation of motion. 


(11.6-13) 


iii. The Equation of Energy Balance 

The equation of energy balance is given in Eq. 11.1-4 in terms of the 
heat flux vector. If external forces and radiation flux are neglected, 
this equation becomes for a one-dimensional steady-state condition 

pv fz + 7z*• + pv '7z + 7z-7z + K) vj = 0 (1L6 - ,4) 


This equation may be integrated immediately to give 

M(0 + P - p + Jv*) + q -[(*»? + *c)r£] (11 -6—15) 

in which L is a constant of integration. If there is complete chemical and 
thermal equilibrium at the point z = co, then L=M(0 + (pip) -1- Jv 2 )*,. 
The quantity ( 0 + (pip)) is the enthalpy per unit mass of the gas: 

= (11.6-16) 
P P 


The quantity H t (T) is the enthalpy per gram of pure component i. 

An expression for the heat flux vector in terms of the transport co¬ 
efficients has been obtained from the kinetic theory of dilute gases given 
in Chapter 7 (see Eq. 7.4-64). This expression is 


7 dz n z& ik 


(11.6-17) 


This result applies strictly only to a dilute gas. However, according to 
the discussion of § 11.2, the same form applies to a liquid except that in 
the latter case the enthalpies in the second term are to be interpreted as 
partial molar quantities and the thermal diffusion term, which is usually 
small, must be somewhat modified. Substituting the expression for the 
heat flux vector into Eq. 11.6-14 and using the equation of motion 
(11.6-13), we finally obtain 


~ = 2 t GA-GfiA)- + 



_Py _ J(„ _ „J« (11.6-18) 
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[Eq. 11.6-22] 


iv The Diffusion Equations 

The kinetic theory of dilute gases gives expressions relating the mass 
flux vectors (or the diffusion velocities) to the coefficients of diffusion and 
thermal diffusion (see Eq. 7.4-48). These equations may be wntten for 
the one-dimensional problem in terms of the quantities G„ thus: 

A ‘/In/’ 


(x.m.G, — x,m ,G.) 
~dz ~~ n mfm&u 


( nm, 

l ~T) 


dz 


1 d\nT x,m i D, T - x,m,D i T 
+ n dz " m,m, & 


(11.6-19) 


As discussed in § 11.2, although this result applies strictly only to a dilute 
gas, there is empirical evidence that the same form applies to a liquid. 


v. The Equation of State 

For the sake of simplicity we often assume that the equation of state 
may be described by the ideal gas law: 

p = nkT (11.6-20) 

The pressure p is that measured with respect to the moving gas stream. 

These five sets of equations determine the variables p, x„ G„ t>, and T 
as a function of the coordinate z, once the boundary conditions have 
been specified. At the point z = oo, where complete chemical and thermal 
equilibrium has been obtained, the derivatives of each of these dependent 
variables with respect to z is zero. From the diffusion equations and from 
the condition that all the (dxjdz) a vanish, it follows that 

G tm = !*Z!ix lm ( 11 . 6 - 21 ) 

P oo 

From the equations of continuity, the requirement that the ( dGJdz )« 
vanish implies that 

TJ = 0 ( 11 . 6 - 22 ) 

The determination of the temperature at z = co requires the knowledge of 
some additional boundary conditions, for example, those at z = 0 or 

z = —co.. 


b. The basic equations for a system near equilibrium 1 

Let us now consider the form assumed by the basic steady-state equations 
when the system is only slightly removed from chemical and thermal 
equilibrium. As z approaches co, the basic equations become linear in the 
difference between the values of the variables and their limiting values 
at z = co. These linear relations are readily solved and provide asymp¬ 
totic solutions to the general equations of change. In the equations given 
1 This discussion applies only to a dilute gas. 
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here, the symbol d indicates the difference between the variable and its 
limiting values; for example, 6T = T — T n . It is also understood that 
all the quantities appearing in the equations are evaluated at z = co. If 
there are / independent G, and s chemical components, there are altogether 
(/ -f s -f 2) linearly independent functions. We take as the independent 
functions the first / of the G„ the first (s — 1) of the x it and the variables 
T , v, and p. The remaining G, are expressed as linear combinations of 
the first /, 

G, = 2 a ii G i + b t i = (/ + 1), (/ + 2), • • • , 5 (11.6-23) 

i -1 

The constants a u are determined by the relations between the K { , and the 
constants b t are adjusted to give G, the correct limiting value given by 
Eq. 11.6-21. Similarly, x t is given in terms of the first (s — 1) of the 
x, by the relation: 

*,= 1 - *2 ** (11.6-24) 

i-i 

We now make Taylor expansions of various parts of the equations of 
change and retain terms through the first powers of 6T, 6v, dp, 6G t , and 
Sx t . To this degree of approximation the equations of change become: 


(1) The Equation of Continuity 
(a) Overall conservation of mass 


*-i 


A., An AT 2 (">. - «.) ° X i 

v p T 


(11.6-25) 


2 mPt 


»-1 


(b) Continuity of individual components 


«■+* + 2 ^ =2> 3 , ( 11 ‘ 6 :f ) 


(2) The Equation of Motion 


d(Sv) 

«)^ = d P + M6v 


(11.6-27) 


(3) The Equation of Energy Balance 

*P = A TT dT+A T ,dp + ‘l A Txi ix, + 2 A TOi 6Gj (11.6-28) 
dz j = l J-l 

(4) The Diffusion Equations 

^ + B„ + B„ ^ = 'I A ztx , dx t + 2 A z(0 ,6Gj (11.6-29) 
dz dz dz jm i j -i 

i = 1, 2, 3, • • • , s — 1 
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The coefficients A and B are given by 
m, dKi 
A °‘ t ~ ~M dT 

n\i dKi 

A °‘” ~ M dp 


m t I" dKi _ dKA 
° iXi = A? L dx t dx J 


BiT — -'T' 2 


1 i a: WiD? — xjniDi 


nTtti miftx^ it 


. _ ^ __flL_ i_ _^L_ _i_ A y 


1 *. 0 1 





t 

+ 2 
*-/ +1 

X flki 

-&« 2 
*-i 

** i 

™i&ii 

m k & ik 


x i 

• 

+ 2 
*-/ + ! 

X x*ki 

2 

*-i 

x k 

mi&u 


m,& it 


Mn • . 

•^rr — T" 2. m i x iC v i 
*P j-i 

At ’ ~ Xp 


, _MI£’\D^_D^__ h D^ x i Dn 

TI ' A P t $ L 9 a ® it x, x, &J 

Ara, — -T \ Hj + 2 H, a >j\ 

A L <-/+l -I 

^ / D, T D, T *> \ 

jf,\«^« x/n,& u / 

y [•♦ / />,* «,!>/ \] 

i-l+i M Uri\«^« **m»^*/J 

* The partial derivatives of A, with respect to the mole fractions ar 
which would be obtained from Eqs. 11.6-7b and 11.6-8 if all the s me 
linearly independent. 


MkT 
X n 


(11.6-30) 

(11.6-31) 

(11.6-32)* 

(11.6-33) 

(11.6-34) 

(11.6-35) 

/</ 

(11.6—36a) 
/>/ 

(11.6—36b) 
(11.6-37) 

(11.6-38) 

(11.6-39) 

(11.6-40) 

the expressions 
t fractions were 



754 


HYDRODYNAMIC APPLICATIONS 


[§ 11.6) 


Equations 11.6-25 through 29 then form a set of (/ + s -f 1) linear 
first-order differential equations and one linear algebraic equation for the 
same number of dependent variables. The solutions to these equations 
have the form 

(5T =£*/<*> exp (a (k, z) 

6z i = ?: k t' k '[z J<*> exp (a<*>z) 

6G i = exp (a (t, z) (11.6-41) 

6p = I. k t lk) lpY k) exp (a ( *>z) 

<5t> = £*/<*>[*;]<*> exp (a <fc, z) 


Here the / (fc) are constants specified by the boundary conditions. If all 
the t ik) except one are set equal to zero and the resulting expressions 
substituted into the above equations, we obtain a set of linear algebraic 
equations for the a (fc) and the constants [x<] (4) , [G,]** 1 , [pY k) * and [u] (fc) . 
These equations are 



2 ( m i - ">.) [*<]“’ 

+ '^—i- 

i-l 



(11.6-42) 


A g ,t + A 0i9 [p] {k) + 'lAotiMi] 1 *' - = 0 j = 1, 2, • • •, / 

(11.6-43) 


[/?] ( *> 4- (M - (to 4 *)* {k) ) = 0 (11.6-44) 

-a ' k) B iT -*' k) B ip [ P Y k) 4ZW ( -« , %)W“ , 4 1 = 0 

i-l i-l 

j= 1,2, • • • ,5 - 1 (11.6-45) 


(A tt - a<*>) 4 A T9 [pY k) 4 $ 2A Txi [x^ 4 2 A TGt (G t Y k) = 0 

i-l i-l 


(11.6-46) 


These linear equations can be solved with the usual algebraic methods 
with or without the use of determinants. 

The a (t) are then given by the roots of the secular equation: 3 

$ 

3 In the secular equation, for convenience of notation, m = 2 m * x *- 

i-l 



[Eq. 11.6-47] 
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There are altogether (/ + s -f- I) roots x lk) . If complete chemical and 
thermal equilibrium is attained as z approaches infinity, only the negative 
values of a , * ) can be physically significant (have values of t {k) different 
from zero). 

7. The Theory of Flame Propagation 1 

A flame is a thermal wave accompanied by exothermic chemical 
reactions which travels with subsonic velocities. A detonation, as 
distinguished from a flame, travels with velocities supersonic with respect 
to the material in front of the wave, that is, on the cold side. The velocity 
of detonation is determined by the equations of conservation of mass, 
momentum, and energy (along with the Chapman-Jouguet condition), 
whereas the velocity of flame propagation depends upon the detailed 
chemical kinetics and the coefficients of diffusion and thermal conductivity. 
In this section we consider the theory of one-dimensional steady-state 
laminar flames in homogeneous gas mixtures. In most flames the pressure 
drop through the flame front is small. It is therefore possible to ignore 
the effects of viscosity. Furthermore, the kinetic energy associated with 
the motion of the gases is small compared to the energy released by the 
reaction. We first consider the boundary conditions and general equations 
describing the propagation of a flame. Then, as an example, we consider 
in detail the nature of a hypothetical flame in which the chemical kinetics 
consists of a single unimolecular rearrangement. 

A steady-state flame must be stabilized by the presence of a flame 
holder. 2 A flame traveling down a large diameter tube does not travel 
with a plane front, is usually turbulent, and does not approach a steady 
state. 3 The velocity of travel of such a flame depends on the nature 

1 J. O. Hirschfelder and C. F. Curtiss. J. Chem. Phys., 17, 1076 (1949), and J. Phys. 
and Colloid Chem., 55. 744 (1951); C. F. Curtiss, J. O. Hirschfelder, and D. E. 
Campbell, "Theory of Flame Propagation and Detonation, III," University of Wisconsin 
Naval Research Laboratory CM-690 (1952) and Fourth International Symposium on 
Flames and Combustion, Williams and Wilkins (1953); J. O. Hirschfelder, C. F. Curtiss, 
and D. E. Campbell, J. Phys. Chem., 57. 403 (1953); and J. O. Hirschfelder and E. S. 
Campbell, "Analytical (Power Series) Solutions to the Flame Equations," University of 
Wisconsin Naval Research Laboratory CM-784 (1953). 

* Although the flame holder is required from mathematical considerations there 
is some question as to its physical necessity. G. H. Markstein, J. Aeronaut. Sci., 18, 
199 (1951), succeeded in establishing a steady-state flat flame in a pyrex cylinder 10 cm 
in diameter. The geometry in these experiments was the same as Fig. 11.7-3 except 
that a flameholder was lacking. In this case the heat transfer to the walls was sufficient 
to stabilize the position of the flame. 

* Complete descriptions of experimental flame phenomena are given in the 
treatises: B. Lewis and G. Von Elbe, Combustion, Flames and Explosions, Academic 
Press (1951), and W. Jost, Explosion and Combustion Processes in Cases (translated 


757 


(Eq. 11.6-47] 


DISCUSSION OF BUNSEN BURNER 


and diameter of the tube, and if the tube is sufficiently long the flame 
either goes out or changes into a detonation. 4 


a. Qualitative discussion of the Bunsen burner flame 

A Bunsen flame provides an excellent example of a steady-state system. 
In a Bunsen burner, as illustrated in Fig. 11.7-1, the fuel and oxidizer 
are introduced separately at the bottom of a mixing chamber. Ihe 
mixing chamber is made long enough to insure a homogeneous mixture 
by the time the gases reach the top of the tube. The flame zone is a right 
circular cone 6 separated from the mouth of the tube by a quenching zone. 
The angle of the cone depends on the nature and the rate of flow of the 

Po be the density of the cold gases, v 0 be the component of the velocity 7 
of the cold gases normal to the flame front, and and be the corre¬ 
sponding quantities on the hot side of the front. The quantity v 0 , which 
is referred to as the flame velocity, is characteristic of the gas mixture and 
is independent of the details of the burner or rate of flow of the gases. 
The flame velocity v 0 is determined theoretically by the solution of the 
equations of change. 

Experimentally the flame velocity may be determined from the angle ot 
the cone on a Bunsen burner. Let us consider in detail the flow of gases 


by H. O. Croft), McGraw-Hill (1946). An excellent discussion of the earlier theories 
of flame propagation is given by M. W. Evans. "Theoretical Concepts of Flame Propa¬ 
gation," Chem. Keys., 53, 363 (1952). Another excellent survey has been given by 
F. T. McClure and W. G. Bcrl, Ind. and Eng. Chem., 45, 1415 (1953). 

4 A thorough discussion of traveling flames is given by W. Jost, Explosion and 
Combustion Processes in Gases (translated by H. O. Croft), McGraw-Hill (1946), p. 91, 
and by B. Lewis and G. Von Elbe, Combustion , Flames and Explosions, Academic 
Press (1951), p. 317. Because of surface drag and the heat transfer to the walls the 
flame front is curved. Because of the increased surface due to the curvature the 
apparent flame velocity of traveling waves in large diameter tubes is usually more than 
twice the Bunsen flame velocity. The hydrodynamical stability of flame fronts is 
considered theoretically by H. Einbinder, J. Chem. Phys. t 21, 480 (1953). 

4 The flame zone (except for the very tip and near the edges) is a true right circular 
cone if the velocity of the gases in the tube is independent of the distance from the 
center of the tube. The constant velocity profile can be attained by properly shaping 
the tube near the mouth. See H. Mache and A. Hebra, Akad. Wiss. Abteilung Wien 
(Ila), 150, 157 (1941), and J. W. Andersen, Rev. Sci. Instr., 19, 822 (1948). 

• The length of the quenching zone is determined by the heat transfer from the flame 
to the mouth of the tube. See R. Friedman, Third Symposium on Combustion , Flames 
and Explosion Phenomena, Williams and Wilkins (1948). 

7 In this chapter the symbol V stands for the mass average velocity, which is called 
V 0 in Chapters 7-10. The latter should not be confused with the quantity v 0 defined 
here. 
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through the flame zone. Because of the cylindrical symmetry it is 
necessary to consider only the two-dimensional situation represented by 
the flow in a plane containing the axis of the tube. Let 0 be the angle 
between the cone and the axis of the tube as illustrated in Fig. 11.7-1. 
Then the components of the velocity of the cold gases, v (0) , perpendicular 
and parallel to the burning surface, are 

v™ = t><°> sin 0 = v 0 (11.7-1) 

t>j[» = t>“» cos 0 (11.7-2) 



Fig. 11.7-1. An illustration of the streamlines through 
the flame zone (or cone) of a Bunsen burner 


Let <f> be the angle between the cone and the direction of flow of the hot 
gases as illustrated in Fig. 11.7-1. Then the components of the velocity 
of the gases on the hot side, v (eo) , are: 

v<®, = v ( ®, sin <f> = (11.7-3) 

v <®> = v' ai) cos<f> (11.7-4) 

The components of the velocity parallel to the flame front are unchanged 
by passage of the gas through the flame: 

v (0) cos 0 = v {a3) cos <f> 


(11.7-5) 
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[Eq. 11.7-7] 


In terms of v 0 and as given by the equations above, this equation 


becomes 


v 0 tan d 
t>oo tan </> 


(11.7-6) 


Since the equation of continuity states that p 0 v 0 = p a3 v cot 
implies that 

Poo _ tan 0 
Po tan <f> 


this result 
(11.7-7) 


Figure 11.7-2 shows the actual streamlines in a Bunsen flame. In 8 
accordance with Eq. 11.7-1, a knowledge of t> (0) and a measurement of 
the angle 0 that the flame zone makes with the vertical, leads to a deter¬ 
mination of the flame velocity. In accordance with Eq. 11.7-7, measure¬ 
ments of the angles of deflection of the streamlines determine the ratio 
of density of the hot to the cold gases. Observations of this kind can be 
used to indicate the degree to which the gases burn towards complete 
chemical equilibrium. This method of analysis in conjunction with 
microscopic examination of films, such as Fig. 11.7-2, has been used as 
the basis for an experimental determination of the temperature as a 
function of distance throughout the combustion zone. 8 

Usually the flame velocity and other characteristics of the combustion 
do not vary appreciably from streamline to streamline (except near the 
tip and near the edges), although there is a considerable variation in the 
curvature of the conical flame front. This is because the radius of curva¬ 
ture is ordinarily very large compared to the thickness of the burning 
zone, which is usually of the order of a millimeter. Since the flame 
characteristics are not sensitive to the radius of curvature, we consider the 
limit of a large radius of curvature where the burning surface is plane. 
For such a flame the temperature and chemical composition depend only 
on the distance z perpendicular to this surface. The results of this one¬ 
dimensional theory may be applied to three-dimensional burners by 
assuming that the temperature, chemical composition, and component of 
velocity perpendicular to the flame surface vary with the distance from the 
flame surface in the same manner in a burner as in the hypothetical one¬ 
dimensional case, and that the component of velocity of the gases parallel 
to the flame surface remains unchanged in passing through the flame zone. 

Though the flame zone is sufficiently thin that the one-dimensional 
theory can be used, it is nevertheless sufficiently thick that the concepts 


8 J. W. Andersen and R. S. Fein, J. Chem. Phys., 17, 1268 (1949). 
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of the macroscopic properties of a continuum are applicable. That is, 
since the burning zone is usually hundreds of mean free paths thick, it 
is possible to attach significance to the concepts of local temperature, 
pressure, density, and chemical composition and to use the usual equations 
of change to determine the variations in these quantities. 



Fi c . n.7-2. A photograph showing the streamlines through a cone on a 
Bunsen burner. I he exit of the tube was so designed as to obtain a constant- 
vclociiy profile. (From J. W. Andersen and R. S. Fein. J. Chem. Phys 17, 

1268 (1949)1 







[Eq. 11.7-7] 


ONE-DIMENSIONAL FLAMES 


761 


In some flames 9 the transfer of energy between vibrational and trans 
Iational motion is so slow that it is significant to define a vibrational as 
well as a translational temperature. In other systems, there are meta¬ 
stable excited electronic states which should be considered as separate 
molecular species. These complications tend to destroy the notion of 
local temperature and make the chemical reaction rates in a flame some¬ 
what different from those in a static system. However, in the present 
discussion this lack of thermal equilibrium is not considered explicitly 
since it would tend to confuse the basic principles of flame propagation. 

Radiation plays an important role in flame propagation, but the 
specificity of the radiation and quenching processes makes it necessary to 
consider each example separately. 9 The development given in §11.3 
makes it possible to include radiation transfer in the theory of flames 
presented here. 10 Experimental results indicate that the radiation from 
a flame is a mixture of chemiluminescence and thermal radiation, with the 
chemiluminescence usually dominant. A very bright flame emits less 
than one-half per cent of its chemical energy in the form of visible light. 
Most of the radiation emitted is in the form of infrared radiation bands. 
All molecules which emerge from an exothermic chemical reaction are 
initially formed in either excited electronic or vibrational states. The 
molecules if left to themselves give off this energy in the form of radiation. 
However, in collisions they also transfer this energy to other molecules 
in the form of translational or thermal energy. Usually it requires a very 
large number of collisions to effect such an energy transfer. The number 
of collisions required varies a great deal with the molecular species. 
Some species are remarkably effective in bringing about the energy transfer 
and thereby quenching the radiation. For example, in a carbon monoxide- 
oxygen flame a small trace of water vapor 11 reduces the fraction of the 
chemical energy emitted in the form of radiation from 24 per cent to 3 
per cent. In this case the flame velocity is greatly affected by the presence 
of the water vapor. 

b. The theory of steady-state one-dimensional flame propagation 

The concept of one-dimensional steady-state flame propagation is an 
idealization of the behavior of the gases in a small segment of a Bunsen 
burner flame zone. Figure 11.7-3 shows the hypothetical burner system 
which we assume. The lower portion resembles the Bunsen burner as 

* A. G. Gaydon, Spectroscopy and Combustion Theory , Chapman-Hall, 2nd ed. 
(1948). 

10 J. L. Magee, “The Effect of Radiation in Flames,” University of Wisconsin 
Naval Research Laboratory CM-627 (1950). 

11 D. A. Hall and K. Tawada, Trans. Faraday Soc ., 26, 600 (1930). 
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far as the intakes and the mixing chamber are concerned. However, in 
place of the mouth of the tube there is a porous plug which serves as a 
"flameholder.” Above the porous plug the straight sides of the burner are 
extended so as to prevent the streamlines from spreading. This burner 
is assumed to be sufficiently large that there are no wall effects, and the 
flame zone is planar (at least away from the walls). 


Flame zone 
Quenching zone 

Porous plug 
Flame holder 


Mixing chamber 


*0. Po* «>i>0 I 

Fuel —► _ —- Oxidizer 

11.7-3. Burner system assumed as a model for one-dimensional flames. 

The flameholder is necessary in order that the equations of change 
possess steady-state solutions. Without the flameholder two difficulties 
develop in the attempt to obtain a mathematical solution to the problems. 
First, the product molecules tend to diffuse backward through the flame 
zone into the unreacted gas, thereby preventing the establishment of a 
steady state. Secondly, the usual expressions for the rates of chemical 
reactions are such that there is a finite, although small, rate of reaction 
at the intake temperature. For these reasons 12 it is necessary that in the 
solution of the one-dimensional problem we introduce the concept of a 
flameholder which has two properties, (i) The flameholder is a semi- 
permeable porous plug through which the fuel and oxidizer molecules 
pass freely but through which the product molecules formed in the chemical 
reactions cannot pass. This prevents back diffusion into the mixing 

11 In the three-dimensional problem of burning in a Bunsen cone, the flame is 
stabilized by small effects due to the presence of the end of the tube. 
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[Eq. 117-9] 

. mher which would be incompatible with a steady state. 00 ^he 
as • h». sink extracting ,n of he,, from .he 

flame (see Eq. 11 -2-49), 

(u/m) 

Here z is the distance from the flameholder, and the subscript 0 is used to 
£er to quantities at the flameholder. This heat transfer lends stab.hty 

to the position of the flame relative to the flameholder. 

The temperature, density, and mass rates of flow of the various 
components are known in the mixing chamber and have the same values 
at the cold boundary, z = 0. The heat transfer to the flameholder is 
specified. At the hot boundary, z = oo, there is complete thermal and 
chemical equilibrium so that T nt and (*<)«, are known. 

The equations describing the propagation of a flame are the one¬ 
dimensional steady-state equations of change and the diffusion equations, 
discussed in the preceding section. These equations along with the 
boundary conditions possess a solution for only one value of the mass 
rate of flow M. This solution describes the structure of the flame tront. 
There are boundary conditions at both 2 = co (the “hot boundary”) and 
2 = 0 (the “cold boundary”) at the flameholder. 

The boundary conditions at the hot boundary, where chemical and 
thermal equilibrium have been established, arc discussed in § 11.6b. The 
boundary conditions at the cold boundary are related to the properties of 
the flameholder. Because of diffusion of the product molecules from the 
flame all the way back to the flameholder, the chemical composition of 
the gases at the flameholder, that is, the (*,% are not specified. However 
the fractions of the mass rates of flow contributed by the various chemical 
species, (G,) 0 , are specified at the flameholder in terms of the chemical 
composition of the cold gases in the mixing chamber, 

(11.7-9) 


(C,X,= (^.) 


mix i Off 
chamber 


Because the (*,)„ are not specified, it is not possible in a simple way to 
integrate the equations of change from the cold towards the hot boundary. 
The values of T 0 and q 0 , which are the temperature and the strength of 
the heat sink at the flameholder, complete the specification of the cold 
boundary conditions. 

Since the (*,)„ are not specified, numerical solutions 13 of the equations 

13 Difficulties in obtaining numerical solutions are often due to either “instability 
or “overstability" of the family of solutions to the differential equations. A numerical 
procedure which has proved helpful in these cases is discussed by C F. Curtiss and 
J. O. Hirschfelder, “Integration of Stiff Equations,” Proc. Natl. Acad. Sci, 38, 235 (1952). 
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of change are usually made from the flame temperature T m towards the 
low temperatures. The starting conditions at the hot boundary are dis¬ 
cussed in § 11.6b. If there is more than one linearly independent G, 
there is usually more than one negative root oc ( * ) (see Eq. 11.6-47) so 
that the determination of the flame velocity becomes a multi-eigenvalue 
problem. For a fixed value of the flame temperature the equations may 
be integrated toward the cold boundary without reference to the values of 
either T 0 or q 0 . The lowest possible temperature of the flameholder 
consistent with the conservation of energy is given the symbol T 0 '. This 
temperature corresponds to q 0 = 0. 

At the present time there are only three examples where it is possible 
to compare theoretical and experimental results. 

(a) Ethylene Oxide Decomposition. This was treated as a unimolecular 
decomposition. 

Wexpu = 125 cm/sec (ref. 14) 

(Scaled = 96 cm/sec (ref. 14) 

(b) Hydrazine Decomposition. This was treated as a unimolecular 
decomposition, using Szwarc’s 15 experimental rate constant. Adams and 
Stocks 18 believe that better agreement between theory and experiment 
would be obtained if all the steps in the chain reaction were considered. 
For an initial temperature of 150°C and one atmosphere pressure, 

(v 0 )«pti = 200 cm/sec (ref. 17) 

• (Sealed = 294 cm/sec (ref. 18) 

(c) Ozone Decomposition. This is the first case where the flame theory 
has been carried out for a chain reacting system: 

o 3 ^ O + O, 

0 + 0 3 ^ 0 2 + 0 2 

14 M. Gerstein, G. E. McDonald, and R. L. Schalla, Fourth Symposium on Flames , 
Combustion and Detonations, Boston (1952). 

15 M. Szwarc, J. Chem. Phys., 17, 505 (1949). 

14 G. K. Adams and G. W. Stocks, Fourth Symposium on Flames, Combustion, and 
Detonations, Boston (1952). 

17 R. C. Murray and A. R. Hall, Trans. Faraday Soc ., 47, 743 (1951). Owing to a 
typographical error their value of A is too small by a factor of 10. 

18 J. O. Hirschfelder, C. F. Curtiss, and D. E. Campbell, J. Phys. Chem., 57,403 (1953). 
The value given above has been corrected for the error in ref. 17. 
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[Eq. 11.7-13] 

_ nr a mixture of 25 per cent (molar) of ozone and 75 per cent of oxygen 
It an initial temperature of 300°K and a pressure of 624 mm Hg: 


( v o)exptl 


( v o)c«led • 


55 cm/sec 

47 cm/sec (using best diffusion constants) 

51 cm/sec (using diffusion coefficients 20 per 
cent smaller) 

85 cm/sec (setting diffusion coefficients equal 
zero) 

255 cm/sec (setting diffusion coefficients equal 
to zero and assuming that the oxygen atom 
concentration corresponds to a pseudo- 
stationary equilibrium with the ozone) 


(ref. 19) 
(ref. 18) 

(ref. 18) 

(ref. 18) 


(ref. 20) 


The effect of pressure on flame propagation may be seen from the 
nressure dependence of the various quantities. The coefficients of 
diffusion, n, vary inversely as the first power of the pressure; the 
thermal conductivity. A, is independent of pressure; and the chemical 
reaction rates vary as /, where fi is the order of the chemical reactions. 
For most ordinary flames we can neglect the kinetic energy of the gases 
thermal diffusion, and radiation flux. If all the chemical reactions are of 
the same order p, and if all quantities evaluated for one atmosphere 
pressure are indicated by the subscript 1, the equations of change have the 

form 


MdG, 

~ lK,]x 


(11.7-10) 

]_d X ( ,_y 1 | 

Mdz i 

V m, mj 

(11.7-11) 

1 dT 1 

— ~T — T 12 . 

M dz /j 

aftfii) j 

(11.7-12) 


Since the right-hand sides of these equations are independent of pressure, 

it is clear that all the equations and their boundary conditions remain 

invariant if „ 

M = j/ t2 M l (11.7-13) 


«• B. Lewis and G. Von Elbe, J. Chem. Phys., 2, 283 (1934). The fact that the 
observations were made on spherically expanding flames should make (t» 0 )exptl some¬ 
what smaller than would be observed for a plane flame front. 

10 B. Lewis and G. Von Elbe, J. Chem. Phys., 2, 537 (1934). 
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and if all distances z are p~ m times the values they would have 
if the pressure were one atmosphere. Since the flame velocity is 
proportional to Mlp t it follows that for unimolecular reactions t> 0 ~ p~ l,t \ 
for second-order reactions, v 0 is independent of p\ and for third-order 
reactions, r 0 ~ p x,% . In actual flames involving chain reactions the chain- 
starting mechanisms are either first or second order, the chain-carrying 
reactions are second order, and the chain-stopping mechanisms are either 
second or third order. At high pressures the chain-starting reactions 
therefore become less important, and the chain stoppers become more 
important. This leads to the conclusion (borne out by experimental 
observations) that the effective value of P is less than 2. However, since 
most of the chain starters are formed in the hot part of the flame and 
diffuse back, the kinetic mechanism of forming these chain starters is not 
important, so that in practice p is very close to 2. 

c. Simple example of a flame (unimolecular reversible reaction) 

The solution of the basic equations describing a real flame involves 
difficult numerical procedures. The difficulties occur primarily because 
of the complicated kinetics describing the reactions taking place and the 
large number of variables which must be considered. Hence in order to 
discuss the basic nature of the solutions, uncomplicated by the chemical 
kinetics, we discuss here a particularly simple case. We consider a flame 
in which the kinetics may be described by a single reversible unimolecular 
reaction. The reaction consists of fuel molecules A reacting to give 
product molecules B, with the liberation of Q calories per molecule: 

A^B (11.7-14) 

This system is sufficiently simple that we can investigate the nature of 
the solutions of the equations of change, investigate the significance of 
the boundary conditions, and determine the dependence of the flame 
velocity and the structure of the flame zone upon the values of the various 
parameters. 

Since one fuel molecule produces one product molecule, m A = m B = m. 
For simplicity we take the specific heat per gram at constant pressure to 
be independent of the temperature and to be the same for both species: 
(C p )a = (CJb = C P . Furthermore, in this example there is only one 
independent mole fraction (since x A + x B = 1), and there is only one 
independent fraction of the mass rate of flow (since G A + G B = 1). To 
simplify the notation we let x A =x and G A == G. The rate at which 
molecules of A are formed (in molecules cm -3 sec -1 ) is 

K = -nxk'e- BX ' kT + n(l - (11.7-15) 
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sssras 

SSssMKsass 

-temperature, velocity, and d.stance-lhus: 

T = kT\E x = reduced temperature v ’ 

u = v/v^ = reduced velocity ^ 1,7 

£ = A lt 9 | j = reduced distance (from flameholder) (11.7-18) 

dimensionless groups are: 

(i) The reduced mass rate of flow, 

/r = MVdJk'Xp (11-7-19) 

which replaces the parameter M as the eigenvalue of the problem. 

(ii) The Mach number at the hot boundary, 

*r. = (*/c). (11 ' 7_20) 

in which c = (/AT/m) 1 '* is the velocity of sound, / being the specific 
heat ratio for the reacting gas mixture. The latter may be obtamed from 

Eq. 11.4-26: 

• _ ( 11.7-21) 

v =i +- (QV 

(V — l)' 1 + \Jfjj (i e +MT)X 

Here y is the specific heat ratio of the gas mixture if no chemical reactions 
were taking place. If the chemical reaction under consideration has no 
back reaction, then at the hot boundary the specific heat ratio y would 

equal y. 


(iii) The reduced energy of reaction, 

P = Q!& 

(iv) The reduced coefficient of diffusion, 

6 = — T~ 


(11.7-22) 


(11.7-23) 
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which is the ratio of the Prandtl number to the Schmidt number (see 
§ 1.2). This parameter usually has a value about d = 4y/(8y — 5) or 
approximately unity. 


(v) The reduced coefficient of viscosity , 

4 


fti = - 

3 X 


(11.7-24) 


which is the Prandtl number (see § 1.2) multiplied by a factor J. Accord¬ 
ing to the Eucken correction (see §§ 7.6b and 8.4d) co has the value 

■y ^ ^ — or approximately unity. 

In terms of these dimensionless variables and parameters the flame 
equations are: 

dG \ M . 

Equation of continuity: — = -^/(s, T ) 


dl 

du 1 

Tr = 1 T > 

dl, (D 

dr 

Equation of energy balance: — = g(u, r, G) 


Equation of motion: 


Diffusion equation: 


dx\ 

7t-» {x - a) 


(11.7-25) 

(11.7-26) 

(11.7-27) 

(11.7-28) 


In these equations the functions/, g, and h are given by: 

fix, t) = e~ l,T [-* + (1 - x) «"*] (11.7-29) 

M«.-) = (“-') + ^- >) ( 117 - 3 °) 

S(u , r, G) = 1 

+ (^) [(«T. -r)- K -f y'T„ (u - l) 2 ] (11.7-31) 

The boundary conditions at the hot boundary are such that the derivatives 
in Eqs. 11.7-25 through 28 are zero for £ = co. That is, in terms of r.: 

(11.7-32) 


)/?(G — GJ-(t.-t) 


x " “ 1 + e-Hr, 


“«. = ! 

( 7 ® = x <x> 

The relation of r. to r 0 is discussed presently. 


(11.7-33) 

(11.7-34) 
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[Eq. H.7-39] 
that the fuel gas consists of pure A, so that 

(1 1 • 


G 0 =\ 

, hark diffusion right up to the flameholder the value of x 0 
ryTot £ s b ; C ci fi ef Tn tel of P .he strength 9o of the heat sin, at the 
flameholder, ihe value of* at the cold boundary » g.ven by 

Furthermore, at the flameholder (*/*)o = °. so that 

/, = A(«o. T o) = 0 


(11.7-36) 


(11.7-37) 


This completes the statement of the boundary conditions. 

The boundary conditions may now be written in a somewhat more 
convenient form 3 ! Since h = 0 at the cold boundary, the defining equation 
for Ku, r) (Eq. 11.7-30) provides a quadratic equation for u B in terms of 

t 0 . The solution of this equation is _ 

L_ + l( 1 4- —V - -V, —1 (11.7-38) 

«o - i [' + K jy i V \ *«,*// K m *y r„J 

Using this solution and the defining equation for g(u, r, G) (Eq. 11.7-31), 
we can obtain from Eq. 11.7-36 a relation between r„ r ? 0 , and ^ 
Physically the initial temperature t 0 of the gas and ihegradient mthe 
temperature or g 0 are specified. Hence this result could be used as an 
equation for determining from t 0 . Actually, since the numerical 
integrations are usually carried out from the hot boundary to the cold 
boundary, it is frequently more convenient to specify and use the result 
described above as an equation for determining r 0 from r„. The result is 
an expression for t 0 which depends on the strength of the heat sink 
The lowest possible value of t„ is that obtained by taking q B to be zero. 
This value is denoted by r 0 '. 

In most flames the high-temperature Mach number, is small com¬ 
pared to unity. For such flames the lower sign in Eq. 11.7-38 applies. 
If the expression is expanded, we obtain a simple relation between u 0 

and t 0 : r / \ I 

Uo = ^[ l-«.v(l-^) + ---J <"- 7 - 39 > 
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Since the mass rate of flow M is constant, we obtain from the definition 
of u and the ideal gas law: 


u = 


v 





(11.7-40) 


Hence Eq. 11.7-39 implies that the pressure ratio is 

-*„y(i-;p-) + 

Po T 0 ' T oo/ 


(11.7-41) 


When typical values of the parameter are substituted into this expression, 
it follows that for ordinary flames the pressure ratio pjpo is about 0.998. 
For these ordinary flames the effects of viscosity may be neglected. 

If the viscosity of the gas is neglected, the equation of motion (11.7-26) 
becomes simply: h(u, r) = 0. This is a quadratic equation for u as a 
function of r, which may be solved to give the relation 


u = 




(11.7-42) 


This equation may be used to eliminate the variable u from the energy 
balance equation. The flame equations then consist of the remaining 
three equations, which define x, r, and G as functions of £. 

In the remaining portion of this section we discuss the solution of 
these equations, in which viscosity is neglected. As mentioned previously, 
the kinetic energy associated with the motion of the gases is usually 
negligible. We begin by considering the solution of the flame equations 
with this approximation—first without diffusion effects (<5 = 0) and then 
with diffusion. The section is concluded with a discussion of the effect of 
the kinetic energy terms, which become important in solving the flame 
equations for high-velocity flames. 


d. Simple example of a flame: kinetic energy and diffusion neglected 
The simplest example of a flame is obtained by neglecting the kinetic 
energy of the gases (an excellent approximation for ordinary flames) 
and setting the coefficient of diffusion equal to zero. In this case the 
diffusion equation (11.7-28) states that G = x. Actually diffusion has 
little effect on G but a large effect on x. Therefore the behavior of x in 
the following analysis is similar to the behavior of G in a flame with 
diffusion. Division of the equation of continuity (11.7-25) by the equation 
of energy balance (11.7-27) gives a differential equation for x as a function 
of temperature, thus: 

dx _ /(*, t) 

dr n 2 g{x, t) 


(11.7-43) 
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Hence for this case the behavior of the flame is described by a single 

• • rr rtnuatt AH 



Physical considerations impose two boundary conditions on the 
differential equation given above. At the hot boundary r = t., and x 
is Riven by Eq. 11.7-32. At the cold boundary x is equal to unity, and 
T = t 0 . The value of r 0 is obtained from Eq. 11.7-36. In terms of r 0 

defined by 

,.■-.-(^> 1-0 (,1MS) 

the value of r 0 is 

_ T ' q (_L_'\ (11.7-46) 

Inasmuch as the boundary conditions are overspecified, a satisfactory 
solution to Eq. 11.7-43 can be obtained for only one value (or possibly 
a small number of values) of the dimensionless mass rate of flow /i. The 
allowed value of n determines the observed flame velocity. 

The nature of the solutions of Eq. 11.7-43 is illustrated schematically 
in Fig. 11.7-4. At (x„, t„) the system is at complete chemical and thermal 
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equilibrium so that both/= 0 and g = 0. The value of x m is the point 
of crossing of the two curves /= 0 and g = 0. As a matter of fact, the 
crossing of these two curves divides the xr-plane into four regions, each 
having different signs of/ and g so that each is characterized by a particular 
sign for dx/dr. Physically significant solutions are found only in Region 
I. From the differential equation in Eq. 11.7-43 it is clear that any 
solution which crosses the curve/= 0 does so with a zero slope [this is 
illustrated by the curves (d) and (*)]. Similarly any crossing of the 
g = 0 curve occurs with an infinite slope [this is illustrated by curves 
(c) and (/)]. The exceptions to this behavior are the solutions passing 
through the singular point, (*«, r w ). Here the expression for dx/dr is 
indeterminate. This indeterminacy can be removed by using PHospitaPs 
procedure of taking the derivatives of both the numerator and the 
denominator. This leads to a quadratic equation for (dx/dr) ^ Thus 
there are two solutions (curves a and b) passing through the point (x^, t,). 
Clearly the curve b cannot represent a physically interesting solution, since 
its slope must always be positive so that it could not satisfy the cold 
boundary conditions. Thus curve a is the only solution satisfying the hot 
boundary conditions, which, for the proper value of /i, may also satisfy 
the cold boundary condition. Hence this solution is the only one repre¬ 
senting physical reality and is the only one which we discuss further. 
The initial slope of curve a is 


(t) 7 , H + B + V(l + B)« + 4A] (11.7-47) 

\dr! ® 2fi(y — 1) 

where 

A = ^r- Bi= 

H 2 y t w 2 fi 2 ( 1 — xj 

The greater the assumed values of fi (or M) the smaller is the initial slope. 
The effect on the singular solution a of varying n (or M) is shown in 
Fig. 11.7-5. Clearly curve 1 corresponds to too small a value of fi to 
satisfy the cold boundary conditions. Curves 3 and 4, on the other 
hand, have too large a value of fi . £urve 2 is correct provided that r 0 
is sufficiently larger than t 0 \ 

The singular solution for any value of may be considered as a true 
solution for some value of q 0 . The temperature r 0 , for which the solution 
is a valid solution, is the value at which the solution curve crosses the line 
x = 1. The value of t 0 as a function of /i is shown schematically in 
Fig. 11.7-6. If r 0 is but slightly larger than r 0 \ // is almost independent 
of r 0 . Actually, T 0 can increase by the order of a thousand degrees before 
the value of p is appreciably changed, if reasonable values are assymed 
for the flame parameters. 
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Fie. 11.7-6. Schematic illustration of n as a function of r 0 . This illustrates 
the dependence of the flame velocity on the strength of the heat sink. 
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The nature of the plateau in the fi versus r curve may be examined by 
studying the nature of the solutions to Eq. 11.7-43 in the neighborhood 
of x = 1. In the cold temperature region the back reaction can be 
neglected. If, in addition, on the right-hand side of Eq. 11.7-43, x is set 
equal to unity, 

j = (11.7-48) 

dT JA Z (T — T 0 ) 






( 6 ) 

Fig. 11.7-7. The function F(r, V) as a function of r for t 0 ' = 0.02. 

This equation can be integrated immediately to give 

* = 0 + «) + 1 F(r, V) (11.7-49) 

where c is a constant of integration with an extremely small value to be 
adjusted so that x{r 0 ) = 1. The function F(r, t 0 ) is defined as 

F(r, V) = Ei (- - e-W'.'Ei (1 - (11.7-50) 

where the Ei are the standard exponential integrals. 21 The value of 
F(r, t 0 ') as a function of r is shown in Fig. 11.7-7 for t 0 ' = 0.02. This 
value of t 0 ' corresponds to the reasonable values, T 0 ' = 300°K and 
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E t = 30 , 000 cal per mole. It can be seen from Fig. 
h in? of i remains practically constant up to r = 0.08 or T- 1200 K, 

V h ooint the reaction starts to set in. From this figure it is not at a 
W ent that Hr t 0 ') becomes positive and even infinite for very sma 
aP Cs of r - V. To illustrate this behavior, we present the same 
^formation in Fig. 11.7-7b, where the scales are greatly magnified. The 
nature of the solution in this region is somewhat affected by the approxi¬ 
mations introduced in writing Eq. 11.7^18. However, certain results are 
"parent and still valid. The value of F( r, t 0 ') goes from 10- to co in 
hTshort space of r - r 0 ' = .0- or T — T 0 ' = 0.015’IC Since //** s 
n( the order of 1000, it appears that an extremely small heat sink , 
which makes T 0 as little as 0.015°K above T‘, suffices to make the cal¬ 
culated value of *(T 0 ) practically independent of T a for a very ' ar S e 
n r T This explains the plateau in the y versus r curve. The value of 
,, unessentially independent of the strength of the heat sink, provided 
that it is such that t 0 is greater than about t 0 ' + 10-« and less than about 
0 08 In a flame involving diffusion, the exact value of t 0 has little effect 
on G but has a considerable effect on x near the cold boundary. 


e. Simple example of a flame: kinetic energy neglected, but not diffusion 

Diffusion plays an important role in ordinary flames. When diffusion 
is not neglected the quantities x and G are no longer equal. The three 
equations which determine x, r, and G as functions of £ are the equation 
of continuity (11.7-25), the equation of energy balance (11.7-27), and the 
diffusion equation (11.7-28). The function/(x, t) is given by Eq. 1 .7-29, 
and the function g(r, G) is given by Eq. 11.7-31, in which the kinetic 
energy term (that is, the last term) is neglected. We may obtain a pair 
of coupled differential equations for x and G as functions of r by dividing 
the energy balance equation into the other two equations. 

The point (G„, x„, rj is a singular point for the flame equations, and 
therefore it is necessary to examine the nature of the solutions m its 
vicinity. If a Taylor series expansion of/(x, r) is made about this point, 
it follows that near the hot boundary the flame equations become linear 
in the variables (G — G„), (x — x„), and (t — r x ): 


d(r — Q 

dl, 

d(G - GJ 
di 


= p(y —!) (G _ G j + (t -tJ 

y 


(11.7-51) 

(11.7-52) 


d(x - O 
di 




(11.7-53) 
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Here the parameters A and B are defined by Eq. 11.7-47. The most 
general solution to this set of equations has the form 

G-G a = VV** 1 + b t w^ + b 3 w 3 e^ (11.7-54) 

* - *«, = + W* + Vs*** 1 (11.7-55) 

T - T„ = 6,e“' £ + V> c + b 3 e^ 1 (11.7-56) 

An equation for the a, is obtained by substituting these equations into 
Eqs. 11.7-51, 52, 53 and setting the determinant of the coefficient of the 
three algebraic equations equal to zero: 

-(5a 3 + (<5 + l)a 2 - (-5 4 1 - dA )a -(^ + 5) = 0 

(11.7-57) 

The solutions of the algebraic equations then give the following expres¬ 
sions for the w t and s ( in terms of the roots a, of the cubic equation: 


5 = Y ( "‘"M 

‘ (Ky — l) \ l — « ( 3/ 

With physically reasonable choices of the parameters, there is one 
negative root of Eq. 11.7-57, which we denote by a v Since only negative 
a’s have physical significance in a flame problem, this means that there is 
only one physically acceptable starting condition, and b 2 = b z = 0. To 
a good approximation the negative root is given by the relation 


(11.7-58) 

(11.7-59) 


B 

ai “ 1 - 


A 

1 + AH 1 - aj<5) 


(11.7-60) 


If there were no back reaction in the unimolecular rearrangement, the 
value of A would be zero. Since the value of A is usually very small, 
the sole effect of neglecting completely the back reactions would be to 
shift the value of the root slightly, and the nature of the solutions would 
remain unchanged. 

Once the initial conditions at the hot boundary have been determined 
so that (i dG/dr) a = w x and (dx/dr)^ = s l are known, the integration of 
the flame equations would seem like a simple numerical problem. How¬ 
ever, if the constant, 6, is small, the diffusion equation becomes “stiff” 
and special methods are required. 13 The effects of diffusion on \i> 
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curve. To a surprisingly good approximate, G and * can b p 
in the forms: . 

< n - 7 - 61) 

' T co — T 0 ' 

ar*e- bl ' 


(7=1 — 


(11.7-62) 


Trt 


Here a and b are adjustable constants. . 

There are two approximate methods for determining the velocity an 
structure of flames which have been used quite extensively; one was 
developed by Boys and Corner 23 and the other by Adams. 24 The basic 
notion of these schemes is as follows. In the flame equation, 

dG _ 1 /(*, r) (11.7-63) 

dr n 2 g(G y r) 

the value of x and G in the right side of the equation are approximated by 

x = x a> + 5j(t — rj (11.7-64) 

(7 = (7® + *v x (t — O (11.7-65) 

Then the right side of Eq. 11.7-63 becomes a function of r only, and the 
equation can be solved in terms of integrals. The validity of this type 
of approximation depends upon the fact that it is only in the vicinity of 
the point ((?*,, x w , r J that the correct solution lies near the curve 
g(G, r) = 0. The flame equation is properly integrated in this region, 
and it is assumed that /(x, r) and g(G, r) are not very sensitive to the values 
of x and G elsewhere. This type of treatment does give the right order of 
magnitude to the flame velocity for simple cases such as the unimolecular 
rearrangements, provided that the coefficient of diffusion is not too small. 
For flames involving chain reactions it may be a very poor approximation. 


M These curves and the numerical examples in the remainder of this section are 
based upon the following numerical values: 

T® = 3000°K 7V - 300°K 


£• = 30,000 cal/mole y = 1.2 

(1 = 1.0848 = 0.00439 

r® = 0.2 V = 0.02 

“ S. F. Boys and J. Comer, Proc. Roy. Soc. (London), A197, 90 (1949); J. Comer, 
Proc. Roy. Soc. (London), A198, 388 (1949). 

u See M. J. Henkel, W. P. Spaulding, and J. O. Hirschfelder, Third Symposium on 
Combustion, Williams and Wilkins (1949), 127. 
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Fig. 11.7-8. The effect of diffusion on the dimensionless mass rate of flow, /i. 



Fig. 11.7-9. The effect of diffusion on x(r) and G(r). 
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Fig. 11.7-10. An illustration of the dependence of temperature on 
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f. Simple example of a flame: diffusion neglected, but not kinetic energy 

Ordinarily flame velocities are of the order of 100 cm per sec, and the 
velocity of the burned gases is of the order of 1000 cm per sec. The 
velocity of sound in the hot gases is of the order of 10,000 cm per sec, 
so that the high-temperature Mach number is of the order of = 0.01. 
Under these conditions the kinetic energy of the gases is negligible, and 
the previous approximations are satisfactory. However, as the pressure 
or the chemical kinetics is varied, it is possible for the flame velocity to 
increase to the point where the kinetic energy of the gases becomes 
important. For simplicity let us assume that the coefficients of diffusion 
and viscosity are zero. A more complete treatment, including the effect of 
viscosity, is discussed briefly in § 11.9, along with the theory of detonations. 

The equations describing the flame are now the equation of continuity 
(11.7-25) and the energy balance equation (11.7-27). The function 
f(x t t) is given by Eq. 11.7-29, and the function g(x, r) is given by Eq. 
11.7-31, in which G is replaced by x and u is replaced by the expression 
given in Eq. 11.7-42. Thus the function x(r) is described by a differential 
equation of the form of Eq. 11.7-43, in which the function g(x t r) now 
contains the kinetic energy terms. 

The nature of the solutions to the differential equation may be 
described by means of a diagram similar to that given in Fig. 11.7-4. 
The first effect of the kinetic energy is to make the curves g(x t r) = 0 
parabolas in the zr-plane instead of straight lines. Fig. 11.7-11 shows the 
curves for g(x, r) = 0 for different values of For = l/Vy' the 
slope at is infinite. For k„ = 1 the slope at of the curve g = 0 
is the same as the slope of the curve /= 0. For values of greater 
than unity the parabolas g = 0 cross the curve / = 0 at a point above 
Tj), which we denote by rj. Careful consideration shows that there is 
no possibility of a physically satisfactory flame solution starting at r ro 
when is greater than unity. 25 That is, = 1 is the largest value of 
the high-temperature Mach number for which steady-state propagation 
of flames is possible. We shall see in § 11.9 that this corresponds to the 
“lower Chapman-Jouguet point” and could be predicted from considera¬ 
tions of conservation of mass, momentum, and energy. 

When k^ lies between \/Vy' and unity, the temperature on the g = 0 
curve reaches a maximum value: 


0 + KcqV ) 2 

4 k.V 


T *= T co 


(11.7-66) 


25 The upper point of crossing, r«>', forms a good starting point fora flame calculation. 
With respect to this new temperature, however, there is a new high-temperature Mach 
number, *«>', which is less than unity. 
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At the same point, the velocity, pressure, and density are given by 


1 + «coV 

2k Jy' 



(11.7-67) 


E± _ 1 + «<° 2 / 
P« 2 


(11.7-68) 



Figure 11.7-12 shows the nature of the solutions of the flame equation 
in the region between r s and r^. Any physically acceptable solution of 
the equation must pass through the point (x„ r s ). However, regardless 
of the value of //, there is a solution (a) which passes from the hot boundary 
(*«» T co) t0 lhe P oint ( x 5 » T s)- Furthermore, there is only one solution 
which passes through the point (x st r s ). Therefore, a solution of the 
equation satisfying both the hot and the cold boundary conditions may 
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be found by a numerical integration from the point (x„ r t ) to the flame- 
holder. The value of p for a particular value of is fixed by the require¬ 
ment that this solution satisfy the cold boundary condition. 

One point to remember in considering fast flames is that either r 0 or 
r # varies for different values of k From a practical standpoint it is 



Fig. 11.7-12. A schematic illustration of solutions of the flame equations 
when 1/vV < k® < 1. Curve a represents the only satisfactory solution. 

more reasonable to hold r 0 constant as is varied (and let t*, change 
accordingly). The results of a series of calculations made in this manner 
with r 0 = 0.02 are shown in Table 11.7-1. They can be summarized 
in the following fashion: 

(1) There is a critical pressure for the cold gases below which it is not 
possible to establish a steady-state flame. For the numerical example 
under consideration, this pressure is p 0 = 0.02535V k'An E : lC v . For a 
bimolecular reaction (as contrasted to a unimolecular reaction) the 
criterion for the possibility of a steady-state flame does not involve 
the initial pressure; instead, there is a critical ambient temperature, t 0 , 
below which no flames occur. 

(2) At very high initial pressure, the kinetic energy of the gases is 
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negligible; the mass rate of flow. A/, is constant; and the flame velocity 
k inversely proportional to the initial pressure. . L 

(3) As the initial pressure becomes smaller the flame velocity becomes 
larger and larger until finally, at the critical initial pressure, the Mach 
number of the hot gases is unity. 

(d) The mass rate of flow remains surprisingly constant as the pressure 
is varied. At the critical initial pressure, M is equal to 0.7887 times its 
value at very high initial pressures. 


TABLE 11.7-1 

Effect of Varying the Kinetic Energy of the Gases 


K CO 

ft * 

T co/To 

^ m ^ — 

PoIP* 

U 0 = VJVro 


U = mV C,l(lk'nm) 

v,VmEil(kTJ 

A 

10 000 

1.0000 

0.1000 

OO 

0.03858 

0.0000 

u 

0.527 

0.907 

0.922 

1.000 

9 738 

1.3064 

0.0786 

0.03525 

0.03525 

1.0000 

9 257 

1.9295 

0.0560 

0.02576 

0.03079 

1.195 

9.173 

1.9621 

0.0556 

0.02537 

0.03043 

1.200 

9.110 

2.1349 

0.0514 

0.02535 

0.03043 

1.200 


8. The Theory of Shock Wave Propagation 

A shock wave is a wave in which the properties of a gas change sharply 
within a short distance in space. The tendency of any compressional 
wave in a gas to transform into a shock wave is discussed in § 11.5. If 
we neglect the terms in the hydrodynamic equations involving viscosity, 
thermal conductivity, and diffusion, the shock wave manifests itself as a 
mathematical discontinuity in the solutions. When these dissipative 
mechanisms are included, the net effect is to change the discontinuity 
into a slightly more gradual transition, which takes place within a distance 
of a few mean free paths (for example, approximately 10“ 5 cm in a gas 
at one atmosphere and room temperature). Because of the extremely 
sharp gradients in the macroscopic properties of the gas which occur in a 
shock wave, the Navier-Stokes equations are often not sufficiently accurate 
to describe the structure and thickness of the wave. Attempts at a more 
accurate analysis of the structure of shock waves are discussed at the 
conclusion of this section. 

Figure 11.8-1 illustrates the shock wave produced by a piston moving 
with a uniform velocity, (r 0 — i> w ). In this case a steady state is set up 
with a pressure p 0 on one side of the shock and p x on the other 
side. This situation is quite different from shock waves produced by an 
explosion or a shock tube, which do not represent true steady states. In 
an explosion or shock tube after the shock wave has passed a point, the 
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pressure decreases (sometimes it passes through a suction phase where 
is less than p 0 or oscillates) and eventually returns to p 0 . However, 
even in such transient shocks the behavior and structure of the shock 
front can be described accurately at any instant by the steady-state theory, 
since the thickness of the shock front (the distance in which the pressure 
rise takes place, approximately 10 _5 cm) is very small compared to the 
length of the overall wave. 




Fig. 11.8-1. (a) Gas velocities with respect to the stationary gas at z = - co. 

(b) Gas velocities with respect to the stationary wave. 

Let us consider a plane shock wave. 1,2 In terms of a set of coordinates 
moving with the wave, as illustrated in Fig. 11.8-1, the situation is repre¬ 
sented by a steady-state solution of the hydrodynamic equations. (The 
actual formation of such a wave, that is, the transformation of a time- 
dependent solution into the steady-state solution, is discussed in § 11.5.) 
The conditions relating the properties of the gas on the two sides of the 
shock can easily be obtained from the equations of change of § 11.6. 

1 R. Courant and K. O. Friedrichs, Supersonic Flows and Shock Waves , Interscience 
Press (1948). 

2 R. H. Cole, Underwater Explosions , Princeton University Press (1948). 
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It is assumed that not only in the limit that * - co (indicated by a subscrip 
col but also in the limit that -co (indicated by a subscript 0) al 
the derivatives are zero. The velocity of the shock wave with respect 
ro the eas at -oo is then v 0 . The equations of change then provide relations 
between the properties on the two sides of the shock. For the present 
it is assumed that solutions of the differential equations exist which 
satisfy these conditions. That this is always true is indicated later in this 
section and also in the succeeding section in connection with the discussion 


of detonations. 

We first consider the equations relating the properties on the two sides 
of the shock wave. Although these relations are valid, even when the 
transport phenomena are included, they give no indication whatsoever 
as to the detailed structure of the shock wave. The detailed structure of 
the shock wave, which is described by the equations of change, is discussed 
in the last part of this section. It is shown that the thickness of the 
shock wave depends upon the magnitude of the transport coefficients. 
The solutions of the equations of change become discontinuous in the 


limit as both rj and X approach zero. 


a. The Hugoniot relations 

The equations of change for a steady-state one-dimensional problem 
arc given in § 11.6a. If it is assumed that the derivatives at x = —co are 
zero, these equations (11.6-2, 13, 15) give the following relations between 
the variables on the two sides of the shock wave: 

M = p 0 v 0 = (11.8-1) 

Mv o + Po = Mv *> + P*> (11.8-2) 

Ho+W = H« + \vJ (11.8-3) 

These relations, which are known as the Hugoniot relations , are relations 
among the eight quantities, p 0 , v 0 , /? 0 , // 0 , p v x , /? x , and /? x . However, 
if we make use of the thermodynamic dependence of ft on p and /?, the 
number of variables can be reduced to six. Hence the equations are 
sufficient to specify three of the variables in terms of the remaining three. 
It is usual to specify the density and pressure on the low-pressure side of 
the shock wave, p 0 and p 0 > and also an additional parameter which indi¬ 
cates the strength of the shock, such as the pressure on the high side, 
p co . The Hugoniot relations are then solved to obtain the values of the 
remaining quantities v 0 , r x , and p x . The value of v 0 is the velocity of the 
cold gas into the shock or the velocity of propagation of the shock wave 
into stationary gas on the low-pressure side. The value of v n is the 
velocity of the hot gases away from the front. 
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It is convenient to rearrange the Hugoniot relations into a somewhat 
different form. From the equations of continuity and motion (11.8-1 
and 2), it may be shown that 



(11.8-4) 


Also, since JO'® 2 — v 0 2 ) = i( w « — v o) ( v *> + ^o)* follows from the 
same pair of equations that 

(/> «, - Po) (p« + Po) 

2 PoP«> 


i(»„ 2 - V) = - 


(11.8-5) 


Then, when this result is combined with the equation of conservation of 
energy (11.8-3) and the relation f) = 0 + (pip), we obtain the relation 


( 0 „ - 0 0 ) = + (p ” - & (11.8-6) 

2p 0 P» 


The last three equations are simply the Hugoniot relations in somewhat 
more convenient form. The equations cannot be solved explicitly 
without specifying the equation of state and thermodynamic properties 
of the gas. In a real gas the calculations may be somewhat cumbersome. 
However, a qualitative description of the phenomena may be obtained 
by considering the propagation of a shock wave through a perfect gas 
with constant specific heat. 


b. Application of the Hugoniot relations to a perfect gas 

For a perfect gas with constant specific heat, the internal energy per 
gram above that at 0°K is 

0 = C’ r= r- E -?r 

(y - i )p 


Using this expression for the internal energy, we may solve the equation 
of conservation of energy (11.8-6) to obtain the density, p m , on the high- 
pressure side, in terms of p 0 , p 0 , and /?*,, 


_ (y + iy„ + (r - i )p 0 
9 * />0 (y-iK + (>'+i)/>o 


(11.8-8) 


This relation may conveniently be written in terms of the density ratio 
u Q and the pressure ratio f, defined by 


“o = P»/Po = «’()/«'«; f = pjpo (11.8-9) 

The result is 

_ (y - 1) + (y + 01 
"° (y + 1) + (y - Of 


11 . 8 - 10 ) 
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This relation is often referred to as the Hugoniot shock adiabat , 3 although 
this is a misnomer since the entropy of a gas does change in passing through 

a shock. . . 

If the shock wave is weak, £ is close to unity, and the expansion ot tne 

Hugoniot shock adiabat, Eq. 11.8-10, is 

7 (11.8-11) 


This expansion may be compared to the expansion of the relation describ¬ 
ing the isentropic compression of a gas, 

u 0 = {>/- = 1 + -(£ - 1) - ^(y - l)(f - 1)* 

0 y 2y 2 


+ ^ (y - 1) (2 y - 1) (f - l) 3 + ■ ■ • (11-8-12) 

It is interesting to note that the first three terms in the expansions of the 
Hugoniot shock adiabat and the isentropic relation are the same. This 
is related to the fact that very little entropy change takes place in a mild 
shock. 

For strong shocks £ is large, and the Hugoniot shock adiabat (Eq. 
11 . 8 - 10 ) shows that the density ratio, t/ 0 , approaches a limiting value, 

Iim i/ 0 = (11.8-13) 

y ~ 1 

For example, for air y = 1.4, and the limiting value of u 0 is 6. 

From the perfect gas equation of state, 


_ PeoPo _£ 

To PoP eo U 0 


(11.8-14) 


In a strong shock £ is large whereas u 0 approaches a limit. Hence in 
strong shocks T^ is large, and the shock wave may even be incandescent. 

The Hugoniot shock adiabat (Eq. 11.8-10) may be rearranged into a 
form known as the Rankine-Hugoniot relation , 


P & P0 _ ^ P co Po 
P co ~ Po P® + Po 


(11.8-15) 


8 This relation of course does not apply to the variation of pressure with density 
within the shock wave. See Eq. 11.8-43. 
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This form of the equation is interesting, particularly in view of the analogy 
with 



(11.8-16) 


which describes the slope of a perfect gas adiabat. 

Expressions for the velocities v 0 and v^ of the gas on the two sides of 
the wave may be obtained from Eqs. 11.8-1 and 4: 



(11.8-17) 

(11.8-18) 


From these equations and the Rankine-Hugoniot relation (Eq. 11.9-15) 
we may obtain the Mach numbers on the two sides of the shock front 
in terms of u 0 and f and the velocity of sound defined in Eq. 11.4-5: 


v 0 / (1 + 0 

* 0 = c 0 = V MT^) 

_ _ /i o + o 

*" c. *f0+«o) 


(11.8-19) 

( 11 . 8 - 20 ) 


It is shown below that the only physically realizable situations are those 
with u 0 ^ 1. From the Hugoniot shock adiabat (Eq. 11.8-10) it is clear 
that if u 0 ^ 1, then f > u 0 . Thus, from the last two equations, it follows 
that 

k 0 > 1 or v 0 ^c 0 (11.8-21) 

k® < 1 or ^ c n (11.8-22) 


These results state that the gas on the low-pressure side of a shock front 
travels with supersonic velocity with respect to the front and that the 
velocity of the heated, compressed gas is subsonic with respect to the 
front. If the shock wave moves into still gas on the low-pressure side, 
the wave overtakes the still gas with the supersonic velocity v 0 . 

It is clear from Eqs. 11.8-19 and 20 that in the limit of weak shocks, 
in which u 0 and £ are unity and the properties of the gas on the two sides 
of the shock are the same, the velocity of propagation of the wave is the 
velocity of sound. Actually, in the limit there is no distinction between a 
weak shock wave and a sound wave. 
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The only physically realizable situations are those with u 0 > since 
this condition is necessary in order that the change of entropy of the gas 
in passing through the shock wave be positive. The entropy of a gram 
of an ideal gas with constant specific heat is 

S = C p In T -In p -f a constant 

m 

= Cpln(pp _y ) — C p In + a constant (11.8-23) 


Thus the difference in entropy of the gas on the two sides of the front is 

500 - So = Cp In = Cp In (inf) d 1.8-24) 

\PoPco ' 

Since we define the positive z direction such that the gas flows from the 
region 0 to the region oo, the second law of thermodynamics implies that 

1 ( 11 . 8 - 25 ) 


But, combining this inequality with the Hugoniot shock adiabat, Eq. 
11 . 8 - 10 , we may show that the second law implies that f > 1 and u 0 > 1. 
That is, in a shock wave, the gas flows from the low-pressure side to the 
high-pressure side (or from the low-density to the high-density). The 
opposite flow would violate the second law of thermodynamics. 

The use of the integrated equations of change, the Hugoniot relations, 
rather than the differential equations of change including the terms repre¬ 
senting the dissipative mechanisms, makes necessary the introduction of 
the extraneous arguments based on the second law. The actual equations 
of change include the entropy equation of change and the second law, 
and hence no further information is required. It may be shown that 
no solutions of the differential equations representing the thermo¬ 
dynamically impossible shock waves of rarefaction exist. The non¬ 
existence of shock waves of rarefaction was also indicated in the discussion 
of the formation of shock waves in § 11.4. 

The change in entropy of a gram of gas in flowing through a shock 
wave in terms of the pressure ratio may be obtained by combining the 
Hugoniot shock adiabat (Eq. 11.8-10) with Eq. 11.8-24. If this result is 
expanded, we obtain an expression applicable to weak shock waves: 



_Cp 

12 y 


- 2 (y 2 — l)(£ — l) 3 4- * 


(11.8-26) 


Since the first term in this expansion is the cubic term, this result further 
substantiates the fact that there is little change in entropy in a weak shock. 
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After a shock wave from an explosion or shock tube has passed a 
point the gas expands adiabatically to its original pressure p 0 . Because 
of the increase in entropy of the gas, after the gas has expanded to the 
original pressure p Qy the residual temperature TJ is somewhat higher than 
the original temperature. This increase in temperature is related to 
the increase in entropy by the relation, 

S. - So = C, In (11.8-27) 

This relation may be combined with the previous relations to obtain a 
general expression for the temperature increase. For weak shocks this 
expression becomes, on expansion, 

TV - r. = r. (f -!)* + ••• (11.8-28) 

As an example of the exact results, let us consider the passage of a shock 
wave into air, for which y= 1.4, at temperature, T 0 = 273°K. The 
dependence of the temperature increase on the strength of the shock (as 
indicated by the pressure ratio) is shown in Table 11.8-1. The table 
indicates that the energy dissipated is small if pjp 0 is less than 2 or 3, 
but becomes large for stronger shocks. In contrast to gases the heating 
effect is negligible for shocks passing through liquids. For example, for 
a shock wave of approximately 1000 atm passing through water, 
7V -T 0 = 0.025°K. 


TABLE 11.8-1 

Temperature Increase Due to a Shock Wave in Air 


P<JPo 

2 

3 

5 1 

10 

50 

100 

500 

<7V — 7* 0 )(°K) 

2.5 

10.3 

31 

97 

579 

1065 

1417 


Besides the pressure ratio pjp 0 > there are two other important measures 
for the strength of a shock wave. 

(i) The positive impulse, /, is defined as 



(11.8-29) 


Here the integration is carried out from the time that the shock wave 
arrives to the time that the pressure first returns to p 0 . 
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(ii) The energy of the shock wave (per unit area of shock front), E , is 


given by 


CO 


For a 


E = j(p-Po) v<Jl 
o 

weak shock v = (p — Po)lpo^o so l ^ at 

CO 

E= — [(p— Po)* dt 


(11.8-30) 


(11.8-31) 


Po c oJ 
0 


Because of the energy dissipated through heating the shocked gas, the 
total energy of the shock wave decays according to the relation 

■T = P»CJJJ - r 0 ) (11.8-32) 

az 

At very large distances the shock pressure decreases as z- 1 '*. Three- 
dimensional spherical shock waves at a distance R from their source have 
a shock pressure which decreases as R~ 4 l (In R)-' 1 7 *. 


c. The structure and thickness of a shock wave in a perfect gas 4 7 

The structure of a shock wave is described by a solution of the one¬ 
dimensional steady-state equations of change. As an example, let us 
consider the propagation of a shock wave through a perfect gas, with 
constant specific heat containing only a single chemical component. 8 
For such a gas the one-dimensional steady-state equations of change are 
those given in § 11.6, written here for a one-component system: 

pv = = A i (11.8-33) 

Mv -f p — ^7]^ = Mv x 4 -p n (11.8-34) 



M - -f \ Mv 2 — 
P 2 


dT 4 dv y 
dz 3 ^ V dz (y — 1) 


2 

(11.8-35) 


4 G. I. Taylor and J. W. Maccoll, “The Mechanics of Compressible Fluids” in 
Aerodynamic Theory, edited by W. F. Durand (California Institute of Technology, 
Pasedena, 1943). 

4 R. Becker, Z. Physik, 8, 321 (1922). 

• M. Morduchow and P. A. Libby: J. Aeronautical Sci., 16, 674 (1949). 

7 H. Grad, Comm. Pure and Applied Maths., 5, 257 (1952). 

8 T. G. Cowling, Phil. Mag., 33, 61 (1942), has considered the effect of diffusion on 
the structure of a shock wave. He has shown that diffusion has essentially the same 
effect as viscosity and thermal conductivity. The diffusion velocities are often an 
appreciable fraction of the velocity of sound. 
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The perfect gas equation of state may be used to eliminate T from the 
equations of change. The equations may then be combined to obtain a 
second-order differential equation for v as a function of z: 


4 Xm d cfrl dv 72 hn ) 4>/ 1 

3 ~Mk dz L'' 1 ’ dz\ ~ dz\\ k + 3(y - 1)1 V 


Wk {Mv ” + P«\ 


v+ 1 

2 (y - 1) 


M{v — v n ) (r 0 — v) = 0 


where v 0 is defined by 






2 r P« \ 
y - 1 


(11.8-36) 


(11.8-37) 


This symbol is chosen since, as will be shown presently, r 0 is velocity in 
the limit as z -+ —co. This relation is, of course, contained in the 
Hugoniot relations of the previous paragraph. The differential equation 
may conveniently be written in a dimensionless form by using the 
dimensionless quantities, w, and w, defined in Eqs. 11.7-17, 18, 24: 


d_ 

di L 


c ou 


+ 


y +1 
2 y di 
<y+ i) 




2 y 


(u- l)(w 0 - u) = 0 


(11.8-38) 


The solution of this second-order differential equation for w(£), for 
arbitrary values of the parameters, is difficult. However, when the 
quantity co (which is $ times the Prandtl number) is equal to unity, the 
solution may be written in a simple form. 5,6,7 According to Table 1.2-2, 
where the experimental Prandtl numbers are given for a number of gases, 
the value of J for the Prandtl number (or co = 1) is a very reasonable 
value. Hence we consider only the case co = 1 in the following discussion 
of the structure of shock waves. 


For co = 1, the general solution of Eq. 11.8-38 is 


du y -f 1 


(u — 1) (m 0 — u) = Ce { 


(11.8-39) 


where C is an arbitrary constant. Since it is assumed that in the limit 
as z -* co, both v and dv/dz remain finite, the constant C is taken to be 
zero. Thus the physically interesting solution (which is a singular 
solution) is 


du 

"di 


y + l 

)(u 0 -u) 


(11.8-40) 
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The general solution of this equation is 

2 y u„ In | u 0 — u | — In | u — 11 (1I .8-41) 

? “ y + 1 u 0 - 1 

where L is an arbitrary constant. This equation gives implicitly the 
velocity as a function of position. Typical curves are illustrated in Fig. 
11 8_2 The solution of the entire problem, that is, the evaluation of the 



Fig. 11.8-2. The structure of shock waves of various strengths. 


other variables, may now be obtained parametrically in terms of the 
dimensionless velocity, u. The quantity u 0 is related to the initial Mach 
number, k 0 by Eq. 11.8-19. 

If the equation of motion (11.8-34) is written in terms of the dimension¬ 
less variables, and the expression is solved for the pressure, p y we find that 


- ze -.= !L r ! + s T 1 “•->«+>” I 

2 2 


For (o = 1, a parametric equation for the pressure may be obtained by 
replacing the derivative in this equation by the expression in Eq. 11.8-40. 
Then, if we use Eq. 11.8-37, 


P_ = l Y+l u o 
P <x> \Y-1 U 



Wo - 



(11.8-43) 
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It is clear that in order that the pressure be positive at u = u 0 (z -* — co), 
the value of u 0 must be less than (y + l)/(y — 1). This is the result 
(Eq. 11.8-13) obtained directly from the Hugoniot relations. 

The thickness of a shock wave may be defined as the distance in which 
some particular fraction of the velocity change occurs. Let us define 
the thickness as the distance from the point at which u = u 0 — €( 1 ^ — 1 ) 
to the point at which u = 1 -f €(w 0 — 1), where « is an arbitrary small 
number. From Eq. 11.8-41, this distance in the dimensionless units is 
seen to be 


2 y * 0+1 




Y+ 1 “ 0 — » 


In 



(11.8-44) 


If the coefficient of thermal conductivity A is constant, this expression 
gives for the thickness 


A 2 = 


2 (y- 
Y+ 1 


»(H 


An approximate expression for the conductivity in terms of the mean free 
path, /, is given in Eq. 1.2-14. If c = VykT/m is the velocity of sound, 
then from the expression for the conductivity we find that 

pck 3(y -\)* y* 


As seen from Eqs. 11.8-21 and 22, the velocity of the gas in the interior 
of a shock wave is approximately the local velocity of sound. Hence 
this expression may be used to express the thickness in terms of the mean 
free path in the gas in the interior region. Thus the number of mean 
free paths is 

,„(]->) (11.8-47) 

/ 3(y+ 1) V y v u 0 — 1 \€ / 


Figure 11.8-3 is a plot of the ratio of the mean free path to the thickness 
of the shock wave as a function of the initial Mach number. The top curve 
is due to Thomas, 9 who considered the effect of the variation of the con¬ 
ductivity and viscosity with temperature. It is seen that a reasonably 
strong shock occurs in a distance involving only a few mean free paths. 
That is, the gradients in the macroscopic variables are sufficiently large 
that we are not justified in using the Navier-Stokes equations. These 
equations are based on the first approximation of Enskog. It was pointed 
out in § 7.3 that the first approximation is valid only if the variation in the 
macroscopic variables over a mean free path is not appreciable. 


• L. H. Thomas, J. Chem. Phys. t 12, 449 (1944). 
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Wane Chang 10 has made a thorough study of the structure of shock 
es based on the Enskog series solut.on of the Boltzmann equation, 
has considered the effect of the next two approximations beyond 
fha't of the Navier-Stokes equations. The results indicate that the series 
that ° only very slowly if the initial Mach number is appreciably 
greater^ than unity. This indicates that, under the conditions of large 



Fie H 8-3. The thickness of a shock wave as predicted by the solutions of 
Thomas and Mott-Smith. (From H. M. Mott-Smith, Phys. Rev., 82. 885 

(1951).! 


gradients such as occur in a strong shock, the concepts of local values of 
the macroscopic variables and the concepts of a continuum break down. 
In order to study the structure of strong shocks, it is necessary to reconsider 
the Boltzmann equation and consider other types of approximate solutions. 

More recently Mott-Smith 11 has discussed an approach to the problem 
which is based directly on the Boltzmann equation and avoids any use 
of the hydrodynamic equations or the concept of flux vectors. He 
obtained an approximate solution of the Boltzmann equation describing 
the structure of the shock wave. In the usual treatment the function 

10 C. S. Wang Chang, “On the Theory of Thickness of Weak Shocks," University of 
Michigan Department of Engineering Report UMH-3-F (APL/JHU CM^fD), Aug. 19, 
1948. 

“ H. M. Mott-Smith, Phys. Rev., 82, 885 (1951). 
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describing the distribution of molecular velocities is assumed to be almost 
Maxwellian. Mott-Smith assumed that the distribution function was the 
sum of two exactly Maxwellian terms. Physically, the picture is that of a 
mixture of two gases of different temperatures and mass motion. The 
Boltzmann equation is used as an equation for the parameters appearing 
in the assumed distribution function. The theory is approximate in that 
the functional form of the distribution is assumed. However, it is shown 
that the assumed form does not change rapidly with time, so that the 
solution is nearly a steady-state solution. These results along with those 
of Thomas are illustrated in Fig. 11.8-3. 

Hornig, Cowan, and Greene 12 have used optical methods to determine 
the thickness of shock waves in nitrogen, argon, hydrogen, and oxygen. 
The methods are based on the change in the reflectivity of the wave with the 
wavelength of the light, which is a measure of the density profile through 
the shock. The Thomas theory predicts that the index of refraction, as 
a function of position through the shock, is of the form 

* 2 > = 1 + JTT^T! <>'-8-48) 

Here, the parameter L may be taken as a measure of the thickness. The 
experimental results are compared with the predictions of the Thomas 
theory in Table 11.8-2. It is seen that the experimental values are roughly 


TABLE 1I.8-2 11 

Comparison of Experimental and Theoretical 
Shock Wave Thickness of N« at 25°C 


PlPo 

Po 

L x 10 5 (cm) 

Experimental 

Theory 

1.71 

42 

3.2 

2.0 

1.71 

68 

2.0 

1.3 

1.71 

85 

1.8 

1.0 


11 G. R. Cowan and D. F. Hornig, J. Chem. Phys., 18, 1008 (1950). See also 
E. F. Greene, G. R. Cowan, and D. F. Hornig, J. Chem. Phys., 19, 427 (1951), and 
E. F. Greene‘and D. F. Hornig, Technical Report No. 4, Office of Naval Research 
Contract N7onr-358, Brown University, August 1, 1952. E. F. Greene and D. F. 
Hornig, J. Chem. Phys., 21, 617 (1953). 
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• , those predicted by the Thomas theory. A comparison with Fig. 
l'| , ‘g _3 indicates that the results are much more in line w.th those predicte 

by From the 1 shock wave studies- it is found that 150 collisions are requi red 
,n effect equilibrium between rotational and translational energy in 
hydrogen; for nitrogen and oxygen the equilibration occurs more rap.dly. 


9. Theory of Detonations 

A detonation is a steady-state wave in which an exothermic chemical 
reaction supplies the energy to maintain the stationary conditions. The 
wave may be described as a flame preceded by a shock wave which 
preheats the material. A detonation differs from an ordinary flame in 
, h , t the velocity of propagation is supersonic. 

As in the theory of shock waves, discussed in the preceding section, 
,hc ultimate increases in the pressure, density, and temperature in a 
detonation are determined by the equations describing the overall con¬ 
servation of mass, momentum, and energy. The velocity of propagation 
of steady-state detonation is determined by the Chapman-Jouguet con¬ 
dition This condition, which is discussed presently, chooses the most 
stable solution from all the possible solutions of the equations of change. 
This solution is the one with the lowest possible velocity. Thus the 
overall characteristics of a detonation are completely determined by the 
eauation of state and the calorific equation and do not depend on the 
chemical kinetics or the transport phenomena. However, the structure 
of the detonation wave does depend on these phenomena. The structure 
is determined by the solution of the differential equations of change. 
These are the same equations as are used in the two previous sections to 
describe the structure of flames and shock waves. The detonation 
solution near the cold boundary is similar to a shock solution, and near 
the hot boundary it is similar to a flame solution. 


a. The Hugoniot relations and the Chapman-Jouguet condition 

As in the discussion of flames and shock waves we use a coordinate 
system which moves with the wave. In this coordinate system the 
situation is a steady state. The cold boundary is at z = -oo, and the 
hot boundary is at z = oo. Conditions at the cold boundary are indicated 
by the subscript 0; conditions at the hot boundary by the subscript co. 
The material moves in the positive direction, and the velocity at z = —co, 
which is designated as t>„. is the velocity with which the detonation wave 
moves into the unreacted material. Hence v 0 is called the detonation 
velocity. 
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The relations between the variables on the two sides of a detonation 
wave are the same as those applying to a shock wave (Eqs. 11.8-1, 2, and 
3). Again it is convenient to rearrange these equations to obtain the 
relations (Eqs. 11.8-4, 5, and 6). These relations are 


M = 


' P°> -Po 

(1/Po) - 0/pcc) 


o - v=-</>. - po ) +£) 
0 .- 00 -*(,.+*)£-£] 


(11.9-1) 


(11.9-2) 


(11.9-3) 


Although these are valid relations between the values of the variables on 
the two sides of the detonation, the occurrence of a detonation depends on 
the existence and the stability of solutions of the differential equations 
describing the structure of the detonation. 

The initial composition variables x m , the temperature T 0 , the pressure 
p 0 , and the density p„ are assumed to be known so that 

0„ = I *.oU.(To'Po. *»)II (H.9-4) 

i—1 * 

is known. The difference between the detonation and the shock equations 
is in the form of 0*. In a shock the chemical composition remains 
unchanged, whereas in a detonation the chemical composition changes 
so that energy is released and chemical equilibrium is attained after the 

gas passes through the wave. .... 

The requirement of chemical equilibrium at z = oo implies that each 

of the reaction rates of Eqs. 11.6—8 are zero: 

T„p m ) = ° i = 1.2, • • •, 5 (11-9-5) 

From these equations it is possible to determine the equilibrium chemical 
compositions as functions of the temperature and pressure, p m ). 

The equation of state can be used to express the temperature in terms of 
the pressure, density, and chemical composition: 

r. =/(/>*, ( 1L9 - 6 ) 

Making use of this form of the equation of state, we can determine the 
equilibrium chemical compositions as functions of pressure and density, 
Px ). Then, if the partial molal internal energies Ui(T />«,, x ia} ) 
are known, the internal energy per gram, 0 is known as a function of 
p m a °d 4 _ 

0„(Pm>P») = ix i „UAT a3t p„,X i m)II* ia >Mi O 1 - 9 ' 7 ) 

i-1 *“ l 
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If this expression is used in Eq. 11.9-3 we obtain a relation between Pa> 

an pip" re li 9-1 illustrates a Hugoniot curve, DBCB', obtained in this 
manner The lower curve, ANA'O, illustrates a Hugoniot curve which 
would apply to a shock wave with the same initial conditions as the 
detonation and in which the composition remains unchanged at its initial 



Fig. 11.9-1. Rankinc-Hugoniot diagram for a detonation showing the 

Chapman-Jouguet point. 


value. The overall equations of change (11.9-1, 2, and 3) imply only 
that the final state of the gas corresponds to a point on the upper 
curve. However, the only steady-state detonations which actually occur 
are those in which the final state is that described by the Chapman-Jouguet 
point, C. This point is characterized by the fact that the straight line 
from the initial point, 0, to C is tangent to the Hugoniot curve, at a 
pressure higher 1 than p 0 . The choice of the single point is a result of 
the Chapman-Jouguet condition, an additional condition not included in 
the conservation conditions. A justification of the Chapman-jouguet 


1 There is another line on which a point of tangency occurs at a pressure less than p 0 . 
This “lower Chapman-Jouguet point” represents the largest possible flame velocity 
(see § 11.7). This point is not considered in this section. 
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condition is considered presently, but first let us consider some of the 
properties of this particular solution. 

According to Eq. 11.9-1 the negative of the slope of the line in Fig. 
11.9-1 joining the initial point O with the final point—a point on the 
Hugoniot curve DBCB '—is the square of the mass rate of flow M. The 
Chapman-Jouguet condition thus chooses from all possible solutions 
the one which propagates with the lowest velocity. 

The Chapman-Jouguet solution is such that the velocity of the hot 
gases with respect to the front, is the local velocity of sound. This 
can be seen from the following arguments. Since the points along the 
Hugoniot curve represent states of thermodynamic equilibrium, the 
derivative of the internal energy 0 along the curve is 


dO* = P*>_ > t dS. 
dp* pJ * dp* 


(11.9-8) 


where dSJdp w is the derivative of the entropy along the curve. (This 
follows directly from the thermodynamic relations: (d0/dp)$ = p/p 2 
and (dO/dS) fi = T.) But since the internal energy along the curve is 
given directly by Eq. 11.9-3, the derivative is 


dO* _ Po + P* | (p» ~ Po) dp a 
dp* 2 pj 2 PoPa> dp„ 


(11.9-9) 


If we equate the two expressions, we obtain an expression for the derivative 
of the entropy along the Hugoniot curve, 

T dS ,„ _ (p» - Pq) \ p*-p 0 dp , 

*>. 2 PoP J J__\_ d(\/pj 

’ P CO Po 

Thus it is clear the Chapman-Jouguet condition is such that the point C 
is a point at which d^ (0 /dp cc is zero. The derivative is also zero at p m = p Q . 
It can be shown 2 that the entropy is a maximum at p 0 and is a minimum at 
the Chapman-Jouguet point, C. Since the entropy at the Chapman- 
Jouguet point is stationary with respect to variations along the Hugoniot 
curve, the slope at this point is 


(11.9-10) 


d P« , ( d P«\ P°> ~Po 

d(\tpJ p ” \dpjs* _1__J^ 

P* Po 


(11.9-11) 


* R. Courant and K. O. Friedrichs, Supersonic Flow and Shock Waves , Interscience 
Press (1948), p. 214. 
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But (BpJdpJs is the sc l uare of the velocil y of sound, so that from Eq. 
U-9-1 it follow* that ^ („«?) 

That is, the velocity of the hot gases with respect to the front is the local 
velocity of sound. 

The Chapman-Jouguet condition leads to the lowest detonation velocity 
possible if the chemical reactions go to completion. A lower detonation 
velocity would correspond to a line on the Rankine-Hugoniot diagram. 
Fig. 11.9-1 (such as the line OA\ which does not intersect the final 
Hugoniot curve. Clearly in an actual detonation it is possible for the 
chemical reactions to proceed only part way to completion, but because 
the reaction rates are always finite this situation could not represent a 
true mathematical steady state with the hot boundary an infinite distance 
behind the wave front. If the velocity were higher than the Chapman- 
Jouguet velocity, the final state would be represented by a point such as 
B or B'. Let us consider these possibilties in detail. 

Von Neumann, 3 Doring, 4 and Zeldovich 5 independently reached the 
conclusion that a detonation is a combustion process initiated by a shock 
wave. They assume that the time required for reactions to take place is 
long compared to the time involved in the passage of the shock wave. 
Thus a detonation may be represented on the Rankine-Hugoniot diagram, 
such as Fig. 11.9-1, by a shock wave in which the state changes from O 
to a point such as N or A followed by combustion process or flame in 
which the conditions change to those represented by a point on the final 
Hugoniot curve. It follows from Eq. 11.9-1 that if the shock wave and 
the chemical reactions actually occur separately, the three points lie on a 
straight line. 

Let us consider a wave in which the final point is a point such as B 
above the Chapman-Jouguet point, C, on the final Hugoniot. The gas 
flow behind such a detonation front would be subsonic with respect to 
the front. Thus a wave of rarefaction may overtake the detonation and 
weaken it so that the end point moves down the Hugoniot curve. As the 
point C is reached the gas flow on the hot side approaches the velocity of 
sound, and it is no longer possible for waves to overtake the detonation. 

The possibility of detonation in which the shock is followed by expansion 
to a point such as B' below the Chapman-Jouguet point C may easily be 
ruled out. Such a wave would consist of a shock wave to the point A> 

3 J. von Neumann, O.S.R.D., Rep. No. 549 (1942); Ball. Res. Lab. File No. X-122. 

4 W. Doring, Ann. Physik, 43, 421 (1943). 

5 Y. B. Zeldovich, J. Exp. Theoret. Phys. (USSR), 10, 542 (1940); translated in 
National Adv. Comm, for Aeronautics Tech. Memo. 1261 (1950). 
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followed by a flame to the point B and a “rarefaction shock” to B'. How¬ 
ever, rarefaction shocks are unstable and break up into a number of 
smaller shocks. (In fact, no steady-state solutions of the equations of 
change representing rarefaction shocks exist, see § 11.8.) For example, 
the rarefaction shock could break into two shocks, one from B to C and 
one from C to B'. The second travels with a lower velocity and is left 
behind. The first travels faster than the original wave and, as shown in 
the previous discussion, overtakes the detonation and weakens it so that 
the final point approaches C. 

The possibility of a solution in which the change takes place directly 
from O to a point below the Chapman-Jouguet point, such as point B\ 
cannot be ruled out on a purely hydrodynamical basis. In such a wave 
the chemical reactions would take place at an appreciable rate in the 
gas under conditions close to the initial conditions, without the benefit of 
the shock heating and compression. 

Eyring, Powell, Duffey, and Parlin 6 have extended the von Neumann- 
Doring-Zeldovich theory to problems involving curved detonation fronts 
and non-steady states. 

The qualitative features of a detonation (according to the von Neumann- 
Doring-Zeldovich theory) are shown in Fig. 11.9-2. The first part of the 
detonation wave (known as the von Neumann spike) is an almost ideal 
shock wave in which very little chemical reaction takes place. The 
pressure at the spike (point N in Fig. 11.9-1) is approximately twice p a 
whereas the temperature is approximately one-half T^. This initial 
pressure and temperature rise occurs in a normal shock thickness of 
approximately 10- 5 cm. The second phase of the detonation wave is a 
gradual decrease in the pressure and an increase in the temperature 
concurrent with the completion of the chemical reactions. This second 
phase occurs in a distance of the order of one centimeter. The length of 

TABLE 11.9-1 

Experimentally Determined Lengths of Reaction Zones for 

Various Explosives 6 


Explosive 

/(cm) 

TNT 

0.076 

RDX 

0.083 

Picric acid 

0.22 

60-40 Amatol 

0.398 

Minol-2 

0.538 

Nitroguanidine 

0.88 

2CO + 0 2 (gas) 

1.1 


8 H. Eyring. R. Powell, G. Duffey. and R. Parlin. Chem. Revs., 45, 69 (1949). 
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[Eq. 11.9-121 


this reaction zone, /, the distance from O to C, can be determined experi¬ 
mentally from the minimum diameter of a rod of explosive which propa¬ 
gates a steady-state detonation, from the changes in the detonation 
velocity when the rod of explosive is surrounded by an inert casing 



O N z orf-*- C 



O N zor c 



Fig. 11.9-2. Schematic representation of a detonation wave. 


material of various thickness, or from the decrease in the detonation 
velocity when the detonation wave is made to go around a bend of known 
radius of curvature. Table 11.9-1 gives experimental values of the 
length of the reaction zone in detonations in a number of explosives. 6 

b. Applications of the theory of detonations to perfect gases 
The properties of a detonation wave depend on the equation of state and 
the calorific equation. A detonation in a solid is very much influenced 
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by the equation of state of the solid. However, in order to illustrate the 
nature of the solutions let us consider a detonation in which the system 
satisfies the perfect gas equation of state with a constant specific heat 
ratio, y. 

If Q represents the amount of energy released by one gram of the fluid 
during the course of the chemical reactions, then, if the system is a perfect 
gas with constant specific heat: 

fl+rrife-S) (,UM3) 


This expression may be used in Eq. 11.9-3 and the equation solved for 
pjpo- The result is 

y + 1 + 2 QPo _ Po 

P* = y -£2- £2 (11.9-14) 

Po V+ 1 Po _ , 

y - i p« 


This equation is a generalization of Eq. 11.8-10, which applies to shock 
waves. This equation describes the final Hugoniot curve (such as curve 
DBCB' of Fig. 11.9-1). The same equation with Q set equal to zero 
describes the initial Hugoniot curve, ANA'O. 

The Chapman-Jouguet condition requires that the derivative dp jd(\lpj 

defined by the last equation be equal to (/>«, -p 0 )/[— ~ “]• The 
negative of this slope is then A/ 2 . Carrying out the manipulations, we 


find that _ 

1± _ 1 + 21Z-1 ^fiSx2lZ-I /i + _i2L_^- (11.9-15) 

p« + y Po T y po^ y - 1 0 p° 

m* = (y 2 - iwe + rpoPo ± (y 2 - I)p„ 2 e J 1 + ^ (H-9-16) 


The value of the pressure ratio, pjp 0 , > s obtained by substituting the last 
result in Eq. 11.9-14. The upper sign applies to the detonation solution. 
The lower root gives the largest possible flame velocity, and will not be 
considered here. With these results it is easy to verify that in a perfect 
gas the velocity of the hot gases with respect to the front is the local 
velocity of sound: _ 



v » = Jr — = c *> 


(11.9-17) 


This result was shown above to be true in general. 

In many detonations, the initial pressure is of the order of 1 atm 
whereas the final pressure is of the order of 200,000 atm. Hence it is 
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interesting to consider the limiting form of the ^ 

which apply if Po <P„- The velocity of propagat.on of the detonat.on 

into still gas is -- ... 0 

Vo = V2(y*-\)Q (11.9-18) 

The remaining quantities are given by the following simple expressions: 

p~ + 1 (H.9-19) 

po y 


£» = 2 ( y -l)^ (11.9-20) 

Po Po 

These results describe completely the overall effect of a detonation. 

Table 11.9-2 compares calculated and experimental detonation 
velocities 7 for mixtures of hydrogen and oxygen with and without additives. 
The value of Q was computed on the basis of complete thermal equilibrium 


TABLE 11.9-2 

Comparison of Experimental and Theoretical Detonation Velocities 

for Explosions in Gases ' 1 • 


Pq * 1 atm To ~ 291 °K 


Explosive Mixture 

P«> (atm) 

7TK) 

Detonation Velocity (m/sec) 

Calculated 

Experimental 

(2H 2 4- 0 2 ) 


3583 

2806 

2819 

(2H 2 + 0 2 ) + 50 2 


2620 

1732 

1700 

(2H 2 + 0 2 ).+ 5N 2 

14.39 

2685 

1850 

1822 

(2H 2 + 0 2 ) + 4H 2 

15.97 

2976 

3627 

3527 

(2H 2 + 0 2 ) 4- 5He 

16.32 

3097 

3613 

3160 

(2H 2 + O z ) 4- 5A 

16.32 

3097 

1762 

1700 


a B. Lewis and J. Friauf, J. Am. Chem. Soc., 52, 3905 (1930). 

6 D. J. Berets, E. F. Greene, and G. B. Kistiakowsky, J. Am. Chem. Soc. y 72, 1080 
(1950), repeated the experiments of Lewis and Friauf and made the calculations with 
improved thermochemical data. Their results agree well with those of Lewis and 
Friauf, and their accuracy is sufficient to make the difference between experiment and 
theory significant. 


7 Excellent discussions of detonations in gases are given in the following: (a) W. 
Jost, Explosions - und Verbrennungsvorgange in Gasen, Julius Springer (1939), reprinted 
by Edward Bros. (1943), pp. 161-207. (b) B. Lewis and G. Von Elbe, Combustions , 
Flames , and Detonations , Academic Press (1951), pp. 590-627. 
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at the Chapman-Jouguet point (equilibrium mixture of H 2 0, H 2 0 2 , 
H, O, and OH) so that Q has a slightly different value for each experi¬ 
ment. 8 The value of gamma is that for the reacting gas mixture (see 
Eq. 11.7-21). The agreement between theory and experiment is excellent 



Fig. 11.9-3. Explosion limits for a stoichiometric mixture of hydrogen and 
oxygen. [From B. Lewis and G. von Elbe, Combustions , Flames , and 
Detonations, Academic Press (1951).] 

except for systems near the explosion limits where there are real 
discrepancies. 

The existence of explosion limits depends both on the size of the con¬ 
tainer (and the nature of its surface) and on the chemical kinetics of the 

• Details of the calculations are given by B. Lewis and G. Von Elbe, Phil. Mag. (7), 
20, 44 (1935). 















[Eq. 11.9-21] THE STRUCTURE OF A DETONATION WAVE 

system. In those gases where the chemical reactions involve a branched 
or a thermal chain, there are always two and sometimes three explosion 
limits Figure 11.9-3 shows the explosion limits for a stoichiometric 
mixture of hydrogen and oxygen. 76 The curve A is the curve of lower 
explosion limits; B is the curve of upper explosion limits; and C is the 
third explosion limit. Steady-state detonations can occur only in the 
“tongue-shaped explosion peninsula” bounded by A and B or in the 
high-pressure region above C. In the very low-pressure region below the 
lower explosion limit, no detonations can occur because too large a 
fraction of the free radicals are absorbed and destroyed at the surface of 
the container or bomb. The upper explosion limit results from the 
homogeneous recombination of the free radicals in the gas phase by 
three-body collisions. In a hydroxen-oxygen mixture the upper limit is 
due to the reaction: H-fO z + any third molecule -*• H0 2 + the third 
molecule. The HO z is relatively inert and usually diffuses to the wall 
where it is destroyed. The third explosion limit seems peculiar to the 
H 2 + 0 2 system, since it depends upon the pressure in the system getting 
sufficiently high that the H0 2 decomposes in the gas phase to restore the 
H atom more often than it diffuses to the wall. 


c. The structure of a detonation wave 

The structure of a detonation wave is described by a solution of the 
one-dimensional steady equations of change. These are the equations 
which are used in the study of flame propagation in § 11.7. The essential 
difference is that in the study of detonations we seek solutions in which 
the velocity of the wave relative to the cold gas is supersonic rather than 
subsonic. 

As in the discussion of flame propagation let us consider as an example 
a one-dimensional steady-state detonation in a gas in which the energy 
is released by a single unimolecular reaction, 

A-+B (11.9-21) 

In the discussion of detonations, however, a considerable simplification 
of the presentation is effected by neglecting the back reaction. The back 
reaction plays a very minor role and does not materially change the 
nature of the solutions. Further simplification can be obtained by neglect¬ 
ing the diffusion effects (that is, taking the diffusion constant to be zero). 
However, viscosity does play an important role in determining the 
structure of a detonation as well as a shock. Thus it is not possible to 
neglect viscous effects as in the study of flame propagation, but a real 
simplification occurs if the coefficient of viscosity is such that the constant 
co (defined by Eq. 11.7-24) is unity. As explained in § 11.8, this choice 
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of a> is reasonable, physically, and makes possible the analytic solution 
of the equations describing the structure of a pure shock wave. 

The equations of change describing the structure of such a detonation 
are Eqs. 11.7-25, 26, and 27. But, because of the neglect of the back 
reaction, y is equal to y, and the second term is dropped from the 
expression for the function /(z, r). As discussed above, we neglect 
diffusion so that G = z. In the discussion of detonations, however, it 
is more common to consider plp mt u = pjp , and z, the mole fraction of 
A, as the primary variables rather than to consider r, u, and z as in the 
discussion of flame propagation. Since, according to the equation of state, 



it is easy to transform variables. Thus the equations of change describing 
the structure of a detonation are 


= “i/ (z > “•P/PJ (11.9-23) 

du 1 

(11.9-24) 

= ;'(*. k, plpj (11.9-25) 


where { is the reduced distance coordinate defined by Eq. 11.7-18, 

y(*. = 01 - 9 - 26) 

and/, g, and h are functions defined by Eqs. 11.7-29, 30, and 31. 

Since the detonation satisfies the Chapman-Jouguet condition, = 1. 
The equations of § 11.9b then determine A/, pjp 0 > and pjp 0 (as well as 
T ®/ T o)- The explicit forms of the functions /, h t and j applying to a 
detonation in which = 1 and w = l are 


f(x,u,plpj 

h (u, plpj 


= -xe-'l' 

= l) 

y / 


j(x, u,p/pj = 


y — i 

2 u 


2 Q 


y y ypJ 


ykr « 


(11.9-27) 

(11.9-28) 


(11.9-29) 
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[Eq. 11.9-30] 

The constant y, defined by Eq. 11.7-19, is 


y = M'Jtjk'lp (11.9-30) 

where k' is the steric factor in the chemical reaction rate (see Eq. l'- 7 ^ 
Whereas in the theory of flames the value of , is an eigenvalue de ermmed 
hv detailed solutions of the equation of change, in the theory of detona¬ 
tions the value of y is known a priori because of the Chapman-Jougue 

^The'nature of the solutions of these equations may be described by 
means of a Rankine-Hugoniot diagram such as Fig. 11.9-1. Figure 
u 9_4 is such a plot.* First, Eq. 11.9-14 is used to draw the final 
Hugoniot curve. The Chapman-Jouguet point, C, is then determined 
either from Eq. 11.9-15 or by drawing a line from the initial point, O t 
tangent to the final Hugoniot curve. Next, Eq. 11.9-14 with Q e q u al 
to zero is used to draw the shock or initial Hugoniot curve. The line 
passing through O and the Chapman-Jouguet point C intersects the 
shock Hugoniot at the point, N, known as the “von Neumann spike. 
The von Neumann spike represents the final pressure and density of a 
shock wave of sufficient strength to travel with the detonation velocity. 
However, if the gas is subject to a shock from the initial condition, 0, 
to the final state, N, the pressure as a function of density within the shock 
would not be represented by the shock Hugoniot, but rather by the solution 
of the equations of change as given by Eq. 11.8-43. Such a solution 
curve is drawn in Fig. 11.9-4. Figure 11.9-5 shows T/T 0 as a function 
of pjp along the shock solution curve and along the straight line OCN. In 
this figure it is seen that the temperature of the von Neumann spike, N, 
is somewhat less than half the final temperature at the Chapman-Jouguet 
point, C. Since the temperature is so low between O and N we would 
not expect the chemical reactions to occur to any appreciable extent in 
the short time required for the gas to pass through the initial shock. 
Actually the temperature at N is so low that in many practical cases we 
would expect a time lag or a quenching zone before the reactions set in. 

A number of qualitative properties of the solutions may be obtained by 
considering the nature of the singularity at C and by considering the 
surfaces on which the derivatives are zero. In Fig. 11.9-4 the straight 
line OCN is the relation between pressure and density obtained by setting 
h = 0. (This relation is independent of x.) From Eq. 11.9-24 it is 
clear that the solutions are vertical, d(p/p 0 )ld(p 0 lp) = co, when they cross 
this line. The curves of constant x (curves x = x f ) are the contours 
defined by j = 0. 

9 The constants used in the examples of this section are the same as those used in 
the discussion of flames. See footnote 22 of § 11.7. 
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Fig. 11.9-4. A Rankine-Hugoniot diagram showing the shock solution of the 
differential equation, the initial and final Hugoniot curves, the line of h = 0, 

and the lines of j = 0 . 
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From Eq. 11.9-25 it follows that the solution is horizontal, — q 

d(Polp) 

when it crosses j = 0, that is, when the value of x on the solution curve 
is equal to x y 

It is convenient to divide the ftplp 0 ), (pjp)] space of Fig. 11.9-4 into 
two regions: region I to the left of the line, h = 0, and region II to the right 
of this line. From Eq. 11.9-28 it is clear that h and hence d(pjp)/d£ is 
negative in region I and positive in region II. Similarly, from Eq. 11.9-29 

the value of y, and hence is positive when x is greater than x, and 


Region I: 


Region II: 


d(plpo) 

d(p 0 /p) 


d(p 0 /p) 


Thus: 



<0 

if 

X> Xj 

(11.9-3 la) 

>0 

if 

x<x, 


>0 

if 

X>X, 

(11.9—31b) 

<0 

if 

X<Xj 



The hot boundary, the point C, is a singular point of the set of differential 
equations. Let us consider the nature of this singularity. For reasons 
which become apparent presently, we include as a parameter and con¬ 
sider detonations which do not necessarily satisfy the Chapman-Jouguet 
condition. That is, we consider detonations in which the final point lies 
on the Hugoniot curve of Fig. 11.9-4 above the point C. In the region 
near the hot boundary the functions on the right of the equations of 
change (11.9-23, 24, and 25) are linear in the deviations of the variables 
from their limiting values. These “linearized" equations are 


dx 

di 


— — are-l/r 

m 1 


«*o 


du 

di 


= <«-!) + 



d(p/pj 


di 


(r-i) Q , 



(11.9-32) 
(11.9-33) 
l) (11.9-34) 


A general solution of this set of equations may be written in the form: 
X = (11.9-35) 

u — 1 = + / 2 e** { + r 3 e*> c (11.9-36) 

P/P - = 'i [/>//> + UlpIpJ^' 1 + I 3 [PIPJ 3 ^ 1 (H.9-37) 
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t n fc , t. and U are arbitrary and are determined by the 
r Zl Zmons on the problem. The quantities «,. M* and 
are determined by substituting these expressions into the differential 
equations ( 1 1.9-32, 33, and 34). It is easily shown that 


oq --i (1 *<■>*) 

Mi- 0 

[pip Ji = -y + (y - D (1 - O 

(11.9-38) 

(11.9-39) 

(11.9-40) 

a, = — — e _l,T » 

^ Pi 

(11.9-41) 

r f "I 


(11.9-42) 

ipipJt = -y«°> 1 [ l + }i e - llTa ] 

(11.9-43) 

a, = 1 

(11.9-44) 

M, = o 

(11.9-45) 

IpIpJ 3 = 0 

(11.9-46) 


In a detonation solution, the variables approacn nnue iimus a* % 
approaches infinity. Thus, since oc 3 is positive, f 3 must be taken to 
be zero, and the asymptotic solution is of the form 

x = t 2 [x] 2 e a * c ( 11.9-47) 

u = pjp = 1 + -|- / 2 e a * c (11.9-48) 

pjp = 1 + hWpJi** + *t\PlP.\4* {11.9-49) 


where the constants t x and / 2 are determined by the cold boundary con¬ 
ditions. The mole fraction, x, must be everywhere positive. Thus, 
since [z] 2 is positive, it is clear that t 2 must be chosen positive. The 
constant 1 X may be negative, zero, or positive. Solutions of the three 
types are indicated, schematically, in Fig. 11.9-6 and labeled NDZ> 
(2), and (3), respectively. There are one-parameter manifolds of solutions 
of the types NDZ and (3) due to various possible values of the ratio tjt 2 . 

The curve labeled NDZ represents the type of solution expected on the 
basis of the von Neumann-Doring-Zeldovich theory. This solution 
starts out along the pure shock solution to the differential equations. 
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Then, as the temperature rises and the chemical reactions set in, the 
solution deviates from this curve. A point of maximum pressure is 

reached when x = x f . The 
NDZ solution then falls 
approaching C along the 
curve labeled “flame.” This 
curve represents a normal 
flame solution to the equa¬ 
tions in which the initial 
conditions are those labeled 
N and the final conditions 
are represented by C. 

The other two conceivable 
types of solutions to the 
detonation equations are 
illustrated by curves (2) and 
(3). These solutions proceed 
from O to C without a maxi¬ 
mum in the pressure. The 
solution (2) approaches C 
along the singular solution, 
with t x = 0, t 2 ^ 0, while 
(3) approaches C along the 
other singular solution. The 
possibility and physical re¬ 
ality of these types of 
solutions are interesting 
questions. 

10. The Flow of Propellant 
Gases in Rockets 1 

The flow of propellant 
gases in a rocket and through 
a nozzle may be considered 
Fig. 11.9-6. A schematic illustration of the three as anothe r example of the 
possible types of solutions of the detonation app|ications of the hydro _ 
equations. rr J 

dynamicequationsofchange. 

The interior ballistics of a rocket depend on the rate of production 
of the propellant gases and on the flow of these gases through the 
nozzle. In solid propellant rockets, the rate of production of propellant 

1 H. W. Liepmann and A. E. Puckett, Introduction to Aerodynamics of a Compressible 
Fluid, Wiley (1947). 
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[Eq. 11.10-1 J 

cp, deoends upon the rate of burning of the solid charge In order 
8 aintain constant combustion chamber pressure throughout most 

hurnins rate can be controlled by adjusting the composition of the solid 
components and the geometrical configurations. Ideally, during the major 
nortion of the burning of a solid charge a steady state is maintained. 
In a liquid propellant rocket motor, the rate of production of gases is 
controlled by adjusting the rates of propellant flow. 

In this section we are concerned with the steady-state solutions, assum- 
ine that the velocity of flow is uniform across any cross-section and 
neglecting heat transfer and drag at the walls. To take these factors into 
consideration would require a lengthy treatment of boundary layer theory, 
aerodynamics, and turbulence. In many practical cases the idealizations 
considered here are good approximations and are experimentally justified. 
The existence of a steady state makes the problem of calculating the 
conditions in the exit of the rocket amenable to a simple theoretical 
treatment. The pressure, temperature, and velocity of the gases may be 
computed at any part of the nozzle, and the resulting thrust which 
accelerates the rocket can be calculated from its geometry. 


a. The equations of change 

The flow of gas through a nozzle is described by the equations of change 
discussed in § 11.1. In this section it is convenient to use the equation 
of continuity, the equation of energy balance, and the equation of change 
of entropy as the independent equations. We shall assume that a steady 
state has been set up and discuss the solutions of the time-independent 
equations. The time-independent equations describing flow through 
a system of varying cross-section may be reduced to one-dimensional 
equations in the following manner. 

Let z be the direction of the axis of the rocket (see Fig. 11.10-1) and 
let /(x, t/) = z be the equation of the bounding surface, that is, the 
inside surface of the containing vessel. Usually this surface has 
cylindrical symmetry about the z-axis. Now consider a plane normal to 
the z-axis and let S be the portion of the plane bounded by the inter¬ 
section with the surface /(x, y) = z. The derivation of the one¬ 
dimensional equations applying to the present problem is based on a 
simple theorem. If F(r) is a vector field which on the surface /(x, y) = z 
is tangent to the surface, then 

i\(l' F ) dxdy = 7z\\ F ‘ dxdy 
s s 

where F x is the z component of F. 


( 11 . 10 - 1 ) 



816 HYDRODYNAMIC APPLICATIONS [§ 11.10] 

The three-dimensional equation of continuity describing a steady state 
is given by Eq. 11.1-2 as 

(§/• ’ P K ) = 0 (11.10-2) 

Since the velocity of the gas at the surfaces of the containing vessel is 
either zero or tangent to the wall, we may apply the theorem of Eq. 
11.10-1. Thus we find that 



Fig. 11.10-1. Schematic representation of a rocket, showing the combustion 

chamber and the nozzle. 


Then, integrating with respect to z, we get 



pv t dxdy = M 


(11.10-4) 


where M is a constant. It is clear that M is the mass rate of flow of 
matter across any cross-section. 2 The conditions in a nozzle are nearly 
uniform across a cross-section. Hence it is convenient to replace this 
equation by 

p(z)v(z)A(z) = M (11.10-5) 


where A(z) is the cross-section as a function of z and p(z) and v(z) are 
average values defined in such a manner that this equation is correct. 
The equation of conservation of energy may be derived in a similar 


2 The symbol M was used in the previous sections to denote a somewhat different 
quantity—the mass rate of flow per unit cross-section. 
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[Eq. 11.10-12] 

ner If the equation of motion (11.1-3) is multiplied by P v and the 
result added to the equation of energy balance, we find that 

(,UMI 

Then, in view of the equation of continuity, (11.10-2) 

(1- K» + tA..]) + (|;' <P •■'>) + (s' "l’ 0 (1UM) 

This equation is to be integrated over a plane normal to the z-axis- 
II assume that there is no drag on the walls of the containing vessel and 
no heat transfer to the walls, the theorem of Eq. 11.10-1 may be applied. 

The result is 

f f(0 + *,V. * dy + f f(R * v), dx dy + ff*. dx dy = constant 

JJ JJ (11.10-8) 


If the effects of thermal conductivity and viscosity are neglected, this 
equation may be approximated by the one-dimensional equation, 

(0 + j v*)pvA + pvA = constant (11.10-9) 


When this is divided by the constant pvA, we obtain for the energy balance 


equation 


/}+ = constant (11.10-10) 


where ft = 0 + (pip) is the enthalpy per unit mass. It is convenient to 
evaluate the constant in this equation in terms of the conditions in the 
chamber of the rocket, that is, at a point far removed (in the negative z 
direction) from the nozzle. Indicating this point by the subscript c, we 


have 


- V) = H'-H 


( 11 . 10 - 11 ) 


If the point c is chosen at the head end of the chamber, the velocity t> e 
is zero. In actual practice the conditions within the chamber of a rocket 
are nearly uniform, and the kinetic energy associated with the flow 
at any point in the chamber may be neglected. Thus the energy balance 
equation is (see Eq. 11.10-40 for practical units) 

• = V2(ft' - ft) ( 11 . 10 - 12 ) 


According to the discussions in § 11.1c, if the effects of diffusion, 
viscosity, thermal conductivity, and deviations from chemical equilibrium 
are neglected, the flow is isentropic. This condition is used as the 
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third equation of change. This equation, the equation of continuity 
(11.10-5), and the equation of energy balance (11.10-12) describe com¬ 
pletely the flow through a nozzle or orifice. 

The energy balance equation (11.10-12) gives the velocity of the gas as 
a function of the enthalpy. The interpretations of this equation depend 
on the nature of the equation of state and the thermochemistry of the 
gas under consideration. In actual practice, these considerations may be 
rather complicated. The necessary numerical procedures are discussed 
later in this section. However, as an indication of the qualitative behavior 
of the equations we consider first a perfect gas with constant specific heats. 


b. Applications to a perfect gas 

If the specific heat of the gas is constant, the energy balance equation 
(11.10—12) becomes 

v = V2Cjf^)=J^ ) k - iTt -T) (11.10-13) 

This is an expression for the velocity of flow as a function of the tempera¬ 
ture of the gas. Because of the isentropic nature of the flow, the relation 
between temperature and pressure in the flowing gas is given by the 
adiabatic equation of state. For a perfect gas, this relation is, in terms of 
the conditions in the chamber, 


M-V or i-(*)*-* 

Pc W T c \pj 

Thus Eq. 11.10-13 becomes 



(11.10-14) 


(11.10-15) 


This result can be expressed in terms of the velocity of sound (defined in 
Eq. 11.4-5) of the gas in the chamber: 

Clearly the maximum velocity of the gas is obtained at complete 
expansion where pjp e = 0. This maximum velocity is 


v r 




(11.10-17) 


As an example of a typical rocket let us assume that the gases in the 
chamber are at a temperature of 3500°K, have an average molecular 
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[Eq. ll.lO-M] 

. ., 15 and a specific heat ratio, y = 1.20 (so that (vjc,) = 

^rrT) i 3). Since (kTJm) is 1.1 x 10>°cm 2 per sec 2 , the maxi¬ 
mum eas velocity attainable in a rocket using this fuel is about 3.6 X 10 
J , ec or 12,000 ft per sec. Actually complete expansion is never 
rMliKd and the final velocity is nearer twice the velocity ofsound in the 
rhamber that is, of the order of 2 X 10 s cm per sec or 7,000 ft per sec. 

The conditions within the rocket and nozzle as a function of the cross- 
section are obtained by using the equation of continuity (11.10-5). 



Fig. 11.10-2. A schematic illustration of the dependence of the pressure on 

the cross-sectional area. 


Using the adiabatic equation of state (11.10-14) to eliminate the density, 
and Eq. 11.10-16 to eliminate the velocity, we obtain the relation, 

'-Z-M'zm-GT T 


This relation gives implicitly the pressure as a function of the cross-section, 
and is illustrated in Fig. 11.10-2. 

There is a minimum value of A as a function of p. Let us indicate the 
values of the quantities at this point by a subscript t. Then by simple 
differentiation it is easy to show that p, and A, are given by 


El 


Pc 




(11.10-19) 


( 11 . 10 - 20 ) 
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Then from the adiabatic equation of state (11.10-14) and the equation of 
velocity (11.10-16), we may obtain expressions for p t and v t : 



( 11 . 10 - 21 ) 

( 11 . 10 - 22 ) 


Combining the last relation with the definition of the velocity of sound 
(Eq. 11.4-5), the equation for the pressure ratio (Eq. 11.10-19), and the 
equation for the density ratio (Eq. 11.10-21), we find that 


*, = <:, (11.10-23) 

That is, the flow velocity at the point of minimum cross-section is the 
local velocity of sound. 

For the typical propellant considered above with T e = 3500°K, y = 1.2, 
and molecular weight 25, we find that p,/p e = 0.56 and v t = 110,000 cm 
sec -1 . If the chamber pressure, p et is 200 atm, (MlA,) = p t v t = 1,200 
gm per cm 2 sec. 

Now let us consider the flow of gas from a chamber through a nozzle 
and out into the open. Let us assume that the pressure in the chamber is 
maintained at p e and that the pressure in the surrounding external medium 
is maintained at p 0 . Let A, be the cross-sectional area at the orifice or 
nozzle and A, be that at the end of the flange. From Fig. 11.10-2 it 
is clear that there are two possible pressures at the end of the flange, 
indicated by p t and p,'. There are three possible types of flow, which 
are the following: 

(1) Ordinary Bernoulli flow occurs when 

Po>P: (11.10-24) 

Under these conditions the pressure never reaches /?„ and the actual 
throat does not occur at the minimum in Fig. 11.10-2. The velocity of 
the gas remains subsonic throughout the flow. The velocity increases 
to a maximum, and the pressure decreases to a minimum at the throat. 

(2) Usual rocket flow occurs when 

Po<Pe (11.10-25) 

Under these conditions the actual throat corresponds to the point t. 
The velocity of the gas becomes sonic at the throat and continues to 
increase. The pressure decreases monotonically through the entire 
nozzle. 
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(3) Overexpanded nozzles result in shock waves when 

p :>po>p. < 1U(W6) 

srr "h - 

fl °; oTfusion^.“frotn the unbalanced forces 

exerted' by f the gases in the chamber. If the chamber and nozz e are 
cllindrically symmetric this net thrust is in the direct,on counter to the 
nozzle. As indicated in Fig. 11.10-1. the thrust may be consumed as 
the sum of four terms: 

F = F, + F t + F 3 + F t (11.10-27) 

F, is the force exerted by the gases on the front of the chamber; F, is the 
force exerted on the rear of the chamber ,n the opposite direction, F, 
is the force exerted on the expanding portion of the nozzle. md F, 
the unbalanced force resulting from the pressure p, of the extern, 
atmosphere acting on the entire chamber except for the area of the 
A t . These forces are given by the expressions: 

F^PcA. F t =- Po A. 

Fj = — [/> dA F s = fp dA (11.10-28) 

At Ai 


The integrals are integrals of the pressure as a function of the area as 
given implicitly by Eq. 11.10-18 and illustrated in Fig. 11.10-2. In F 2 
the integral is along the right branch of the curve, and in F 3 the integral 
is along the left branch. 

The integration of the expressions for the thrust, F, is straightforward. 
The result may be written in terms of the velocity of the gas as given by 
Eq. 11.10-16 and the mass rate of discharge M to obtain the expression, 

F= Mv t + ( p t - p 0 )A e (11.10-29) 


That is, the total thrust on the rocket is the time rate of change of the 
momentum of the propellant gases up to the exit of the nozzle, plus the 
excess pressure of the gases on the exit area. 


c. The thermochemistry of real gas mixtures 

We have discussed the flow of an ideal gas through a rocket nozzle. 
The performance of a real rocket, however, depends on the properties 
of propellant gases, that is, hot chemically reacting mixtures. In general, 
the properties of the gas and the dynamics of the flow depend on the 
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kinetics of the chemical reactions. At the high temperatures prevailing 
in a rocket chamber, however, the reaction rates are sufficiently fast that 
to a good approximation the composition of the gases is always that 
characteristic of thermodynamic equilibrium. If this condition is 
assumed, the properties of the mixture are described uniquely by the 
principles of thermodynamics. 

At sufficiently high temperatures the assumption of thermodynamic 
equilibrium is good, since all the chemical reactions occur rapidly. As 
the gases expand and cool, however, the composition becomes “frozen.” 
This occurs when the rate of the chemical reactions becomes slow com¬ 
pared to the rate of cooling. For example, consider the reaction of 
nitrogen with oxygen to form nitric oxide, which occurs when air is 
heated: 

N 2 + 0 2 ^2N0 (11.10-30) 

The time required for one-half the equilibrium concentration of nitric 
oxide to be formed is shown in Table 11.10-1. If the temperature is 
above 2300°K, the equilibrium is attained in a small fraction of a second, 
whereas at 1500°K it requires days. 

TABLE 11.10-1° 

Time Required to Form One-Half the Equilibrium Amount of 
Nitric Oxide in Air at Atmospheric Pressure 


7TK) 

\ 

(sec) 

1500 

1.09 

X 

10 5 

1700 

3.54 

x 

10 3 

1900 

1.25 

X 

10 2 

2100 

5.06 



2300 

2.25 

X 

io- 1 

2500 

1.06 

X 

!0- 2 

2700 

5.25 

X 

io- 4 

2900 

3.45 

X 

io- 5 

3100 

1.86 

X 

io-« 


° K. Jellinek, Z. anorg. Chem., 49. 229 (1906). 

For a unimolecular reaction with activation energy £ : , the half-time 3 
for the reaction is of the order of one second when E X /RT = 30. If £ : 
is 40,000 cal per mole, the half-time of the reaction is less than one second 
when the temperature is above 700°K. A reaction having an activation 
energy of 100,000 cal (corresponding to breaking a carbon-hydrogen 
bond) has a half-time of less than a second at temperatures above about 
1700°K. 

3 With a normal value of the steric factor, the reaction rate is given by 
k = \0"e- E: l RT *x-\k = I sec"' when E-/RT = 30. 
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Fortunately for the sake of computational work, the combustion in 
most guns and rockets occurs at such high temperatures that thermo¬ 
dynamic equilibrium is very nearly attained. At these temperatures, 
however, the molecules dissociate so that a large number of molecular 
species must be considered. Even a small trace of free radicals or atoms 
may have a large effect on the internal energy and other thermodynamic 


P The equilibrium composition may be obtained by the simultaneous 
solution of the equations of conservation of mass and the equations of 
equality of the chemical potentials. Since chemical reactions neither 
create nor destroy atoms, the total number of atoms of each species 
remains constant. Thus if one gram of mixture contains altogether g f 
atoms of they'th kind; if a molecule of the ith kind contains v u atoms of the 
yth kind; and if N t is the number of molecules of the ith chemical com¬ 
pound in one gram of mixture, then 


ZiViiNi = gi y=U2 f ---,5 (11.10-31) 


There is one equation of the form of Eq. 11.10-31 for each of the s atomic 
species. 

If there are / chemical reactions which can be written in the stoichio- 
metrical form 


&J1] + Aw PI + ‘ • * * rj k Jl] -f fy* [2] + ••• 

k= 1,2, •••,/ (11.10-32) 


and if //, is the chemical potential of the ith species, then at chemical 
equilibrium: 

S,[ft,0; k = 1, 2, • • •, / (11.10-33) 

An expression for the chemical potentials //, in terms of properties of 
pure component, /, and the equation of state of the mixture is given by 
Eq. 5.3-4. 

Equations 11.10-31 and 33, together with the equation of state, define 
the equilibrium composition. The exact method of solution depends a 
great deal on both the specific problem and the availability of high-speed 
computing machinery. Brinkley 4 recommends getting a first approxi¬ 
mation to the composition by assuming a perfect gas law, then using the 
first approximation composition to obtain a first approximation to the 
equation of state and the integral in Eq. 5.3-4. In this way we may 
obtain the correct composition by successive approximations. Corner 5 

4 S. R. Brinkley, J. Chem. Phys ., 14, 563 (1946); 15, 107 (1947). 

6 J. Comer, Theory of the Interior Ballistics of Guns, Wiley (1950), Ch. 3. 
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and Hirschfelder, McClure, Curtiss, and Osborne 6 have given detailed 
procedures for obtaining the composition of powder gases. At high 
temperatures (but below about 3000°K), the dissociative reactions are 
unimportant, so that only the water-gas reaction need be considered: 


CO + H 2 0 ^C0 2 + H 2 (11.10-34) 


In powder gases between 2000° and 2500°K, the equilibrium is usually 
such that there are approximately 77 moles of CO to every 23 moles of 
C0 2 . Based on this fact, a simplified system of thermochemistry of 
powder gases may be developed 7 in which the flame temperature, specific 
heat, and number of moles of gas per gram are expressed additively in 
terms of the original powder composition, that is, the sums of mole 
fractions of chemical components in the powder, each multiplied by a 
characteristic constant. 

The flame temperature of a fuel is determined by a simple energy 
balance. Let 0, be the energy released when one gram of the fuel is 
broken down into the elements in their standard states and the mixture 
is cooled to absolute zero. This energy is equal to that required to form 
the gases of the resulting mixture, heat the mixture to the flame tempera¬ 
ture, and do any pressure-volume work. Thus the equation representing 
the energy balance is 



(11.10-35) 


where P' = 1/p is the volume per gram, and 0 is the internal energy per 
gram of the resulting gas mixture. 

Let us consider the two special cases. In obtaining the isochoric 
flame temperature, we take V to be constant. Then, since the integral 
is zero, 

(Isochoric): 0 f = 0 (11.10-36) 


In obtaining the isobaric flame temperature, we take p to be constant. 
Then 


j pdV =pV-pP f 


(11.10-37) 


• J. O. Hirschfelder, F. T. McClure, C. F. Curtiss, and D. W. Osborne, Nat. Def. 
Res. Com. Report A-116 (November 1942). 

7 J. O. Hirschfelder and J. Sherman, Nat. Def. Res. Com. Report A-101 (October 
1942); Nat. Def. Res. Com. Armor and Ordnance Memoranda A-67M to A-70M 
(March 1943). 
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where f>, is the specific volume of the fuel. The energy balance equation 
then becomes 0 , + P P,= 0+pV (H-^ 38 > 


° f (Isobaric): H, = H (11.10-39) 

The calculation of the thermodynamic properties of the equilibrium 
mixture provides the information necessary for the application of the 
equations in § 11 . 10 a to the flow of a real gas mixture through a nozzle. 

d. The flow of a real gas through a nozzle 

For the applications of the equations describing the flow of gas through 
a nozzle, the properties of the gas may be conveniently summarized by 
two figures. Two such figures are 11.10-3 and 11.10-4 which give the 
properties of the gas which results from the burning of a typical rocket 
solid propellant fuel. Figure 11.10-3 is a Mollier diagram of the pressure 
and temperature of the gas as functions of the specific enthalpy H and 
the specific entropy S. The isobaric adiabatic flame temperature is 
indicated so that, knowing the pressure, p n in the chamber, we obtain 
from the intersection of this pressure line with the adiabatic flame- 
temperature line the initial enthalpy, ft rt and the initial entropy, § e , of 
the powder gas. The other graph (Fig. 11.10-4) is a plot of ptTp versus T 
at constant pressure, which gives the equation of state in its most useful 
form for the applications under discussion. From the pressure and 
temperature it is a simple matter to determine the corresponding value 
of the density p. (Diagrams of pressure versus density for different 
values of the temperature are not sufficiently accurate.) 

According to the discussion of the equations of change in § 11.10a 
the flow of the gas through a nozzle is isentropic. Thus the conditions 
along the flow are those along a vertical line on the Mollier diagram 
(Fig. 11.10-3). Equation 11.10-12 states that the increase in the kinetic 
energy of the gas is equal to the decrease in the enthalpy. If the enthalpy 
is expressed in calories per gram, this relation is 

v = 300.2V ft c — ft ft/sec = 9150V/? e - 7? cm/sec 

(11.10-40) 

This expression along with the Mollier diagram may be used to obtain the 
velocity of the gas as a function of the chamber pressure and the pressure 
at an arbitrary point in the flow, that is, v = v(p e ,p). In a similar manner, 
a combination of the Mollier diagram with the diagram giving the equation 
of state determines the density of the powder gas along the nozzle as a 
function of the initial pressure in the chamber and the pressure at any 
point in the nozzle, that is, p = p(p e ,p). 



Astatic flame i>m r ..,. rr 
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Fig. 11.10-3. Mollicr diagram describing the thermochemistry of the gas resulting 

from a typical rocket powder. 
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The properties of the gas as a function of position along the nozzle 
may be obtained by making use of the equation of continuity (11.10-0), 
which states that M = P vA is a constant. As the gas enters the nozzle, 
v is small and p is large. As the gas expands, p becomes small and v 
becomes large. A maximum occurs in the function pv. This maximum 
is the value of M/A t . Hence A/A t at any point as a function of p is the 
maximum value of pv divided by the value at the point. This plot may 
be obtained graphically from the functions described in the preceding 
paragraph. Then, by cross-plotting, p, v , or any of the other variables 
may be obtained as functions of A/A t . 



Fig. 11.10-4. The equation of state of a typical powder gas. 


The actual performance of a rocket is determined by the thrust F 
exerted by the gases on the rocket. It may be shown 8 that the relation 

F=Mv e + (Pe-PoWe ( 1 1.10-41) 

which was derived as Eq. 11.10-29 for the special case of a perfect gas, 
is valid in general. Since v e and p t may be calculated as functions of 
AJA t by the methods just described, the thrust per unit area of throat, 
FIA ti and hence the performance of a rocket, are determined by thermo¬ 
dynamic properties of the powder gas. 

As an example of the procedure, let us consider a particular example. 
Suppose that the typical rocket powder mentioned above is placed in a rocket 
• F. J. Malina, /. Franklin Inst., 230, 433 (1930). 
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chamber and that the ratio of the surface area of the powder to the cross- 
sectional area of the throat is adjusted so that the steady-state pressure 
in the chamber is 250 atm. This ratio is determined from the charac¬ 
teristic rate of burning of the powder rather than from thermodynamic 
considerations. From the Moilier diagram for this powder (Fig. 11.10-3) 
we see that when p e is 250 atm, the isobaric adiabatic flame temperature 
is 3420°K. The specific enthalpy f} c under these conditions is 1476 cal 
per g, and the specific entropy S c is 2.391 cal per g per °K. If the nozzle 
is well designed and if there is no heat loss, the gas expands in passing 
through the nozzle without change in entropy, so that the pressure and 
temperature during the expansion are given by the points along the dotted 
line. 

To construct Table 11.10-2 we read the values of T and // correspond¬ 
ing to various values of the pressure, and substitute them in Eq. 11.10-40 
to obtain the velocity v. We read the value of pITp for each of the points 
from Fig. 11.10-4 to determine p. Then we make use of Eq. 11.10-5 
to find values of pv = Ml A. Plotting the values of this ratio (Fig. 11.10-5) 
wc see that a maximum value of 1513 g cm -2 sec -1 is reached at a pressure 
P of 137 atm. This means that M/A, = 1513 g cm" 2 sec" 1 for a chamber 
pressure of 250 atm. (For each value of the chamber pressure there is 
a characteristic value of MIA,.) To maintain the equilibrium pressure 
at 250 atm in the chamber, 1513/4, grams of powder must be burned per 
second. The values of At A, are obtained by dividing 1513 g cm” 2 sec" 1 
by the values of M/A. The velocity as a function of A/A, is illustrated 
in Fig. 11.10-6. 

TABLE 11.10-2 

The Conditions in a Nozzle Resulting from the Expansion of 
a Typical Powder Gas from a Chamber at 250 Atm 


plp< 

P 

(atm) 

T 

CK) 

A A 

H,- H 

(cal/g) 

a ^ 

g 

1 

(f«/scc) 

Pl T P 

( atm cm* \ 

P 

(g/cm*) 

MIA 

1 8 \ 

At A, 

V g degi 

\ cm* see 1 / 

I. 

250 

3419 

0 

0 

0 

3.379 

0.02164 

mm 

00 

|£1 

225 

3373 

26 

46.800 

1535 

3.368 

0.01981 

PS® 

1.632 


200 

3323 

55 

67.800 

2224 

3.357 

0.1793 

ImrKi 

1.244 

HM 

150 

3180 

135 

106.300 

3488 

3.335 

0.01414 

'ICK 1 

1.007 


100 

2982 

237 

140.800 

4619 

3.307 

0.01014 

msm 

1.060 

Urn 

50 

2654 

397 

182.300 

5981 

3.278 

0.005747 


1.444 

0.1 

25 

2361 

531 

210.800 

6916 

3.263 

0.003245 

684.0 

2.212 

0.04 

10 

1986 

688 

239.900 

7871 

3.259 

0.001545 

370.6 

4.082 

0.02 

5 

1742 

790 

257.100 

8435 

3.257 

0.0008813 

226.6 

6.677 

0.01 

2.5 

1530 

878 

271.000 

8891 

3.255 

0.0005020 

136.0 

11.12 

0.004 

1 

1295 

970 

284.900 

9347 

3.254 

0.0002373 

67.6 

22.38 
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Fig. 11.10-5. Mass rate of flow of powder gas as a function of pressure for 

a chamber pressure of 250 atm. 



Fig. 11.10-6. Velocity of powder gas as a function of nozzle area for an initial 

pressure of 250 atm. 
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To calculate the thrust for any assumed value of AJA lt which is deter¬ 
mined by the design of the nozzle, we use Eq. 11.10-41. From Table 
11.10-2 we take the corresponding values of v et p t% and M/A t . These 
values are substituted into Eq. 11.10-41 to determine the ratio of the thrust 
to the throat area for various assumed values of the ratio A JA „ as tabulated 
in Table 11.10-3 for p 0 = 1 atm. It can be seen that if the exit pressure is 

TABLE II.10-3 

Thrust on the Rocket Chamber for Various Values of AJA t 
for the Expansion of a Typical Powder Gas 


AJA, 

H 

MvJA, 

*.(p. - 


FI A, 

(ib/in. 2 ) 

(g/cm 2 ) 

(Ib/in. 1 ) 

(atm) 

(lb/in. 2 ) 

1.000 

137 

177,700 

2527 

136 

1999 

4526 

1.060 

100 



104.9 

1542 

4631 

1.444 

50 


4001 

70.7 

1039 

5040 

2.212 

25 

lESErlw 

4625 

53.1 

780 

5405 

4.082 

10 

370,100 

5264 

36.7 

539 

5803 

6.672 

5 


5642 

26.7 

392 

6034 

11.12 

2.5 

418,100 

5947 

16.7 

245 

6192 

22.38 

1.0 


6253 

0 

0 

6253 


1 atm, the ratio of the exit area to the throat area is 22.38. This is a 
much larger ratio than would be feasible for most rockets. Usually the 
ratio of exit area to throat area is between 2 and 4, so that the exit 
pressure lies between 25 and 10 atm. Table 11.10-3 shows that the thrust 
for such nozzles is between 86 and 93 per cent as large as the thrust for 
nozzles with the same throat area but with an exit pressure of 1 atm. 


PROBLEMS 

1. In carbon dioxide at 3600°F the gas emissivity, c(T, pL ), is found* to be 0.085 
when L- 2 ft and the pressure is I atm. What is the value of /<? What is the rate 
of energy emission into a vacuum from a sphere of carbon dioxide of radius 1 in. and 
pressure 24 atm if the carbon dioxide is held at 3600°F? 

2. Compute the velocity of sound in N, and in He at room temperature and pressure. 
Compute also the value for a 1 : 1 mixture of N, and He under the same conditions. 
Perform the computations (a) assuming the gases to be ideal, (b) taking into account 

* J. H. Perry, Chemical Engineers' Handbook , McGraw-Hill (1950), p. 490. 
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. virial coefficients. Compare these velocities with the root mean square 
velocities of the molecules. What is the frequency at which the wavelength is equal to 

' he , m ^am^ P .he h? behavior of a rarefac.ion wave by «he method of the Riemann 
characteristics. Assume that the initial conditions are: 

At / = 0: 


v(z) «= 0 

T(z) = T 0 , a constant 


^p{z)=po-picosji 
[/>(*)=/><» » 


?<■< 


L 

2 


M> 


L 

2 


Assume that the fluid obeys the perfect gas equation of state and that the specific heat 
ratio V. is constant. 

4 Consider a shock wave in nitrogen at room temperature and atmospheric pressure. 
Assume that the pressure ratio pjp 9 - 10 and that the gas may be considered ideal. 
Calculate the density increase, the temperature increase, and the velocity of propagation 
of the wave. What is the increase in entropy of the gas due to the shock wave, and 
what is the final temperature if the gas is allowed to expand ad.abatically to the initial 
pressure? Repeat the calculations for pjp 0 = 2100. 

V 5 Use the thermodynamical data given in the U.S. Bureau of Standards l ables 
(Circular C461), ‘-Selected Values of Properties of Hydrocarbons," or some other 
standard reference, to calculate the velocity of detonation and the Chapman-Jouguct 
pressure for the explosion of a stoichiometrical mixture of hydrogen and oxygen initially 
at 1 atm pressure and T - 300°K. 

6. Calculate the isochoric and the isobaric flame temperatures for a stoichiometrical 
mixture of hydrogen and oxygen initially at 1 atm pressure and 300°K. (a) Assuming 
no hydroxyl concentration at the flame temperature, (b) Assuming thermal equilibrium 
of hydroxyl at the flame temperature. 
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Electromagnetic Basis 
of Inter molecular Forces 


It is the purpose of this chapter to provide the background of electro¬ 
magnetic theory needed for a thorough study of intermolecular forces. 
The long-range intermolecular forces are electromagnetic in origin. 
There are three general types: those which are purely electrostatic in 
origin (such as interactions between dipoles or higher multipoles), 
induction forces, and the “dispersion’* forces which are related to the 
electromagnetic phenomena of induced absorption and emission of light. 
We would also expect interactions between the magnetic moments of the 
molecules, but these forces are seldom important. The short-range 
forces, which result from the overlapping of the electron clouds of the 
molecules, must be considered on a purely quantum mechanical basis. 

The first section is concerned with the electrostatic interaction between 
two general charge distributions. These interactions are expressed in 
terms of the multipole moments of the distributions. The recently 
developed “two-center” expansion of l/r 12 has made it possible to organize 
and simplify the study of the interaction of complex charge distributions 
even when they overlap. This type of mathematical approach is of great 
value in the evaluation of coulombic integrals in the quantum mechanical 
treatment of short-range intermolecular forces. 

The second section deals with the relationship between the bulk electric 
properties and the properties of the individual molecules. For example, 
the dipole moment and polarizability of a molecule can be determined 
from the temperature dependence of the electric susceptibility. The 
dispersion forces can be expressed approximately in terms of the polariza¬ 
bilities of the molecules. From the pressure dependence of the electric 
susceptibility can be obtained evidence of the formation of dimers or the 
alignment of neighboring molecules in a dense gas or liquid. 

All the development up to this point is based on Coulomb’s law. To 
understand the magnetic and the dispersion forces it is necessary to 
introduce the electromagnetic equations of Maxwell. These differential 
equations form the postulational basis of electromagnetic theory. From 
these equations we get the forces between two sets of moving charges. 
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The moving charges within the molecules produce magnetic fields and 
forces. If the molecules have permanent magnetic moments so that the 
substance is paramagnetic, the values of the magnetic moments are 
important in determining the intermolecular forces. For example, in 
§ 13.6e the forces between two atoms, neither one of which is in 
an 5-state, depend sensitively on their magnetic moments (or rotational 
quantum numbers). 

The last two sections concern themselves with the theory of light 
emission and absorption. This phenomenon is closely related to the 
polarizability as a function of frequency. The polarizability can in turn 
be expressed in terms of the elements of the dipole moment matrix. 
These derivations then enable us to relate the bulk electromagnetic 
properties to the detailed internal properties of the individual molecules. 


1. Electrostatics 

From the basic expression for electrostatic interaction (Coulomb’s law), 
we may obtain the electrostatic potential due to a charge distribution, 
2^* an d potential energy of interaction between two charge distri¬ 
butions, (p ab . Both these problems are treated for continuous and discrete 
charge distributions. An expression for the potential ^ is obtained as a 
“one-center” (Neumann) expansion in terms of spherical harmonics. 
An analogous expression for the interaction potential (p ab is obtained as a 
“two-center” expansion in terms of spherical harmonics. In both these 
expressions the quantities 1 Q n m y closely related to the multipole moments, 
appear in the expansion coefficients. This section is concluded with an 
application of these results to the special case of a dipole charge distri¬ 
bution. In the discussion which follows, both “discrete” and “con¬ 
tinuous” charge distributions are considered. In the former case the 
charge distribution is considered to be made up of a set of discrete 
points, the charge at the ith point being e t . In the latter case the total 
charge within a differential volume element dr { about the point r< is 
taken to be p(r,) dr { . 


a. Coulombic interaction between charges and charge distributions 

The potential energy of interaction between two discrete charges e { 
and e i or between two elements of continuous charge p(r t ) dr { and 


1 These Q n m are not to be confused with the associated Legendre functions of the 
second kind (which are never used in this book). 
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[Eq. 12-1—4b] 
pir,) dr t is the coulombic energy: 


<Pn — 




a 


p(rM r >) d d 

(p U = ar i a *i 

r ii 


( 12 . 1 -la) 

(12.1-lb) 


Associated with this potential is the force on the ith charge due to the 
yth charge: 

(12.1-2a) 


F u - -T5 r « 
T a 


«M4 riiJrid r, 

r ii 


(12.1-2b) 


Here r ti is the vector going from the yth charge to the ith charge so that 

^ Let us now consider two complex charge distributions (which could, 
for example, be molecules) which we refer to as a and b. The total 
potential energy of interaction <p of this system is obtained by summing 
the potential energies of interaction between all possible pairs of charges 
in the two-molecules a and b. It is convenient to subdivide the total 
energy into three parts: 

<P = <Pa + <p b + 9U (12.1-3) 


in which <p a and (p b are the self-energies of the charge distributions a and 
b , respectively, and <p ab is the energy of interaction 2 between a and b. 
If the charges belonging to a are designated by the subscripts i and i' and 
those belonging to b by the subscripts j and j ', the various contributions 
to the total potential energy of the system of two interacting charge 
distributions are given by 


ix* x* 

•Pa = i Zi 2i' — 




Pa(r, )p*(r t -) 


dr , dr.. 


ra- 


(12.1—4a) 
(12.1-4b) 


* If a and b are molecules <p mb is the intermolecular potential except for terms which 
arise owing to the distortion of one charge distribution by the presence of the other 
distribution. 
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<P*=kIt I r ~ 
r+i r a - 

(12.1—5a) 


J J r sr 

(12.1—5b) 


ii 

£ 

(12.1-6a) 

H 

i 

f f #>.( r ,W r <) j . 

’’-"J J r„ dr ‘ dr < 

(12.1-6b) 

The total force on a due to the presence of b is associated with the potential 

energy <p ab : 



r ii 

(12.1—7a) 

'--1! 

F(r„ r,) dr, dr, = f f p / r ‘ )p f r > ) r „ dr, dr, 
j j r tj 

(12.1—7b) 

In § 12.1 e, an expression for the potential energy rp Qh is obtained as a 
two-center expansion in spherical harmonics. 

b. The electrostatic potential and the electric field intensity 


Let us consider a charge e a at a position a near a discrete charge distri¬ 
bution. The force experienced by this charge due to the proximity of 
the charge distribution is 


F a =S,F a( = 2 Mr* 

r ai 

(12.1-8) 

It is customary to define an electric field intensity & which 
per unit charge due to a charge distribution: 

is the force 


u 8 

1 n 
*\ J 

in 

II 

II 

So 

(12.1-9) 

There is associated with this quantity an electrostatic potential ( potential 
energy per unit charge) which is accordingly defined by: 3 


„ dr 

W ~ dr 

(12.1-10) 


5 is <p*Je a if the charge distribution b is just the charge e a . 
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[E* 12.1-16] MULTIPOLt 

The electrostatic potential at position a due to a set of charges, e„ is then 


r = Lr 


( 12 . 1 - 11 ) 


Roth W and 5^ are, of course, functions of the position of the point «■ 
The total force on charge distribution a due to distribution b may 

be written in the form ^ ^ ( 12 . 2 - 12 ) 

Here *■ is the electric field intensity at charge I in distribution a due to 
the charges in the distribution *. Since the sum of the forces exerted 
by the various members of a distribution on one another is zero tl 
l may be taken as the field due to all the charges in both distributions. 
*The above formulae for electric field intensity and electrostatic potential 
may also be written for continuous charge distributions. In $ 12.Id an 
expression is derived for the electrostatic potential 5*" in terms of a one- 
center (Neumann) expansion in spherical harmonics. 


c. Multipole moments 

With every charge distribution there is associated a set of quantities 
known as the multipole moments, which are of great importance in 
electrostatics. The first two moments are the total charge C and the 
dipole moment p. These quantities are defined in the following way: 

C = Z,e, (12.1-13) 

li-SAT, 02.1-14) 

In general all the multipole moments except the first non-zero moment 
depend on the position of the origin of coordinates. Usually the origin 
is chosen at either the center of gravity or the center of charge of the 
distribution. 

There is a great deal ol confusion as to the definition of the quadrupole 
moment. Formerly it was common practice to define the quadrupole 
moment in a form analogous to the above definitions of C and p., thus: 

© = (12.1-15) 

However, for many purposes it is more convenient to define the quadrupole 
moment as the traceless tensor: 

Q = S.e.Or.r,-- r t 2 U) (12.1-16) 

This is the definition for the quadrupole moment tensor used throughout 
this book. 
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For a linear charge distribution along the z-axis or for a charge distri¬ 
bution cylindrical^ symmetric 4 about the z-axis, the off-diagonal elements 
of Q are zero, and Q„ and Q„ are each equal to — \Q lx . Therefore, 
for such a distribution the quadrupole moment tensor is completely 
specified by one scalar quantity, for example, Q tt . The scalar, Q xt = Q y is 
referred to as the quadrupole moment. In dealing with molecular problems 
it is convenient to define a quantity also referred to as the scalar value of 
the quadrupole moment, thus: 5 


q = Q,Je = Qle (12.1-17) 

where e is the absolute value of the charge on an electron (q then has the 
dimensions of a cross-section). It should be pointed out that 
iQx, = — ©« is sometimes used as the scalar value of the quadrupole 

moment. 6 Some of the values of the quadrupole moments in the literature 
are for rotating molecules. These values are average values of the 
quadrupole moment in a space-fixed coordinate system. They depend upon 
the exact rotational state of the molecule, but usually they are about half 
the values for the non-rotating molecules. 

When (p ab and are expanded in spherical harmonics, there occurs 
in the expansion coefficients a set of quantities, £) n m , which are related to 
the multipole moments just defined. These quantities are defined for a 
discrete or a continuous charge distribution in the following way: 7 - 8 

Qn m = A"(«» oy* 1 (12.1—18a) 

Q n m = J J J {p(r ’ 6 ' * )r "> /> " m(cos 0)eim * r2 dr sin 0 d0 d * 02.1—18b) 


The P n m ( cos 0) are the associated Legendre polynomials (see Appendix 
B of this chapter). Equation 12.1-18b may be written in simpler form 
if the charge distribution is expanded in an infinite series of spherical 
harmonics: 


co 


p(r, 0,<t>)=2 
n -0 


+ " (it- m )! / 2*+ 1 \ 
--„(i» + m )! \ 4tt / 


Pn, Jr)/V"(cos 0)e~ im * 

(12.1-19) 


4 A discrete charge distribution having an axis of symmetry which is at least threefold 
symmetric has similar properties. 

4 Norman F. Ramsey, Phys. Rev., 78, 221 (1950). 

• C. Greenhow and W. V. Smith. J. Chem. Phys. % 19 , 1298 (1951); see also J. Slater 
and N. Frank, Eleciromagnelism, McGraw-Hill (1947), Appendix VI. 

7 The values of the Q m m depend upon the origin and orientation of the coordinate 
system. These are usually chosen so as to take advantage of whatever natural symmetry 
may exist in the problem. 

• Throughout the book we adopt the convention /V"(cos 0) = P n m (cos 0). 
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m ,2.1-241 THE “ONE-CENTER” EXPANSION 

The functions * J» are given in terms of the charge distribution by the 

/>„ Jr) = J JV. t )P " (cos 6)e ‘ m * sin ° d ° * (121_20) 

Equation 12.1-18b then assumes the form 

Q”=fp„.Jr)r"+*dr (12>-2D 

< "lSSSj* — Is d=#»«d in Eqs. 12.1-13. w, 16 nmy bn «<pm»«l 

in the following way in terms of the quantities, Q n . 

r = f)® 




#•. = Qi° 

h = \ iGi 1 + er 1 ! 

ix, - g IGi 1 - fir 1 ] (12.1-23) 


2 ,. = 22 ,° 

2« = - 2,° + J [G. # - c.-*] 
e„ = - e, # - ^ [e, 2 - 2r*] 


2„ = \ IQ* 1 + 2 2 -‘] 

2,« = [2s 1 - 2." 1 ! (12.1-24) 

Qz, = i [2r 2 - 2r 2 l 


d. The “one-center” expansion of the electrostatic potential due to a charge 
distribution 

An expression for the electrostatic potential due to a discrete charge 
distribution is given in Eq. 12.1-11. In this expression and the analogous 
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formula for a continuous charge distribution, there occurs the quantity 
I/r <a , in which r i<x is the distance from the ith charge, located at r„ 0 it <f> it 
to the field point a, located at r, 0, <f> (see Fig. 12.1-1). If the symbols 
r < and r > designate the lesser and greater of r, and r, the quantity l/r, a 
may be expanded in the “one-center” (or Neumann) expansion, 9-11 
in the following way: 


1 _ ? + v n («-M)! '< 


= 2 Z 


r ia B-Om—J' 1 + I 


m 


y ^r, V(CDS W< COS (12.1-25) 


Substitution of this expression for l/r Ja into the formulae for the 
electrostatic potential due to a discrete or continuous charge distribution 
gives 


^(r, 0 , *) 


a* +n 


Z Z 


(n - 

m 

)! 

<» + 

m 

)! 


- /> n "(cos 0)e-""» 


^TTi 2 etfPSiGosOy* 

< n<r) 


+'* 2 ^"(cos O.y'* 1 

(12.1-26a) 


(r,>r) 


o, 4) 

a> +n 

= Z Z 

n - 0 m - - n 


(n - 

m 

(* + 

m 


)! 


^ P n m (cos 0)e- im * 
)• 


r 

J7S J *>». ■» W 


co 


+ r " | prri />». mfoh* dr, 

r 

(12.1-26b) 


Here the />„ Jr) are the expansion coefficients defined in Eq. 12.1-20. 

If the field point a lies completely outside the charge distribution, 
r > r, for all the charges and Eq. 12.1-26 simplifies to: 


1 1 
n«0 m — - 


(n — 

m |)! Qn m 

<« + 

in j)! r" +1 


^"■(cos 0)e-' w * (12.1-27) 


9 H. Eyring, J. Walter, and G. E. Kimball, Quantum Chemistry , Wiley (1944), 
pp. 369 et seq. 

10 T. M. MacRobert, Spherical Harmonics . Dutton (1927), pp. 148 et seq. 

11 The quantity l/r I3 may also be expanded in terms of ellipsoidal coordinates; see 
K. Riidenberg, J. Chem. Phys., 19 , 1459 (1951). 
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THE “TWO-CENTER” EXPANSION 


ft." « the ^StribSs" % expion'for 1 fhe S 

* * is particularly useful at large 
distances from the charge distribution. 


Fig. 12.1-1. 
static 



Coordinates used in considering the contribution to the electro¬ 
potential at point « due to a charge located at po.nt I. 


e. The “two-center” expansion of the potential energy of interaction of two 
charge distributions 

In Eq 12 1-6 are given expressions for the potential energy of inter¬ 
action for two charge distributions, either discrete or continuous. In 
these expressions there is the quantity r„ which is the distance between 
charge i in the first charge distribution and the charge j in the second. 
This distance is shown pictorially in Fig. 12.1-2, along with other co¬ 
ordinates which are used in this discussion. The reciprocal of r„ may 
be expanded in a “two-center" expansion 12 ' n in the following manner: 

1= I I 2 " fiLT.'w( r » r < : r at,)P n . m ( cos 0,)P„ "(cos 

r << "< (12.1-28) 


Here we use the symbol n K to indicate the smaller of n„ and n b . The 
coefficients are complicated functions of r„ r„ and r„ b . Formulae 

for these coefficients, as well as numerical values, are given at the end of 
this chapter in Appendix A. The angles 0 t and 0, are defined with respect 
to the centers a and b , respectively, as shown in Fig. 12.1-2. 

11 R. J. Buchler and J. O. Hirschfelder. Phys. Rev., 83. 628 (1951); 85, 149 (1952). 

13 Expressions for some of the simpler B's were given somewhat earlier by 
B. C. Carlson and G. S. Rushbrooke, Proc. Cambridge Phil. Soc., 46. 626 (1950). 
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Substitution of this two-center expansion into the expressions in Eq. 
12.1-6 gives for the interaction potential energy between two charge 
distributions: 


® 




<Pct= I 2 2 2i2i B 'Z'J. r o r,\r ai ) e,e,/V(cos 0,) 

n«—0 n* = 0 m — —n < 

X JV(cos (12. l-29a) 


® ® 


Vat = 2 2 i ff B 'Z { nS r « r,\ r ab)P*,. J'iW dr, r,» dr, 

n«-0 n*-0 m~-n < J J 

(12.1—29b) 


o o 



Fig. 12.1-2. The coordinates used in the discussion of the two-center 
expansion. Point a is the origin of a coordinate system in charge distribution 
a, and i is the location of a charge in this distribution. Point b is the origin of 
coordinates in charge distribution b, and j is the location of a charge in this 

distribution. 


The asterisk on />£ m indicates the conjugate complex. These expressions 
are valid for any two charge distributions, whether they overlap or not. 
The functions p n m (r) are defined in Eq. 12.1-20. 

When the two charge distributions do not overlap, r ab > ( r { + r s ). For 
this case (designated as Region I in Appendix A to this chapter) the 
coefficients have the form 

(—1)"»+ W K + ".)! JVX1 (12 ,_ 30) 

'•“ (». + | m | )!(n, + | m |)! U * 0) 

The potential energy of interaction between the two charge distributions 
is then 

= y y + y < (— l) n »+ m (rt q + n^)\ -1- m *Q m 

(12.1-31) 


which is a power series in l/r a6 . The terms in the expansion represent 
the interaction of the various multipoles. 
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[Eq. 12.1-32] 

The expression for given in this last equatmr> is not in to most 

Sargp distributions and apply to the 

a^t h The co^dinate sterns used for the calculation of <2 ” and 
q » have the e-axis in the direction of the lme between their centers. 

It is usually more convenient to calculate the quantities Q„ m 
coordinate system fixed in some manner with resp^t to the charg 
distributions themselves. The coordinate axes fixed in the charge 



Q* m and the (?„"*. 


distributions are shown in Fig. 12.1-3. Quantities calculated in these 
rotated coordinate systems are denoted by bars placed over the symbols. 
When <p ab is expressed in terms of the Q n m instead of the £>„ m , the depen¬ 
dence of the energy of interaction on the relative orientation of the charge 
distributions becomes explicit. 

In order to rewrite <p ab in terms of the Q n m it is necessary to know the 
relationships between the latter quantities and the Q n m . Such a relation 
may be obtained from group theoretical arguments. It is clear from the 
definition of the quantities Q n m that they transform under a rotation in 
a manner similar to the spherical harmonics of order n. The spherical 
harmonics form a basis of a representation of the three-dimension rotation 
group (see Appendix B at the end of this chapter). Let S a be the rotation 
which transforms the coordinate system x a y a z a into the coordinate 
system x a y a z at and S b be the analogous rotation for the charge distribution 
about b. Then it may be shown that 


Q mm __ 2 m jl m l — l m «l +m « 


(rto + 


)!(".- 

m|)l 

(*a- 

™a 

)!(«.+ 

mj)! 


n 0 


(12.1-32) 



846 


ELECTROMAGNETIC BASIS 


[§ 12.11 


with a similar relation for charge distribution b. The coefficients 
D no (S a )rr am are the representation coefficients of the three-dimensional 
rotation group. Formulae for these quantities are given and some 
of their properties are discussed in Appendix B at the end of this 
chapter. 

The expression for the interaction of two charge distribution <p ab in 
terms of the Q n m , which are calculated with respect to coordinate systems 
imbedded in the distributions, is found from Eqs. 12.1-31 and 32 to be: 


<Pab 


/m a —|m.l —(_ 1 )n, + m [( , >a _| m J )!( ,^ 

Z (K+M^K—M) ! K+|"» a |)!(n 6 +|m|)!(H 6 —|m|)!(n 6 +|mj)] 1 /* 


n a n* 

m a mi 

m 




L 




r 3 


(12.1-33) 


This expression indicates explicitly the dependence of the energy of 
interaction of two charge distributions on the separation r ab and on the 
relative orientations. The orientations of the charge distributions are 
given by the rotations S a and S b . 

From Eq. 12.1-33 and the properties of the representation coefficients 
it follows that, if rp ab is averaged over all orientations of the two charge 
distributions a and b (rotated separately), all the terms with n a and n b 
different from zero vanish. Then this average value of rp ab is equal to 
Qoo( a )QooWl r ab • Tli* s is the interaction between two point charges, 
whose charges are equal to the net charges in the two distributions. 


f. Behavior of electric dipoles 

We now turn our attention to the simplest example of a discrete charge 
distribution, the dipole. A dipole consists of two equal and opposite 
charges, — e and +e, separated by a distance /. According to Eq. 12.1-14 
the dipole moment of this system is 

I i = el (12.1-34) 

The vectors |x and / go from the negative to the positive charge. In a 
real dipole the distance / is finite. However, at distances large compared 
to /, the electrical field depends principally on the size of the dipole moment 
and not on the values of e and / separately. On this account an ideal 
dipole (or point dipole) is defined as one in which / approaches zero 
as e approaches infinity, in such a manner that their product remains 
constant. 



847 


[Eq 


12.1-38] 


BEHAVIOR OF ELECTRIC DIPOLES 


From the definitions of an ideal dipole and of an electric field it is easy 
,o obtain the following formulae describing their interaction. 


Potential energy of a dipole . 

in an electric field: P = — (P- * ® ) 


(12.1-35) 


Force on a dipole in an 
electric field: 



(12.1-36) 


Torque on a dipole in an 

electric field: ^ = If 1 * ^ 


(12.1-37) 



Fio 12.1-4. Coordinate system and symbols used for deriving the elcctro- 
’ static potential due to a dipole. 


Note that the torque tends to rotate the dipole so that it is oriented in the 
direction of the field. 

Let us now show how the results derived in the first part of this section 
may be applied to both real and ideal dipoles. First we discuss the 
electrostatic potential due to a single dipole in terms of the “one-center” 
expansion discussed in § 12.Id. Then we discuss the dipole-dipole inter¬ 
action in terms of the results of the “two-center” expansion which was 
described in § 12.le. 


i. Electrostatic Potential Due to a Dipole 

The electrostatic potential due to a real dipole may of course be written 
as the sum of the contributions due to each of the charges as in Eq. 12.1-11. 
However, it is often convenient to use the expansion given in Eq. 12.1-27. 
In terms of the coordinate system shown in Fig. 12.1-4 the quantities 
Q n m describing a real dipole are 

Q n m = *■*[! - (-D n ] m n e (12.1-38) 

Q* is the dipole moment p. The real dipole has non-zero values for 
alternate multipoles only. From this expression for the Q n m and the 
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expression for the electrostatic potential due to a charge distribution 
given in Eq. 12.1-27, we get the following relation for the electrostatic 
potential (at point a in Fig. 12.1-4) due to a real dipole (for r > \[)\ 

r(r, e, 4>) = - r ill- (-1)-] cos 0) 

U COS 0 r Z 2 

= + 872 (5 cos 2 e - 3) + • • • j (12.1-39) 



Fig. 12.1-5. Coordinate system and symbols used for discussing dipole-dipole 
interaction. Dipoles a and b have lengths /. and /*, respectively. 


From this it is evident that for r / the real dipole acts like an ideal 
dipole and the only contribution to the potential is the “dipole term” of 
the general expression in Eq. 12.1-27. 

Differentiation of Eq. 12.1-39 gives the electric field intensity due to 
a dipole: 

^ (12.1-40) 


dr 


in which 


^ [■+ p ( 5 '” 1 *—»+• • •] 

and e r and e 0 are unit vectors in the directions of increasing r and 0. 


ii. Potential Energy of Interaction of Two Dipoles 

The coordinate systems which may be used to describe the interaction 
of two dipoles are shown in Fig. 12.1-5. The general expression for the 
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BEHAVIOR OF ELECTRIC DIPOLES 


interaction of two discrete charge distributions, given in 
simplifies to the following for dipole-dipole interaction: 


Eq. 12 . 1 - 29 a, 


co to m — (2n< +1) 

W t = 2 2 2 fi<r+ 2 n.).<i+ 2 ».)(i / a-i / » ;r «* ) 

^ ab m — 0 n*-0 m— —(2n < + l) 


x J*l?Uco. < ,2M2) 

This expression is valid for all separations and orientations of two dipoles. 

When the distance between the centers of the dipoles, r abt is greater 
than W -I- /*), the charge distributions do not “overlap,” and use may be 
made of Eq. 12.1-33. The Q n m to be used in this expression are to be 
calculated using the axes z a and z b in Fig. 12.1-5. These quantities are 
clearly the same as the Q n m of Eq. 12.1-38 and have non-zero values only 
when m = 0. The coefficients D n (S) 0m • which are needed in Eq. 12.1-33 
are simply related to the spherical harmonics: 

D-(S) 0m ‘ = e)e ' im * (121_43) 

The angles 0 and <f> refer to the orientation of the body-fixed z-axis with 
respect to the zyz-coordinatc frame with z-axis along the line of centers. 
Using these relations, 14 we find for the potential energy of interaction 
between two real dipoles: 

v v v (-!)»»+»[! -(-!)"«][! -(- l) n »l(* a + w 6 )!(j/ 0 ) na (y») w * 

+ | m D! (/!* +1 rn |)! 


X 


Pn a m (cos O n )Pn> m ( COS 

r n« + n*+l 


(12.1-44) 


Inasmuch as the real dipole has only odd-numbered multipole moments, 
this expression for the interaction energy is a series containing terms in 
1 /r ab 3 , l/r at , 5 , l/r a * 7 , 

The leading term in this expression for q? ab is 


(p ab = [—2 cos 0 a cos 0 b -j- sin 0 a sin O b cos(<l> b — 4> a )] (12.1-45) 

r ab 

This represents the energy of interaction between two ideal dipoles. It 
is this function which appears in the Stockmayer potential (Eq. 1.3-33) 
for the interaction between polar molecules. When r ab and / are compar¬ 
able in size there is considerable distinction between real and ideal dipoles. 


14 We may alternatively use Eq. 12.1-31, which is given in terms of the Qr> m rather 
than the Q n m . The Q n m in the xyz -system of Fig. 12.1-5 are: 

Qn m = [1 - (-0"1 (i/)VF,"(cos 6)e im + 
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p*. 12.1-47] POLARIZATION AND ELECTRIC SUSCEPTIBILITY 

a „mnarison of the interaction potential energy <p ab for real and ideal 
a- riven in Fig. 12.1-6 for four different relative orientations. 

When (rJD < 2, the deviation of the real dipoles from ideal behavior 

,S Somedmefit is convenient to express the energy of two ideal dipoles 
in the vector form 

= — [(Fa - Fs) - 3(F« ’ »•.») (F» • r a„)l'a b 2 ] 02.1-46) 

If (O' <6A 4>/). and express the orientations of the 

three-vectors Fa. Fm and r ab with respect to a common reference system. 


Eq. 12.1-46 becomes 

cos 0«' cos 0 b + sin 6 a ' sin 0 b ' cos ( 4 > b ' — <f> a ') 

—3(cos 0 a ' cos e ab + sin Of sin 6 ab cos (4> ab - 4> a ')) 

X (cos Of cos 0 a f 4- sin Of sin 0 n f cos ( <f> a f - <f> b ')). 

(12.1-47) 

These relations are useful in the discussion of the intermolecular forces 
resulting from the interaction of two polar molecules discussed in §§ 13.5 
and 6 and the pressure broadening of microwaves arising from collisions 
of polar molecules discussed in § 13.7. 



2. Polarization of Matter and the Electric Susceptibility 1 
Matter is made up of two kinds of charges, free and bound. Free 
charges can move through considerable distances, whereas bound charges, 
such as the electrons in atoms, can shift their average positions only by 
distances small compared to atomic dimensions, that is, by a small 
fraction of an angstrom. An electron in an atom maintains a stationary 
orbit by balancing the force of attraction towards the nucleus with centrif¬ 
ugal force generated by its motion. The internal electronic forces in 
atoms and molecules are very large compared to the forces produced by 
external electrical fields. In a conductor a fraction of the electrons are 
free to move from one place to another. These free electrons distribute 
themselves so as to make the electrical potential constant throughout the 
conductor. Any other distribution of free electrons would have a higher 
energy. In an insulator the electrons are firmly attached to individual 
atoms, molecules, or ions. When such an insulator is placed in an 
electric field, the electrons are pulled slightly in one direction while the 
nuclei are pulled in the opposite direction. This relative displacement of 
charges in matter is referred to as polarization. 

1 H. Frolich, Theory of Dielectrics , Oxford (1950). 
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When two molecules approach one another, a mutual polarization 
takes place. This polarization of the molecules may be an important 
contribution to the intermolecular potential. The extent to which the 
polarization takes place can be obtained from a study of the electric 
susceptibility of the bulk substance. 

In the study of electrostatic phenomena in a dielectric, three fields are 
of importance, $?, and & lloc) . The electric field, Sf, measures 
the force on a macroscopic test charge in the dielectric. The electric 
displacement 3 is a field, the sources of which are the macroscopic 
charges. The difference between V and 3) is due to the polarization 
of the matter. The local field g l]oc) is a measure of the force on a 
molecule in the dielectric and is the field which acts to polarize the 
molecules and orient the permanent dipoles. 


a. Polarizability and polarization 

Let us consider a set of bound charges in an external field. As dis¬ 
cussed above, the external field brings about a displacement of the charges. 
The differences between the multipolc moments of the distorted charge 
distribution and those of the undistorted distribution are known as the 
induced multipole moments. For small external fields the induced 
dipole moment may be written in the following form: 

|x ,lDU) = a^ (12.2-1) 


Here a is the polarizability of the object. The energy of the induced 
dipole in the electric field & is 


( P = ~ 



(12.2—2a) 


In general the polarizability is a tensor o; that is, the induced dipole 
moment does not necessarily lie in the direction of the applied electric field. 
Then p. (lnd) = (a • %) and the energy of the induced dipole in the electric 
field ^ is 

<p = -}(?.«• $) (12.2—2b) 


The meaning of polarizability may be illustrated by a simple example. 
Consider a conducting sphere of radius R placed in a homogeneous 
electric field of strength g* in the z-direction. The electrostatic potential 
outside of the sphere is 2 

= (12.2-3) 


2 L. Page. Introduction to Theoretical Physics , Van Nostrand (1935), p. 398. 
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[Eq. 12.2-6] 


THE 3> AND W FIELDS 


*— 

But this is the same electrostatic potential as if a point dipole of strength 
R 3 SP were located at the center of the sphere and its potential super¬ 
imposed on that of the external field. The polarizability of the conducting 

sphere is therefore 


— J?3 




For a conducting ellipsoid the polarizability is a tensor with principal 
axes coinciding with the principal axes of the ellipsoid. 

The polarization of matter due to the influence of an external electric 
field is due to two effects: (i) the polarizability of the individual molecules, 
and (ii) the partial orientation of permanent dipole moments of the 
molecules. The average dipole moment per unit volume due to these 
two effects is known as the polarization and is designated by the symbol <7*. 


b. The S> and g 7 fields 

The electric field in a vacuum is due entirely to the presence of macro¬ 
scopic charged bodies. If a dielectric (that is, an insulator) is placed in 
this field, the field within the dielectric is made up of the impressed field 
due to the macroscopic charged bodies and the field due to the polariza¬ 
tion of each of the molecules and the permanent moments of each of the 
molecules of the dielectric. It is, however, rarely of interest to consider 
the field from such a detailed point of view. Instead we approach the 
problem from a statistical standpoint. 

This is accomplished by introducing two vector fields, ® and . 
The macroscopic charged bodies represent sources of the electric displace¬ 
ment vector, Thus the integral of S) over any closed surface is 
equal to 4tt times the enclosed charge: 

J {2> • dS ) = 4jt J pdr (12.2-5) 

The electric field, g 9 , measures the force on a macroscopic charged 
body within the dielectric. Since this field is a conservative field*, the 
net work done in carrying a test charge over a closed path is zero. Thus 
the line integral about any closed curve is 


(12.2-6) 

These last two equations serve to define the vectors S> and g 9 and are 
used to obtain differential expression for the vector fields and the behavior 
of the fields at a boundary. 
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By the application of Green’s theorem to Eq. 12.2-5 and Stokes’ 
theorem to Eq. 12.2-6 we may obtain the following differential relations 
for the 3 and fields: 

(*•*)-- 




(12.2-7) 


( 12 . 2 - 8 ) 


These equations apply in the interior of a dielectric. 

At the boundary between two dielectrics 1 and 2 (or between a dielectric 
and a vacuum) there may be a surface density of real charges, p l,) . From 
the foregoing integral definitions it may be shown that at the boundary 
the electric displacement 3) and the electric field % satisfy the follow¬ 
ing conditions: 


(/I. {0 l2i — 0 (i) }) = 47Tp (,) 


(12.2-9) 


In x {2? l2t -P'"}) = 0 ( 12 . 2 - 10 ) 

where n is a unit vector normal to the surface and in the direction from 
1 to 2 . 

In order to determine the relation between 3) and $ we consider the 
following experiment. First let us set up an electric field between two 
parallel condenser plates which produce a parallel electric field in the 
z-dircction in a vacuum. The strength of this field can be called either 
3 or since in a vacuum the two are the same. Now let us replace 
the vacuum by an isotropic homogeneous dielectric medium. The 3> 
field remains the same, but the field changes due to the polarization 
of the medium. 

In the interior of the dielectric we remove a small element of volume of 
the matter having dimensions large compared to the distance between the 
molecules. We can then inquire as to the charges which would be required 
on the surfaces of the empty region to produce a force on a test charge in 
the cavity the same as the force which would exist if the test charge were 
embedded in the homogeneous medium. The dipole moment of these 
surface charges is equal to the total dipole moment of the matter which 
was removed. 

For convenience we choose as the cavity a cylinder with ends parallel to 
the condenser plates. The radius, r, of the cylinder is taken large com¬ 
pared to the height so that the edge effects may be neglected. Let us 
consider the pair of end surfaces normal to the z-direction. From 
Eq. 12.2-9 it follows that 

{&\ 0) - = 4V 4) 


( 12 . 2 - 11 ) 



[Eq. 12.2-161 . 


THE LOCAL FIELD, tfOoc) 
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[tq. . 

„ which p» is the charge density on a surface (which is equal and opposite 
n the two surfaces), and the superscripts o and i ind.cate positions outside 
andtside the cavity. Inasmuch as there is no matter inside the cavity, 

aim _jpto 


a in order that the force on a test charge inside the cavity be the same 
L that beforl the removal of the small cylinder, *»«« and Z- are both 
nal t0 <e the field strength before the formation of the cavity. Because 
of the choice of the shape of the cavity, the displacement vector is unaffected 
by the presence of the cavity and 


4 V’ = ~ &. 


(12.2-13) 


where 2!, is the value before the formation of the cavity. We conclude 
then that the matter removed from the cavity had a dipole moment with 
a component in the z-direction of 

(«V"y = ^ ~ &.) (12.2-14) 


The polarization 2 is defined as the total dipole moment per unit volume 
of matter. Accordingly, the z-component of the polarization & is 

2. = (12.2-15) 

477 

Then since the other components of jT*, QQ, and % are zero it follows 

that V = 2)-4tt& (12.2-16) 

It may be shown that this result applies to an anisotropic as well as an 
isotropic medium. 


c. The local field, g*** 

In the preceding discussion an expression was obtained for the $ field 
in terms of the @ field and the polarization It should be kept in 
mind that this % field is the field associated with the force on the macro¬ 
scopic test charge. Let us now inquire as to the field, ^ (loc> , which is 
experienced by one individual molecule. This field is made up of the 
sum of the 2) field due to the external charges and the field due to the 
polarization of all the other molecules (that is, excluding the particular 
molecule under consideration). Whereas the derivation of an expression 
for $ was obtained by macroscopic arguments, the development of an 
expression for ^ (l0C) requires a microscopic point of view. 

Let us consider a condenser with circular plates of radius /?, the upper 
and lower plates being located at and — L on the z-axis and parallel 
to the a^-plane. R is taken to be large compared with L so that the field 
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near the center of the cylindrical space between the condenser plates is 
essentially parallel to the z-axis. If there is a surface charge p {,) per unit 
area on the upper plate and an equivalent negative charge on the lower 
plate, the 0 field has only a z-component with magnitude 4np l,) . 

Now let there be placed between the condenser plates an isotropic 
dielectric containing n molecules per unit volume, each containing an 
ideal dipole of moment jjl. The total dipole moment |x <tol> of a molecule 
is the sum of the permanent dipole moment and the induced dipole 
moment The time average value of the total dipole moment 

p. <tot) is a vector in the z-direction, that is, in the direction of the impressed 
electric field. The polarization vector 0 is then n(i llol) . 

We now inquire as to the field, g ? ‘ ,oc > > experienced by a molecule 
located at the center of the cylindrical region. First, we note that the 
electric potential at this “central molecule*’ due to one dipole, (Z (tot >, 
located at a position r is 



(12.2-17) 


and the z-component of the electric field intensity associated with this 
potential is 



(12.2-18) 


The number density of molecules or dipoles in the vicinity of r is ng(r) t 
where g(r) is the radial distribution function, discussed in detail in § 4.9a. 
Therefore the total field intensity which the central molecule experiences 
due to all the dipoles is in the z-direction and has a magnitude given by 
the integral over the cylindrical region weighted according to the radial 
distribution function. To this must be added the 0 field to obtain the 
expression for g ,(,oc> : 


sryoo = & t + /I 



cyl 


(12.2-19) 


in which if, 1 is given by Eq. 12.2-18. This expression may also be 
written in terms of the derivative of the radial distribution function 
g\r) = cJg/dr : 

r 

£?' loc) =&, + njj gW, 1 ds dr 
cyl 0 


co 

= &. + "fg'(s) ft?, 1 dr 

0 Lf(«) 


ds (12.2-20) 
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nrder 0 f integration and obtain the second form of this 

T ° C ?onTt is necessary to assume that g'(r) is different from zero only for 
equation with y respect to the dimensions of the condenser. The 

volume^) is the volume bounded on the outside by the cylinder and on 

‘ h ThTi ntegrai* oven’rmay be shown to be independent of J and to have the 
value 3 r L 1 

‘-v." H + vF+r-J 

V<*> 

for (12.2-21) 




The condition that R be very large compared to L corresponds physically 
I the requirement of a uniform field in the ^direction. Substituting this 
result into Eq. 12.2-20 and integrating over j [use must be made of the 
fact that *(oo) = 1 and *(0) = 0], we obtain finally 

y doc) = ® - y * =^-y^ (12.2-22) 


This result may also be written in terms of : 

g»doc) = g 7 + (12.2-23) 

This expression is independent of the details of the radial distribution 
function, but it does depend on the fact that the distribution function 
„t r \ i s independent of angle. Thus the result would be somewhat different 
if the medium had local crystal structure. It is this field ^ ,,PC) which 
acts on an individual molecule and tends to polarize and align it in the 

direction of the field. 


d. The electric susceptibility in terms of the dielectric constant 
The polarization the average dipole moment jI (tol> , and the local 
electric field # ,(loc> may be related to one another by an equation of the 
same form as Eq. 12.2-1: 

&> = *JI (tol > = nx {e) £’ (,oc) (12.2-24) 

The quantity % {t) is called the electric susceptibility per molecule. (The 
susceptibility per mole is Nx {t) -) 11 is analogous to the polarizability in 
Eq. 12.2-1. Indeed, if the molecules have no permanent dipoles, x ie) 
is identical with a. On the other hand, when the molecules have per¬ 
manent dipoles, x le) contains another term which is temperature dependent. 
This term is due to the alignment of the dipoles by the field. 

3 G. Jaffe, J . Chem. Phys., 8, 879 (1940). 
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The electric susceptibility may be related to the dielectric constant 
defined by: 

= (12.2-25) 

The dielectric constant is readily determined by experiment. In a non¬ 
isotropic medium e is a tensor since the ® and 7? fields are not in the 
same direction. In terms of c', Eqs. 12.2-16 and 23 may be rewritten as 

i? =T(*'-1)^ (12.2-26) 


W 0 "* = !(*' + 2) 2* (12.2-27) 


From these relations and the defining equation for the susceptibility 


per molecule, 



(12.2-28) 


Or, in terms of the density of the material, p, the molecular weight, 
M , and Avogadro’s number, N: 



3 m / v- 1 \ 

477 Np \€ + 2 / 


(12.2-29) 


This is known as the Clausius-Mosotti relation. 4 It can be shown that, 
except at high densities or high field intensities, the susceptibility of a 
mixture is additive: 

X { " = lAtf 1 (»2.2-30) 

in which r, is the mole fraction of component / and is the susceptibility 
of the pure ith component. 

The Clausius-Mosotti relation can be used to measure the susceptibility 
X le) and to predict the density dependence of the dielectric constant c'. 
In the next subsection it is shown that x le) is a function of the temperature 


4 The corrections to the Clausius-Mosotti relation for high density or high field 
strength arc discussed by F. Booth, J. Chem. Phys ., 19, 391 (1951); L. Onsager, 
J. Am. Chem. Soc., 58. 1486 (1936); J. Kirkwood, J. Chem. Phys., 7, 911 (1936); H. 
Frolich, Theory of Dielectrics , Oxford University Press (1949), Ch. II; A. Anselm, 
J. Exp. Phys., Acad. Sci. USSR, 14, 364 (1945). Booth showed that at high field 
strengths: 

c' = tf + fynnitj* + 2)/i/*lL(/?(q* + 2)p*lkT) 

where rj is the optical refractive index, /< is the dipole moment of the molecule, L(x) 
is the Langevin function discussed later in § 12.2, and y and /? are numerical constants 
which have been evaluated by two different ^nethods. Onsager found that y = \ 
and p = J. Kirkwood obtained y = (28/3^73) and 0 = (V73/6). As will be seen 
in Ch. 13, the quadrupole forces are exceedingly important in the interaction of two 
water molecules. Thus for water some modification of Booth’s relation is required. 
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(Eq. 12.2-321 

. mrametrically on two properties of the molecules: polariza- 
and depends l t di pole moment. Variations of ■/“' with dens.ty can 

be'used an indicatio^ of changes in molecular structure such as the 

formation of dimers. 

£ The electric susceptibility in terms of the molecular properties _ ^ 

, c 19 7-24 the elefctric susceptibility is defined in terms ol p. 
?l‘k) We now discuss the explicit evaluation of which is 

f" d overage permanent plus induced dipole moment of a molecule in 
a 3 which is placed in an electric field. This quantity can be 
written in terms of the polarizability and the permanent dipole moment 
Tf the molecules, with the result that the electric susceptib.l.ty may be 
„ pressed in terms of the molecular properties. 

As an example of a dielectric let us consider an ideal polyatomic gas. 
in 8 2 3d it is Shown that the energy in such a system is partitioned 
Lone the molecules according to a Boltzmann distribution. The average 
value of any molecular property may accordingly be written as an average 
Tver a Boltzmann distribution of energy states. The molecular property 
„f interest here is the dipole moment, which depends of course on the 
auantum state of the molecules. If we designate by |i , j ol> the quantum 
mechanical average of the total (permanent plus induced) dipole moment 
of a molecule in theyth quantum state, then: 

‘-> e 

Here the index j stands for the entire set of quantum numbers needed to 
describe the state of a molecule, and t, is the energy associated with that 

*'This expression for PL" 0 " may be simplified by making a few assumptions 
which are usually valid: (i) all molecules are in their ground electronic 
states, (ii) the rotational energy is independent of the vibrational quantum 
number, (iii) the dipole moment hT" is independent of the vibrational 
quantum number, and (iv) the separation between rotational energy levels 
is small compared with kT so that the rotational motion may be con¬ 
sidered classically. When these assumptions are made, Eq. 12.2-31 may 
be shown to simplify to the classical average: 5 

H J e-«n»r dR v 

Here R represents the Euler angles 6 which specify the orientation of a 

8 G. S. Rushbrooke, Introduction to Statistical Mechanics , Oxford University Press 
(1949). p. 155. 

8 The Eulerian angles are defined in Appendix 12B. 
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molecule, <p(R) is the potential energy of the molecule in a particular 
orientation, and dR = sin 0 dO dcf> dip. Thus the average dipole moment 
is just the average value of p. (tol > over all orientations, with the Boltzmann 
factor exp (—tp/kT) as a weighting factor. 

To evaluate expressions for ji ,lol > and <p as functions of the 

angles must be inserted into the integrals in the preceding equation. 
Let the impressed electric field, g 9 , be in the z-direction of the space- 
fixed coordinates. For an isotropic substance g ,(loc) is in the same 
direction as g 7 . Then the total dipole moment and the potential of a 
molecule in a field f lloe) are given by the expressions: 

jujf 00 = n sin 0 cos <f> 

H sin 0 sin 4 (12.2-33) 

/4 W,) = n cos 0 + 

f — —/iS?" 00 * cos 0 — Ja8’ <lfte|i (12.2-34) 

The integrals in Eq. 12.2-32 over the x - and y-components of p. (tol) are 
zero. Hence is in the z-direction with the magnitude 

w 

j Im cos “* "i kT sin 6 dO 

ft*** = ag’ (loc) + --- 

| txttlkT sin Q JQ 

0 

= + pL(p&"”'lkT) (12.2-35) 

in which L{x) is the Langcvin function: 7 

+* 

J (e* df 

L(x) = -= cothx —“ — 5 * “ ^5 ** + ' (12.2-36) 

J xe* d£ 

-x 

Let us now consider two limiting cases of this equation. For strong 
electric fields or low temperatures (where x = fi$f {]0C) lkT is large and 
L(x) approaches unity), approaches the value 

/I 11011 = a£f (,oc) -f p (12.2-37) 

7 At low temperatures the Langevin function should be replaced by the Brillouin 
function to take into account the discrete nature of the rotational energy states. See 
J. H. Van Vlcck, Electric and Magnetic Susceptibilities, Oxford University Press (1932), 
pp. 31 and 257. 
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to “saturation,** that is, perfect alignment of all the 
Th> s electric fields or high temperatures is g.ven 

molecules. 

by the expansion j ^ 

= + + ‘" (122_3 ) 
Here the Maclaurin type expansion of the Langevin function has been used. 



Fie 12 2-1 Experimental curves showing the temperature dependence of the 
elwtric susceptibility. The slopes of the curves give the permanent dipole 
moments of the molecules, and the intercepts on the z --ax.s give their 
polarizabilities. R. J. W. Le Fivrc, Dipole Moments, Methuen and Co., Ltd., 
P London, 2d Ed., 1948. 


Comparison of this last result with the definition of the electric sus¬ 
ceptibility shows that for sufficiently low field strengths or high 

temperatures: ^ 

* ,,, = * + £? (' 2 - 2 - 39 > 

This relation, together with the Clausius-Mosotti equation, enables us 
to find the permanent dipole moment and the polarizability of molecules 
from experimental measurements of the dielectric constant as a function 
of the temperature. A plot of the electric susceptibility against \/T for 
several substances is shown in Fig. 12.2-1. Straight lines are obtained as 
predicted by Eq. 12.2-39. The slope gives a measure of the dipole 
moment, and the intercept is the polarizability. A knowledge of these 
molecular quantities is of great importance in the study of the interaction 
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between pairs of polar molecules and between polar and non-polar 
molecules. This subject is given extensive treatment in the following 
chapter. 


3. Maxwell’s Equations of Electromagnetism 

The discussions of the previous sections of this chapter deal with the 
behavior of stationary electric charges. In order to discuss the electro¬ 
dynamics of moving charges, it is necessary to introduce several new 
quantities to describe the flow of electric currents and the forces associated 
with moving charges. 

The strength of an electric current , /, is defined as the product of the 
charge per unit length <r, and its speed v: 

i=ov (12.3-1) 

Another quantity used is the current density , defined by 


i = py 


(12.3-2) 


This quantity is the flux of charge, that is, the charge which passes through 
a unit cross-section in a unit time. It satisfies the equation 


dp 

dt 



(12.3-3) 


which describes the conservation of charge. 

In § 12.1 it was shown how the force on a stationary charge could be 
described in terms of the electric field, W . There are additional forces 
on charged particles in motion, and it is convenient to introduce the 
concept of a field in order to describe them. The magnetic field cq at a 
point is defined in terms of the force F which acts on a charge e moving 
with a velocity v by the equation: 


F = e? x SB\ 02.3-4) 


Here c is the velocity of propagation of light in a vacuum. 

Many experiments dealing with the electric and magnetic fields have 
led to a set of differential equations—Maxwell's equations—which deter¬ 
mine the nature of the & and 58 fields due to sets of charges moving 
in a vacuum. These equations summarize the experimental results and 
now form the postulational basis of the theory of electrodynamics. No 
real “derivation” of these equations is possible, any more than one may 
derive the fundamental postulates of quantum mechanics. Accordingly, 
we begin this section by listing the four Maxwell equations and then pro¬ 
ceed to indicate the origin of some of the terms appearing in them. 
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[Eq. 

Maxwell’s equations may be derived the Coulombic law of rnter- 
acdmi which forms the basis for the discussion given in the previous 

tw0 sections. ^ shQwn that jn a materia| medium we must cons i d er two 

. " V and 0 which may be related to one another by means of the 
f ric constant or the electric susceptibility Z '°. The analogous 
d ' e , L for the magnetic field are the SB and ST fields, which are 
q “ a "‘d t0 one another by means of the magnetic permeability y or the 

pnetic susceptibility We conclude ,his section with the set of 

Maxwell’s equations written for a material medium. 


a. Maxwell’s equations in a vacuum 

The following four differential equations describe the behavior of the 


electric and magnetic fields in a vacuum: 


(£■') 

= 4 TTp 

(12.3-5) 

(£•*) 

1 =0 

(12.3-6) 

[s » r] 

1 d& 
c dr 

(12.3-7) 

£ x *] 


(12.3-8) 


These equations along with the boundary conditions serve to define 
uniquely the $ and & fields. 

The first two of these equations describe the “sources” of the fields. 
The relation between the divergence of g 9 and the electric charge density 
is Coulomb’s law used in § 12.1. It has been shown experimentally 
that the magnetic field, J0, satisfies the analogous relation given by Eq. 
12.3-6. This relation may be interpreted as the statement that isolated 
magnetic poles (charges) do not exist. 

The third relation given above is due to Faraday, who showed that a 
change in a magnetic field produces an electric field. It is this principle 
which is used in motors and generators. 

The fourth relation comes originally from Ampere’s law. If a current 
of strength i passes through a circular loop of wire of radius R , there is 
produced at the center, normal to the plane of the loop, a magnetic field 
of strength 

(12.3-9) 


& = 2t ri/cR 
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Ampere interpreted this and the results of the study of the general pattern 
of & as implying that each element, ds , of the wire in the loop contributes 
a quantity 


dJ8 = i[rXds] 


(12.3-10) 


to the total magnetic field. Here r is the vector from the element of 
length ds to the field point. From this relation may be derived Ampere’s 
law: 



(12.3-11) 


which describes the magnetic fields due to steady currents. 

Maxwell showed by the following arguments that, in the general case, 
this expression is inconsistent with the equation describing the con¬ 
servation of charge (Eq. 12.3-3). Taking the divergence of both sides of 
Eq. 12.3-11, we obtain 

(s'[»**])-*(£■') < I2J - 12 » 


Inasmuch as the divergence of the curl of any vector is zero, it follows 
from this result and Eq. 12.3-3 that ( dp/dt ) = 0. This is true for steady- 
state conditions, but not in general. Hence Maxwell revised Ampere’s 
law by adding a term called the “displacement current” (1/c) (df/dt) 
so that Eq. 12.3-11 is replaced by Eq. 12.3-8. 

That Eq. 12.3-8 is consistent with the conservation of charge may be 
seen in the following manner. Taking the divergence of the equation, 
we obtain 



This result may be combined with the time derivative of Eq. 12.3-5: 



(12.3-14) 


to give the equation for the conservation of charge. Maxwell’s equation 

a 

for — X containing the displacement current has been well 
or 

substantiated by direct observation of the magnetic fields produced by 
moving charges. The displacement currents are particularly important 
in problems dealing with high-frequency alternating currents. 
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The scalar and vector potentials; magnetic multipoles 

"■, ., : t ;$ pointed out that it is convenient to introduce the concept 
i Jtrostotic potential, which is related to the electric field intensity. 
° f the ip« pnuations may be simplified by the introduction of two poten- 
M f t sMlar potential^ and"the vector potential ^. Since J9 is a 
Ua !nr with zero divergence it may be expressed as the curl of another 
vKtor. Hence the vector potential is defined so that 


SB 




(12.3-15) 


It can be shown that in the general case W may be related to S* and 
the scalar potential by 

--Vsf (12.3-16) 


Obviously the definitions of & and T are not unique. The former 
can be changed by the addition of a gradient of a scalar function 
without changing the value of SB. Then if a corresponding change is 
made in the value of is also unaffected. It is convenient to remove 
most of the’ambiguity in the & and ’T by requiring that they satisfy 

the relation 

+ =0 (12.3-17) 

c dt \dr / 


Then direct substitution of these expressions into Maxwell’s equations 
gives 

I'.i.i.') & _! — & = - — py (12.3-18) 
Ur dr) * c‘ 9/‘ c p 

= (12.3-19) 

\0r dr 1 c 2 dt 2 


The solutions of the equations for S& and 2^ may be expressed in 
the form 

^'-'•>“ 1 (^ 1 .-?*' ,i2 ' 3 - 2o) 

^('='o> = f (t^), , '‘* dr ‘ ( 12 - 3 " 21 > 

j \ r ia / —7 

The integration is over the entire charge distribution; r i is the location of 
the ith charge, and r ia is the vector to the ith charge from the field point. 
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Notice here the “retardation effects,” that is the quantities which deter¬ 
mine the potentials at time / = t 0 are the positions and velocities of the 
particles at time t = t 0 — rjc. 

Because of the similarity in the expressions for s/ and ^ the two 
quantities may be handled in much the same manner. 1 Let us first 
consider the vector potential at some distance from a set of moving 
charges. This potential may be expanded in a manner similar to that 
used in § 12.1, thus: 


-&(< = to) = 



e i y t( r i ' r) 

cr* 




(12.3-22) 


Here r, is the vector from the origin to the charge e it which is moving 
with a velocity v it and r is the vector from the origin to the field point. 
The electrostatic expression is 



(n , 'Q 

r 3 


+ <^ + 

2 r* 


(12.3-23) 


in which the expressions for the multipole moments are modified by the 
retardation effects: 

C = Ze, (12.3-24) 

|i = 2(e < r ( ) (12.3-25) 

^ e 

Q = 2W3 r,r t - r* U) 

* C 

= 30 - UEXe/fl _r s (12.3-26) 

^ e 

These quantities are the total charge, the dipole moment, and the 
quadrupole moment of the charge distribution. 

After considerable manipulations, which utilize the equation of con¬ 
servation of charge, Eq. 12.3-22 can be rewritten in the form 2 


J £lf , X r] _1_ 

cr dt + r 3 + let 3 




(12.3-27) 


1 Sf and are sometimes combined to form the four-potential, which is parti- 
cularly convenient for treating the interactions of radiation and matter relativistically. 
Sec Riemann-Webers Differentialgleichungen in der Physik, by P. Frank and R. von 
Mises, Vieweg. Braunschweig (1927), 7th Ed., Vol. II, Section IV (by A. Sommerfeld). 

* J. H. Van Vleck, Electric and Magnetic Susceptibility , Oxford University Press 
(1932), p. 10. 
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Here n> is the magnetic dipole moment of the set of charges and is 
defined by 

m = {*,[*■, X vj},(12.3-28) 

and a and 0 are the dipole and quadrupole moments of the dismbution 
just defined. In the expansion for * there are of course higher^magnetm 
multipoles analogous to the higher electric multipoles. Under steady 
sU t conditions the first and third terms in Eq. >2.3-27 are zero and the 
series for & becomes similar to that for the electrostatic potential. 

The magnetic field due to a group of charges is given by'the.curl o 
the vector^potential in Eq. 12.3-27. According to Eq. 12.3-27, the three 
most predominant contributions to the & field are: (i) the magnetic 
field due to an oscillating electric dipole, (ii) the field due to the magnetic 
dipole, and (iii) the field due to an oscillating electric quadrupole. wnen 
currents are steady, the retardation effect is zero. Then the time derivatives 
of the electric moments are zero, and the expression for reduces to 


(m 


— r — ™ (steady current ) (12.3-29) 


The magnetic moment corresponding to this expression is a special case 
of Eq. 12.3-28. If the field is produced by the steady flow of a current 
of magnitude i, then 



(steady current) 


(12.3-30) 


is the magnetic dipole moment. 

Inasmuch as the angular momentum, L, of a particle is m[r X v), the 
magnetic moment of the particle, as given by Eq. 12.3-28, may be ex- 
pressed (neglecting retardation) in the form 

m=f |rx v] = r— L (12.3-31) 

2c 1 2mc 

The proportionality of m and L is useful in relating the magnetic moment 
to the dynamics of a molecule. 


c. The magnetization of matter 

Because of the polarization of matter (discussed in § 12.2) and the 
analogous effect—the magnetization of matter—the electric and magnetic 
fields in matter do not satisfy the Maxwell equations for a vacuum. The 
molecules in a substance consist of moving charged particles which 
interact with the impressed electric and magnetic fields. The forces 
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exerted on the molecules by the impressed fields tend to orient and distort 
the molecules, and, because of the motion of the charged particles, the 
molecules produce additional electric and magnetic fields, which add to 
the external impressed fields. 

Let us consider a magnetic field in a vacuum due to a permanent magnet 
or a current in a loop of wire. It is possible to measure the force on a 
moving charge or a small test circuit (small loop of wire carrying a current). 
It is observed that the force changes if the space is filled with matter 
and that the force depends upon the nature of the medium. This experi¬ 
ment is analogous to the electrostatic case in which it is observed that the 
force on a charge between condenser plates depends upon the nature of 
the dielectric. The magnetic field causes the medium itself to produce 
an additional field which adds to the field due to the external sources. 

Let us designate the contribution to the total magnetic field due to the 
external permanent magnets and currents by in analogy with &). 
The force exerted on a test circuit is determined by a field which is the 
sum of and the field due to the magnetization of matter. This 
magnetic field which determines the force on a macroscopic body is defined 
to be the & field (in analogy with %). A quantity known as the 
magnetization may be defined by 


-4* iJt = & - SB (12.3-32) 

The magnetization is shown in § 12.4a to be the magnetic moment per 
unit volume. This corresponds to the definition of the polarization &: 

+® - W (12.3-33) 

The negative sign is somewhat surprising, but as described in the next 
section, it is important for the physical interpretation of the quantities 
and 

We may also define a quantity, the permeability p\ by 

SB = p& (12.3-34) 

This is analogous to the definition of the dielectric constant which is 
defined as 

& = e'W (12.3-35) 

Both p and e are really tensor quantities, but in an isotropic medium 
they may be considered scalar quantities. They are closely related to the 
quantities and and are properties of the material medium. Both 
p and e are unity in a vacuum. 
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T , . su biects of magnetization of matter and magnetic susceptibilities 
Hiscussed at considerable length in the next section. The primary 
reason for introducing the J*' and fields at this point is so that we 
[nay write Maxwell’s equations for a material medium. 


d Maxwell’s equations for a material medium 

Maxwell’s equations described earlier in this section apply only to the 
fi ids in a vacuum. It may be shown by the methods discussed below that 
|he fields in a material medium satisfy a similar set of equations: 



= 47 Tp 


(12.3-36) 

(l-*) 

= 0 


(12.3-37) 

lh**} 

1 

c 

dt 

(12.3-38) 


1 

= + - 
c 


(12.3-39) 


These equations, along with Eqs. 12.3-34 and 35 serve to specify the 
four vectors 2> % W, ST, and j# uniquely if, in addition, it is required 
that (' and // be independent of space and time, except at the boundaries 
between dielectrics. 

We may now introduce the scalar and vector potentials defined by 
Eqs. 12.3-15 and 16. If and 3^ are related by the equation 

^F,r + (r r -*)=° 


then direct substitution into Maxwell’s equations for a material medium 
yields the following equations for the potentials: 



s* - 


dt 2 


/» 


/ / 

n € 


c 2 dt 2 


4 77 

-_ P v 

—4np 


(12.3-41) 

(12.3-42) 


From the Maxwell equations the following relation may be developed 
for the conservation of electromagnetic energy: 

I'-'-(iH = 


(12.3-43) 
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Here / is the energy density of the electromagnetic field and S is the 
Poynting vector or flux of electromagnetic energy , defined by 


/=j^{CJ8 -ST)+ -W)) (12.3-44) 

S = [W X ST] (12.3-45) 


The term (/>v • #*) represents the work which the field does on the 
charges in a unit volume in a unit time. Equation 12.3-43 leads to the 
notion of electromagnetic momentum and radiation pressure. 

In regions of space free from macroscopic charges and currents, 
Maxwell’s equations can be rearranged into the form of the wave equations: 


\0r 0r/* c* dt 2 
\0r dr) c 2 Bt 2 


(12.3-46) 

(12.3-47) 


This form of the equations leads directly to the properties of electro¬ 
magnetic waves. Since the index of refraction, rj t is defined as the ratio 
of the velocity of light in a vacuum to the velocity of light in a medium, 
it follows directly from these two equations that 

rj = (12.3-48) 

Usually p! is very nearly unity so that r\ is approximately equal to V 
The intensity of an electromagnetic wave is usually defined as the absolute 
value of the time average of the Poynting vector. 

In order to study the behavior of the electric and magnetic fields in a 
material medium, it is possible to employ two approaches. In the 
microscopic approach , the Maxwell equations written for a vacuum are 
used, and the various charges making up the medium are considered 
individually. The polarization and magnetization of the matter are 
accounted for microscopically. If we knew the positions and velocities 
of all the elementary charges within a medium, this approach would 
yield the complete detailed structure of the electric and magnetic fields. 
Such fields would be rapidly fluctuating in space and time and would be of 
little value in most applications. In the macroscopic approach , on the 
other hand, the Maxwell equations written for a material medium are 
used, and the polarization and magnetization of the matter is taken into 
account on a bulk basis by means of the quantities p and e. When such 
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a „ approach is used, we take into 

and currents, and the resulting riwf Solutions which are 

Let us now consider the relation rpretation of the quantities 

°“ The solution to the - « 

be written in terms of the scalar and .ectorpo.enna^ ^^ ^ 

T:S T“WSS31S *L ,V SS° X 

Medium It is shown that ^ is the total electric dipole moment of he 

sssssr%, 

analogous to that used in § 12.2 in discussing the corresponding electro 
static problem. These results are a justification of the Maxwell equation 

for a material medium. 


4. Magnetization of Matter and the Magnetic Susceptibility 

In this section we consider the magnetic analogy of the discussion given 
in S 12.2 for electrostatics. We first discuss the behavior of the yT and 
•A fields at the boundary between two substances and show how these 
fields are related to the magnetization vector,^. We then discuss the 
local field which is experienced by a single molecule in a medium. 

Finally a discussion of the magnetic susceptibility is given. 

The magnetic susceptibility is useful in determining the magnetic 
moments of the individual molecules. These moments provide a key to 
the structure of the molecules. When the substance is paramagnetic, 
indicating that the molecules possess permanent magnetic moments, 
magnetic dipole-dipole forces may play an important role in the inter- 
molecular forces. 

a. The and fields 

The differential relations for the and J# fields are the Maxwell 
equations for a material medium (Eqs. 12.3-37, 39). Under steady-state 

a J. H. Van Vleck, The Theory of Electric and Magnetic Susceptibilities, Oxford 
University Press (1932), p. 10. 
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conditions, the “displacement current” may be neglected and the relations 
assume the form 

( h ’ a ) =0 

[fr XJl '\ = 7 J 02.4-2) 

These relations apply in the interior of a material medium. 

By the application of Green’s theorenf to the first of these relations and 
Stokes’ theorem to the second, the following integral expressions may be 
obtained: 

j(j0-dS) = 0 (12.4-3) 

§(ST • ds) = tzj(J -dS)=ji (12.4-4) 

in which i is the total current passing through a surface bounded by the 
contour over which the line integral is taken. At the boundary between 
two media 1 and 2 (or between a material medium and a vacuum), there 
may be a surface density of current (or current per unit length normal to 
the flow) j {,) . From the above integral expressions, it may be shown that 
at the boundary between the media, the following conditions are satisfied 
by the vectors and y ?: 

(n • {J8 (2) — J0 lli }) = 0 (12.4-5) 

(n x - J*'"'}) = y /'*’ (12.4-6) 

where n is a unit vector normal to the surface in the direction of 1 to 2. 
These equations are analogous to Eqs. 12.2-9, 10. 

In order to obtain the relation between the and fields and the 
magnetization, let us consider a simple experiment somewhat similar 
to that described in § 12.2b. Let us consider a long cylinder of dielectric 
surrounded by a coil of wire carrying a current (or more ideally, with a 
surface current on the outside surface). For simplicity let us consider an 
isotropic medium so that the yf and j# fields are parallel. Let us 
remove the material within a region of space bounded by a cylinder of 
length L and radius R within the dielectric with its axis parallel to the 
field. It is assumed that the dimensions of this cylinder are large compared 
to the molecular dimensions. The geometry is shown in Fig. 12.4-1. 
Then we inquire as to that nature of the surface currents which must be 
introduced in order that the force on a macroscopic test loop of current 
inside the cavity should be the same as before the material was removed. 
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The magnetic dipole moment of these currents is then the same as that of 
the*removed material. The expressions given in Eqs. 12.4-5 and 6 may 
be applied to the cavity to obtain the relations: 

^*(*» — £8™ = 0 {end of cylinder) (12.4-7) 

__ = — j l§} {sides of cylinder) (12.4-8) 


in which the superscripts / and o designate 
the quantities inside and outside the surface 
of the cavity, and j {,) represents the magnitude 
of a surface current circulating around the 
cylinder in the direction indicated in Fig. 
12.4-1. 

Since it is assumed that the force on a 
moving macroscopic charge inside the cylind¬ 
rical cavity is the same as before the formation 
of the cavity and since there is no matter 
inside the cavity, 

J8 U) = ST (i) = (12.4-9) 

where fB is the value before the formation 
of the cavity. Furthermore, because of the 
choice of the shape of the cavity, 

(12.4-10) 



Fig. 12.4-1. A cavity in a 
material medium. 


where is the value before the formation of the cavity. Hence it is 
necessary to introduce a surface current of magnitude 

IM = 0) (12.4-11) 

4 77 


Since the total current / around the surface is Lj w , according to JEq. 
12.3-30 the magnetic moment associated with this current has the 
magnitude 


m = 




(12.4-12) 


but in the direction opposite to that of the field. The magnetization 
vector y which is the magnetic moment per unit volume, is then obtained 
from the last two equations and is related to and by 

-477.# = yf - % (12.4-13) 


This expression is identical with Eq. 12.3-32 and indicates that the inter¬ 
pretation of given in the last section is correct. 
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b. The local field, J8 (loc > 

In the discussion just presented, a relation was found between the 
and fields and the magnetization . It should be kept in mind 
that the field there described is associated with the force on a macro¬ 
scopic test circuit. We now discuss the field which is experienced by an 
individual molecule. 1 We call this field _# (,oc >, by analogy with the 
corresponding electric field $P (loc) . 

In order to determine the magnetic field acting on a particular molecule, 
let us consider a long cylindrical coil of wire (of length L and radius R) 
carrying a current. The magnetic fields within the cylinder are parallel 
in the limit that L^> R. Within this cylinder let there be placed a material 
with molecules containing permanent magnetic dipoles of moment 
m. The total magnetic dipole moment of a molecule, m {iot \ is the sum 
of the permanent moment m and the induced moment /n“ nd) . The time 
average of the total magnetic dipole moment m (tot> is a vector in the z 
(or negative 2 ) direction, that is in the direction of the impressed field (or 
the opposite). The magnetization Jf is equal to 

The magnetic field on a molecule inside the coil is the sum of that due 
to the impressed field and that due to the magnetization of the material 
within the cylinder. Again let us consider the isotropic case so that the 
magnetization of the matter is parallel to the field. The situation is 
very similar to the problem discussed in § 12.2c in connection with the 
analogous electrical problem. We determine the field at the origin due 
to magnetic dipoles placed at the center of each of the molecules in the 
material. The result is an expression very similar to Eq. 12.2-19: 

^'' x> = Sff, + n f g(r) ir dr (12.4-14) 

Jcyl 


in which g(r) is the radial distribution function, n is the number density 
and c/C is the field at the origin due to one magnetic dipole, 



a / /n ,,o! > • r\ 

dz \ ? ; 


(12.4-15) 


The evaluation of this expression for ^ loc) may be performed in a manner 
similar to the evaluation of the corresponding integral for g , < loc) . 
However, after the analog of Eq. 12.2-21 is obtained, a different limiting 
value must be selected. In order to obtain a parallel magnetic field 
within a coil and to eliminate edge effects, it is necessary to take L^> R 


1 An alternative derivation and a good discussion of ^ ,loc, is given by J. Frenkel, 
Lehrbuch der Elektrodynamik , Julius Springer (1928), Vol. II, Section 4, p. 67. 
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(Eq. 12.4-21) 

(instead of L < R, as in the electrostatic case). This leads to a different 

reSU ' t: f 4*-,, 

JT, 1 dr =* + — m" 

Jk(-) 


(12.4-16) 


SO that the final expressions for Jg ,lnc) are 


&'«> = ^ nm' ,ot> = + j -// (12.4-17) 


jffdoc) = — - 




(12.4-18) 


The derivation of Eq. 12.4-17 is analogous to Eq. 12.2-22; and Eq. 
12 4-18 is analogous to Eq. 12.2-23. The origins of these two sets of 
equations are quite different because of the different boundary conditions 
that are applied in the two cases. Thus we come out with the surprising 
result that, as far as the local fields are concerned, j# and 3) would 
seem to play a corresponding role. Whereas from the standpoint of the 
physical significance of the fields, J# and V play corresponding roles. 

c. The magnetic susceptibility in terms of the magnetic permeability 

The magnetic susceptibility per molecule and the magnetic permeability 
are defined analogously to the electric susceptibility and the dielectric 
constant: 

SB {loc> (12.4-19) 


sb = y ys 


(12.4-20) 


In a non-isotropic medium SB and are not in the same direction, 
and then y and * <m) are tensors. If n is the number density of molecules 
in the medium, the relation between the magnetic susceptibility per 
molecule and the magnetic permeability is 

y (m) = — (12.4-21) 

A Ann \n + 2/ 


This is the magnetic analog to the Clausius-Mosotti equation. The 
susceptibility per mole is Nx im) - 

There is an important difference between electric and magnetic sus¬ 
ceptibility in that c 7 is always greater than unity (and x le) >s always positive) 
whereas / may be either greater or less than unity (and x im) ma y be 
positive or negative). Those substances for which /i' is less than unity 
are called diamagnetic. For such materials, y! is so close to unity that 
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-# (,oc> is very nearly equal to and the distinction scarcely needs to 
be made. In this case the susceptibility per molecule is given by 

X lm) “ 4mi ” *) {diamagnetic substances) (12.4-22) 


^The negative susceptibility of diamagnetic substances occurs since, 

' because of Larmor precession, a magnetic field induces a moment in the 
molecules in a direction opposite to that of the field. 

/ on the other hand, the molecules possess permanent magnetic 
dipole moments, the field tends to align the molecules in the direction of 
the field, so that x lm) is positive and p is greater than unity. This case is 
referred to as paramagnetism. 

The average magnetic dipole moment of the molecules and the magnetic 
susceptibility may be calculated in terms of molecular properties in much 
the same manner as that discussed in connection with the electrical case 
in § 12.2e. It is easily seen that in analogy with Eq. 12.2-35 the average 
magnetic dipole moment per molecule is in the z-direction and has the 
magnitude 

m (,ol > = m (lnd) + mL(m& {U *'lkT) (12.4-23) 

Here L(x) is the Langevin function. 2 If the molecules possess no 
permanent magnetic dipole moments, the second term is zero, and the 
average moment is simply the induced moment. This leads to the 
negative susceptibility of diamagnetic substances since the induced moment 
is negative, that is, in the direction opposite to that of the field. 

If the molecule possesses a permanent magnetic dipole, the first term is 
usually negligible, and the average moment depends essentially only on 
the alignment of the permanent dipoles. For small values of the 
argument, the Langevin function may be expanded and we obtain from 
Eq. 12.4-23 the result that for either a small field or a high temperature 


m 


(tot) 


m 


= _ ^0°O 
3 kT 


(12.4-24) 


nm- 


^= 3 it*** 


(12.4-25) 


Thus for low field strength or high temperature the susceptibility is 
proportional to 1/T, and the proportionality constant is a measure of the 
permanent magnetic dipole moment. Making use of the expression for 

* At low temperatures the Langevin function has to be replaced by the Brillouin 
function to take into account the discrete nature of the rotational energy states. See 
Van Vleck, Electric and Magnetic Susceptibilities, Oxford University Press (1932), p. 257. 
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(Eq. 12.4-29) 

*,.«> £q. 12.4-17 and Eq. 12.4-25, we find that 
' _ 3 6 

4 ttT-0 


(12.4-26) 


where 


477 nm 2 
0 = ~9 ~ 


(12.4-27) 


• Vnnwn as the Curie temperature. 

The Weiss theory 3 of ferromagnetism is based on Eq. 12.4-23. Above 
.he Curie temperature, 0, a substance whose molecules have permanent 
maenetic moments, is paramagnetic. Below the Curie temperature 
there is spontaneous magnetization, that is, the magnetization is not 
zero in the absence of a field. This condition is referred to as ferro¬ 
magnetism. If JT is zero, Eq. 12.4-23 can be written in the form: 

aTIO = IL(a) (12.4-28) 


where 


/30\ m (tol> 
* \77 m 


(12.4-29) 


But 3 L(a)/a decreases monotonically from unity when a is zero to zero 
when a is infinite. Therefore, when T < 0, there exists a value of a, and 
hence a value of m" 0,, , different from zero such that Eq. 12.4-28 is 
satisfied. However, when T > 6, the only solution to Eq. 12.4-28 is 
a = 0 (hence, m l '°" = 0) and therefore, there is no possibility of spon- 
taneous magnetization. 

Although this classical theory gives a qualitative description of ferro¬ 
magnetism, quantitative results depend upon the anomalous behavior of 
electron spins and their coupling. It is interesting to note that the 
existence of the Curie temperature depends on the sign of the term in 
Eq. 12.4-17 which is added to to obtain _# (loc) . The sign of the 
analogous term in the electric case is opposite, and hence no electrical 
analog of ferromagnetism exists. 


5. Classical Theory of Light Absorption and the Index of Refraction 

There are two types of long-range intermolecular forces: the electro¬ 
static forces (such as dipole-dipole forces) and the “dispersion” or London 
forces (such as the inverse seventh-power attractive forces between non¬ 
polar molecules). These dispersion forces are closely related to the 
emission and absorption of light by the molecules. In this and the 
following section, the classical and quantum theories of the polarizability 
and index of refraction are developed. The results are expressed in terms 

• E. C. Stoner, Magnetism, Methuen (1946), p. 70. 
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of “oscillator strengths,” f i9 and “characteristic frequencies,” v,. In 
§ 13.3 the dispersion forces are expressed in terms of these quantities. 
From a study of the index of refraction as a function of frequency, the 
f ( and v, can be determined. These quantities can, in turn, be used to 
predict forces between non-polar molecules. This section starts with a 
discussion of the electric and magnetic field produced by the Hertzian 
oscillator (or oscillating dipole), which represents an idealization of an 
antenna or source of light. We then discuss the motion of a charged 
particle in an electromagnetic field. These two topics provide the 
necessary background material for the classical and quantum mechanical 
treatments of the interaction of light and matter. 


a. The oscillating dipole (the Hertzian oscillator) 

Let us consider the radiation given off by a charge +e which oscillates 
in a vacuum about another (fixed) charge — e. Let the oscillation take 
place along a line, with amplitude A and frequency v = c/A. This 
“oscillating dipole” is the simplest example of an electromagnetic radiator 
and represents a radio antenna or source of light. The electromagnetic 
behavior of this system may be obtained by the solution of Eqs. 12.3-18, 
19. We do not discuss the solutions of these equations here, but discuss 
briefly the results for the two limiting cases r A and r A. 

It may be shown 1 that in the neighborhood of the oscillator (r A) 
the & field is the same as the static field resulting from a dipole of 
strength n = eA cos (2nct/X). The corresponding J Y field is the same 
as the static magnetic field produced by a current element 

/ = [eA cos (27rcr/A)] 
at 


Far away from the oscillator (r A) the components of the W and 
fields are 


7 re A . 2 it 

© o = — sin 0 cos — (r — ct) 


( if r = 0 £f, = 0 


(12.5-la) 


f i ^ sin 0 cos — (r — ct) 

\&? r = o ^r 9 = o 


(12.5-lb) 


1 See, for example, M. Abraham and R. Becker, Electricity and Magnetism , Blackie 
& Son, Ltd., London (1947), p. 223. G. Joos, Theoretical Physics, Hafner, New York 
(1934), p. 325. An excellent treatment of the electromagnetic theory of light and of 
optics is given by M. Bom, Optik, Edwards (1943). 
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(Eq. 12.5-4 J 

„ _ and all of the other components of % and 5V are 
In r“he ma?nedc field intensity is perpendicular to the electric field 
j,v and equal to it in magnitude. Furthermore, there is no com- 

' , nf SP or in the direction of the propagation of the radiation, 

P ° n< At sufficiently large distances away from a Hertzian oscillator, 
therefore V and & form a plane traveling electromagnetic wave. 

I. mav’be shown that the electromagnetic field at large distances from 
_ nv set of moving charges (with no net charge) may be represented as 
, y to a collection of Hertzian oscillators of different frequencies and 
oscillating in different directions. Therefore the electromagnetic radia¬ 
tion in field-free space consists of a set of superimposed waves of different 
fluencies traveling in different directions and with different polarizations. 
For each of these waves, the electric field W and the magnetic field W 

are equal in magnitude and normal to one another. 

The polarization of light is defined, by convention, in terms of the 
plane containing * and r. The light is plane polarized if this plane 
remains invariant. The light is elhpltcally polarized if 

sin — (z- cl) and 8% = ST* cos j (z - cl). Circular polarization is 

the special case of elliptic polarization such that 8”, = 8’ 2 . 

Later in this section and in several subsequent discussions, we 
describe the behavior of a molecule in an electromagnetic field. It is 
assumed that the wavelength of the light is large compared with the 
dimensions of the molecule and that the molecule is at a distance of many 
wavelengths from the source. Under these conditions, the electric intensity 
is, to a good approximation, uniform throughout the molecule. For light 
polarized in the x-direction and propagated in the z-direction, the only 
non-vanishing components of the vector fields are the x-component of 
g 9 and the y-component of 5 #. The fields acting in the molecular 
domain are, then, 

8% = Sf 0 sin 2nvt (12.5-2a) 

JT, = 8’o sin 2 ttW (12.5—2b) 

The energy density, /, of electromagnetic radiation is, according to 
Eq. 12.3-44, the mean value of 


/=-L{8’ 2 +«Sr 2 } 

OTT 

Since the mean value of or is 


(12.5-3) 


T 

lim £f 0 2 - j sin 2 cl/X) dt = J^ 0 2 
r—* co T J 


(12.5-4) 
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where 0 is the amplitude of the oscillations in the electric or magnetic 
field. Thus the averaged energy density is: 



(12.5-5) 


In this case the intensity of the electromagnetic wave or energy flux is cl. 


b. The equation of motion of charged particles 


Let us consider the molecules in a gas sufficiently dilute that the polariza¬ 
tion can be neglected so that # ,0oc) = g 7 = &) and _# (,oc) = (% = 

The charged particles, electrons and nuclei, within the molecule are acted 
on by external fields and by the forces due to other particles within the 
molecule. Let 9^, and be the scalar and vector potentials 
evaluated at the position of the ith particle. Let us assume further that 
the force on a charged particle due to the other particles in the molecule 
results solely from the electrostatic (coulombic) interactions. 2 Hence 
this force is given by the negative of the gradient of d>, the potential 
energy of the molecule. In terms of these quantities the force on the 
zth particle with charge e t in a molecule is 


p ‘ - - k ® - •• h ,. r ' - H i *>+H h K [s * A ] 

(12.5-6) 


Although this force field is not conservative, it is possible to construct 
a Lagrangian so that the equations of motion can be written in the form 
given in Eq. 1.4-4. This Lagrangian is 3 


L = J 2i mv * — t> — 2fi? r i + 2, (V, • (12.5-7) 

and leads to generalized momenta (Eq. 1.4-5) which differ from the 
usual quantities. For example, in Cartesian coordinates 

P. = m.v, + - c (12.5-8) 


From the Lagrangian, the Hamiltonian function may be formed according 
to Eq. 1.4-6. In Cartesian coordinates the function is 

H = 2,2 ^ (p, - - c + < » + (12-5-9) 


* The assumption of only coulombic interactions is equivalent to ignoring the small 
magnetic interactions between the electrons in the molecule due to their motions and 
spins. 

3 J. H. Van VIeck, Electric and Magnetic Susceptibilities , Oxford University Press 
(1932), pp. 19, et seq. 
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... . ran K e expressed in terms of % and instead of ^ 

The Ha n »ltomanca he ^ necessarily Cartesian) are defined 

and j .k, of SP and J*' and if both these vector fields are constant 
• nd hoth s'pace and time, it can be shown’ that the components of the 
dipole moments n and m in the direction of the applied fields are given by 

(12-5-10) 


31? 


iSff 


These relations are useful in determining the electric and magnetic 
moments of a molecule by calculating its energy in the presence of an 

'"‘use may t made of the results of the Hertzian oscillator discussion to 
introduce a simplifying assumption in the expression g.ven in Eq. 12.5-6 
or the force on a charged particle. It was shown that at a large distance 
from a Hertzian oscillator the electric and magnetic field strengths have 
the^ame magnitude. 1. follows from this and from Eq. 12.3-4 that the 
magnetic force is smaller than the electrical force in the ratio v/c. In an 
ktom or molecule the velocity of electrons in an atom or molecule is of 
the order of 1/137 times the velocity of light. Consequently, the effect 
of the 5V field can in such cases be neglected, and Eq. 12.5-6 may be 

replaced by , , 

*>*-**-'*?' (12 ' 5 - U) 
The examples we consider in this and the next section make use of this 
simplification. 


c. The index of refraction (Drude’s theory) 4 

A classical theory of the index of refraction of light was developed by 
Drude. This theory has been taken over into quantum mechanics with 
only minor changes, as discussed in the next section. The molecular 
model used in this theory is as follows. The molecule is regarded as a 
set of particles of charge e, and mass m,. Each of these particles is har¬ 
monically and istropically bound to its individual equilibrium position. 
The force constant for the ith particle is Ar„ its frequency of vibration is 
V( = ( \l2ir)Vk<lm„ and its displacement from the equilibrium position 
is Sr, = r, — r', 0 ’. The potential energy of the molecule is then 

<t> = j S MW- 

Let us now imagine that the molecule is placed in a beam of light (an 
alternating electromagnetic field) of frequency r 0 sufficiently low that 
the wavelength = c/v„ is large compared to the size of the molecule. 

1 P. K. L. Drude, The Theory of Optics, Longmans, Green, London (1933). 
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The external electric field is then essentially uniform throughout the 
molecule and has the intensity V = *f 0 cos 2ttv 0 /. The force on the 
/th particle in the molecule is then given by Eq. 12.5-11: 

F i = ~M r i + e& 0 cos 2nv 0 t (12.5-12) 

According to Newton’s second law the equation of motion of the ith 
particle is, then, 

d* c 

m * ^ 5r « + k i hr i = e i&o cos 2nv 0 t (12.5-13) 


After a sufficiently long time (so that the transients have decayed) the 
solution to this equation is independent of the initial conditions and is 5 


/ g, \ ¥o cos 2Try 
\4rr 2 niJ (v* - v 0 2 ) 


(12.5-14) 


This gives the displacement of the /th particle in a molecule due to a 
varying impressed electric field. 

From this last result may be obtained the induced electric dipole moment 
as a function of time: 


.(indi 


2 >, Sr, = cos 2*V • A L 


4 n 1 “ m,(v* - vf) < 12 ' 5 -' 5 ) 
Since the induced dipole moment is in the direction of the field, the 
polarizability, a, defined by Eq. 12.2-1, is a scalar equal to / 4 (,nd, /gf. 
Hence we obtain an expression for the polarizability of the molecule in 
terms of the properties of its constituent particles: 




€*' 


(12.5-16a) 


4* 2 ^ m,(v ( 2 - V) 

The polarizability is thus a function of the frequency, v 0 , of the incident 
radiation. The polarizability of a molecule in an electric field which does 
not vary with time is given by 


««» = 2^ 2 /KV) 


(12.5—16b) 

The expression for the polarizability is often written in terms of 
oscillator strengths ,/„ which are defined as 

e, 2 /Wi 


f = 


e 2 /m 


(12.5-17) 


in which e and m arc the charge and mass of an electron. The classical 
interpretation of the/values is the effective number of electrons oscillating 

s For a discussion of equations of this type. see. for example, G. Joos, Theoretical 
Physics, Hafner (1932). 
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[Eq. 12.6-1 J 

with a characteristic frequency. In terms of these quantities 

a(Vo) = 2 ‘ 


(12.5-18) 


' S Inh^molecules^have no permanent dipole moment, the polarizability is 
H,ntSl with the electric susceptibility. The dielectric constant corre- 
soonding to zero frequency may then be obtained from the Claus.us- 
Cotti equation, Eq. 12.2-28. thus: 

-i ^„ a(0) = J!£lvii 


(12.5-19) 


«' + 2 3 " 3*m " v ( * 

In connection with Eqs. 12.3-46 and 47 it was pointed out that the index 
of refraction, r,, » very nearly V*'. Thus, the index of refraction for 
light of frequency v 0 is given by 

~ 1 = — Y,- & - (12.5-20) 

7j l + 2 3 t ,m Z (v, 1 - v 0 J ) 

In many cases this simple expression reproduces the experimental dis- 
rsion curves quite well. As shown in the next section, the quantum 
mechanical derivation gives the same functional form for «(v 0 ), and r\. 
The "oscillator strengths" are found there to be certain matrix elements 
related to the dipole moments. 


6. Quantum Theory of Light Absorption and the Index of Refraction 

In this section we derive the quantum mechanical expressions for the 
polarizability and index of refraction. These expressions have the same 
general form as those derived in the previous section by classical arguments. 
We therefore obtain the quantum mechanical interpretation of the 
oscillator strengths in terms of the elements of the dipole moment matrix, 
and the characteristic frequencies in terms of the differences between pairs 
of energy levels in the molecule. The derivation is made in terms of the 
transition probabilities | a lt |* for the induced absorption or emission 
of light. On this account this section begins with a simplified discussion 
of the quantum mechanical theory of light absorption. 


a. Transition probabilities for a molecule in an electromagnetic field 

Let us consider a molecule for which the unperturbed quantum 
mechanical Hamiltonian operator is 3ff w . The corresponding unper¬ 
turbed time-dependent wave functions satisfy the Schrodinger equation: 

<°»F; 01 = £,T} 0) = - 


( 12 . 6 - 1 ) 
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where the E { are the energy levels. The wave function may be factored 
thus: 

VF = ( 12 . 6 - 2 ) 

where the y>[ 0) are the time-independent wave functions for the unperturbed 
molecule. 

We now consider the molecule in an electromagnetic radiation field of 
frequency v 0 = c/^, traveling in the z-direction and polarized in the 
xz-plane, that is, with the & field in the x-direction. As in the previous 
section, the wavelength of the radiation is considered to be large com¬ 
pared with molecular dimensions, so that the electromagnetic field may 
be considered constant over the molecule. Also, since the velocity of the 
electrons is small compared to the velocity of light, the effect of the 
magnetic intensity of the light beam may be neglected. Hence, with these 
assumptions, the only component of the electromagnetic field which has to 
be considered is & x = £f 0 sin 27rv 0 f, so that the total Hamiltonian 
operator for the molecule under the influence of the radiation is 

- (Sf 0 sin 2nv 0 t) 2, e,x, (12.6-3) 

in which e, and x, are the charge and x-coordinate of the ith particle in the 
molecule. 

The starting point for the quantum mechanical study of light absorption 
is then the Schrodinger equation written for the perturbed system: 

<0 » - <sr. sin 2*v) 2, **> (12.6-4) 

All quantities associated with the unperturbed molecule are designated 
by the superscript 0. The wave function for the perturbed system in a 
state / may be expanded in terms of the unperturbed wave functions: 

= 2 ‘oW'IT (12.6-5) 

j-o 

In general, the wave functions are complex, and an asterisk is used to 
indicate the complex conjugates. Substitution of this expression into 
the preceding equation, followed by multiplication by'FJJ** and integration 
over all space, gives the following differential equations for the expansion 
coefficients, a [m : 

7 d ~^T = -<^o sin 2 ”V) I *„(') (12.6-6) 

/ at o 

Here represents the integral: 

<A)-i = | dr" 


(12.6-7) 
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These integrals are the matrix elements of the ^-component of the d.pole 

""u's suppose that at t = 0 the molecule is in the state /, so that 
. = 1 and all other a lm (0) are zero. Whether the state / .s a h.gh 

a low energy state is not specified. We discuss the probability of 
transitions from this state to other states being brought about because of 
Z electromagnetic perturbations. Let us investigate the behavior of 
he a U) after a short time interval. During this short interval of time • 
he nrobability of a transition having taken place is small so that the 
values of a, u ««. • ■ • are all negligibly small compared with a,„ and 

the latter is still approximately unity. Then Eq. 12.6-6 becomes 


5 *£= = — (g’o sin 2rrv 0 0(|rJ m .e“ B ‘ Em) '"‘ 
i dl 

Direct integration of this equation gives 

1 r e HE l -Em + hp 0 )tlh_ j 

r*r /.. \ 

<*lm 


j r e HBi-Bm+ku)Uh _ | jKft-fc-Wl/*. 

2 /[ E,-E m + hv t E,-E m - hv, 

From this may be obtained the quantity | a lm | ! = 


] 


( 12 . 6 - 8 ) 


(12.6-9) 


1 = + 


gy i (mx, i« 


2 — 2 c.os [(£, — E m + hv 0 ) t/h] 


+ 


(Ei -E m + hv 0 ) J 
2 — 2 cos[(E, — E„ — hv 0 ) t/h] 

(E,~ E m - /iv 0 ) s 

2-f2cos47rv 0 r—2cos[(E,— E m 4-^»’o^ 

— 2 cos [(E|—£ m —/»v 0 ) t/h] 
(E| — E m ) 2 — (hv 0 ) 2 

( 12 . 6 - 10 ) 

This is the transition probability that the molecules go from state / to 
state m during a short time t under the influence of polarized light of 
frequency v 0 . 


b. Induced absorption and emission of light 
Let us suppose that | E, — £ m | is approximately equal to hv 0 . Then 
the problem is one of resonance absorption or emission of light. If 
£, < £ m , the transition leads to the absorption of light by the molecule; 
if Ei > £ m , then additional light of frequency v 0 is emitted by the molecule. 
Equation 12.6-10 was derived on the basis that the light falling on the 
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molecule is monochromatic. In actual practice this is never true and for 
the present purposes we assume that the frequency covers a narrow band 
ranging from v x to v 2 including the value j £, — £ m \/h. In this case, 
we replace 0 2 in Eq. 12.6-10 by 87 tI where / is the energy density of the 
radiation per unit frequency interval. Then the transition probability 
a\m is obtained by integrating Eq. 12.6-10 from v x to v 2 , so that, neglecting 
the small terms: 


I- - /'I r * - 4.7 1 w., |.f ‘ - - 1- - *! - ) r w<l * 

? «!«> 


«r,) 


( 12 . 6 - 11 ) 


in which the integration variable £ = (| £ m - £, | - hv)t/h has been used. 
If now the frequency band is wide compared to the natural width of the 
emission line, 1 there is little error in replacing £(v,) by —00 and £(v 2 ) 
by -f co. Integration then gives 2 

I | 2 = -^r 100-11 2 (12.6-12) 


Thus the transition probability is proportional to the intensity of the 
light at the frequency | £, — E m |//i, to the square of the matrix com¬ 
ponent of the dipole moment, and to the time. In Appendix 12.C the 
values of these matrix components are given for many transitions of the 
hydrogen atom and for the excitation of other atoms from their ground 
(j-state) to the lowest £-state. For hydrogen it is seen that all the 
components of the dipole moment matrix vanish unless the azimuthal 
quantum number changes by ±1 and the magnetic quantum number 
changes by 1, 0, or —1. 

According to Eq. 12.6-12, transitions cannot occur when the matrix 
components for the dipole moment vanish. In actual practice such 
forbidden transitions do occur, but the intensity of such spectral lines is 


1 This emission line is never perfectly sharp. If the molecule is in a vacuum, there 
is a natural line width due to the reaction force of the emitted radiation on the emitting 
electron. At ordinary gas pressures the width of the line is due to the pressure broad¬ 
ening or the fact that the energy levels of the molecules are slightly shifted owing to 
van der Waals’ interactions with other molecules. (See § 13.7.) 

* This relation has been derived on the assumption that the light is polarized. In 
the case of isotropic radiation, the result may be shown to be 


u 2 it It * , 


where 


#«-. I’Hoo-1* + + |o*o-. I’ 
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k.r by a factor of 100 to 1000 than that of lines corresponding to 
Zi 0W ed transitions. Metastable states are those from which the usual 
selection rules prohibit a transition to a lower energy state. Forbidden 
transitions are important in low-pressure systems where forbidden 
transitions with the emission of light occur more frequently than by con¬ 
version of electronic into translational energy in collisional processes. 
For example, the light in the night sky is largely made up of radiation 
resulting from such forbidden transitions. 3 

Another example of forbidden transitions is furnished by the infrared 
spectra of diatomic molecules. In elementary discussions it is generally 
stated that gases containing homonuclear, diatomic molecules can exhibit 
no rotational or vibrational spectra, because the molecules do not possess 
permanent dipole moments for any value of the internuclear separation. 
This rule arises from the vanishing of the quantum mechanical matrix 
elements of the dipole moment, and Eq. 12.6-12. These matrix elements 
are calculated by using the wave functions of an unperturbed molecule as 
described in Eq. 12.6-7. Small amounts of absorption in homonuclear 
diatomic gases, due to rotational and vibrational transitions, can never¬ 
theless occur by means of other mechanisms: 

(i) Isotope Effect. In ordinary gases there is always present in small 
amounts isotopes, such as HD or O l6 0 18 , which are not strictly homopolar. 

(ii) Electric Quadrupole Effect. If the electric quadruple moment of 
the free molecule changes with internuclear distance, a small amount of 
absorption takes place. This term is not present in Eq. 12.6-7, since it 
was assumed that the field was uniform over the molecule. This term 
depends on the first derivative of the field. 

(iii) Magnetic Dipole Effect. If the free molecule possesses a magnetic 
dipole which changes with internuclear distance additional absorption 
may result. This term is lost by the neglect of the magnetic field terms 
in the perturbed Hamiltonian and the neglect of the variation of the 
field across the molecule. 

(iv) Electrical Distortion Effect . 4 If the molecules are subjected to a 
homogeneous external field, the molecules are distorted and dipole moments 
are induced in the molecules so that absorption is possible. 

(v) Pressure Induced Effect . 5 In compressed gases and liquids the 
molecular distortions during collisions make absorption possible. 

* E. U. Condon and G. Shortley, Atomic Spectra, Cambridge University Press (1935), 

p. 282. 

* E. U. Condon, Phys. Rev., 41, 759 (1932). M. F. Crawford and I. R. Dagg, Phys. 
Rev., 91, 1569 (1953). 

* J. van Kranendonk and R. B. Bird, Physica, 17, 953, 968 (1951). J. van Kranen- 
donk, Doctoral Dissertation, Amsterdam (1952)—in English. 
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The first three effects take place in isolated molecules; the second and 
third effects may be obtained by removing the restrictions introduced at 
the beginning of this section. 6 The fourth and fifth effects listed above 
are due to distortions produced by external forces and are examples of 
‘‘enforced dipole radiation." In the first four effects the absorption is 
proportional to the density of the absorbing medium; in pressure-induced 
absorption, however, the observed absorption is proportional to the square 
of the density. 


c. The index of refraction 

A formula for the index of refraction may be obtained quantum 
mechanically by a method quite similar to that described in § 12.5c in 
classical theory. If the molecules have no permanent dipole moment, the 
ar-component of the electric dipole moment induced by the light beam is 

= J ^,*(2 e^)V, dr" (12.6-13) 

This integral differs from those in Eq. 12.6-7 in that now the perturbed 
wave functions T*, are used. Substituting 'F, = L Jf a, fc 'FJ : 0> into this 
equation, integrating, and remembering that a u = 1 and all other a lk 
are small, we obtain 

= (A)»*a„**+**-«*l (12.6-14) 


Now, making use of the expression for the amplitudes given in Eq. 12.6-9, 
we find that 


/ flnrfW rzr XT ^ | 00 1* | 2 (E k Ei) . * 

04 = 2- 0 ' 


+ 


~ ^ 2|(^x) l *l 2 Ksin[(£,-£*)*/« 


The polarizability is defined in terms of the time average of the induced 
dipole moment. Thus the second term in this equation does not con¬ 
tribute to the polarizability since half of the time it is in phase with the 
applied electric field and half of the time it is in the opposite direction. 


• See, for example, H. Eyring, J. Walter, and G. E. Kimball, Quantum Chemistry, 
Wiley (1944), pp.l lOet seq.;E. C. Kemble, Fundamental Principles of Quantum Mechanics, 
McGraw-Hill (1937), pp. 462 et seq. 
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[Eq. 12.6-20] 


Thus, if* is a principal axis of the polarizability tensor, the polarizability 
in this direction is 


, , T 2 | (/.,)„ |» (E t - E,) 

(a„(v 0 ))„ 2-k (£[ _ £j)2 _ (hVo)i 


And the polarizability averaged over all directions is 


(12.6- 16a) 


(<x(v 0 ))„ = 3[(“«(>'o))n + («„(”o))u + («„(-„))„] (12.6-16b) 

This is the quantum mechanical analog to the classical result due to 
Drude, given in Eq. 12.5-16. 

If all the molecules were in the state /, the index of refraction would be 
given by the Clausius-Mosotti equation analogously to the classical 
expression given in Eq. 12.5-20, thus: 

“ 2 -' W7) 


Here n is the number of molecules per cm 3 . If the distribution of molecules 
over the energy levels is characteristic of thermal equilibrium, the proba¬ 
bility that the molecule is in the /th level is 

Pt-g*- E * T IZ l g<e- a * T (12.6-18) 

in which g, is the statistical weight of the /th state. Accordingly, the index 
of refraction is given by 

\*)* + 2/ 3 [ ) (12 - 6_19) 

This formula was first derived by Kramers 7,8 on the basis of the corre¬ 
spondence principle. The negative terms give rise to “negative dispersion” 
or negative /-values which would be difficult to understand on a classical 
basis. 

It is interesting to compare these quantum mechanical results with the 
classical results of Drude, discussed in the previous section. First, it is 
noticed that the dependence of the polarizability and index of refraction 
on the frequency of the radiation is the same. The quantum mechanical 
treatment provides a better interpretation of the constants. The charac¬ 
teristic natural frequencies corresponding to Drude’s v, are the frequencies 
of emission or absorption: 


v u = (E k - E,)/h 


( 12 . 6 - 20 ) 


7 H. A. Kramers, Nature , 113, 673 (1924); 114, 310 (1924). 

• J. H. Van VIeck, Electric and Magnetic Susceptibilities, Oxford University Press 
(1932), p. 361. 
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where E, and E k are the energies of the /th and Arth states of the molecule, 
respectively. The quantum mechanical analog to Eq. 12.5-18 is then 


(a(v 0 )) 


Y fik 

“ 4n *m Zk v lk * - v 0 * 


( 12 . 6 - 21 ) 


Here the f k are the oscillator strengths corresponding to a transition, 
from a state / to a state k and are defined by 


where 


r _ l hv,k I 1* 

1 “ 3 (<*/*.) (e V) 

I (/•)* I 2 = I (/*,)» I 2 + I (a)» I 2 + I (M* I 2 


(12.6-22) 


The oscillator strengths defined by Eq. 12.6-22 refer to individual 
states of the molecule. If the molecule possesses degenerate states, it is 
convenient to indicate the degenerate quantum number explicitly. For 
example, the energy levels of an atom are degenerate in the magnetic 
quantum number m (unless an external field is present, as in problems 
involving the Zeeman effect). Then a state is characterized by a double 
subscript such as Im where / stands for the set of all of the quantum 
numbers other than m and an oscillator strength, f m . km . is associated 
with the transition from Im to Arm'. From Eq. 12.6-21 it is seen that the 
polarizability of a molecule in the state Im is 


(“KWlm. I. = 


47 r 2 m 


km' 


I"*, 


km' 


V ,* 2 - Vo 2 


(12.6-23) 


However, the quantity which is usually of interest is the average polariza¬ 
bility for molecules in the states of the degenerate level. This is 

= 2Z7+T 2" (aK)) '~.‘" = 4^ lk vj- v 0 * (12 - 6 " 24) 

where the f lk are the average oscillator strengths defined by 

Ilk = 2£ _|_ J km' (12.6-25) 

and (2Z., -j- 1) is the degeneracy of the /th level. The sum of the/ {lc over 
all the discrete and continuous energy states k is equal to the total number 
of electrons in the system. This is called the Reiche-Kuhn-Thomas 
/-sum rule. 9 


9 W. Kuhn. Zeit. Phys ., 33. 408 (1925); H. A. Bethe, Handbuch der Physik (Second 
Ed.), Springer (1933), XXIV/I, p. 434; E. U. Condon and G. H. Shortley, Theory of 
Atomic Spectra, Cambridge University Press (1935), p. 108. 
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One difficulty in applying the dispersion formulae is that transitions to 
continuous, as well as to the discrete, energy states must be included 
•all the summations. The effect of the continua is often important and 
sometimes difficult to estimate. 10 

The dispersion relations and the oscillator strengths discussed here play 
a very important role in determining the long range forces between 

molecules (§ 13.3). 

7. Scattering of Electromagnetic Waves 1-5 

The scattering of electromagnetic radiation may occur with or without 
changes in the frequency. When there is no frequency change, the 
phenomenon is called Rayleigh scattering. When there is a frequency 
shift the scattering is referred to as Raman scattering. We consider 
here* only the Rayleigh scattering. This is due to scattering from the 
individual molecules and interference effects arising from the density 
fluctuations in the scattering medium. 6 The theory presented here applies 
to both visible light and x-rays. The scattering of visible light gives rise 
to opalescence such as is observed in the neighborhood of the critical 
point. The scattering of x-rays provides an experimental means for 
evaluating the radial distribution function 7 g(r). 

Let us consider the scattering of electromagnetic waves in a medium 
containing N molecules in which the scattering is sufficiently weak that 
it is necessary to consider only the singly scattered beam. The results 
may then be expressed in terms of the radial distribution function 
g(r). The consideration of multiple scattering introduces distribution 
functions of higher order. Let k 0 be the vectorial wave number 
of the electromagnetic • waves before the scattering and k the 
wave number after the scattering. Inasmuch as this discussion is restricted 
to elastic scattering, k 0 = k = 2tt/A, where A is the wavelength of the 
light. The directions of the vectors k 0 and k indicate the directions of 
the incident and scattered beams. 

J. A. Wheeler, Phys. Rev., 43, 258 (1933). 

1 J. dc Boer, Reports on Progress in Physics, 12. 305, The Physical Society, London 
(1949). 

* M. Bom, Optik, Edwards (1943). Also Lord Rayleigh, Phil. Mag., 41, 447 (1871). 

8 J. Cabannes, Diffusion moleculaire de la lumiere. Presses Universitaires de 

France (1929), Ch. 14 by Y. Rocard. 

4 G. Osier, Chem. Revs., 43, 319 (1948). 

8 S. Chandrasekhar, Radiative Transfer , Oxford University Press (1950). 

• Fluctuations in density are discussed in § 2.6. 

7 The radial distribution function g(r) is discussed in detail in § 4.9 in connection 
with the equation of state at high densities. 
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The phase difference between the waves scattered in a particular 
direction by molecules i and j is illustrated in Fig. 12.7-1. The path of 
the ray through j is longer than the path through i by the sum of the 
distances a and b. The angle between k 0 and k is 0. The angle rj 0 is the 
angle between the vectors k 0 and ( r f — r,), and the angle rj is the angle 
between the vectors k and (r, — r t ). The distance a is clearly r (t cos rj Qt 


a > 



Fig. 12.7-1. The phase difference between waves scattered by molecules 

i and j. 


and the distance b is r ti cos (n — tj) or — r ti cos tj. Thus the phase 
difference between the two waves, which is the sum of the distances 
multiplied by k , is 

V.> cos Vo — kr a cos V or <*o “ *) * ( r / — r i ) (12.7-1) 

Let A be the amplitude of the outgoing electromagnetic wave after scatter¬ 
ing by a single molecule. Then the magnitude of the electric vector at 
the point r due to scattering from the molecule j is 

^,^-Wn-r,) (12.7-2) 

where <5, is the phase of the wave incident at molecule i. Now let us 
consider the radiation at a distance R from the scattering molecules, 
which is large compared to the dimensions of the volume containing the 
molecules (that is, R > r,. for ail i). The electric vector associated with 
the scattered wave is then 





N 

e - i(* 0 - *>' r * 2 e^ k ° ~ k) ' r ‘ 
i-i 


(12.7-3) 



m ,2.7-10] SCATTERING OF ELECTROMAGNETIC WAVES 

The energy density in the scattered beam may be obtained immediately 
from this equation: 

.A 

2 2 COS [(/c 0 — k) • r if ] (12.7-4) 


1 

I= Zr 


AlT&i-l j-l 

First, we perform separately the summation for / = j and for / ^ j and 
obtain 

iO r n n ■ 

(12.7-5) 


/ = 


4tt/? 2 


W + 2 2 COS [(* c 

i-1j-l 


- *) ' /*, J 


If the scattering molecules form a macroscopically homogeneous phase 
having a volume V t the energy density of the scattered light can be expressed 
in terms of the radial distribution function g(r). In an element of volume 
dr (within V) at a distance r„ from a molecule /, there are ng(r u ) molecules. 
By arguments similar to those used in § 2.6b, the summations in Eq. 
12.7-5 can be replaced by integrals over the volume of the matter. 


A 2 

4rrR‘ 


/V+ n 2 


iS g(r “ 


) cos [(A 0 ~ *) • n J dr , dr, 


(12.7-6) 


Furthermore, the volume integral can be split into two terms by adding 
and subtracting the volume integral which would be obtained if g(r ti ) 
were unity. Thus, the energy density of the scattered light can be written 
in the form 

/=/m + /,+ A (12.7-7) 

where 

^ 02.7-8) 


/m 4 t tR 2 


A 2 n 2 
!> " 4nR 2 


(12.7-9) 


/.= 


A 2 n 2 
4t tR 2 


J J cos [(/c 0 - k) • r,J dr, dr, 
v v 

J J (g('u) - 1) cos [(*0 - k ) • r ii\ dr, dr, (12.7-10) 


I' V 


These terms have the significance: 

(i) I m is the light scattered by the individual molecules without inter¬ 
ference. In this sense, 7 m is the molecular contribution to the scattering. 

(ii) I a is the light scattered with interference as a result of the geometry 
of the surface of the matter. It is this scattering which is largely respon¬ 
sible for the diffraction pattern resulting from light striking a droplet. 8 


• L. Brillouin, J. Appl. Phys., 20, 1110 (1949). 
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If the matter were concentrated in a sphere of radius R 0 , the integrations 
can be carried out to give 


where 



4nnA 2 

I s,n ( sR o) - (sRo) cos (sRJ] 2 


(12.7-11) 


If f I . 0 4 7T . 0 

s = I *0 - * I = 2k sin - = y sin - (12.7-12) 


(iii) /, is the light scattered by virtue of the microscopic inhomogeneity 
or the turbidity of the medium. Since [g(r if ) — 1] is appreciably different 
from zero only when r ti is small compared to the macroscopic dimensions 
of the matter, little error is introduced if the range of integration in Eq. 
12.7-10 is increased so as to permit r if to become infinite. Then /, 
becomes 


2m 


r . = J dr i J r i' dr u J Hu | [*(/■„) - 1] cos (sr u cos 0„) sin O^dO,, 


nNA 2 f, , x sin (sr) 


(12.7-13) 


These scattering formulae may be used to describe the scattering of two 
types of electromagnetic radiation: visible light , for which the wavelength 
X is large in comparison with the size of the molecular clusters, and 
x-rays , for which the wavelength X is of the order of magnitude of mole¬ 
cular dimensions. Both types of scattering may be described by Eq. 
12.7-7, 8, 9, and 13 by specifying the amplitude A, which is dependent 
upon the character of the electromagnetic waves. In the remainder of 
the section we neglect surface scattering so that / is / m + /,. 


a. Scattering of visible light 

For light waves in the visible region where the wavelength is long com¬ 
pared with the molecular dimensions, it may be shown that 

A = ,nd) sin y (12.7-14) 

where ^ (ind) is the dipole moment induced in the molecule by the wave and 
y is the angle between the induced dipole and the direction of propagation 
of the scattered wave. For spherically symmetric molecules, the induced 
dipole is in the direction of the electric vector of the incident beam. Let 
us consider a polar coordinate system with the direction of the pole in the 
direction of the incident beam (that is, in the direction of k 0 ). Then 



SCATTERING OF VISIBLE LIGHT 

[Eq. 

. j.wtion of the electric vector of the incident beam is specified by the 
, n ele W2 and the azimuthal angle 4> a . Let the direction of the 
scattered beam (that is, the direction of k) be given by 0 and 4>. Then 
the angle y is given by 

cos y = sin 0 cos (<£ — ^ 0 ) (12.7-15) 

The electric vector of the scattered wave is perpendicular to the direction 
nf propagation k, and in the plane containing k and the induced dipole. 

° The induced dipole moment is simply related to the polarizability 
« of the molecule and the local field g’ 1 ' 00 ; 

(i« nd > = ag’ 1 "*' (12.7-16) 

The local field is discussed in § 12.2c. To a good approximation 

,»=!«(«+ 2)* (12.7-17) 

in which « is the dielectric constant of the medium and 2F is the electric 
vector of the incident wave. Thus we obtain finally 

A = i**<x(« + 2)8*[1 - sin 2 6 cos 2 (* - *#)]’'• (12.7-18) 

for the amplitude of the electric vector associated with the scattered 
light waves. 

The energy density of the scattered light of visible wavelength is given by 
E q 12.7—7, in which the expression, given above, for A must be inserted. 
For light of these wavelengths, the range of correlation between the 
positions of molecules in the medium is small compared with A. Hence 
sr is small for all values of r such that g{r) is appreciably different from 
unity. Thus sin (jr) may be expanded, and the expression for the energy 
density of the scattered light becomes 

<o CO 

/= ^ ^ [ 1 + 4nn l - , ^ t dr ~~j te (r) - llrVr + • ■ ] 

0 0 

(12.7-19) 

A comparison of this expression with Eq. 2.6-31 shows that the first two 
terms are closely related to the fluctuations in density. In fact, in the 
limit of long wavelengths (s -> 0) the higher terms in the series are zero, 
and the intensity is exactly related to the fluctuations in the density. 
This is the approximation considered by Rayleigh, in which the scatter¬ 
ing is assumed to take place from clusters of dimensions small compared 
to the wavelength. The added terms in this series are important either 
if the wavelength is small (large s) or if the range of correlation is large 
so that g(r) approaches unity slowly. 
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Let us now define a parameter £ by the relation 


£* = y « J tgW — l]* 4 <fr (12.7-20) 

0 

This parameter measures the range of correlation between pairs of 
molecules, that is, it measures roughly the size of the clusters present. In 
terms of this quantity and the result given by Eq. 2.6-32, the expression 
for the energy density given in Eq. 12.7-19 becomes 


r N A 2 T kT . „ 1 

,- 4;»LwSS— v+ -J (12 - , - 21 > 

Then, using the expression for the scattering amplitude (Eq. 12.7-18) 
and the definition of s (Eq. 12.7-12), we may rewrite this expression 
explicitly in the form: 


1 


4tt* N\9f\ 2 « 2 (c + 2) 2 
9 R 2 A 4 

X 


[1 — sin 2 0 cos 2 (<f> — <£ 0 )] 

r kT „ ,£ 2 . ,01 


(12.7-22) 


By means of Eq. 12.5-5 this expression may be written in terms of the 
energy density of the incident beam, L = —-1 & I 2 , so that the fraction of 

47T ' ' 


the beam scattered is 



16tt 4 N a 2 (c + 2) 2 
9 R 2 A 4 


[1 — sin 2 0 cos 2 (<f> — <^ 0 )] 
f kT 


[ (dp/dn) T 


— \6tt 2 


t 2 . 2 0] 

I 2 $m 2j 


(12.7-23) 


If the incident beam is polarized , the scattering for a particular value 
of 0 is a maximum in the plane <f> = <f> 0 -f (w/2), normal to the direction 
of the electric vector of the incident beam. In this plane the intensity is 
independent of the polar angle 0, except for the small second-order term. 
In the plane containing the electric vector, <f> = <f> 0t the intensities forward 
(0 = 0) and backward (0 = tt) are the same, but perpendicular scattering 
(at 0 = tt/2) is zero. 

The intensity of the light scattered from an unpolarized beam is obtained 
by averaging the expression given by Eq. 2.7-23 over all values of <f> 0 . 
The result is 



8t r 4 N a 2 (* + 2) 2 
9 R 2 A 4 


[ 1 -f cos 2 



kT 

(dptdn) T 


16 *V 
A 2 


sin 


-a 

(12.7-24) 
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Thjc distribution is, of course, cylindrical^ symmetric. The intensities of 

™ light scattered in the forward direction and in the backward direction 

the u camp At 0 = W2 the intensity is one half of the value of the 
are the same. ^ ^ 

10 The blue of the sky 9 is due to the fluctuations in the density of the air. 
The A 4 in the denominator of Eq. 12.7-24 gives rise to a strong wavelength 
H oendence so that the short wavelengths of the sun’s spectrum are pref- 
° entially scattered. The red sunsets and sunrises are due to the fact 
!hat the long wavelength radiation is preferentially unscattered. Another 
factor in determining the color of the sky is, of course, the scattering due 
to dust and smoke particles. 10 

The expressions for the scattering of light given in Eqs. 12.7-23 and 24 
are no t valid in the neighborhood of the critical point. The expressions 
predict infinite scattering at the critical point; clearly this is not correct, 
although the scattering does become large. Ornstein and Zernike 3 - 11 
have attempted to modify the derivation of the scattering expressions to 
obtain an expression valid at the critical point. The modification, which 
is an approximation, is based on the concept of a correlation between 
fluctuations in density in neighboring volumes. The intensity of light 
scattered from an unpolarized beam may be written in terms of a quantity, 
o which is interpreted as an average diameter of clusters of molecules or 
scattering centers: 

8tt 4 N 


/ 

/o 


'Y J # «*(€ + 2)*(1 + cos 3 0)kT 

A 

X\dpjdri) T -f- 27r 2 o 2 cX 2 kT sin 2 - 


(12.7-25) 


Under conditions not in the neighborhood of the critical point, this 
expression reduces to that given above in Eq. 12.7-24. In the neighbor¬ 
hood of the critical point (where ( dp/dn) T is zero) this theory predicts 
that the scattering varies 12 as the A~ 2 instead of the A -4 variation. Equation 
12.7-25 has been used 13 to obtain the approximate size of the molecular 

• S. Chandrasekhar and D. Elbert, Nature, 167, 51 (1951). See also Lord Rayleigh’s 
Collected Works. 

>° G. P. Kuipcr, Atmosphere of Planets , University of Chicago Press (1948), Chapter 
by Van de Hulst. 

11 L. S. Omstein and F. Zemike, Proc. Acad. Sci. Amsterdam , 17, 793 (1914); Physik. 
Z., 27,761 (1926). See also L. Rosenfeld, Theory of Electrons, North-Holland (1951), 

p. 80. 

» Battacharya [‘‘Experimental Studies of the Critical Opalescence of Carbon 
Dioxide,” Proc. Indian Assoc. Cultural Sci. (1923), p. 81 found that the scattering is 
almost proportional to A -1 . Y. Rocard and M. Ponte (see Ref. 3) did not succeed 
in verifying the A"* proportionality. 

11 H. Cataldi and H. G. Drickamer, J. Chem. Phys., 18, 650 (1950). 
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clusters in the neighborhood of the critical point from experimental 
observations of the light scattering. The cluster sizes obtained by this 
method are in reasonable agreement with those obtained by interpretation 
of the observed variations of the density with height (see § 5.2d). A 
difficulty with the theory is that, at the critical point, the integral of the 
intensity over all solid angles is infinite. A more recent theory of Rocard 
avoids this difficulty but does not involve explicitly the diameter of a 
cluster. 14 Apparently much further work is required before a satisfactory 
theory can be established. 

b. Scattering of x-rays 

The wavelength of x-rays is of the order of molecular dimensions, and 
accordingly independent scattering is produced by each electron. It may 
be shown that the amplitude, A y of the electromagnetic wave scattered 
by a single electron is 

A = (e/mc 2 )& sin y (12.7-26) 

where, as above, y is the angle between the electric vector of the incident 
beam and the direction of propagation of the scattered beam. When an 
electromagnetic wave is scattered by an atom containing several electrons, 
the scattering amplitude is complicated because of the interference of the 
scattered waves from the various electrons. Furthermore, for a fluid 
made up of polyatomic molecules, the scattering amplitude is also 
complicated by the interference of the waves from the various atoms 
constituting one molecule. The scattering amplitude A cannot usually be 
obtained theoretically, but may be evaluated from experimental measure¬ 
ments of the scattering of x-rays in a dilute gas. 

Let us now apply Eq. 12.7-7 to the scattering of x-rays. We use 7 m 
in place of A as the experimentally determined quantity. Then Eq. 
12.7-7 for the scattered intensity becomes 

/ = /„ [l + ^ J [g(r) - l]r sin sr rfr] (12.7-27) 

Now we consider the scattering of an unpolarized beam of x-rays. The 
scattered intensity depends only on the polar angle 0, which may be 
replaced by the parameter s , defined by Eq. 12.7-12 and is given by the 
average of Eq. 12.7-27 over the azimuthal angle, <f>. Since <£ appears 
only in 7 m , the result is given by a similar expression in which 7 m ($) depends 
on the average of | A | 2 over the angle <f>. The value of I m (s) is a property 
of the molecules and is independent of the density. According to Eq. 
4.9-2, g(r) approaches exp ( <f(r)/kT) in the low-density limit. Hence in 


14 Y. Rocard, Compt. rend., 195, 771 (1932); J.phys. et radium , 4, 165 (1933). 
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u limit of low densities, I(s) is linear in the density for each value of 5. 
Jr at zero density the scattering I m (s) is entirely a molecular phenome- 
Tha ’ d the interference between the waves from the various molecules 
n0 °’ ^ neelioble This fact is the basis of a method of obtaining 
beC pdmentally the values of I m (s). The value of IJs) is of interest in 
itself because of its close connection with the molecular structure. 



Fig. 12.7-2. Experimental curves of the radial distribution function, g(r). 

The curves are given as a function of the reduced distance r* = r/<r, where 
a =■ 3.42 A. [This figure is taken from the review article of J. dc Boer, 
Reports on Progress in Physics, 12, 305 (1949) and is based on the experi¬ 
mental measurements of A. Eisenstein and N. S. Gingrich, Phys. Rev., 62, 

261 (1942).! 

The experimental values of I m (s), the scattering at zero density, and 
of I(s) t the scattering at finite density, may be used in Eq. 12.7-27 to 
obtain the radial distribution function. By a Fourier inversion it follows 
from Eq. 12.7-27 that 

CO 

<u - 7 - 28> 

0 

Experimental curves of the radial distribution function for liquid argon, 
determined in this manner, are shown in Fig. 12.7-2. 
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APPENDIX A. THE TWO-CENTER EXPANSION COEFFICIENTS 1 

^»u!n*( r *» r i* r ab ) 

Analytical expressions for the expansion coefficients r,; r ab ) 

have been worked out for four regions of the variables r it r„ and r a6 .’ These 
four regions are shown in Fig. 12.A-1. For the study of the interaction 



I r ab >r, + r f 
II r^ + rjOy 
HI r a6 + r > <r, 

IV |r.-r,|<r a6 <(r, + r,) 


Region IV 



Fig. I2.A-1. The four regions used in deriving the two-center expansion 

coefficients. 


of two widely separated charge distributions, the expansion coefficients 
for Region I alone need be considered. When two charge distributions 
overlap, the expansion coefficients for Regions II, III, and IV must be used. 

Region I: [r ab > r { + r,] 


B 1*1 (r r r )- »>)'• W mA n 

"*■ ” " ab) “(». + M )!(«„ + | m |)! r„-+*+‘ (12A " 1) 

Region II: [ r ab 4- ?i < r] 


B 'n m .'nS r i, r,\ r a >) = 


f (—ly^-K- lml)! 


> n. 


K-*.)!(*.+ M> ! r^- n * 

0 

(12.A-2) 

1 R. J. Buehler and J. O. Hirschfelder, Phys. Rev., 83, 628 (1951); 85, 149 (1952). 


r 'b<*a 
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Region III: [»■«* + r i < r & 

i _i_ ("a -1«I )'• 

s' n; '.*) = 


(/Ig -"„)!(«» + \rn |)! r ab 
0 


n* 
l_ 

n*-n. 


n a ^ n 


n, < n b 


Region IV: [ | r, - r, | < r ab < (r, + r,)] 




(12.A-3) 


(12.A-4) 


The coefficients ^ and Dg „ for />. = 0, 1.2, 3 and the appropriate 
m values are given in Table 12.A-1. The funct.ons for which n ? > n b 
are not given, since they may be determined by permutation of indices 
according to the rule: 

fiHjr,. r,\ r ab ) = (-!)"* + "*'<• '•>) (12.A-5) 

For values of n„ or n b not given in Table 12.A-1, the following general 
formula may be used for flgjr,. r,\ r ab ) in Region IV: 

jf X ~.C 7 '~ <0 lW ’ ) B '~ M 

(12.A-6) 

Here t = u + *» + * and 

(2«„ + 1) («g - I m ) • ( n 6 I m l>* 1 nn-71 

"* — 2 n * 4nk+1 ('la + I m ) ! ( n 6 + I m |) ! r ab 


TJt) = 


rii [-(vn 

_ i r _ 

2 / — + 1 L \ r t J J 


(?rw 


(12.A-8) 


^ _ c-i yclmj)! 5 <-l>»<*>! ■- ( r *> t ±j£\* 

«! ( 2 A: — 11 )! (m — A:)! \ 2 r a 6 r, I 


, u u+ 1 
= 2 or - 


(12.A-9) 


2 
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TABLE 12.A-1 

Expansion Coefficients for Region IV 


kj 






Note: With this formula and the table can be computed the expansion 
coefficients in Region IV, with indices equal to or less than 3. The 
summation extends over all entries in the table. The largest value of (k + /) 
is 2 (n a + n b -f 1 ). 
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TABLE 12.A-1 ( continued ) 
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TABLE 12.A-1 ( continued ) 


"6 

3 

3 

3 

3 

"a 

3 

3 

3 

3 

m 

0 

1 

2 

3 

D m 

^n a n6 

10240 

49152 

245760 

2949120 

k l 



(*, o 


0 0 

520 

131 

20 

5 

2 

-2450 

-735 

-147 

-49 

4 


1715 

490 

245 

6 


-2695 

-1225 

-1225 

7 


2048 

1024 

2048 

8 

0 

-735 

0 

-1225 

10 

-1470 

539 

-245 

245 

12 

980 

-343 

98 

-49 

14 

-250 

75 

-15 

5 

2 0 

-2450 

-735 

-147 

-49 

2 

5880 

2058 

588 

294 

4 

-4410 

-1617 

-735 

-735 

6 

0 

588 

0 

980 

8 

4410 

-1617 

735 

-735 

10 

-5880 

2058 

-588 

294 

12 

2450 

-735 

147 

-49 

4 0 

4900 

1715 

490 

245 

2 

-4410 

-1617 

-735 

-735 

4 

0 

294 

0 

490 

6 

-2940 

1078 

-490 

490 

8 

14700 

-5145 

1470 

-735 

10 

-12250 

3675 

-735 

245 

6 0 

-7350 

-2695 

-1225 

-1225 

2 

0 

588 

0 

980 

4 

-2940 

1078 

-490 

490 

6 

-19600 

6860 

-1960 

980 

8 

61250 

-18375 

3675 

-1225 


5120 

2048 

1024 

2048 

7 

-102400 

30720 

-6144 

2048 

8 0 

0 

-735 

0 

-1225 

2 

4410 

-1617 

735 

-735 

4 

14700 

-5145 

1470 

-735 

6 

61250 

-18375 

3675 

-1225 

10 0 

-1470 

539 

-245 

245 

2 

-5880 

2058 

-588 

294 

4 

-12250 

3675 

-735 

245 

12 0 

980 

-343 

98 

-49 

2 

2450 

-735 

147 

-49 

14 0 

-250 

75 

-15 

5 













THE REPRESENTATION COEFFICIENTS 


905 


[Eq. 12.B-2] 

, / 2 r ab \"-- |m| ( r ab 2 + rA ” 

FH(v)=(—) [ 4r ab 2 ) 


(— i)n.-|m |-p-p (2 \ m \ + 2v + 2p)\ l(r ab 2 — rj 2 )/4r a t, 2 ] * 

2 n. (n + v + m)! (/> + 2i> - /7 a + |m |)! (-/>-*> + "a - * 
p-p, ^ r n ? 


wi 


D ! 


^ — /j a — | m | — 2v when v < j(n a — | m |) or J(w a — | m I 

otherwise p x = 0 

(-1)- £ (-!)« (2/i 6 - 2?)! [(r a 6 2 + G 2 )^,^]"*-^- 2 * 
w \ {n b — q)\{n b — \m\ — 2q—w)\q\ 

(12.A-11) 

= JK - | m | - w) or J(/i 6 — | m | — w — 1) 

The summation indices assume only integral values so that the choices 
of k lt and q 2 are unique. The explicit evaluation of the coefficients 
A \m\ \k, /) and Dj^is accomplished by further expansion of T t U t V, 

and n 'w' 


APPENDIX B. THE REPRESENTATION COEFFICIENTS OF THE THREE 
DIMENSIONAL ROTATION GROUP 

In this appendix we consider the explicit form and some of the properties 
of the representation coefficients of the three-dimensional rotation group. 
Since the representation coefficients are closely related to the spherical 
harmonics, it is necessary to preface this discussion with a precise definition 
of the spherical harmonics used throughout this book. 

The ordinary Legendre polynomials are defined by the relation, 


for all integer / ^ 0, whereas the associated Legendre functions are defined 
by 1 

d ]m 1 

P t m {x) = Pj- m (x) = (1 - X 2 ) ,m,/2 P t (x) (12.B-2) 


1 The sign conventions adopted here are those of H. Margenau and G. M. Murphy, 
The Mathematics of Physics and Chemistry [Van Nostrand (1943)1 and E. Jahnke and 
F. Emde, Tables of Functions [Dover (1945)]. Other authors have adopted conventions 
different from those used here. 
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for all integer m. It follows from this definition that the functions are 
identically zero for all values of m outside the range — / < m < /. The 
first few polynomials are 

PJK*) = PJ& = 1 

= Pi(*) = * 

W = (1 - 

PJK*) = /•„(*) = l(3x* - 1) 

P 2 \x) = 3(1 - 
P t \x) = 3(1 - x 2 ) 

A°(*) = *>(*) = - ix) 

AH*) = Id -**)■'• (5** -1) 

W = 15(1 - x 2 )x 
/>,»(*) = 15(1 - x 2 )*'. 

Af*) = *V*) = i(35^ - 30!* + 3) 

P A '(x) = 8(1 - **)■'. (7x* - 3z) 

M*) = ¥0 - **) (7** - 1) 

/V(z) = 105(1 - !*)■'■ X 
/7(x) = 105(1 - x 1 ) 2 


The normalized spherical harmonics are defined in terms of these functions 
in the following manner: 


(2/ + 1) (/ - 

m|)! 

4tt (/ + 

m|)! 


^ P, m (cos 0)e im * (12.B-3) 


These functions are orthonormal in the sense that 


2«r n 

J J Yr(6, <f>) Y t r\6, f) sin 0 dd d<f> = 6 w S mn . 

0 0 

The sign of the normalization factor used here is such that 


(12.B-4) 


rrv. 4) = (-ir Y,- m (e, *)• 


(12.B-5) 
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With this particular choice of the sign of the normalization factor, the 
spherical harmonics are related by the followmg recurs,on relat.ons. 

V( 7 T^+ 1 ) (/'=^j yr +, ( 0 . 0 ) = [w cot 6 - |] W 0 ) ( 12 -B- 6 ) 

V ( 7+^h 7^TTT) 17-V.o) = [" cot 0 +1] y " (e - 0) (,2B_7) 


V 2 7+7 cos err(°. °) = 


j u-»)v± aj> r . M 


+ y (/ ~ m + J ) ^ / 3 + w + - yp +1 (0, o) 

(12.B-8) 


'27+1 sin 0 K, m ( 0 , 0 ) = 


J (! + m ~ !) <Z±g? y»-«(0,O) 


2 /- 1 


_ y-- 1 ( 0 , 0 ) 

(12.B-9) 


V27+ 1 sin 0yr(0, 0) = 




(/ — m) (/ — m — 1 ) 


2 /- 1 


i7-V<M> 


+ 


/ 


+ m + 1 ) (/ 4- 4- 2 ) vm+1 


2/4-3 


/+i 


( 0 , 0 ) 


(12.B-10) 


Let us consider two Cartesian coordinate systems with a common 
origin but rotated with respect to one another. The relative orientation of 
the two coordinate systems may be described by use of the Eulerian 
angles 2 a, 0, y. Let us denote the original coordinate system by unbarred 

* The angles a, P, and y are often denoted by 4>, 0, and %■ See, for example, L. 
Pauling and E. B. Wilson, Jr., Introduction to Quantum Mechanics , McGraw-Hill (1935), 
p. 276. The angles 0 and <f> are the usual angles used in spherical coordinates to give 
the orientation of the new z-axis. The angle * is a measure of the rotation of the 
coordinate system or object about its new z-axis. 
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coordinates and the new coordinate system by barred coordinates. The 
meaning of the Eulerian angles may be described by considering the 
following set of rotations. The original coordinate system is rotated by 
an angle, a, about the z-axis in the counterclockwise direction (so that the 
x-axis moves toward the y- axis). The coordinate system is then tipped 



Fig. 12.B-I. A description of the Eulerian angles a, p, and y. The following 
procedure is carried out to rotate the xyz-system into the xyz system: First, 
rotate the x- and y-axes about the z-axis by an angle a to the axes marked x' 
and y\ Then tilt about the y'-axis so that the z-axis moves through an angle 
P to the axis marked z. Finally rotate about the z-axis so that the y'-axis 
moves through an angle y to the axis labeled y. (Note: The unshaded plane 
contains the axes x, y, x\ y', and a is measured in this plane. The shaded 
plane contains the x- and y-axes, and y is measured in this plane.) 

by an angle ft about the new y-axis so that the z-axis moves in the new 
xz-plane in the direction corresponding to the positive x-direction. The 
coordinate system is now rotated by an angle, y, about the new z-axis in the 
counterclockwise direction. The final position of the coordinates is that 
of the barred coordinates. The orientation of the barred coordinates 
which have been rotated by a rotation (a, /?, y) from the position of the 
unbarred coordinates is illustrated in Fig. 12.B-1. 





THE REPRESENTATION COEFFICIENTS 


..__.. 909 

[Eq. 12B-17] 

i et 0 and 6 be the polar coordinates of a point on a unit sphere in terms 
r the old coordinate system and 6 and * be the coordinates in terms of 
°he new coordinate system. Then it may be shown that 

(12.B-11) 


> 7 ( 0 , t) = Z m D‘(R)„„ Yr(6,4>) 


The expansion coefficients D'(R) mn are functions of the rotation 
_ _ f g y) W hich takes the unbarred into the barred coordinate system. 
The DHR) with a fixed value of / form a (2/ + l)-dimensional matrix. 
It may be shown that these matrices multiply in the same manner as the 
rotations themselves. That is, 

WiR^DKS),". = D\RS) mm . (12.B-12) 


where RS is the net result of the rotation S followed by rotation R. Thus 
the matrices form a representation of the three-dimensional rotation 
group. 3 The spherical harmonics form the basis of the representation. 
The representation coefficients are of the form 

D\R)„„ = (12.B-13) 


in which / is a positive integer or zero. The d‘(p) nm are, except for a 
normalization factor, the Jacobi polynomials with arguments z = cos p. 
An explicit expression for the d'(P) n „ is 


d‘(PU = ( 


-W 


(/ — n)! (/ — m)\ 
(/ + n)!(/ + m)! 


n > 0 ; m > 0 


x y (12.B-14) 

X ^ (s — m)\(s — /I)! (n -f- m — 5)! \ 1 — x] 


The expressions for negative values of the indices are given by the 
relations 


d‘(P)n.~ „ - - Ami n > 0; m > 0 (12.B-15) 

= (-\) l+m d , (^ ~ P).. m n > 0; m > 0 (12.B-16) 




n > 0; m > 0 (12.B-17) 


* E. P. Wigner, Gruppentheorie und ihre Anwendung auf die Quantenmechanik der 
Atomspektren, Edwards Brothers (1944). 
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The d l (p) nm may also be written 4 in several equivalent forms (all n and m): 


d'(ft 


nm 


-<-"-4 


— n)\ (I — m)\ 


x 2. 


+ !*>!(/ + m)\ 


(-iy(/ + j)8 

(/-5)!(5-m)!(j-n)l 


sin 4 


B 

i—n—m ■_ 


L cos"+ m ^ 


(12.B-18) 


_/ n n + m y ( —1)*V(/ + w)! (/ — n)! (/ + *w)! (/ — m)! 

X cos ,, - n+m - 2 *^ sin n - m+z *^ (12.B-19) 

The representation coefficients are orthogonal in the sense that 

J D‘(R)„ m *D'\R)„. m . sin p da dp dy = Mn. -U- (12.B-20) 

From the form of the representation coefficients, Eq. 12.B-14, and the 
definition of the spherical harmonics, Eq. 12.B-3, it follows immediately 
that 

D\R \o = (-1)" VjTTT Y, " (p ' y) (12B - 2 ') 


DWkm = VjTTT Y,m{P ’ a) (12.B-22) 


The product of two representation coefficients may be written as a sum 
of representation coefficients in the form 

D'(R) nm Z>‘ (*W = 2 4.n.n' D L (R) n +n'. m + m' (12.B-23) 


An explicit expression for the coefficients, 4 >n .n'» which are known as 


4 The representation coefficients arc defined by the properties of the group only to 
within a similarity transformation. The coefficients are, however, specified completely 
by the specification of the bases, that is, by the normalization of the spherical harmonics. 
The d\p) nm introduced here, differ from the analogous quantities of Wigner ( loc . cit.) 
by a factor of ( — 1)"*". However, it is difficult to compare the representation co¬ 
efficients D\R) nm because of differences in the definition of the Eulerian angles, which 
lead to differences in the parameterization of the group. Our representations are 
identical with those of Margenau and Murphy (loc. cit.). 
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Hebsch-Gordon coefficients, has been given by Wigner • ' 
the Wigner ° ffi i ( in which /' is 0 ne or two have been given by 

-S-i’SrS Shortley® The b»« «. »»,»! 

symmetry properties: ,7-—y 

. = = (-D^V 27TT«+«•-* (12 B ' 24) 

and satisfy the following orthogonality relations: 

24_-= a w (12.B-25) 

(12B - 26) 

L 

It may easily be shown from the above expressions that the three 
dimensional (/ = D representation is 

I !*-"(!+cos 0)e-’ ^«-" sin /* ^e- ,y (l-cosfte" ^ 


D'(R) 


1 


1 


— T/o sin P e ~‘’ 


cos P TJZ sin/fe 1 ’ 


— r V2 

1 e "( 1 - cos e" sin fi e»( 1 + cos /?)e“ j 

t 1 D T 


The basis of this representation is 

n-KM)— r (~r^) (12B_28) 

v(e.^) = J ° (?) (,2B_29) 

Vc ,h * M =^( a -4) (l2B - 30) 


The representation, Eq. 12.B-27, differs by a similarity transformation 
from the rotation matrix /?, itself, which has as its basis, x/r, y\r y and z\r. 


» See also E. U. Condon and G. H. Shortlcy, Theory of Atomic Spectra . Cambridge 
University Press (1935). The coefficients J[ nn - are denoted by (/, /', n | /, I, 
n + n 1 ) by Condon and Shortley. The Racah coefficients which are related to the 
Wigner coefficients are discussed by L. C. Biedenham, J. M. Blatt, and M. E. Rose, 
Revs. Mod. Phy., 24, 249 (1952). 

‘ The differences between our representation coefficients and those of Wigner (see 
footnote 4) do not affect the values of the n n - 
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We may use the special case of the relations, Eq. 12.B-23, with /' = 1, 
to obtain the generalization of the recursion relations, Eqs. 12.B-8, 9, 
and 10, which apply to the representation coefficients: 


-Wu- V‘<.HI „,. w 


nm 




nm 


y/(l if + 1) (/ -f- /i + 1) (/ m + 1) (/ + m + 1) 

^ (/+1)(2/+1) " W 


nm 


(12.B-31) 


sin fle-«D\R) nm = + ^-n)(l+n)(l+m-l)U + m ) 


m-l 


„V(l-m+l)U+m) 

/(/+D 


O'(R)-- 


v/(/- n+ l)(/ + n -H)(/- m+ l)(/-m + 2 ) 
(/+ 1)(2/+ I) 


(12.B-32) 


sin pe<°D‘(R) nm = 


V(/ -/.)(/ +n)(/~ m - 1) (7^~m) 


/( 2 /+ 1 ) 


0 , - , («) n . m+1 


ny/u— m)(l+ m + 1) 
/(/ + 1 ) 


D‘W„. 


m + 1 


L V(/-w-f-l)(/+n+l)(/+m+l)(/+w + 2) l+1 

* (/+»(2/+1) 


m + l 

(12.B-33) 


APPENDIX 12C. MATRIX COMPONENTS OF THE DIPOLE MOMENT 

FOR OPTICAL TRANSITIONS 

The state of a hydrogen atom is characterized by the four quantum 
numbers: n, the principal quantum number; /, the azimuthal quantum 
number; m t (or simply m without the subscript), the magnetic 
quantum number or the component of the orbital angular momentum in 
the z-direction; and the spin orientation quantum number. States 
for various values of the azimuthal quantum number have the special 
designations: / = 0, called 5-state; / = 1, /7-state; / = 2, Estate; / = 3, 



(Eq. 12.C-4) 


DIPOLE MOMENTS OF TRANSITIONS 


tate; etc . The spatial part of the wave function for the hydrogen 
■atom can be written in the form 1 

v(n,l,m) = R n ,(r)Yr{6,*) d 20 " 1 ) 

. Y m (0 4>) are the normalized spherical harmonics defined in 
p\2 B-3' and the R n ,(r) are the normalized radial distribution functions 

related to’the associated Uguerre functions. Using Eqs. 12.B-8 
„ 9 and 12.B-10, it may be shown that the squares of the absolute 

values of the matrix components of the dipole moment (defined by Eq. 
12 .6-7) for optical transitions of a hydrogen atom are given by 

|(*, l,m\n,\n',l- l.m')|* = ( Jfzr) '• 1 ~ *> 

(12.C-2) 

\(n,l,m\^ x \n',l- l.m*> \* = \(n, I, m\?,\n, I - m')\* 

= - m - lK/-"’) + 4 ™-i.m-( , + m_ !)(/+">)) 


Here the functions G(n, /; n', I - 1) are the integrals* 
C(n, 1) = ~s [j dr 


(I2.C-3) 


(12.C-4) 


Values of the C(n, l.n'.l-l) are given in Table 12.C-1. It is seen that 
in all cases the largest values occur for n = n\ and the values become very 
small as | n - n | becomes large. 

The values of the matrix components of the dipole moment for a number 
of different elements are given 3 in Table 12.C-2. The ground levels of 
all the elements given in this table are S- states. The optical transition 
for which the dipole moment is given is the transition from the ground 
state to the first excited /’-state. The energy of this transition and the 
oscillator strength are also shown. 


1 L. Pauline and E. B. Wilson, Jr., Quantum Mechanics, McGraw-Hill (1935), p. 132. 

* H. A. Bcthe, Handbuch der Physik (2nd Ed.), Springer (1933), XXIV/l, p. 440 
gives a complete set of formulae for the G(n, /; n\ I - 1 ) and numerical values for the 
G(n, /; n\ I - 1) and the oscillator strengths for all transitions including transitions to 
the continuous energy states. E. U. Condon and G. H. Shortley, Theory of Atomic 
Spectra, Cambridge University Press (1935), p. 133, give the formulae and numerical 
values of the G(/i, /; n, I — 1) for a considerable number of transitions. Note that 
R(n, I) of Bethe and of Condon and Shortley is rR(n, l) in terms of the notation used 
here and in Pauling and Wilson. 

! G. W. King and J. H. Van Vleck, Phys. Rev., 55, 1165 (1939). 
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TABLE 12.C-1 2 


Values of C(n, /; n\ / — 1) for Hydrogen Atoms 



2 P 

¥ 

Ap 

5 P 

1j 

1.667 

0.267 

0.093 

0.044 

2s 

27.00 

9.18 

1.64 

0.60 

3 s 

0.88 

162. 

29.9 

5.1 

4 s 

0.15 

6.0 

540. 

72.6 

5s 

0.052 

0.9 

21.2 

1125. 



2d 

Ad 

Sd 

2 p 


22.52 

2.92 

0.95 



101.2 

57.2 

8.8 

Ap 


1.7 

432. 

121.9 

5 P 


0.23 

9.1 

1181.25 




V 

V 

3 d 



104.6 

11.0 

Ad 



252.0 

197.8 

5 d 



2.75 

900 


TABLE 12.C-2 3 

Transition Dipole Moments and Oscillator Strengths 



Energy of 

Oscillator 

1 Wsp I 2 

Atom 

Transition 
S-> P 

Strength 




fsp 

(^o 2 ) 

H 

0.7500 

0.416 

0.555 

Li 

0.1358 

0.7500 

5.52 

Na 

0.1546 

0.9755 

6.31 

K 

0.1184 

~0.98 

8.28 

Rb 

0.1154 

~0.98 

8.47 

Cs 

0.1019 

0.98 

9.62 

Zn 

0.4261 

— 1.2 

2.82 

Cd 

0.3981 

1.20 

3.01 

Hg 

0.4926 

1.19 

2.42 
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By | (mJsp 1* is meant 

1 

2 1 
m'=-i 

(*,0,0 |^| *',1,0)1* 

(12.C-5) 

The oscillator strengths are 

fsp - 

(E P —E S ) | (/i,)s/» | 2 

(c*/2a„) («W) 

(12.C-6) 


The dipole moments for the transitions from the >5 ground state of 
helium to the 1 P , (U) M configuration is given* in Table 12.C-3. 


TABLE 12.C-3* 

Transition Dipole Moments from the Ground State 

of Helium 


K/OspI 2 

(eV> 

* 

\(Mt>sp\ 2 

(*V> 

0.224 

5 

0.0100 

0.0547 

6 

0.00588 

0.0204 

7 

0.00351 


The total oscillator strength,/, from the ground state to the continuum 5 
is 0.437 for hydrogen, 1.58 for helium, 0.24 for lithium, and 0.0021 for 
sodium. 


PROBLEMS 

1. Consider two water molecules with the center of gravities separated by 4 A and 
determine the energy and relative orientation of minimum energy. Use Pople’s model 
of a water molecule as described by Fig. 13.8-1 and Table 13.8-1. 

2. Show that the interaction between two non-overlapping charge distributions 
cannot be of the form q> «= be-' for any distribution of charges. 

3. Calculate the index of refraction as a function of frequency for the hydrogen 
atom in the ground state and also, the polarizability at zero frequency. The oscillator 
strengths are given in Table 12.01. 

* J. P. Vinti, Phys. Rev., 42 632 (1932). 

• J. A. Wheeler, Phys. Rev., 43 258 (1933). 
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The Theory of 
Intermolecular Forces 


The greater portion of this book is concerned with the calculation of 
the properties of gases and liquids. It has been shown that statistical 
mechanics provides us with a means for obtaining theoretical expressions 
for various equilibrium and non-equilibrium properties of substances in 
terms of the potential energy of interaction between a pair of molecules. 
In order to make practical calculations on the basis of the theoretical 
development, it is further necessary to assume an analytic form for the 
interaction potential. A summary of the various empirical potential 
functions which are used in this book is given in § 1.3. It is the purpose 
of this and the following chapter to discuss the present status of our 
theoretical knowledge of intermolecular forces, 1 * 3 which forms the basis 
for these idealized models. 

Up to this point it has been assumed that it is indeed always possible 
to express the energy of interaction as a function of the intermolecular 
separation and the mutual orientations of the interacting pair. In the 
first section of this chapter we discuss the applicability of the concept of an 
intermolecular potential by means of a detailed analysis of the molecular 
collision processes. It is found that the concept of a potential energy 
function is useful in the limit as two molecules come together slowly. 
This concept breaks down if, in a distance of one de Broglie wavelength, 2,3 
the energy of interaction changes by an amount comparable to the separa¬ 
tion between neighboring potential energy surfaces. For example, fast 
collisions, encountered in either hot atom chemistry or the study of molec¬ 
ular beams, cannot be thought of in terms of a single potential energy 
function. There are, in addition, a few special cases in which two potential 
energy surfaces come very close together, so that even thermal collisions 
do not follows single potential curve. 

It is convenient, although artificial, to divide intermolecular forces 

1 An introduction to the theory of intermolecular forces is given in § 1.3. 

1 H. Pelzer and E. P. Wigner, Z. physik. Chem., B15, 445 (1932). 

3 J. O. Hirschfelder and E. P. Wigner, J. Chem. Phys. t 7, 616 (1939). 
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. tw0 types— long-range (van der Waals)forces and short-range (valence 

rhemical) forces. This chapter is concerned mainly with the general 
theoretical development of the long-range forces. These forces can be 
JJLribed rigorously in terms of the physical properties of the separated 

lecules A rigorous treatment of short-range forces cannot be given in 
j 110 f properties of the separated molecules. Instead it is necessary to 
consider each molecular pair as a special case. The calculation of the 
• termolecular forces for a considerable number of molecular pairs is 
discussed in Chapter 14. In both this and the following chapter very 
little is said about the magnetic interactions between molecules which 
possess magnetic moments, for example, free radicals and molecules in 
excited states. In the treatment of such molecules it is necessary to include 
additional terms in the Hamiltonian describing the molecular interaction. 
The form of the Hamiltonian which includes these magnetic interactions 
is discussed in Appendix A at the end of this chapter. 

In the discussion of long-range forces it is customary to consider four 
types of forces: (i) electrostatic forces, (ii) induction forces, (iii) dispersion 
forces (London forces), and (iv) resonance forces. The forces between 
two non-polar molecules, which have no resultant angular momentum, 
are of the dispersion type. When a non-polar molecule interacts with a 
polar molecule both dispersion and induction forces occur. When two 
polar molecules collide, electrostatic forces also come into play. 
Resonance forces occur between two identical molecules, when the 
quantum numbers of the two molecules are such that the optical selection 
rules permit the free exchange of a photon from one molecule to the 
other. The electrostatic forces (§12.1) and the induction forces can be 
understood classically. The London dispersion forces and the resonance 
forces, on the other hand, are strictly quantum mechanical in origin. 

The dispersion forces are given detailed consideration in §§ 13.3 and 4; 
resonance forces are discussed in § 13.6. From the standpoint of per¬ 
turbation theory, the chemical (short-range), electrostatic, induction, and 
resonance forces all appear together as first-order perturbation terms in 
the energy. Dispersion forces, however, appear as sccond-prder 
perturbations in the energy. In variational treatments all the effects 
are merged together, provided that the trial wave function has sufficient 
flexibility. Thus the distinction between the various types of forces is 
somewhat fictitious and actually leads to serious difficulties when we 
try to obtain the total force by combining the short-range and the long- 
range forces as in Chapter 14. 

The long-range forces between asymmetrical non-polar molecules are 
considered in § 13.4 When the molecules are within two collision 
diameters of each other, the intermolecular forces become quite different 
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from those of spherical molecules. The energy no longer varies 
as l/r ab 6 , and there may be orientations for which the energy is either a 
maximum or a minimum for no simply ascertainable reason. Con¬ 
siderably more work will have to be done before the nature of these 
forces becomes clear. 

Up to the present time the role of dipoles in intermolccular forces has 
been pretty well understood. Quadrupoles, however, have received 
comparatively little attention until recently. The reason for this is that 
it has been only within the last few years that a good experimental means 
(microwave spectra) has been available for the measurement of quad¬ 
ruple moments. Furthermore, the molecular quantum mechanics is just 
now coming to the point where it is possible to calculate quadrupole 
moments theoretically (see §§ 13.8 and 14.4b). The interactions between 
electric multipoles are discussed in §§ 13.5 and 6 and the use of micro- 
wave spectra to obtain important information about molecules is described 
in § 13.7. 

The determination of intermolecular forces from the properties of 
crystals at temperatures close to the absolute zero is discussed in § 13.9. 
The type of crystal lattice, the separation between the molecules, the heat 
of sublimation, and the heat capacity or Debye characteristic temperature 
can be calculated using any assumed form for the potential energy 
between pairs of molecules. The agreement between the experimental 
and the calculated values provides a sensitive test of the potential function. 
Up to the present time, these properties of crystals have been used mainly 
to determine the forces between noble gas molecules. However, the 
properties of crystals may prove even more useful in determining the 
forces between complicated polyatomic molecules. 

The results of this chapter provide a theoretical basis for some of the 
empirical potential energy functions which have been used in connection 
with the equation of state and transport property calculations. Many 
of the results given here are far too complicated for use in the previous 
developments. They will, however, be needed as further progress is 
made in the science of relating bulk properties of matter to the properties 
of the constituent molecules. For example, for the transport property 
calculations of polyatomic molecules (see § 7.6) the quantities which must 
be evaluated are the differential collision cross-sections l it kl . These 
quantities describe the scattering as well as the changes in molecular 
quantum numbers during a collision. Unfortunately there is not as yet a 
single case where these important quantities have been determined. 
The difficulties encountered in their evaluation are described in § 13.6 
in connection with the interaction between two symmetrical polar 
molecules. 
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1. Intermolecular Potential Energy Functions 

Wp beein this section with a qualitative discussion of the applicability 
limitations of the concept of an intermolecular potential energy 
and n We then proceed to formulate the problem of molecular 
•“Actions in quantum mechanical language, and discuss the approx.- 
"T.inns which are introduced by the separation of electronic and nuclear 
m “„ns of the pair of colliding molecules. This enables us to understand 
° clearlv the validity of the concept of the intermolecular potential 
- 0 ■ T hen it is shown that the virial theorem provides important 
information about the nature of both inter- and intra-molecular forces 
We then discuss an important theorem of quantum mechanics, which 
hows that the force on any nucleus in a system of nuclei and electrons is 
exactly the classical electrostatic attraction exerted on the nucleus in 
Question by the other nuclei and by the electron charge distribution, the 
latter being computed from the Schrddinger equation. Finally we indicate 
how the intermolecular potential energy function may be calculated by 
means of quantum mechanics. 


a. The concept of an intermolecular potential energy function 

In § 12.1 the electrostatic forces between sets of charges or charge 
distributions are discussed in detail. In this section we wish to extend 
this discussion and to examine further the special case of the interaction 
between two molecules. For this purpose we consider two molecules a 
and b , which together contain v nuclei and n electrons. Each electron 
carries a charge -e, and the ath nucleus carries a charge Z r e. The con¬ 
figurations of the nuclei and the electrons are given symbolically by 
r v s r lf r 2 , • • •, r a . • • •, r, and r" = r x , r 2> • • •, r„ • • •, r„, respectively. 
Similarly we use the symbols r r - and r"° for the configurations of 
the v a nuclei and the n a electrons of molecule a , and similar symbols 
for molecule b (Greek indices for nuclei and Roman indices for 
electrons). 

In the formulation of the problem of the interaction of two molecules, 
several different forms of the potential function arise as a result of separat¬ 
ing off various modes of motion. First of all, we write down the complete 
potential energy of the system of nuclei and electrons, such as we would 
use as the potential in the Hamiltonian describing the complete system. 
A second form is obtained by separating off the electronic degrees of 
freedom to obtain the potential energy for the nuclear motions. In most 
problems the vibrational quantum numbers are not likely to change during 
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the course of a collision, 1 6 and it is convenient to separate off the 
vibrational modes of motion to give a third form for the potential, which 
is a function only of the intermolecular separation and the relative 
orientation of the molecules. A fourth form results from a separation of 
the rotational as well as the vibrational modes; however, this is not 
particularly useful inasmuch as the rotational quantum numbers are very 
likely to change during the course of a collision. The most common 
forms for the potential energies are then: the second form for the inter¬ 
action of atoms, and the third form for the interaction of molecules. In 
order to show the relationship between the various forms and to clarify 
the notation which is used, we give the following summary: 


I: Electronic and Nuclear Motions Not Separated 

A pair of molecules may be regarded as a system of nuclei and electrons 
which interact according to the Coulombic force law. According to 
Eq. 12.1-la the total potential energy of the system is 


B " n r 7 .2 r » 7 7 .9 


<-l i-1 r H 


i-1 o — l r ia 


o-l /»-l 

0 + a 


*0 

(13.1-1) 


(The subscript e is added to indicate that it is this potential which is 
used to obtain the electronic wave function in § 13.1b.) This potential 
function is zero when all the nuclei and electrons are separated from one 
another. As pointed out in Eq. 12.1-3, when a system of two molecules 
(two discrete sets of charges) is under consideration, it is convenient 
to divide the total potential energy into three parts: the self-energy of the 


1 The probable number of collisions required to transfer energy from translational 
motion to vibrational motion and cause a unit increase in the vibrational quantum 
number may be estimated from measurements on the dispersion and absorption of 
sound. The dispersion and absorption of sound due to such “relaxation phenomena” 
are discussed in § 11.4b. The probable number of collisions is the experimentally 
observed relaxation time divided by the mean time between collisions. Experi- 
mcntally 1 * 3 * 3 it is observed that at 20’C the number of collisions required to transfer 
energy to the vibrational mode is: 34.000 for Cl,; 7500 for N,0; and 50.000 for CO,. 
In other molecules it has been observed 4 5 that if the vibrational mode is a “libration" or 
hindered rotation the number may be as low as 50. The theory of the interchange of 
vibrational and translational energy has been considered by Zener. 4 - • 

1 A. Eucken, Osterr. Chem.-Zlg ., 20. 1 (1935). 

3 K. F. Herzfcld, Freie Wcglange und Transporterscheinungen in Gasen, Hand - 
und Jahrhuch der Chemischen Physik, 3, 97 (1939), Akademische Verlagsgescllschaft 
M.B.H. (Leipzig). 

4 J. D. Lambert and J. S. Rowlinson, Proc. Roy. Soc. (London), A204, 424 (1950). 

5 C. Zener, Phys. Rev., 37, 556 (1931). 

• C. Zener. Proc. Cambridge Phil. Soc., 29, 136 (1933). 



, .. CONCEPT OF A POTENTIAL ENERGY Ml 

[Eq. 13.1-3J 

i $ (r’\ /•"•), the self-energy of molecule b, r"»), and 

Energy' of "interaction, tp.Jf, r"). The self-energies are defined by 
expressions analogous to that given above for 4>„ and the energy of 
interaction is defined by: 

== <p ab (r’, r") = r") - C a (r'-, r-) - 4> ,(»”*, r«) (13.1-2) 


This potential energy function is so defined that it is zero when the two 
molecules are separated from one another sufficiently far. 


jj. Electronic and Nuclear Motions Separated (the Born-Oppenheimer 

Separation) 

If the electronic and nuclear motions are considered to be separable, 
then it is possible to obtain a wave equation which describes the electronic 
motion with respect to the nuclei in a fixed orientation. It then becomes 
useful to introduce the symbol 4> n , which stands for the potential energy 
of the system in a particular nuclear configuration: 7 

<t>„ = <D n (A: | O (13.1-3) 


This function depends on the electronic quantum numbers of the system, 
which we here designate symbolically with the letter k. When the system 
under consideration consists of two molecules, it is convenient to introduce, 
as before, a potential energy function which goes to zero as the molecules 
are separated from one another. Accordingly, we define the function 
<p ab (r') by 

= 9>.»(*.. ** | O - ®«(* I r ’) - d>.(*„ | r'*) — r*) 

(13.1-4) 

in which k a and k b stand for the sets of electronic quantum numbers 
describing molecules a and b. There is hence a different intermolecular 
potential function for each electronic state k at k b . 


Ill: Electronic and Vibrational Motions Separated from the Other Motions 

If it is further possible to consider the vibrational motion as separable 
from the other nuclear motions, we can speak of the intermolecular 
potential function between a pair of molecules in certain electronic and 
vibrational states. We then use the potential energy function: 

<p ab (r, io„, w b ) = <p ab (k„, v a ; k b , v b | r, to a , w b ) (13.1-5) 


This potential function depends on the intermolecular distance, r, and the 
orientations of the molecules w a , <o bt and of course on the quantum 


7 In this and the following formulae the vertical bar separates the quantum numbers 
from the variables. 
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numbers for the electronic motion (k at k b ) and for the vibrational motion 
( v o» v b)- It is sometimes convenient to average the potential function 
defined in Eq. 13.1-5 by averaging over all orientations of the molecules 
with a Boltzmann factor as a weighting factor: 


=?«»(*«. v a ;k bt v b \r t T) 

_ S „.* (o b )e-** (r - ,0 " ,0 ' )lkT do) a dco b 


(13.1-6) 


Se-«* r - m -*)l kT da> m da> b 
It should be noted that this average potential is temperature dependent. 


IV: All Types of Motion Separated from One Another 

If it is possible to consider distinct electronic, vibrational, rotational, 
and translational motions, it is convenient to use the potential function: 


9*b( r ) = V a*ja* "a* * 6 . ™b | 0 ( 13 . 1 - 7 ) 


in which the m a and m b are the magnetic quantum numbers and the j a 
and j b are the remaining rotational quantum numbers. This potential 
function depends on the intermodular distance and parametrically on 
the electronic, vibrational, and rotational quantum numbers. It is 
sometimes convenient to work with an average potential function, in 
which an average over the magnetic quantum numbers has been performed: 


= Wat (*.. «W.; *6. | ')) 


2 n,.Im "h | r) 

(13.1-8) 


This average potential is not temperature dependent. It is also possible 
to define a temperature-dependent average quantity by analogy with 
Eq. 13.1-6, by taking the Boltzmann average of (<p ab ) over other quantum 
states. 


In order to be specific, let us consider the interaction between two 
atoms having atomic numbers Z a and Z„, and having n a and n b electrons, 
respectively. For convenience we designate the electrons in a by the 
subscript i and those in b by j. The geometry is then that shown in 
Fig. 12.1-2. Considering only electrostatic interactions among the 
various electrons and nuclei, we may write the potential energy as 


7 7 P 2 n, n» 2 n« 7 0 2 n b y \ 
r a b «-l r bi j-1 r ai 


(13.1-9) 
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Cince the wave functions used in quantum mechanics are usually expressed 
? " , of a very few spherical harmonics, it is convenient to express the 

m ious terms inin terms of spherical harmonics. The two-center 
expansion in Eq. 12.1-28 is used to express the second term, and the third 
nd fourth terms are given by the one-center expansion in Eq. 12.1-23. 
IfUiehiternuclear separation r., is larger than (r, + r,) for all the electrons, 
the expansion may be written in the form 




(Z„ — n„) (Z„ n b )e* , v b M 

-- 2. j+t 

rab k-\ r ab 


(13.1-10) 


where 

bM = - e*[Z b 2 r > tp * ( cos °< ) + (_1) ‘ Z “ > ? 1 r,iPt (C ° S 0,)1 


+ e* 2 2 


n« n» 

2 2 


(_1 r, k ‘ 


itijf, (k — k b + \m |)! (k b + \m |)! 

X /»?-*,('cos fl i )/ , t ,"(cos 0,)?”"*'-*■' (13.1-11) 

Here is the lesser of k b and k — k b . 

For the interaction of neutral atoms, b t is zero and the first few terms oi 
this expansion written in Cartesian coordinates are 

"* "* (13.1—12a) 


I 2 [2*i*i ~ *.*> - ViVi) 
r ab 3 i-u-i 

*1 = - - — 4 2 2 IW - W + (2*1*1 + 2 l J . y > - 3 z < 2 i > < z < - Z >)1 
2 r dl i-w-1 m 1-12M 



7 «2 «• "• 

7 7 

4 


-r,V + Sr # V + Sr,V + 15z «V 

- 2(42,2, + y t y, + 


(13.1—12c) 


This form of q>, is used in the calculation of the long-range forces 
considered in this chapter. In order for Eq. 13.1-10 to be valid, it is 
necessary that for all electrons the condition r ab > (r, + r,) be satisfied. 
In the regions where this condition does not hold, <p f can be expressed as 
a power series in reciprocal powers of r, and r,. At very large separations 
the long-range forces can be expressed rigorously as inverse power series 
in r ab , but at smaller separations (because of the terms in inverse powers 
of r t and r t ) the forces contain exponentials involving the nuclear separation. 
The forces are therefore very difficult to calculate for intermediate separa¬ 
tions. A method for treating this intermediate range is considered in 
detail in § 14.1, where the interaction of two hydrogen atoms is discussed. 
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Let us now interpret the interaction between two atoms by means of 
Eq. 13.1-4. For such a system the nuclear configuration is defined by 
the separation between the atoms. Hence the potential energy surfaces 
are one-dimensional as shown schematically in Fig. 13.1-1. These 
electronic energy functions serve as the intermolecular potential energy 
functions for the motion of the nuclei. Usually it is convenient to take 
as the zero of energy for the intermolecular potential energy the electronic 
energy of the separated atoms. In Fig. 13.1-1 we see a number of different 



Fig. 13.1-1. Hypothetical energy of interaction of two atoms, A and B. 

types of potential energy surfaces. The curves (a), (c), and (e) have deep 
minima so that the atoms are attracted together until they reach the 
intemuclear separation of the minima and thereafter they are repelled. 
Curves ( b) and (/) correspond to repulsion at all separations. 

Whether or not intermolecular potential energy surfaces are useful in 
the description of collision processes depends upon the validity of the 
separation of the electronic from the nuclear motions. In slow collisions 
this is a good assumption; in a fast collision it is not tenable. In a fast 
collision interactions between the electronic and the nuclear motions lead 
to transitions from one potential energy surface to another. For example, 
in Fig. 13.1-1 there is a small probability that a collision which started 
out along curve (a) might end up along curve (/). However, when two 
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l( .nti a l energy surfaces such as (e) and (cl) almost cross there is a very 
high "probability that a collision which starts out along curve (e) will end 

Up along curve (d). 

b Approximations introduced by the separation of electronic and nuclear 
' motions (the Born-Oppenheimer separation) 

The validity of the use of intermolecular potential functions in collision 
nrocesses is based upon the separability of the electronic and nuclear 
motions. On this account let us examine the errors which are introduced 

hv assuming this separability. 8 - 9 

We first set up the Hamiltonian for the combined system of electrons 
and nuclei. In Appendix 13. A a complete expression for the Hamiltonian, 
including the effect of external electric and magnetic fields, is given. If 
the molecules have resultant electronic spin or orbital angular momentum, 
some of the magnetic interaction terms in this expression may become 
important from the standpoint of determining intermolecular forces. 
Otherwise it suffices to consider only the electrostatic interactions between 
the particles. This is the approximation considered here. 

In most collision problems it is convenient to use a center of gravity 
coordinate system. On this account, we subtract the operator represent¬ 
ing the kinetic energy of the center of gravity of the system from the 
complete Hamiltonian operator. This leads to the following Hamiltonian 
for the relative motion: 10 

+ Tti [ 2 ‘-' (£ ’ £,) + 2 S** (£ ‘ £) + Z " (£ ’ £)] 

(13.1-13) 

where 

*'• — * £(£-a4) <13 ' M<) 


Here the subscripts a and /? refer to the various nuclei and the / and j 
refer to the various electrons. The m a are the masses of the nuclei, m 

• M. Born and J. R. Oppenheimer, Ann. Phys., 84. 457 (1927); D. R. Bates. A. 
Fundaminsky, H. S. W. Massey, and J. W. Leech. Phil. Trans. Royal Soc. (London), 
A (No. 860). 93 (1950). 

9 H. Pelzer and E. P. Wigner, Z. Physik. Chem.. B15, 445 (1932). 

10 Equation 13.1-13 maintains symmetry among all the N particles. However, 
E. C. Kemble (Fundamental Principles of Quantum Mechanics , McGraw-Hill (1937), 
p. 631 expresses in terms of 3W-3 independent coordinates as, for example, the 
positions relative to some one particle. 
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is the mass of an electron, and M is the total mass of the molecular 
system. The potential energy <I> r is the quantity defined in Eq. 13.1-1. 
The wave equation for the combined electronic and nuclear motions is 
then 

irfl|r',r")=-?y (13.1-15) 

I 01 


where £l(r r , r") is the complete wave function for the system. 

The separation of the nuclear from the electronic coordinates may be 
treated as a perturbation problem. The unperturbed electronic wave 
functions are obtained by considering a situation in which all the nuclei 
arc fixed in a particular configuration r r . (This seems fairly reasonable 
inasmuch as classically the electronic motion is usually considerably 
faster than the nuclear motion.) The electronic wave functions, y > k (r\ r"), 
for this hypothetical situation satisfy the equation 

r") = <!>„(* | r>*(r\ r") (13.1-16) 

Here the <!>„(* | r r ) are the energy levels of the system corresponding 
to the electronic state, with a collection of electronic quantum numbers 
represented by k. According to Eq. 13.1-4 the 0> n (A: | r”) are closely 
related to the intermolecular potential energy function <p ab . The 
y< k (r\ r") for any fixed nuclear configuration form a complete orthonormal 
set of functions in the electron space. That is, any function of the 
electronic coordinates may be expressed as a linear combination of the 
y> k (r\ r"). Thus without loss of generality the wave function, tl(r\ r"), 
for the combined electronic and nuclear motions in the original problem 
can be expressed in the form: 

Q(r\ r") = r”) (13.1-17) 

Substitution of this relation into Eq. 13.1-15, multiplication of both sides 
of the equation by y> f *(r r , r"), and integration over the electron space leads 
to the result: 



(13.1-18) 
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m 


The quantities A lk , B lk , 


and C 


r*x 


are defined as 
Vk d r ' 


( 2 ' 1 ao + Il e r ,) 


(13.1-19) 


' + 2 ^a7 


— 4-T- — • — ) V* dr” 
Sr, 1 ' 1 dr, drJ Wk 

(13.1-20) 

(13.1-21) 


can 


^nation 13 1-18 then is thc differential equation for the *,(r') which 
in^ principle be solved after the <t>„(/|0 have been obtained from Eq. 

■ 3 f_i6 P This then gives the description of the motion of the nuclei. 

A„ B„. and c„. ™» b. simpBed b y .he o«ow,„g 
arguments. Since the potential energy of the system, as well as the 
kinetic energy relative to thc center of gravity, is independent of a trans¬ 
lation of the complete system, it follows that the Vk (r r , r) depend only 
on the relative configuration of the various particles. First consider he 
effect on the electronic wave function of a translation &r in each of thc 
nuclear coordinates. Then consider the effect on the electronic wave 
function of a translation -Ar in each of the electronic coordinates. 

It is clear that /inm 

Vk (r- + Ar% r n ) = Vk(r' t r" - Ar") (13.1-22) 

Then when the two functions are expanded in Taylor series, it follows that 

(13.1-23) 


and 


3y. t _ T dy t 

3r. ar. 

d d d d 


(13.1-24) 


If we use these results, it is apparent from Eq. 13.1-19 that the A, k are 
zero, and it follows that the second integral in Eq. 13.1-8 vanishes, so that 

*.--z.£M£ •£)»•*- (m - 25) 

The integrals C lka cannot be further simplified. 

The terms involving B lk and C lka are usually small and can be neglected. 
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From Eqs. 13.1-23 and 24 it follows that derivatives with respect to nuclear 
coordinates are of roughly the same order of magnitude as derivatives 
with respect to electron coordinates. Thus it is easy to show that the 
terms involving B [k are of the order of (where K e is the electronic 
kinetic energy. Similarly, the terms involving C lk% arc of the order of 
magnitude of V(m/M)K e K nt where K n is the kinetic energy of the nuclei. 
Since m/M lies between 0.0005 and 0.000002, the error introduced by 
neglecting these terms in ordinary molecular problems is very small. 
For example, the error in the energy of the ground state of the hydrogen 
molecule amounts to approximately 0.005 kcal per mole. Thus, ordinarily 
Eq. 13.1-18 may be simplified by neglecting the quantities B lk and C lka> 
and accordingly the nuclear motion is determined by the solutions to the 
equations 


Z “ 2 m, \3r. 



(13.1-26) 


From this equation it is clear that the <!>„(/|r r ) as determined from 
Eq. 13.1-16 do in fact serve as the potential energy functions for the 
nuclear motion. 

Eyring and Polanyi 11 have pointed out that, by changing the coordinates 
from the r a to a linear combination of the r a , it is possible to eliminate 

the cross-terms (r— * r—) Xi xn Eq* 13.1-26 and express the equation 
\cr a dry 

for nuclear motion in the form of a Schrodinger equation in 3v — 3 
dimensions, where v is the total number of nuclei. To express the 
nuclear motion in terms of the 3v — 6 relative coordinates of the nuclei 
it is further necessary to separate off the rotational motion of the molecular 
system. It has been done, but results are complicated. 12 

Actually the B lk and C lka terms provide coupling between the various 
electronic states, which is usually weak. In a collision in which the 
molecules start at large separations in electronic states characterized by 
the set of quantum numbers, /, they can come apart in some other electronic 
states, k. The transition between the / and the k states usually takes 
place when the nuclear configuration is such that there is only a very 
small energy separation between d> n (/| r*) and O n (A: | r’). The theory of 


«' H. Eyring and M. Polanyi. Z. physik. Chem., B12, 279 (1931); J. O. Hirschfeldcr, 
Ph D. Dissertation. Princeton University (1936). 

C. F. Curtiss. J. O. Hirschfelder, and F. T. Adler, J. Chem. Phys ., 18, 1638 (1950); 
J. O. Hirschfelder and E. P. Wigner, Proc. Nat. Acad. Sci ., 21, 113 (1935); C. F. Curtiss, 
J. Chem. Phys., 21. 1199 (1953). 
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h nnn-adiabatic collisions has been discussed by Kallman and London, 13 
n t 11 Landow, 15 and Zener. 16 A large percentage of the collisions 
K - molecules in excited states is non-adiabatic in this sense. 1 he 
betwee g of exc j ta tion by the transfer of energy in collisions 

u Uen £een 8 the subject of a considerable amount of experimental and 
theoretical research.” Some high energy collisions between molecules in 
hL ground states may also result in electronic transitions. 16 
h A n S approximate expression for the probability of a non-adiabatic 
collision between two atoms may be described in the following manner. 



Fie. 13.1-2. (Left) Two potential energy functions which almost cross. 

(Right) Enlarged section of the region where <!>.(/) and <t> n (k) are close together. 

If two potential energy functions of the same symmetry, <b n (l | r) and 
<!> (£ I r ) t have almost the same value in the vicinity of a point r 0 , as shown 
in" Fig. 13.1-2, we can draw straight line asymptotes A, and A k which 
connect <t>„(/) and <!>„(*) before and after their near miss. Let us now 
define the following quantities: r 0 , the separation for which <!>„(/) - <1>„(*) 
has a minimum value 2e(l,k)\ s t = ( dAJdr ) r# and s k = ( dAJdr ) r# , the 
slopes of the straight-line asymptotes; and v{r 0 ) = (i dr/dt)^ the relative 
velocity of the collision when the molecules are separated by a distance 
r 0 . Then the probability P that the system jumps from the potential 

» Kallman and London, Z.physik. Chem., B2,207 (1929). Application of variational 
principles to collision problems represents an important recent development by S. 
Altshuler, Phys. Rev., 89, 1278 (1953). 

14 O. K. Rice, Proc. Nall. Acad. Sci., 17, 34 (1931). 

14 L. Landow, Physik Z. Sowjetunion, 2, 46 (1932). 

14 C. M. Zener, Proc. Roy. Soc. (London), A137, 696 (1933); AMO, 660 (1933). 

17 N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions, Oxford University 
Press, 2nd Ed. (1950), p. 281. Also A. V. Phelps and J. P. Molnar, Phys. Rev., 89, 
1202 (1953). 

19 H. Eyring, J. Walter, and G. E. Kimball have a nice discussion of non-adiabatic 
collisions [Quantum Chemistry, Wiley (1944), p. 326). 
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<D n (/) to the potential «>„(*) (or vice versa) during 
approximately 18 


P = exp 



4 1 

h<Kr 0 ) \s,-s k |J 


a 


collision is 


(13.1-27) 


in which h is Planck’s constant. Thus the closer the potential curves 
approach each other, the higher the kinetic energy of the collision, and 
the greater the angle between the two potential curves, the greater is the 
probability of a transition. 

When an appreciable fraction of the collisions are non-adiabatic, the 
classical notion of intermolecular forces loses its significance, but the 
results of collision processes can still be described on a statistical basis. 
Thus the concept of intermolecular potentials should be carefully examined 
in each particular case. 


c. Information about intermolecular potentials from the virial theorem 

Slater 19 has shown that the virial theorem can be used to determine 
the ratio of the average electronic kinetic energy to the average electronic 
potential energy in a molecular system. This use of the virial theorem 
has led to a better understanding of the nature of both inter- and intra¬ 
molecular forces. It has also led to a number of interesting applications. 
For example, Cottrell used Slater’s results to determine the shifts in the 
electronic energy levels of molecules from experimental p-V-T data when 
a gas is subjected to very high pressure (see § 4.3c). Another application 
of the virial theorem is in the quantum mechanical calculation of approxi¬ 
mate binding energies. For such a calculation, a scale factor is introduced 
in the approximate wave function and adjusted so as to give the lowest 
energy (see Appendix B at the end of this chapter). The adjustment of 
the scale constant automatically serves to establish the correct ratio of 
the average electronic kinetic to potential energy. 

Let us consider a molecular system composed of n electrons and v 
nuclei which attract and repel each other according to the Coulomb law 
(we neglect magnetic interactions). When the system is in an equilibrium 
state, then according to the virial theorem the average potential energy 
is the negative of twice the kinetic energy. Even when the nuclei are 
held in fixed non-equilibrium configurations, the virial theorem can be 
applied. Because of the separability of the electronic and nuclear 
coordinates, the virial theorem provides quite a bit of information about 
the non-equilibrium case. 

The potential energy of the molecular system under consideration is 

19 J. C. Slater, J. Chem. Phys., 1, 687 (1933). See also M. Born, W. Heisenberg, 
and P. Jordan, Z. Physik, 35, 557 (1925-26). 
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Fa 13.1-1. Inasmuch as this potential energy function is a 
homogeneous function of the coordinates of degree -1, according to 
Eq. 1.4—29 we may write 

o 3 -i- 28 ) 

.-.I 


nd p are the forces acting on the ith electron and the ath nucleus, 
a .. t i ve i Y But the virial of the forces acting on the electrons is equal 
[oThe average value of the kinetic energy of the electrons, R„ according 

to Eq. 1-4-28: „ _ 

-i I (r. • F ( ) = K, (13.1-29) 


The motion of the electrons is fast compared to the motion of the nuclei. 
Hence as far as the electrons are concerned, the nuclei are stationary. 
With this assumption Eqs. 13.1-28 and 29 give 

K,= -&, + li (r. • FJ (13.1-30) 

9-1 

But now the force on the ath nucleus is given by 

Fa = -_L«J, n (13.1-31) 

in which <D„ is the potential energy of the system for a particular nuclear 
configuration. In the Schrodinger equation for the electronic motion 
(Eq. 13.1-16), <I>„ plays the role of the total electronic energy, so that for a 
fixed nuclear configuration: 

K, + = < » n (13.1-32) 


Substitution of Eq. 13.1-31 into Eq. 13.1-30 gives 

K. = - - i i (r, • *.) 

o-i or a 


(13.1-33) 


If the potential energy O n is a function only of the distances r a{i between 
the nuclei, then 

<mJ4) 


Hence Eq. 13.1-33 can be rewritten as 

_ a<j> 

*, + **,=-12*1^ (13.1-35) 

or *fi 
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Now this result can be combined with Eq. 13.1-32 to give the following 
two relations: 

30 

*. =-0„ - J 03.1-36) 

30 

o* = +2<t>„ + i 2*1 # r„ —" (13.1-37) 

We have thus succeeded in obtaining expressions for the average electronic 
kinetic and potential energy in terms of O n . Equations 13.1-36 and 37 
are very useful in understanding the changes which take place in the 
electronic states of molecules under the influence of very high pressure. 
(Sec § 4.3c) 

Let us now consider a collision between two closed-shell atoms, 
such as argon. If it is assumed that argon obeys a Lennard-Jones (6-12) 
potential: 

0„ = +4c j 4- a constant (13.1-38) 

Consequently, the average electronic kinetic energy is 

= -1*, + 12c [2 (")' 2 - (*)'] (13.1-39) 

Thus for such atoms: 

r > 2 1,, a . 

r = 2 ,, *<r . K, = -\ O. (13.1-40) 

r < 2 1, *<j . 

where r = 2 l, *a is the equilibrium separation of the atoms. 

d. Equivalence of classical and quantum mechanical intermolecular forces 

It has been proven by Hellmann and Feynman 20 that the forces on the 
nuclei determined from a quantum mechanical potential energy surface 
are just exactly what we would expect on the basis of classical electro¬ 
statics and a knowledge of the electron probability density. In other 
words, once the distribution of the electron cloud has been determined 
from the solution of the Schrodinger equation, the forces on the nuclei 
may be calculated according to the electrostatic interaction formula given 

20 H. Hellmann, Quantenchemie, Leipzig, Deuticke & Co. (1937), p. 285; R. P. 
Feynman, Phys. Rev., 56, 340 (1939). 
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CLASSICAL AND QUANTUM FORCES 


12 1-7. 21 This theorem—referred to as the Heilman-Feynman 

m Eq ’ j _is very useful in establishing the qualitative connection between 

distribution of the electronic charges in the molecules and the inter- 
1 1 lar forces. It also simplifies greatly our notions of the nature of 
m< t Molecular forces. We should note that spin and exchange effects 
, important role in determining the electron cloud, but, once this 
lectron distribution has been fix^d, the forces are principally classical 
e . clrosta tic forces. Previously there had been a tendency to assume that 
Lin and exchange effects played a direct rather than a secondary role in 
determining these forces. 

Let us now consider a system of v nuclei and n electrons in which the 
nuclear and electronic motions are separable. The normalized electronic 
wave functions y> = r ") “‘“ty the Schrodinger equation given in 

Eq. 13.1-16. and the 0„ - 0„(* | O are the energy levels of the system. 
The latter may be expressed in the form: 

(13.1-41) 


0„ = J rp'SH'.vdr' 


Substitution of this into Eq. 13.1-31 gives for the force on the ath nucleus 
in the j-direction: 


'ax 




(13.1-42) 

This may be simplified by taking into account the Hermitian nature of 
the operator , and the properties of the wave functions. The result is 22 

= - J V* mf* V dr" = - J v* V dr" (13.1-43) 


21 The Hcllmann-Fcynman theorem is derived on the basis of the usual Hamiltonian, 
considering only electrostatic interactions between the particles. If we took into con¬ 
sideration the small spin and orbital coupling terms in the complete Hamiltonian given 
in Appendix I3A, small deviations from their result would be found. 

« Since is a real Hermitian operator, 

l^'gdr'-f 

Furthermore, y* satisfies the Schrodinger equation. 

X,xp* = d> n y* 


Therefore the last two terms of Eq. 13.1-42 can be rewritten as 



from which Eq. 13.1-43 is obtained. Since the kinetic energy part of Jt% does not 
depend on the x a , ( djrjdx J = (3<J>,/&r a ). 
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Now, according to the definition of <D. in Eq. 13.1-1, we may write 

^ “ 3*S1, r,, ) ~ TJ (,3 - 1 - 44 > 

The last term is closely related to the electric field in the z-direction 
produced by the ath nucleus at the position of the ith electron, which is 

Hence Eq. 13.1-43 can now be written as 


F,a = ~fx{^ t ^^~) +2,e J V'V&oIrtdr" (13.1-46) 

This may be further simplified by noting that the charge density p, for 
electron 1 is given by: 


Pi = ej v*y>dr 2 dr 3 • • • dr „ (13.1-47) 

Furthermore, because of the identity of the electrons in the system, this 
must be the same for all n electrons. Hence the total electron charge 
density p at a point is just equal to np v Hence we may finally write the 
expression for the x-component of the force acting on the ath nucleus as 


F --~k u (z/ + J tfr- dr (13.1-48) 


This completes the proof of the Hellmann-Feynman theorem. 

This important result implies that the force on any nucleus (considered 
fixed) in any system of nuclei and electrons is just the classical electro¬ 
static force exerted on the nucleus in question by the other nuclei 
and by the electron charge distribution for all the electrons. That is, the 
force on a nucleus is the charge on that nucleus times the electric field 
at that point due to the other nuclei and the electric field calculated 
classically from the electron charge distribution. If a wave function is 
calculated for a single nuclear configuration, the Hellmann-Feynman 
theorem permits a direct calculation of all the nuclear forces. This is a 
considerable saving in work over the usual scheme of calculating the 
energy of the system at a large number of nuclear configurations, and 
results in a considerable increase in the accuracy. 

From the Hellmann-Feynman results it is clear that in order that the 
atoms corresponding to two nuclei attract each other, there must be a con¬ 
centration of electron charge between them which attracts both nuclei. 
To a considerable extent a nucleus moves because of its attraction to its 
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6 ther Similarly the van der Waals forces of attraction may be mterpre ed 
^distortion of the electron distributions in the molecules such that the 
i . on density becomes larger on the side toward the colliding molecule. 
Tvery nte^vTual presentation of the meaning of the He.lmann- 
Feynman theorem has been giveh by Berlin» Parts of the electro" doud 
fend to bind the nuclei together, and other parts of the electron cloud tend 



(a) Binding (W Antibinding 

Fig. 13.1-3. Binding and antibinding in a diatomic molecule consisting of 
nuclei a and b with nuclear charges Z. and Z,. 


to separate the nuclei. For example, consider the diatomic molecule 
pictured in Fig. 13.1-3. Let x be the distance along the internuclear axis 
measured from the midpoint of the two nuclei separated by a distance r 
and let y be the distance of a point from the x-axis. Figure 13.1-3a shows 
a point in the electron cloud (x lf y,) which would necessarily correspond to 
binding. That is, an element of negative charge located at the point 
(x lt yj) leads to a coulombic force on nucleus a which has a component in 
the x-direction that tends to pull a toward b. Similarly the coulombic 
force exerted by the negative charge on b has a component in the —x- 
direction and also tends to pull a toward b. Thus the negative charge at 
(xj, y x ) helps to bind together the molecule ab. Now consider the situation 
(x 2 , yj of Fig. 13.1-3b. A negative charge placed at this point leads to 
coulombic forces pulling both a and b in the x-direction. If the component 
of force on b in the x-direction is greater than the component of force 


M T. Berlin, /. Chem. Phys., 19, 208 (1951). 
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F *z on a in the ^-direction, a differential force - F„ is set up, which 
tends to separate the two nuclei. That is, a negative charge at ’(*„ y.) 
under these conditions would be antibinding. The criterion for the 
boundary surfaces between the binding and antibinding zones is 



Fig. 13.1-4. Homonuclcar molecule, 
Z. = Z,. 



Fig. 13.1-6. Sodium chloride molecule 
ZJZ b =17/11. 


F >* (13.1-49) 



Fig. 13.1-5. Hydrogen chloride 
molecule, ZJZ b = 17. 

or, if Coulomb’s law is used, 

z - [* + 5] [(* + 5) +**] '' 

(13.1-50) 

For a homonuclear molecule (with 
Z a = Z 6 ), the boundary surfaces 
satisfy the equation 

[-©I- 

(13.1-51) 


The boundary curves, as shown in Fig. 13.1-4, are similar to hyperbolas 
and have asymptotes which are straight lines intersecting with the tetra¬ 
hedral angle, 109° 28'. The antibinding region is cross-hatched in the 
figures. As the ratio of ZJZ b increases, one of the surfaces flattens out 
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[Eq. 13.1-51) 

. „ , lirface * = _ r/2, while the other surface curls back onto 

itself toform a closed region which approaches the single point (x = r/2, 

V hydrogen chloride, with ZJZ b = 17. as shown in Fig. 13 1-5, the 
little andbinding region extends from the hydrogen nucleus at z = r/2 
‘ about x = 0.82r and between y = ±0.19r. For sodium chlor.de with 
7 17 = 17/11 as shown in Fig. 13.1-6. the surfaces look more like the 
homonuclear case, with the surface passing through the Cl slightly flattened 
and the surface passing through the Na slightly curled. 

An analysis similar to this could be made to determine in which regions 
of soace the electron cloud would help to attract two molecules and in 
which regions of space the electron cloud would tend to increase the 
repulsion between the molecules. In any case, that part of the electron 
cloud which lies directly between the two molecules is always binding. 


e. Quantum mechanical calculation of the intermolecular potential energy 

The quantum mechanical calculation of the energy of interaction 
between two molecules is basically the same as the calculation of the 
binding energy of a single molecule. Many detailed examples are given 
in Chapter 14. The two principal methods of solution are the variational 
and the perturbation methods (see § 1.6e)« In addition, there is the 
recently developed generalized self-consistent field method which we 
discuss presently. The variational method has the advantage that the 
energy calculated on this basis is always too high, so that the addition of 
more terms or more adjustable parameters to the approximate wave 
function is bound to reduce the error. The variational method may be 
applied to any intermolecular potential calculation, regardless of whether 
the molecules are close together or far apart. Both the variational 
and the perturbation methods apply more correctly to the calculation 
of the energy of interaction between two molecules than to the calculation 
of the binding energy of a single molecule, since the energy of inter¬ 
action is truly small compared with the ionization potentials and 
other measures of molecular energies. The first-order perturbation 
method applies to calculations of the chemical or repulsive forces which 
arise when the molecules are close together and their electron clouds 
overlap. It can also be used to calculate the long-range forces between 
molecules having permanent dipole or multipole moments (see §§ 13.5 and 
6). The second-order perturbation method, however, is needed to 


24 An excellent discussion of these methods is given by P. Gombas, Theorie undLosungs- 
methoden des Mehrteilchenproblems der Wellenmechanik, Birkhauser (Basel, 1950); 
N. F. Mott and I. N. Sneddon, Wave Mechanics and Its Applications , Oxford (1948); 
and H. Eyring, J. Walter, and G. E. Kimball, Quantum Chemistry, Wiley (1944). 
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calculate the long-range forces which arise through the induction of electric 
moments in one molecule by the electric field of the other molecule 
(see §§ 13.3 and 13.4). 

The calculation of the chemical or repulsive forces by the first-order 
perturbation method is particularly simple when the bond structures 
in the two molecules are well determined so that no resonance need be 
considered. If the electrons in the molecules a and b are located in 
general one-electron orbitals a^l), a 2 (l),. . . and b x (2\ b 2 { 2), . . ., 
respectively (where the subscript designates the orbital and the number 
in parentheses designates the electron), the total energy of the combined 
system of the two interacting molecules is given by 25 

Approx = Q + £ p L a6 - i Z u L a6 (13.1-52) 

Here £ p L a6 is the sum of the exchange integrals between pairs forming 
shared electron bonds; is the sum of the exchange integrals 

between all unpaired electron orbitals; and Q is the sum of all coulombic 
interactions plus the sum of the energies due to the long-range energy of 

“ The nomenclature of molecular quantum mechanics is as follows: 

(1) Coulombic Energy Integrals. The coulombic energy of the system is given for 
a four-electron system by 

j a,( I )*o 1 (2) , fc,(3) , ft 1 (4)* JTa,( I )a,(2)fc,(3)l>,(4) dr* 

When the Hamiltonian is expressed as a sum of terms, the coulombic energy 
becomes a sum of integrals, each one of which is called a "coulombic integral.” 

(2) Single Exchange Energy Integrals. The single exchange energy integrals are of 
the form 

| a,(3)*a,(2) , 6|(l )*6|(4)* o,( I )fl,(2)6,(3)fe,(4) dr* 

These may be reduced to the form f Oi(3)*6i(l)* — 0|Q)6|(3) dr l dr t . 

J r i» 

(3) Multiple Exchange Energy Integrals. The multiple exchange energy integrals 
differ from the single exchange energy integrals in the sense that more than one pair 
of electrons is exchanged between the initial and final products of orbitals. An 
example would be 

f o 1 (3)*a 1 (4)*ft,(l) , 6,(2)* - o 1 (l)o.<2)fc,(3)6,(4) dr> 

J r lt 

(4) Overlap Integrals. The term overlap integral can be used in either the generic 

sense, dr y , to express the lack of orthogonality between two wave functions, 

or else it may be used to express the lack of orthogonality between two orbitals, a x 
and b lt 

Ja/IWD*, 
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dispersion, induction, and dipole interactions. The part of Q arising 
from coulombic interactions, Q„ is given by 




a>P 
all pair* 
of nuclei 


$££+ i J a + 1 K ab 

r ap »1> ‘l 1 

orbitals pairs 


(13.1-53) 


where 2 

Kab = IJ a(l)*M2)* a(DM2) dr l dr 2 (13.1-54) 

y.-_ fa(l)*Z.^a (»* , 1 (131_55) 

J r \a 

The exchange integrals of Eq. 13.1-52 have the form 

L ob = jj a(l)*b(2r j- fKl)n(2)dr, dr 2 (13.1-56) 

In Eq. 13.1-52, the multiple exchange integrals and the overlap integrals 

h3 The'Tnergyof interaction of a pair of molecules is then calculated in 
the following manner. The energy, £. ppr0 *, is calculated first for the 
system of the two molecules in a state of collision; then for the two mole¬ 
cules separated by a very large distance. The difference of these two 
energies is the energy of interaction. The energies of interaction calculated 

in this manner should be quite accurate. , , 

The generalized self-consistent field method, recently developed by 
Slater 26 should be very useful in the calculation of intermolecular energies. 
The process is first applied to each of the separated molecules and then it is 
applied to the combined system. Let cll^Xr^ a x (rtf, a 2 (rj . . . 
form a complete set of orthogonal one electron molecular orbitals for 
electron 1 in molecule a. Then various approximate wave functions for 
molecule a can be formed by taking different linear combinations of Slater 
determinants formed from these orbitals. By taking a linear combination 
of an infinite number of Slater determinants, it is possible to approach the 
exact wave function. In practice, however, it is found that a very good 
function is obtained by taking only a few Slater determinants correspond¬ 
ing to the interaction between a few chemically significant configurations. 


(13.1-54) 


(13.1-55) 


(13.1-56) 


«• J. C. Slater, Phys. Rev., 91. 528 (1953), and 81, 385 (1951). Also Electronic 
Structure of Atoms and Molecules, Solid State and Molecular Theory Group of 
Massachusetts Institute of Technology, Technical Report No. 3 (February, 1953). 
For a complete discussion of the standard Hartree and Hartree-Fock self-consistent 
field methods see P. Gombas, Theorie und Losungsmelhoden des Mehrteilchenproblems 
der Wellenmechanik, Birkhauser (Basel. 1950). 



940 


THE THEORY OF 1NTERMOLECULAR FORCES [§ 13.1] 

Let us assume an approximate wave function, v4° p >pro,. made up of a 
particular linear combination of Slater determinants expressed in terms 
of the set of orbitals, u'°», a»>, «g», .... Then we can uniquely 
specify an effective potential energy field <D"»(r,) in which any of the 
electrons (for example, electron one) moves. 


(13.1-57) 


The function O ,0, (r,) is the potential energy of interaction between 
electron 1 and all the other electrons, averaged over all their motions and 
spins and the nuclei, held in fixed positions. This follows from the fact 
that 

dr lj vip’p’rox \Cpro* dr t dr 3 ■ ■ ■ dr„ ( 13.1 -58) 

is the probability of electron 1 being in dr, averaged over the motions and 
spins of each of the other electrons. Alternatively, d>< 0 ’(r,) is the potential 
energy of interaction of an electron (with a particular spin) at r, with an 
electronic charge distribution 


(13.1-59) 


and the nuclei held at their fixed positions. Now d> (0, (r,) is used as the 
potential for a one-electron Schrodinger equation to obtain a new set of 
molecular orbitals, aJ^rj),. . . , 

[-£(£•£) + ®'"’ <ri1 ] “«*•■>-Wrj (13.1-60) 

Here the € k is the energy of an electron in the A:th orbital. The new orbitals 
fl (1, (r,) now serve to define a new one-electron potential field <& (1 >(rj), 
and this process is repeated until it converges to a self-consistent potential 
field. 

For a combined system of two colliding molecules, we start with an 
approximate wave function yipprox formed by antisymmetrizing the 
products of approximate wave functions for the separated molecules. 
In terms of this V*‘approx* we f° rm a < ^ )(0, ('‘ 1 )- From the one-electron 
potential we get a set of molecular orbitals for the combined system. 
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Then repeating the process until it converges, we obtain the total energy 
If the combined system and hence the energy of mleractton. 
f This process seems peculiarly well adapted to high-speed machine 
Inlations Already, Meckler” has shown that the process converges 
auickw'and easily in the case of molecular oxygen. The total energy of 
T molecule corresponding to the potential d><»’(r,) gives the first-order 
oerturbation, and the energy corresponding to gives essentially 

the second-order perturbation. Since the 0««( r,), 0«»( r,), etc., in general 
have the same symmetry as the molecule, considerable simplifications can 
be made in the determination of the orbitals by the use of group theory. 


2. The Polarizability of Molecules 1 

The polarizability of molecules plays a very important role in several 
of the theories of long-range intermolccular forces discussed in subsequent 
sections Accordingly we devote this section to a discussion of the 
calculation of polarizabilities. First the general quantum mechanical 
theory is presented, and this theory is applied to the calculation of the 
polarizability of molecular hydrogen. Then the principle of additivity of 
polarizabilities is discussed. And finally the use of screening constants 
to calculate polarizabilities and other molecular properties is considered. 

When a molecule is placed in an electric field a displacement of charges 
results such that a dipole is induced. The magnitude of this induced 
dipole is given by 


.(Ind) _ 


= («•*) 


(13.2-1) 


in which a is the polarizability tensor of the molecule. If the molecule has 
a permanent dipole moment (X, the energy of the molecule in an electric 
field minus that of the molecule outside the field may be obtained from 
Eqs. 12.1-35 and 12.2-2: 

E - E 0 = -(p. ‘ 9) - i(9 ‘ ‘ 9) (13.2-2) 


in which E 0 is the energy of the unperturbed molecule, and E is that for 
the molecule under the influence of the electric field c g . 

It should be pointed out that Eq. 13.2-1 is valid only for low field 
strengths. In molecular collisions the electric field strengths are so large 
that there is some question 2 as to whether the usual polarizabilities 
suitable for low field strength still apply. At a distance of 3 A from an 
electronic charge, the field strength is 5.3 X 10 5 esu per cm or 160 million 
volts per cm. At a distance of 3 A from a dipole molecule with a dipole 

17 A. Meckler, Solid State and Molecular Theory Group of Massachusetts Institute of 
Technology, Quarterly Progress Report, July, 1952, p. 62; October, 1952, p. 19. 

1 The polarizability of matter is discussed in § 12.2. 

2 C. A. Coulson, A. Maccoll, and L. Sutton, Trans. Faraday Soc ., 48, 106 (1952). 
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moment of 3 debyes 3 and with a separation of charge of 2 A, the electric 
field is about 75 million volts per cm. Coulson, Maccoll, and Sutton 
have developed a theory showing that the polarizability of benzene and 
other conjugated and aromatic molecules (where the shape and electrical 
properties of the molecules are very different in different directions) 
increases a great deal at field strengths of the order of 100 million volts 
per cm. 

a. Variational method 4 for the calculation of polarizabilities 

The polarizability of molecules can be approximated by a simple 
variational procedure suggested by Hylleraas 5 and Hasse. 8 Let us 
consider an unperturbed molecule containing n electrons and v nuclei for 
which the quantum mechanical Hamiltonian operator is The 

energy of the molecule in its ground state is designated by E 0 . Associated 
with this energy is a wave function which satisfies the Schrodinger 
equation and a normalization condition: 


<^ 0 % = Wo (13.2-3) 

J r*T 0 dr" = 1 (13.2-4) 

When the molecule is subjected to an external disturbing influence (such 
as an electric field) there is a contribution to the Hamiltonian, x% due 
to the perturbation effect. The total Hamiltonian for the perturbed 
molecule is then 

<^ = <^0 + ^1 (13.2-5) 

Corresponding to this Hamiltonian there is a wave function T and an 
energy E. The perturbed wave function can be written approximately as 7 

Y = (l +A&r i )'V 0 (13.2-6) 


* 1 debye = IO-”esu. 

4 The variational method as an approximate means of solving the Schrddinger 
equation is discussed in § 1.6e-i. 

5 E. Hylleraas. Z. Physik, 65. 209 (1930). 

4 H. R. Hasse. Proc. Cambridge Phil. Soc. t 26. 542 (1930); 27. 66 (1931). 

7 We assume that the molecule is not moving with respect to the electric field. Then 
the wave functions for the stationary state can be taken to be real. Hence in the 
following discussion the M* 0 are assumed to be real. Also, the term jT, is usually a 
function rather than a general operator. Without these conditions, the following 
analysis is somewhat more lengthy but the results are very similar. 



m t3Jr _ m THE CALCULATION OF POLARIZABILITIES 943 

in which A is a variational parameter. This parameter is evaluated by 
requiring that the approximate value of the energy 

j 'YSff'Y dr" 


E = 


I 


(13.2-7) 


Weir' 


J' 


be a minimum. , . 

Substitution of the Hamiltonian given in Eq. 13.2-5 and of T given in 
Eq. 13.2-6 into this expression for the energy gives 

V.KJT, + STd + + ^o^t + 2#V) 

+ A\ser x sif o^i + 2«7)iTo*1 

j* _ _ _ 

JV 0 [I -I- 

(13.2-8) 

When use is made of the properties of the unperturbed wave functions 
(sec Eqs. 13.2-3 and 4), this expression assumes the form 

_ W X + (g, + 2W 2 )A 4- (g 2 + W,)A* 

E b ° 1 + 2W y A + W t A % 

in which W x = 1^0 ^ r " 


(13.2-9) 


W t = jvo&rsro dr" 

= dr" 

Cl = Jy o (^ o -£ o )^ 1 'F o^ /r" 

0 ^ = Jr 0 - £„) dr’ 


When the constant A is varied so as to minimize the value of £, Eq. 13.2-9 
gives the shift in the energy level due to the perturbing efTect. Let us 
now apply this result to the special case of a molecule in an electric field. 

In order to study the polarizability of a neutral molecule, the perturba¬ 
tion is taken to be a uniform electric field of intensity 8% in the x-dircction. 
The perturbing potential is then 

&X = I” 2 *i+i Z**al 


( 13 . 2 - 10 ) 
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Here e is the absolute value of the charge on an electron. The x, and x a 
are the ^-coordinates of the electrons and nuclei, respectively, and the 
Z a are the atomic numbers of the nuclei. Now the x-component of the 
permanent dipole moment of the undisturbed molecule is given by 

(V 0 [-*{ i *<- i z A }rF 0 «fr" 

J l-l a — 1 

= -el 2 £<- I Z a xJ (13.2-11) 

i- 1 a — 1 

in which a bar indicates a quantum mechanical averaging with respect to 
the unperturbed wave function. Since all electrons are equivalent, we 
can drop the subscript on x, and call it x, the average x-coordinatc of an 
electron. Thus it may be seen that when the integral W x% defined above, 
is evaluated for the perturbation potential in Eq. 13.2-10, the result may 
be written as 

w \ = —p&x (13.2-12) 

The expression given in Eq. 13.2-9 for the energy shift is then 


£-£o=-/^2Yf 


A(Q x + 2W t -2p,fc*) + A\Q t +IV*+ fif.) 


1-2 Apjr m + A*lV t 


(13.2-13) 


This expression for the energy shift is of the same form as Eq. 13.2-2. 
Hence the evaluation of the integrals Q ( and W { enables us to calculate 
the coefficient of z 2 , which is simply related to the polarizability. 

First we notice from the definitions of the W { that both the W z and 
W 2 n i ^f T are proportional to £f, 3 . Hence these terms do not contribute 
to the polarizability and need not be considered further here. The 
integral Q x may be shown to be zero, and the other integrals in Eq. 
13.2-13 may be shown to have the following values: 8 

W % = ^sr.* + L(x, - X)* + (n - 1) (!,-«)(*,-*)] (13.2-14) 
Q 2 = (13.2-15) 


* The expression for W x is obtained by substituting Jf, (Eq. 13.2-10) into the 
definition of W x (Eq. 13.2-9) and making use of Eq. 13.2-11: 

W t = - 2(S a Z r r a )(£,i 1 ) + 

= /•**/ + **! 

Use of the fact that x is the same for all n electrons (because | T 0 1* is symmetric with 
respect to interchange of any pair of electrons) gives the expression in Eq. 13.2-14. 
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in which n is the number of electrons in the molecule, and = (Jl*/***) = 
n ~A is the Bohr radius. The term (*, - *)* is the mean square 
Aviation of an electron from its average position in the Erection. 

_ £) (x _ i) gives the average correlation between the 
instantaneous ^-coordinates of two different electrons. This correlation 
!„1H he zero for a molecular orbital wave function. However, for 
polyatomic molecules this correlation is appreciably large if the wave 
function is either of a chemical bond type using atomic orbitals or else the 
function is of the correlated molecular orbital type. 

The variational parameter A may be determined by setting (dE/dA) t :qua 
to zero and solving for A. In the limit of low electric field strength (that 
is, in the limit ST*-*-0), it may easily be shown that A varies as gf* and 

has the form, 2 

A = Of* y, ~ ^t) (13.2-16) 

(?2 


To evaluate Q, and 0, it is necessary to examine (■*'„ - E.W,. The only 
parts of the operators *. and jP, which do not commute are the kinetic energy 
term of jP 0 and the electronic term of jp,. In particular, 

3 ' , V *” l » + 2 !*J 


and 


( J p 0 -£„) J P 1 T..+2e,,S 1 - — 


Then the integral Q x becomes 


h * 8T, 

7**,**i 

.(£)*WS- 

-**(£)■/*£- 

where use has been made of the identity of the electrons. Integration and use of the 
fact that T 0 * = 0 at x, = ± oo gives Q x = 0. 

The integral for Q t is 

The terms with i ^ 1 cannot contribute; hence 
It is easy to show by integration by parts that 




dr n = 


so that 


o- - (£) - 
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with the result that 


E — 





(^ x 2 - ^ 2 ) 2 

g. 


(13.2-17) 


Comparison of this result with Eq. 13.2-2, and the use of the expressions 
given in Eqs. 13.2-14, 15 for Q 2 and W 2 , yields the following formula for 
the .rx-componcnt of the polarizability: 



[(*! “ i ) 2 -("-D (*i - *) (x 2 - x )] 2 


(13.2-18a) 


This result, which is valid for molecules, is a generalization of the expression 
for the polarizability of atoms which was obtained by Kirkwood. 9 

The polarizability of an atom is isotropic. If the wave function for an 
atom is approximated by an atomic orbital wavfe function, the second term 
in Eq. 13.2-18a vanishes. Furthermore, in an atom, x = 0 and 
x x 2 = y x 2 = z x 2 = Jr, 2 . Thus Eq. 13.2-18a becomes 


a = 



(13.2—18b) 


This expression serves as a simple approximate method for estimating 
polarizabilities. For the hydrogen atom this equation gives a = 4a 0 3 , 
which is in fair agreement with the experimental value a = 4.5a 0 3 . For 
the helium atom Eq. 13.2-18b gives a = 1.0a 0 3 (for the simplest approxi¬ 
mate wave function, the product of two hydrogen orbitals), whereas the 
experimental value is 1.37a 0 3 . A fairly good value is obtained for 
molecular hydrogen 10 using Eq. 13.2-18a. 


b. The polarizability of molecular hydrogen 
Very accurate values of the polarizability of molecular hydrogen and 
its isotopes have been calculated by Ishiguro, Arai, Kotani, and 
Mizushima. 11 They used the eleven-term James and Coolidge 12 wave 
function for the normal unperturbed hydrogen molecule. They assumed 
that, under the influence of the external electric field, the wave function is 
modified by the addition of ten adjustable constants times James and 


* J. G. Kirkwood. Physik. Z., 33. 57 (1932). 

10 J. O. Hirschfelder. J. Chem. Phys., 3. 555 (1935). 

11 E. Ishiguro. T. Arai. M. Kotani, M. Mizushima, J. Phys. Soc. ( England ), A65, 
178 (1952). 

11 H. M. James and A. S. Coolidge, J. Chem. Phys., 1, 825 (1933). 
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_ .. . tvoe terms . The ten constants were then varied so as to give 

energy In this way they obtained the results g.ven in Table 
e 2 , The experimental values for the dielectric constant of molecular 
/ 3 - 2 "'„ n OX and 1 atm vary from 1.000259 to 1.000273, so that the 
theoretical value of 1.000267 is quite satisfactory. There is considerable 
variation in the experimental values for the polarizabilities. The mos 
careful measurements have been made by Volkmann.” H.s experimental 
measurements are listed in Table 13.2 1. 


TABLE 13.2-1 


THEORETICAL AND EXPERIMENTAL VALUES OF THE POLARIZABILITIES 

and the Dielectric Constant «' of Molecular Hydrogen 
(for Zero Frequency) 


o„ - polarizability (in A 3 ) in direction parallel to bond 
«x A = polarizability (in A 3 ) perpendicular to bond 
a = mean value of polarizability = J(*„ + 2« A ) 



Experimental 13 

Theoretical 11 


H, 

h 2 

HD 

d 2 

*11 

€'(0°C. 

1 atm) 

0.934 

0.718 

0.790 

1.000259 
to 1.000273 

0.9746 

0.6968 

0.7894 

1.0002666 

0.9651 

0.6917 

0.7829 

1.0002643 

0.9537 

0.6856 

0.7749 

1.0002616 


c. The additivity of bond polarizabilities 

A quick estimate of the polarizability of a complex molecule may be 
obtained by adding the contributions of the various constituent bonds to 
the polarizability. The validity of this method may be justified by means 
of the theoretical development given in § 13.2a. 

Let it be assumed that the electrons in an ^-electron molecule may be 
divided into a number of groups A, B> C, . . . containing n At n B , n c , . . . 
electrons, respectively. These groups are supposed to be more or less 
independent of one another, so that the wave function (before being anti- 
symmetrized) can be factored into a product of a set of functions, each 


13 H. Volkmann, Ann. der Physik, 24, 457 (1935). 
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representing one of the electron groups. We use the notation x Ai to 
indicate the coordinate of the ith electron in the group A. The average 
quantity, x At is the value of x Ai averaged with respect to the unperturbed 
wave function of group A. Then the summations given in § 13.2a can 
be written. 

n 

1 *1 = ''A i A + ngZg H- 


n n 


2 2 X i X i — ZiZ^A&AJ + 'li'lf x Bi x Bi + 


+ 2<2 i x At x Bi + + 


(13.2-19) 


and, therefore: 

2 I (*i-2) (*,-£) = - *a) (*Ai - t A ) 

+ 2*2/ z Z?< — x n) ( X Bi ” x b) + • • • 

+ IiIf( X AI — x a) ( X Ui — *b) + • * • 

But, if the wave function can really be separated into electron groups, 
there is no statistical correlation between the motions of electrons in two 
separate groups, and 


( x Ai - x a) ( x Bi - x b) = 0 (13.2-20) 

Thus the polarizability can be expressed as the sum of the polarizabilities 
of the constituent groups: 


a = + a /? + a c + • * ‘ (13.2-21) 

The additivity of the polarizability is then a measure of the separability 
of the molecule into electron groups, such as inner shell electrons and 
electrons in chemical bonds. Table 13.2-2 gives the polarizability of a 
number of bonds as estimated by Denbigh. 14 Notice that the polarizability 
of a bond is different in the direction parallel to the bond, <X|,, from the 
polarizability perpendicular to the bond, a r If the electric field makes 
the angle 0 with a chemical bond, the polarizability, a 0 , is given by 15 


a fl = ct|| cos 2 6 4* a ± sin 2 0 


(13.2-22) 
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Averaging a a over all orientations (solid angles) leads to an average 
value of the bond polarizability: 


a = J(«n + 2a.) 


(13.2-23) 


The average polarizability of a molecule is then the sum of the average 
polarizabilities of its bonds. 

TABLE 13.2-2 


Bond Polarizabilities 14 


C—C (aliphatic) 

«,r x 10 25 
(cm 3 ) 

18.8 

a A x 10 25 
(cm 3 ) 
0.2 

C—C (aromatic) 

22.5 

4.8 

c=c 

28.6 

10.6 

c=c 

35.4 

12.7 

C—H (aliphatic) 

7.9 

5.8 

C-CI 

36.7 

20.8 

C-Br 

50.4 

28.8 

c=0 (carbonyl) 

19.9 

7.5 

C= CHCO^ 

20.5 

9.6 

C=S (CS 2 ) 

75.7 

27.7 

C=N (HCN) 

31 

14 

N-H (NH 3 ) 

5.8 

8.4 

S-H (H 2 S) 

23.0 

17.2 


These bond polarizabilities are very useful in calculations of the inverse 
sixth-power energy of attraction (London dispersion forces) between 
cither non-polar or polar polyatomic molecules. This is discussed in 
§ 13.3. However, these simple rules for obtaining the polarizability of 
molecules do not work well for molecules in which there is resonance 
between two or more bond structures. 

Experimental values of the polarizability are given in Table 13.2-3. 
The quantities a lt a 2 , and 03 are the three principal components of the 
polarizability. The mean polarizability is a = -{- <% + 03 ). 


14 K. G. Denbigh, Trans. Faraday Soc. % 36, 936 (1940) 

15 In a Cartesian coordinate system with the z -axis along the bond, the polarizability 
tensor for a bond has the form 

/*! 0 0 \ 

a= 0 a A 0 

\0 0 a,,/ 


Equation 13.2-22 gives the 22 -component of the polarizability in the new coordinate 
system resulting from rotation through the angle 0. 
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TABLE 13.2-3° 
Polarizability of Molecules 


Molecule 

«• 10 23 
(cm 3 ) 

cv 10 23 
(cm 3 ) 

04 - 10 23 
(cm 3 ) 

03 - 10 23 

(cm 3 ) 

Location of Principal 

Axes and Direction of 
Dipole Moment; 
Structure of Molecule 

h 2 

7.9 

9.3 

7.1 

7.1 

ctj symm. axis 

N, 

17.6 

23.8 

14.5 

14.5 

etj symm. axis 


16.0 

23.5 

12.1 

12.1 

otj symm. axis 


46.1 

66.0 

MSB 

36.2 

ctj symm. axis 

yJH 

24.6 

(9.6) 

■23 

(7.2) 

ctj symm. axis 

HCI 

26.3 

31.3 

23.9 

231 

a 4 symm. axis 

HBr 

36.1 

42.2 

33.1 

msm 

ctj symm. axis 

HI 

54.4 

65.8 

48.9 

48.9 

otj symm. axis 

n 2 o 

30.0 

48.6 

20.7 

20.7 

ctj symm. axis; mole¬ 
cule linear and un- 
symm. N=N = 0 

CO 

19.5 

26.0 

16.25 

16.25 

04 symm. axis 

co 2 

26.5 

40.1-41.0 

19.7-19.3 

19.7-19.3 

04 symm., linear 

so 2 

37.2 

54.9 

27.2 

24.9 

W *21 to OSO- 
plane 

F = * 21*0 H SH- 

plane 

H 2 S 

37.8 

40.4 

34.4 

40.1 

cs 2 

87.4 

151.4 

55.4 

55.4 

otj = symm. axis; linear 
molecules 


22.6 

24.2 

21.8 

21.8 

ctj symm. axis; n — F\\ 
pyramidal 


50.1 

77.6 

36.4 

36.4 

otj symm. axis, linear 


25.9 

39.2 

19.2 

19.2 

a x symm. axis, linear 

ch 4 

26.0 

26.0 

26.0 

26.0 

Reg. tetrahedron 

c 2 h 6 

44.7 

54.8 

39.7 

39.7 

ctj symm. axis 

ch 2 =ch 2 

42.6 

(56.1) 

(35.9) 

(35.9) 

<xj symm. axis 

CH=CH 

33.3 

51.2 

24.3 

24.3 

<xj symm. axis, linear 

c 3 h 8 

62.9 

50.1 

69.3 

69.3 

a, A CCC-plane 

c 6 h 6 

103.2 

123.1 

63.5 

123.1 

aj A plane of ring 

CHgCI 

45.6 

54.2 

41.4 

41.4 

H = ctj symm. axis 

CH 2 CI 2 

64.8 

50.2 

84.7 

59.6 

H = ctj L CICCl-plane 

CHCI 3 

82.3 

66.8 

90.1 

90.1 

aj symm. axis; 

CCI 4 

105. 

105. 

105. 

105. 

Reg. tetrahedron 

CH 30 H 

32.3 

40. 

25.6 

31.4 

Calc’d for n 1 OC; 

,/(«j, ft) = 10° 


° The polarizabilities given here are taken from Landolt-Bomstein, Zahlenwerte 
und Functional , Springer (1951), Vol. I, Part 3, pp. 510 et seq. 
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[Eq. 13-2—23] 


Illustrative Example 

ProbU m. Calculate «... and a for the ethylene molecule. 

So lution We choose the coordinate system in such a way that the axes are along 

the principal axes of the molecule: 



According to Eq. 13.2-22 and Table 13.2-2 we obtain the polarizability along the C=C 

"* 5: *„ = (a„)c-c + 4(«„)c_a cos* 56" + 4(« x ) C -n sin* 56" 

= 28.6 + 4(7.9) (0.5592)* + 4(5.8) (0.8290)* 

= 28.6 + 9.9 + 15.9 - 54.4 x 10-“ cm* 

The polarizability perpendicular to the C=C axis in the plane of the molecule is 
«** = («j)c-C + 4(a n ) C -H cos* 34° + 4(a A ) c - H sin* 34° 

- 10.6 + 4(7.9) (0.8290)* + 4(5.8) (0.5592) 1 

- 10.6 + 21.7 + 7.3 - 39.6 x 10-“ cm* 

The polarizability perpendicular to the plane of the molecule is 

<x yy - («i)c-C + 4 <«|)c-H ” ,0 - 6 + 4 < 5 - 8 > 

= 10.6 + 23.2 - 33.8 x 10“ cm* 

According to Eq. 13.2-23 and Table 13.2-2 we get for the angle average of the 
molecular polarizability: 

(<*)c,H 4 = E a = £ J(*|| + 2a A ) 

•11 bonds mil bonds 

a for C=C bond: *(28.6 + (2)(10.6)) = 16.6 

a for C-H bond: *(7.9 + (2) (5.8)) = 6.5 

Hence (<x)c,h 4 = (16.6) + 4 (6.5) = 42 6 x 10”“ cm*. It should be noted that this is 
the same as a = *(«„ 4- a v „ + «„). 


d. Estimation of the polarizability and other properties of atoms by 
the use of screening constants 

The polarizability and many of the other physical properties of atoms, 
such as size, diamagnetic susceptibility, electric susceptibility, and ioniza¬ 
tion potential, can be estimated easily and quite accurately by means of 
“screening constants.” The basis for this treatment is the fact that an 
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electron in an atom does not “feel” the presence of the nucleus completely, 
inasmuch as the electron is screened from the nucleus by the other electrons. 
Hence, although the charge on the nucleus is Ze, an electron in the atom 
acts as though it is moving in the field of a nucleus of charge (Z — S)e. 
The quantity S is called the screening constant . From a knowledge of 
one property of an atom it is possible to determine a set of screening 
constants. These constants may then be used for the calculation of some 
other property. Of the numerous systems proposed for the empirical 
determination of atomic properties 18,17 the following scheme devised by 
Slater 18 and later justified theoretically by Gambas and Gaspar 19 is the 
most successful. 

We assume that each electron in the atom may be represented by a wave 
function of the form 

VWm = *».(') Yr(0,4>) 

R n .(r) = r" # -*e-< x - 5 >£ (13.2-24) 

Here the F J m (0, <f>) are the normalized spherical harmonics defined by 
Eq. 12.B-3 and r is in units of the Bohr radius, a 0 = 0.5292 A. At large 
distances this function behaves like a hydrogen-like wave function of 
principle quantum number n * in a field of nuclear charge (Z — S). The 
effective quantum number n * and the effective nuclear charge (Z — S) for 
the various electrons in an atom are given by the following empirical rules: 

(i) If the principle quantum number of an electron is n , the value of 
n* is obtained from this table: 


n 

1 

2 

3 

4 

5 

6 

/i* 

i 1 

2 

3 

Hi 

4.0 

4.2 


(ii) For determining (Z — 5), the electrons are divided into the follow¬ 
ing groups, each having a different shielding constant: 


s 

2 s 

3 5 

3 d 

4 s 

4 d 

4/' 

55 

5 d 


2 P 

3 /> 


*P 



5 p 



That is, the s and p for a given n are grouped together, but the d and the/ 
are each considered separately. The groups are considered to be arranged 
from inside out in the order given above, with the 1 s as the innermost. 

u L. Pauling and J. Sherman, Z. Krist., 81, 1(1932). 

17 L. Pauling, Proc. Roy . Soc. {London), A114, 181 (1927). 

J. C. Slater, Phys. Rev., 36, 57 (1930). 

19 P. Gombas and R. Gaspar, Acta Phys. Sci. Hung., 3. 317 (1952). 
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[Eq. 13.2-24] 


(iii) The screening constant 5 is formed for any group of electrons 
from the following contributions: 

(a) Nothing from any shell outside the one being considered. 

(b) An amount 0.35 from each other electron in the group considered 
(except in the 15 group where 0.30 is used instead). 

(c) If the shell considered is an s or p shell, an amount 0.85 is con¬ 
tributed from each electron, with total quantum number less by 
one; and an amount 1.00 from each electron still further in. 

(d) If the shell is a d or / shell, each electron in the groups closer in 
contributes 1.00 to the screening constant. 


Several illustrative examples are now given to show how n* and S are 

calculated. 


Illustrative Examples 

Problem. Find the effective nuclear charges (Z - S) and the effective principal 
quantum number n* for (a) normal carbon, C(\s\ 2j*. 2p *), and (b) singly ionized 
carbon, C(l**, 2 j* 2p). For carbon, Z - 6. 


Solution. 

(a) (Z - S) u = 6 - 0.30 = 5.70 «»• - 1 

(Z - S) ttp - 6 - (3) (0.35) - (2) (0.85) - 3.25 ««• - 2 

(b) (Z - S)„ - 6 - 0.30 - 5.70 «»• - 1 

(Z - S) t „ „ - 6 - (2) (0.35) - (2) (0.85) = 3.60 »,• - 2 . 


Problem. Find the effective nuclear charges (Z - S) and n* for the 26 electrons in 
normal iron, Fe(lj*. 2 s\ 2p\ 3 s\ 3/>*. 3 d\ As'). 

Solution 

(Z - S)„ = 26 - 0.30 - 25.70 «,• = 1.00 

(Z - S) u , t9 - 26 - (7) (0.35) - (2) (0.85) = 21.85 n,* = 2.00 

(Z - S) u , Jp - 26 - (7) (0.35) - ( 8 ) (0.85) - (2) (1.00) - 14.751 

) /7j = 3.00 

(Z - S) u - 26 - (5) (0.35) - (18) (1.00) - 6.25 ) 

(Z - S) u = 26 - (1) (0.35) - (14) (0.85) - (10) (1.00) - 3.75 n t * = 3.70 


For the calculation of polarizabilities and diamagnetic susceptibilities 
of atoms 20 we need to know r, 2 . For the wave function given in Eq. 
13.2-24, the average value of the A:th power of the radius for the ith 


,0 For atoms the diamagnetic susceptibility per mole is Nx im) = — ]>,/■* 

7.92 x 10- 7 v — 6mC * 

- - 2 - Z* r «*• Sec J. H. Van Vleck, Electric and Magnetic Susceptibilities, 

a o 

Oxford University Press (1932), p. 91. 
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electron is given by 

CO 

J i’* + * | R, |* dr 

7 = °7-= [A (2ni ’ +;) ] a °* (13 - 2 - 25) 

J 'Wdr 

0 

Hence a knowledge of the screening constants and the effective quantum 
numbers affords a means for computing atomic polarizabilities. In 
addition these empirically determined constants may be used to calculate 
ionization energies and atomic radii. The following examples serve to 
illustrate the usefulness of the method of screening constants. 

Illustrative Examples 

Problem. Calculate the polarizability and diamagnetic susceptibility of atomic 
hydrogen in its ground state. 

Solution. Here (Z — S) — 1 and «• — 1 so that 

- [ l{fl S) ] * <*■• + 0 O' + 2>V " (3 )UW - 3a 0 ’ 

According to Eq. 13.2-18b, the polarizability is (7 1 )* = 4 a„\ The diamagnetic 

susceptibility is Nx lm) - -7.92 x lO-’H/flo* - -2.38 x IO-*cc/mole. 

Problem. Calculate the polarizability and diamagnetic susceptibility of carbon 
atoms in their ground states. 

Solution. 

- y^y mwa - ,= ° w2ia ‘ 

r U= * (S> (6) **•* - ° 7i4 w 

The polarizability is (4/9) [2(0.0923)» + 4(0.7145)*]a,» = 0.915a 0 \ The diamagnetic 

susceptibility is Nx {n) = -7.92 x 10- 7 [2(0.0923) + 4(0.7145)1 = -2.41 x 10~* 
cc/mole. 

Problem. The energy required to strip all the electrons from a v-clectron atom in a 
particular state is 

E= —13.603 E electron volts (13.2-26) 

i-l\ n / / 

where 13.603 is the value of e*/2a 0 in electron volts. Calculate the energy of both 
normal and singly ionized carbon, and finally calculate the ionization energy of carbon. 
Solution. For normal carbon C(1 j*, 2s*. 2 p l ): 

E = -13.603 [2(5.70)- + 4 ( ^ )'] = ~1027.5 ev 
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For singly ioniz'd carbon, C(1s*. 2s*. 2/7): 

£' = -13.603 [2(5.70)*+ 3 (^)’j - -1016.1 ev 

The energy of ionization is then 

£ lon = £'-£ = -1016.1 + 1027.5 = 11.4ev 

hi m The radius of a particular electron shell is defined as the distance at 
which the electron charge density e | V |* is a maximum. This distance is 


l r lmax ™ 


n 9, a 0 
Z-S 


(13.2-27) 


These atomic radii are useful in estimating intemuclear distances in valence com- 
1 nds the bond distance being the sum of the two atomic radii of the two atoms or 
P° which are joined.) Calculate the atomic radius for the 4 j electrons in iron. 


Solution. 


Umax = (0.5292) = 1.93 A 


3 . The London Dispersion Forces between Symmetrical Molecules 1 * 2 

In the quantum mechanical calculation of the energy of interaction 
between two molecules, the London dispersion forces appear in the second- 
order perturbation terms. They are called dispersion forces because the 
perturbation terms are expressed in terms of the same oscillator strengths, 
r as appear in the equations for the dispersion of light (see § 12.6). 

The classical explanation of the dispersion forces between two molecules 
a and b is as follows. At any instant the electrons in molecule a have a 
definite configuration so that molecule a has an instantaneous dipole 
moment (even if it possesses no permanent electric moment). This 
instantaneous dipole in molecule a induces a dipole in molecule b. The 
interaction between these two dipoles results in a force of attraction between 
the two molecules. The dispersion force is then this instantaneous force 
of attraction averaged over all instantaneous configurations of the electrons 
in molecule a. This explanation seems qualitatively correct and quite 
plausible. This mechanism, however, is not apparent from the quantum 
mechanical derivations. On this account, it is best that we do not stress 
the classical significance of these forces. 

We begin by discussing a simple treatment of dispersion forces based on 
a Drude model (see§ 12.5) of the molecules as three-dimensional oscillators. 
Next we discuss the second-order perturbation. The weakening of the 
dispersion forces at extremely large intermolecular separations due to 


1 H. Margenau, Revs. Mod. Phys. t 11, 1 (1939). 

* F. London, Trans. Faraday Soc., 33, 222 (1930); Z.physik. Chem., Bll, 222 (1930). 
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retardation effects (the finite velocity of propagation of electromagnetic 
radiation) is discussed at the end of this section. 

a. A simplified theory of dispersion forces based upon the Drude model 

In § 12.5c, a simple theory of dispersion of light based on a molecular 
model suggested by Drude is discussed. Here we apply the same model 
to the treatment of the dispersion forces between molecules, to obtain 
expressions for the forces in terms of the polarizability of the molecules. 
The Drude model for molecule a consists of a pair of harmonically and 
isotropically bound particles of equal opposite charges of strength e 
and reduced mass m a . (In the discussion in § 12.5c the molecular model 
consists of a set of harmonically bound particles. Here for simplicity 
we consider only a single pair of particles.) The force constant is denoted 
by k Qt so that the vibration frequency is v„ = (\l2n)VkJn^. Similar 
considerations apply to molecule b. 

We first consider the equations of motion of the pair of molecules 
separated by a distance r ab . The system of two molecules has six modes of 
vibration. If the molecules are separated sufficiently far, the vibrations 
frequencies consist of a triply degenerate value of v a (corresponding to 
the unperturbed vibration of molecule a) and a triply degenerate value of 
(corresponding to the vibrations of molecule b ). As the molecules 
approach one another the vibration frequencies are perturbed. The 
energy of interaction between the molecules is then obtained by quantum 
mechanical arguments. If all six of the degrees of vibrational freedom are 
in their ground states, the energy of interaction is the difference between the 
zero point energy of the perturbed system and the zero point energy of the 
two separated molecules. Clearly, the method also gives the energy of 
interaction between molecules in excited vibrational states but these 
interactions are difficult to interpret. 

Let 8r a and br b represent the displacements of vibrators a and b from 
their equilibrium positions. The potential energy of the system consists 
of the sum of the contributions due to the displacements of the oscillators, 

<P a = i A:.(5r a )*; <p b = :>(8r 6 ) 2 , (13.3-1) 

and a term representing the electrostatic interaction. If the molecules are 
sufficiently far apart (so that the concept of ideal dipoles applies), this 
energy of interaction is given by Eq. 12.1-45 or the term & 3 /r a6 3 in Eq. 
13.1-10. In Cartesian coordinates this expression is 

<Pab = lt*a <5*6 + fya %6 “ 2dz a & Z b] (13.3-2) 

r ab 

where the z-axis is taken to be the direction of the intermolecular axis. 
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Th , f orC e on vibrator a is the negative of the gradient of the potential 
,nerPV of the system with respect to 6r„. Thus according to Newton s 
second law the equations of motion of the system take the form of three 
pairs of coupled equations: 

cP(6x a ) 

'• dl 2 


= -k a 6x, 


e ° e > Ar 
—3 dX > 
r ab 


dH.& X b) t, X-* e<ieb Ar- 

> 6z ‘ 




m 


m 


m 


d 2 (6y a ) 
dl 2 

*(fr») 

* dl 2 

w 

a dl 2 
dKbz h ) 


e a e b 


= -k m 6y a - -2-; 6y b 

r ab 

= —*>«*< h- e -fi f >ya 

r ab 

= —k a bz a + 2 

r ab 


(13.3-3) 


The solutions of the equations of change depend on the initial conditions. 
However, after a very short time, the transients decay and the solutions 
are periodic. If solutions of the form 6x a = AjP*** dy a = A v e 2ni '\ etc., 
are substituted into the differential equations, we obtain a set of linear 
homogeneous equations for the amplitudes. These equations possess 
solutions only if the determinant of the coefficients is zero. This provides 
a “secular” or determinantal equation for the vibration frequencies. 
The determinant may be factored, and we obtain two identical equations 
of the form: 

(k a — m a 4n 2 v 2 ) (k b — m b 4 tt 2 v 2 ) = (13.3-4) 

r ab 

and one equation of the form 

(*. - m.4*V) (*, - m b 4*V) = ^ (13.3-5) 

r ab 


The system under consideration has six vibrational degrees of freedom 
and six fundamental vibration frequencies. However, because of the 
cylindrical symmetry (the x and y axes are equivalent) there are two pairs 
of doubly degenerate values. These values are the roots of Eq. 13.3-4. 
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The two non-degenerate values are the roots of Eq. 13.3-5. The equations 
for the vibration frequencies may be rewritten in terms of the vibration 
frequencies of the isolated molecules and the polarizabilities. According 
to the discussion of § 12.5c, the polarizability (of the Drude model of a 
molecule) in a stationary electric field (a field of zero frequency) is given 
by Eq. 12.5-16 as 7 5 


“ a 4 t r 2 m a v a 2 


(13.3-6) 


Thus the equations for the vibration frequencies can be rewritten in the 
form 


(*•.* - V*) (V - v 2 ) = V.V 

r ab 

(*. 2 - V 2 ) (v 6 2 - V 2 ) = 4v„V ^ 

r ab 

A quantum mechanical treatment of the system under consideration 
leads to an expression for the energy which is the sum of six terms, one 
for each normal mode. That is, the energy is 

e 

Total energy = J hv£n ( + \) (13.3-9) 

where the v, are the classical vibration frequencies, given by the methods 
just discussed. The n ( are the vibrational quantum numbers associated 
with each normal mode. The energy of interaction is the difference 
between the total energy of the system and that of the separated molecules. 
The energy of interaction between two molecules in their lowest vibrational 
state is 

<pT' = 5 ( I V, - 3v„ - 3*,) (13.3-10) 

Clearly the existence of an energy of interaction depends on the existence 
of the zero-point energy—-a purely quantum mechanical concept. 

There are two special cases in which Eqs. 13.3-7 and 8 may be solved 
explicitly for the fundamental frequencies v { x l \ vj, 0 , etc. These are: 

1. Systems in which the perturbation is small compared to the difference 
between the natural frequencies, that is, in which 


v*y b 


V* 


n'-b 


ab 


(13.3-7) 

(13.3-8) 
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In this case 


v * v b a a*b 


(13.3-11) 


_ V “ 8(v 6 s - vM 

’ = = V ‘ + 8(V„ 2 - Or a6 » 

v ,„ = v _ v ° v > 2tt °“> 

* ‘ 2(v t 2 - v„ 2 )r a6 « 

12) . V ° 2,, » a » g t 

V ' “ ”* + 2(v>* - v a > a6 < 

2 Systems in which the two molecules are alike and the perturbation 
is small, that is, in which 


6 = v o 


v a = v 
a a =«6 = « 


(13.3-12) 


and —: 1 


In this case 


v (» 


-.”-4+£-£+"] 


(13.3-13) 


Let us now consider the total energy of the system of two interacting 
vibrators in its ground state. That is, we consider a collision between two 
molecules each in its ground state and assume that there is no jump in 
the vibrational quantum numbers during the collision. If the perturbation 
is small compared to the difference between the natural frequencies 
(Case 1, above), then the energy of interaction (that is, the difference 
between the total energy of the system and that of the separated atoms) is 



(13.3-14) 
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If the molecules are alike and the perturbation is small (Case 2, above), we 
find that the energy of interaction is 

= - IK ~ (13.3-15) 

r ab 

It is to be noted that this expression is a special case of that given by 
Eq. 13.3-14. 

We have thus obtained expressions for the interactions between non¬ 
polar molecules—“dispersion forces.” The expressions are based on a 
highly idealized model, but the results are interesting. The dependence 
of the potential on the polarizabilities of the individual molecules and the 
inverse sixth-power dependence on an intermolecular distance are con¬ 
sistent with the results of more exact treatments. 


b. Second-order perturbation treatment of dispersion forces 

A more exact treatment of the dispersion forces between two real 
molecules may be based on cither a variational or a perturbation 
solution of the quantum mechanical problem. At very large separations, 
the exchange integrals decrease exponentially with distance and become 
negligible with respect to the coulombic integrals. Hence it is not 
necessary to antisymmetrize the wave functions with respect to the electronic 
coordinates, and the zero-order wave function of the system is taken to 
be a simple product of wave functions of the separated molecules. A 
detailed calculation by the variational method of the energy of interaction 
of two hydrogen atoms is discussed in § 14.1. Here we consider the 
application of the results of second-order perturbation theory to the 
general theory of dispersion forces. 

In “spherical” molecules all the nuclei are effectively located at a single 
center so that, insofar as the long-range interactions are concerned, the 
molecules behave as single atoms. According to the discussion of § 13.1, 
the quantum mechanical problem of calculating the intermolecular 
potential energy is the problem of determining the electronic energy for 
a particular configuration. The total potential energy of the system is 
d>„ given by Eq. 13.1-1. The portion representing the interaction between 
the two molecules, q? e (Eq. 13.1-2), acts as the perturbation potential. 

The perturbation potential <p e is expanded in inverse powers of the 
separation in Eq. 13.1-10. To obtain the leading term in the expansion 
of the dispersion energy it is necessary to consider only the first non¬ 
vanishing term in the expansion of that is, the term bjr ab z . The 
first-order perturbation energy, which is the average of <p, weighted 
according to the square of the unperturbed wave function, is zero if the 
atoms (or molecules) have no resultant angular momentum (for example, 
atoms in S states). Hence it is necessary to consider the second-order 
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—n —■ ” r 

momenta, the results oi nrsi k .. , . K n * a , mu ltipole- 

first-order perturbation effects are considered 1 § • 

multipole electrostatic interactions. They are superimposed on 
(second-order perturbation) dispers.on forces discussed here 

The perturbation method of solving quantum mec^Rical problems 
discussed in § 1.6. Let us characterize the state of an isolated 
a by the magnetic quantum number m a and denote the set o 8 

quantum numbers "symbolically by and similarly or mo ecule *. 
The energies of the separated molecules which are clearly "to*™*"* 
the magnetic quantum numbers, are denoted by E ka and E kt . h 
zero-order wave function of the combined system (that is, the pair of 
colliding molecules) is then taken to be the product of the wave funct.ons 
of the isolated molecules: 

I '") = *.(*•'"• I ^’W**™* I r,,,) (13 ' 3-l6) 

The expression for the second-order perturbation energy given by 
Eo 1.6-55 is strictly applicable only to non-degenerate systems. How¬ 
ever. as is well known, the expression may be applied to degenerate systems 
if the “proper” degenerate wave functions arc used. Hence we find that 
the second-order perturbation energy of the system, that is, the dispersion 
energy between the molecules, is 


<p^'\k Q m a k b m 


_ \(k a m a k b m b \(p f \k n 'mak b 'm b ') 

/a6, ~ E km . + E k ,-E k .-E kb 

IV. 


(13.3-17) 


The sum is to be taken over all quantum numbers, except that those terms 
for which k m ' = k a and k b = k b are to be omitted. The matrix elements 
in the numerator are defined by 

\ <p, \ k.'m.'k (13.3-18) 

= J J yv '(k a m a | r")v> .*(* , | r«)9>,y.(*>.' \r-)v b {k‘m:\r">)dr-dr-“ 

If we let = bjrj and if we use the explicit expression for b 2 as given 
by Eq. 13.1-12a, the expression for the dispersion energy (Eq. 13.3-17) 
becomes 

(.k a m a \x a \k a 'm a , )(k b m tl \x b \k b 'm t ;)-' 2 

+(kjn. | y„ | k a 'm a ')(k jn b \y h \k „'m „’) 


. . e 4 

(13.3-19) 
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We are usually interested only in the average intermolecular potential 
for collisions involving molecules in states characterized by all values of 
the magnetic quantum numbers. If this expression for the dispersion 
energy is averaged over the magnetic quantum numbers of both molecules 
we obtain an expression which may be written simply in terms of the 
“quantum mechanical oscillator strengths” defined by Eq. 12.6-22: 



3/ehy 1 

rab) 2\2rr) r a *m 2 


^ V fa(ka*k a ')f b (k b , k b ) 

Z,[£*. - E tA [E k . - E„,\ [E t . + E lt - E t , - E t .] (,3 - 3 - 2 °) 

in which m is the mass of the electron. 

It should be noted that the perturbation method is useful (that is, a 
good approximation) only if the perturbation is small compared to the 
difference between the energy levels or, more precisely, only if 

,2 i 

(k n m a | | k a 'm a ') (k b m b \ x b | <| + E kb - E k . - E k% . | 


(13.3-21) 

is satisfied for all values of the quantum numbers and if similar conditions 
are satisfied for the y and 2 directions. Systems in which this condition is 
not satisfied should be solved by a variational method (for example 
see § !3.6c). F ’ 

From the definition of the oscillator strengths (Eq. 12.6-22), it is seen 
that /„(£«, k a ') has the same sign as (£* # . - EJ. Hence it follows 
directly from the expression for the dispersion energy that, for molecules 
in their ground states, ^ l>) is negative, and the force is one of attraction. 
Molecules in excited states may either attract or repel one another. 

Let us define a constant c such that 


rar = -c/r a * (13.3-22) 

Eisenschitz and London 3 have evaluated the summation. They find that 
for the interaction between two normal hydrogen atoms 

c = 6.47* V (13.3-23) 

where a 0 is the radius of the first Bohr orbit, 0.5292 A. This value is 
to be compared with a more exact value of 

c = 6.50e 2 a o * (13.3-24) 

obtained by a variational method. 4 It is interesting to note that in the 


3 R. Eisenschitz and F. London, Z. Physik, 60. 491 (1930). 

4 L. Pauling and J. Y. Beach, Phys. Rev., 47, 686 (1935). 
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perturbation calculation, an appreciable fraction of the dispersion energy 

C °The 13 - 3 - 20 » is in ' erm o S b °2ed 

T !l P ,r.nothc An estimate of the latter quantities may be obtained 

from "measurements of the variation of the index of refraction of light 

wUh frequency. From Eqs. 12.6-17 and 22 we find that 

_ l ne 2 h 2 f a (k a , k a ‘) _ (13.3-25) 

t? 2 + 2 _ 377m k fiA E V ~ £ *. )2 — **”* 
in which m is the mass of an electron. Actually Mulliken* has shown 
that very often there is essentially only one transition from the ground 
state which has an appreciable dipole moment matrix element. In these 
„ nne f (k k') is important, and the variation of the index ot 
refraction with frequency may be approximated by a single term, that is, 
by the expression 


r\ % — 1 _ 4im 
+ 2 


47771 A 

3 £, 2 - AV 


(13.3-26) 


where A and £, are empirical constants. The constant E, is interpreted 
as an average or effective energy difference. The constant A is proportional 
to the value of the oscillator strength and hence proportional to the static 
polarizability, which is given by Eq. 12.6-21 as 

*1-3? 2 / '*- M 


(13.3-27) 


47r2m (£*.* ““ 

These concepts lead to an approximate expression for the dispersion 
energy, 

<d b ) = _ 3 ( (13.3-28) 

in terms of the static polarizabilities of the individual molecules and the 
empirical constants, £,. and £,„. It is often found that the £/s are 
approximately equal to the ionization energies. This approximate form 
is closely related to the results of § 13.3a, which are based on Drude's 
idealized model. Since the ionization potentials of most molecules are 
of the same order of magnitude, it follows from this last result that, to a 
good approximation, the interaction between a pair of unlike molecules is 
related to the interactions between like molecules in the following manner: 

C.. = Vc-^T. (13.3-29) 

This is the basis of one of the “combining laws” for the force constants 
discussed in Chapters 3 and 8 (Eqs. 3.6-9 and 8.4-9). 

1 R. S. Mulliken, J. Chem. Phys., 7, 14, 20, 121, 339, 353, 364, 570 (1939); 8, 234, 
382 (1940). 
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Two other approximate expressions for the dispersion energy may be 
mentioned. Lennard-Jones 6 obtained the following expression by 
approximate quantum mechanical arguments: 

c a 6 = 6mc 2 {ct a / a m) + a 6 * ( * m> } ( 1 3.3-30) 

where m is the mass of an electron, c is the velocity of light, and * (m > 
is the magnetic susceptibility. By other arguments, Slater and Kirkwood 7 
obtained the approximate relation 


Ca6 = 


' / a «/ n a° + 


(13.3-31) 


where n a ° and n b ° are the number of electrons in the outer shells of the 
two molecules, and a 0 is the radius of the first Bohr orbit, 0.5292 A. 
This relation may be criticized in that it does not take into account the 
electrons in the inner shells, and there are additional terms which should 
be added if the molecules are not monatomic. 


c. Higher terms in the expression for the dispersion energy 

In the discussions of §§ 13.3a and 3b, only the first non-vanishing term 
in the expansion of tp, was considered. If the higher terms in the expansion 
of <p e (that is, bjr ab 4 , bjr a 6 5 , . . . ) are considered, we obtain terms in the 
expression for the dispersion energy proportional to the inverse eighth, 
tenth, . . . powers of the separation distance, thus: 




(13.3-32) 


In § 13.3b it is shown how the coefficient c can be calculated for any 
kind of atom. The calculations of the additional coefficients c' and c" 
for real atoms or molecules have been carried out for only two cases, 
the interaction of two hydrogen atoms (see § 14.1) and the interaction of 
two helium atoms (see § 14.2). For Drudc’s model, however, the cal¬ 
culations may be carried out easily. 

Let us assume, as in § 13.3a, that a molecule can be idealized as a three- 
dimensional simple harmonic oscillator 8 with a single classical frequency 
v 0 . Mulliken’s 5 experimental observation that only one transition is 


• J. E. Lennard-Jones. Interatomic Forces , Indian Association for Cultivation of 
Science. Calcutta (1939). Equation 13.3-30 may be obtained from Eq. 13.3-28 by 
making use of screening constants and the approximate relations for a, x {n) > and the 
ionization relations used in the illustrative examples of § 13.2e. 

7 J. C. Slater and J. G. Kirkwood. Phys. Rev., 37, 682 (1931); J. G. Kirkwood, 
Physik. Z .. 33. 57 (1932). 

- H. Margenau, J. Chem. Phys., 6. 897 (1938). 
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effective in transferring charge between atoms is the justification.for using 
a single frequency. In this case the wave funct.on for the isolated molecu 


rtn„nrn.) = H4VMH n JiVp«) H m S.Vpz)‘- S'* 03.3-33) 

where n„n„ and n, are the vibrational quantum numbers in the three 
directions and H„ are the Hermite polynomials. The quantity p is 


m , e 
P = I^o = 


*kv c 


(13.3-34) 


where m is the reduced mass of the oscillator. The second form is based 
on Eq. 13.3-6, which gives a in terms of m. 

Let us assume that the wave functions of the isolated molecules a and 
b have the form given in Eq. 13.3-33 but with different values of /5 corre- 
sponding to different fundamental frequencies. v a and v 6 , and different 
polarizabilities, cc a and <x>. We keep terms in <p e through the inverse 
fifth power in r abt so that 

<p t = bjr a6 3 4- bjr ab 4 + bjr ab b (13.3-35) 

where b 3 , b t , and b> are given by Eq. 13.1-12. This expression can be 
substituted into Eq. 13.3-17 to obtain the dispersion energy. When both 
molecules are in their ground states (all the quantum numbers equal 
zero), it is found that 10 


3 hv a v b it a * b 

(13.3-36) 

C 2 K + v,) 


, 45 /i 2 v a v,a a a 6 [ a 0 v a «,»■» 1 

(13.3-37) 

C ” 8 e* l> a + y b v. + 2vJ 

. 315/rW*>» 2 

(13.3-38) 

16 e*(v a + v 6 ) 



These expressions reduce to those obtained by Margenau 8 when the two 
molecules are alike, and provide the best means of estimating the contri¬ 
butions of the higher approximations to the dispersion energy. 

We might suppose that the third-order perturbations would introduce 
a term in varying as l/r a6 9 . This term, however, is zero because of 
the symmetry (that is, the selection rules) of the simple harmonic oscillator 
wave functions (Eq. 13.3-33). 


9 L. Pauling and E. B. Wilson, Jr., Introduction to Quantum Mechanics, McGraw-Hill 
(1935), Section 11. 

10 J. F. Homig and J. O. Hirschfelder, J. Chem. Phys., 20, 1812 (1952). 
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The constants c, c\ c" have been calculated by the above expressions 
for a number of common substances. 11 The values are given in Table 
13.3-1. Also given are the values of c° vlK = 4ca 6 , the coefficient of 1/r® 
in the Lennard-Jones potential as determined from viscosity. These 
latter values should not be compared with the c of Eq. 13.3-32, but rather 
with a quantity £,c defined by: 

c' c m 

= c + -* + - (13.3-39) 

In Table 13.3-1 we also show values of this quantity cj alc for comparison 
with c° Uc = 4€<7 8 . For H 2 and He there is excellent agreement between 
*!iac and C «ic bu t in ah other cases c° wlK is between 1.5 and 2.5 times as 
large as cj? alc . In general, c' and c" contribute approximately 20 per cent 
to C ?»ic- T he significance of this deviation is not understood. It may be 
that the short-range forces fall off faster than the 1/r 12 term in the Lennard- 
Jones (6-12) potential would indicate, so that the attractive forces need 
not be so large in order to give the same total potential. 

TABLE 13.3-1 


Comparison of Theoretical and Empirical Calculations of the 

Dispersion Energy 



Quantum Mechanical Calculations 8 

Empirical 

Calculation 

Comparison 

Gas 







cx 10 60 

c' x 10 76 

c m x 10 w 

mm 

c° yhc X 10 80 



crg-cm 6 

erg-cm 8 

erg-cm 10 

erg-cm 6 

erg-cm 6 

h 2 

11.4 

31. 

45. 

15.5 

12.57 

0.811 

He 

1.23 

1.89 

1.65 

1.52 

1.29 

0.849 

Ne 

4.67 

6.9 

5.3 

5.64 

9.50 

1.68 

A 

55.4 

120 . 

136. 

66.7 

109.2 

1.64 

Kr 

107. 

275. 

370. 

130. 

232. 

1.79 

Xe 

233. 

710. 

1120 . 

280. 

561.2 

2.00 

n 2 

57.2 

120 . 

130. 

66.8 

125.6 

1.88 

o 2 

39.8 

96. 

120 . 

48.8 

102.3 

2.10 

Cl 2 

321. 

1000 . 

1630. 

386. 

957. 

2.48 

ch 4 

112 . 

310. 

440. 

135. 

257.9 

1.91 

co 2 

152. 

410. 

590. 

180. 

427.1 

2.37 

HCI 

111 . 

320. 

480. 

144. 

259.1 

1.80 


11 For Hg the calculated value for c is 255 x 10 - * 0 erg-cm* (F. London, Z. physik. 
Chem. t Bll, 222 (1930)1. 
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[Eq. 13.3-421 “RETARDATION'' Al lakol 

d . The influence of “retardation” on the dispersion forces at large distances 
’ when two neutral, non-polar, non-excited molecules are separated by a 
very large distance, the dispersion energy is con S1 derably smaller than that 
oredicted by the expressions derived previously in this section. This 
due to "retardation”—that is, the effect of the finite velocity of propa¬ 
gation of electromagnetic radiation. The reduction in the force o! 
attraction may be described qualitatively in the following manner. The 
first molecule has an instantaneous dipole which sets up an electromagnetic 
field; at a time rjc later (c = the velocity of light), this field induces an 
electric moment in the second molecule; and at a time 2rjc, the electric 
field from the induced dipole returns to the first molecule. Now, how¬ 
ever, the instantaneous dipole in the first molecule has changed both in 
direction and in magnitude in the intervening time so that the energy ol 
interaction is somewhat reduced. This effect was suggested 12 as an 
explanation of the stability of lyophobic colloids, in which the long-range 
forces appear to be somewhat smaller than might be expected. 

Casimir and Polder 13 have considered the problem of the retardation 
effects from the standpoint of quantum electrodynamics. Since their 
treatment is quite difficult, we shall discuss only the results. They first 
considered the interaction of a neutral molecule with a conducting wall. 
At small separations ihey found the usual London expression for the 
energy of interaction, 

r < c/v 0 (13.3-40) 


where c is the velocity of light, and v 0 is the most important frequency in the 
expressions for the index of refraction, the polarizability, and the dispersion 
energy. That is, v 0 is the frequency associated with the energy £/ of 
Eq. 13.3-26. As is mentioned in connection with the discussion of this 
equation, hv 0 is often approximately equal to the ionization energy. 

At separations large compared to the characteristic length, 

to = c/v 0 (13.3-41) 

Casimir and Polder 13 found that the energy of interaction between a 
neutral molecule and a wall is 


3/?ca 
16 ttV 4 


r > c/v 0 


(13.3-42) 


That is, the energy of interaction is smaller at large separations by a 


11 E. J. W. Verwey, J. T. G. Overbeek, and K. van Ness. Theory of Stability of 
Lyophobic Colloids, Elsevier Publishing Co., Amsterdam (1948). 

13 H. B. G. Casimir and D. Polder, Phys. Rev., 73, 360 (1938). 
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factor of 3V2w*r due to retardation effects. Figure 13.3-1 shows how this 
factor varies with distance. 

If hv 0 is expressed in electron volts, then A> = 12,394/fcv 0 . The ioniza¬ 
tion potential is of the order of 10 ev. Hence the characteristic length 
Aq is of the order of 1200 A. Using this result, we see from Fig. 13.3-1 
that at about 400 A the retardation effects reduce the energy by about 
a factor of one-half. 



Fig. 13.3-1. Correction factor to the 
interaction between a neutral atom and a 
conducting wall due to retardation. The 


energy of interaction is <p 



Fig. 13.3-2. Correction factor to the 
interaction between two neutral non-polar 
molecules due to retardation effects. 
This factor is to be used in Eq. 13.3-43. 


The energy of interaction between two neutral non-polar molecules 
separated at a distance r is considerably more difficult to derive than the 
energy of interaction of a molecule with a conducting wall. The first, 
second, third, and fourth order perturbations have been considered. The 
result obtained 13 is that the energy of interaction is 

r) 

where g is a factor varying from unity (for r A,) to 23A,/6^ 2 r 
(for r^> A,). For intermediate separations g is shown by Fig. 13.3-2. 
Since A o ^ 1200A, the effect of retardation becomes important at 
distances of the order of 200 or 300 A. 

Thus the effect of retardation is negligible for the interaction of small 
molecules. However, this effect becomes important for high polymers 
or other large molecules. 


4. Dispersion Forces between Asymmetric Molecules 
The dispersion forces between asymmetric molecules differ from those 
between spherically symmetric molecules in two ways: (i) At large 
separations the energy of dispersion varies as l/r alJ 6 , but its magnitude 


[Eq. 13-4-2] ASYMMETRIC MOLECULES AT LARGE SEPARATIONS 969 

depends upon the relative orientations of the molecules, (ii) At inter¬ 
mediate separations the energy of dispersion deviates from l/r.» < beco ™' 
in „ considerably smaller than would be expected from extrapolating the 
energy at large separations) and is extremely sensitive to the relative 
orientations of the two molecules. In this section we discuss first the 
dispersion forces at large separations. Then we summarize London s 
general treatment of the dispersion forces at intermediate separations. 
Finally we discuss the calculations of Davies and Coulson 2 of the dispersion 
forces for a particular model, suitable for the representation of conjugate 
double-bond or aromatic molecules. 

In conjugated double-bond systems an electric charge moves easily 
from one end of the molecule to the other. An induced dipole in such a 
molecule has a very large separation between its positive and negative 
charges. For this reason the conjugated double-bond and the aromatic 
molecules have quite an anomalous energy of dispersion. Moreover, the 
energy may have a number of maxima and minima, with respect to changes 
in the separation and the relative orientations—a very surprising quantum 
mechanical result. 

a. Dispersion forces between asymmetric molecules at large separations 

The theoretical framework discussed in § 13.3a has been used by London 1 
to calculate the dispersion forces between two asymmetric molecules at 
large separations. Let us consider two molecules a and b which have 
axial symmetry. Because of this symmetry, each molecule has two prin¬ 
cipal components of the polarizability (see § 13.2): polarizabilities along 
the intcrmolecular axis, a„(fl) and a,,(6), and the polarizabilities normal to 
the intermolecular axis, a A (a) and a A (&). The molecules are assumed to 
be anisotropic three-dimensional oscillators with the fundamental 
frequencies, v n (a) and v,j(6) for vibrations along the axis, and doubly 
degenerate frequencies, r A (a) and v ± (b), for vibrations perpendicular to the 
axis. We indicate the orientation of the two molecules by means of the 
angles 0„, <f > a ; 0 b , <f> b (for a definition of these angles see Fig. 12.1-5). 
For molecules satisfying this description it may be shown 1 that the 
generalization of Eq. 13.3-14 for asymmetric molecules is 

yMW = _ (13.4-1) 


a 6 


in which c(0 a , 4> a \ Q b > <f> b ) is the angle-dependent coefficient: 

c{0 a , 4>a\4>b) 

= (A — B — B' + C)[sin 0 a sin O b cos(<l> b — <j> a ) — 2cos0 a cos 0 fe ] 2 

+3(£- C)cos 2 0 a + 3(5' - C)cos 2 0 5 + (fi-ffi' + 4 C) (13.4-2) 
1 F. London, J. Phys. Chem. t 46, 305 (1942). 

3 P. L. Davies and C. A. Coulson, Trans. Faraday Soc 48, 777 (1952). 
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The quantities A, B , B\ and C are defined as 


(13.4-3) 

(13.4-4) 

(13.4-5) 

(13.4-6) 


In this section the subscript ab is omitted from the <p (dU) in order to 
simplify the notation. The value of the dispersion energy (Eq. 13.4-1), 
averaged over all orientations of the two oscillators, is 


9* ww = — M + 2(B + B') + 4C] (13.4-7) 


Equations 13.4-1 and 7 reduce to the results for isotropic molecules 
when the parallel and perpendicular polarizabilities and frequencies are 
set equal (A = B = B' = C). The parallel and perpendicular polariza¬ 
bilities can be estimated by the methods and tables given in § 13.2. The 
frequencies are not difficult to estimate since it is unlikely that v„ and v L 
are very different. Thus little error is introduced by assuming that 
vjl = v L = v and setting hv = /, the ionization potential, as in the case 
of spherical molecules. 3 This treatment of dispersion forces in asym¬ 
metrical molecules is useful in the consideration of the interaction between 
two hydrogen molecules (§ 14.4). 


b. Dispersion forces between asymmetric molecules at intermediate 
separations 

A simple theory for the dispersion forces between asymmetrical 
molecules in their ground states at intermediate separations has been 
developed by London. 1 According to Eq. 13.3-17 the dispersion energy 
for asymmetrical (as well as spherical) molecules in their ground states is 
given by the second-order perturbation formula: 

¥ m ~- 2 

m a ' 


(0,0; 0,01 y, | k„', m a '; k b ', m b ') |* 

(£*.• - £o.) + tfv - EJ 


(13.4-8) 


1 J. de Boer, Physica, 9, 363 (1942), independently derived Eq. 13.4-1, assuming 
that V|| = v x . 



[Eq. 13.4-13] ASYMMETRIC MOLECULES 

The expansion of <p e in powers of (l/r ab ) given in Eq. 13.1-10 is not 
applicable to polyatomic molecules. Hence we must use the original 

expression for given in Eq. 13.1-2. 

Some of the approximations which were used in the treatment o! the 
symmetrical molecules may also be used in the treatment of asymmetrical 
molecules. First, it may be noted from Eq. 13.3-20 that the only 
transitions which contribute to the leading term in <p { 8) (that is, the 
term proportional to \/r ab *) are those for which the quantum states of 
molecules a and b change simultaneously. Second, it should be observed 
that there is a dipole moment associated with each of the transitions 
which contribute to the lead term (see Eq. 12.6-7). And, third, there 
is only one particular transition which is important in transferring charge 
between atoms. Hence it is possible to reduce the summation in Eq. 
13 . 4-8 to a single term. If both A:/ =£ OandA:*' i=- 0, the terms Z a Z b e 2 /r abt 

2 Z b e 2 /r b „ and 2 Z a e 2 /r at in q> t do not contribute to the matrixcomponents. 

Accordingly, we can approximate Eq. 13.4-8 by the simple expression 

= _ |(0.0:0.0k,|*.'. 0 :*» , .°)l’ ( 13 . 4 _ 9) 


(dU) _ . ( 13 . 4 - 9 ) 

9 (E t -. - EJ + (E,. - £*) 

in which 

(0, 0; 0, 01 | 0) 

= 11 f f V-.^O, 0)v.*(0,0) - »>.(*.', 0) Vt (k„\ 0) dr"‘ dr" (13.4-10) 
J r ii 

where n a and n b are the numbers of electrons in molecules a and b , 
respectively. 

Let us define the electron density p a associated with the transition 
(0, 0) ->■ (k a \ 0) in molecule a by 

P. = JJ • • • Jv-.*(0. <%.(*„', 0) dr i - • ■ dr„' (13.4-11) 

Let us also define R a (—) as the “center of gravity” of the region where p a 
is negative and /? 0 (+) as the “center of gravity” of the region where p a 
is positive: 

| iP, - | Pa |) dr t 


«.(-) = 


«.(+) = 


J (Pa - | Pa |) 

| 0>a + | Pa |) dr x 

J (P. + | Pa |) 


(13.4-12) 


(13.4-13) 
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But now the electric moment associated with the transition is given by 
Eq. 12.6-7: 

MO. 0 1 k.\ 0) = e- J ¥>„*((), 0 ) v jjc.\ 0) ( l r.) dr- 

= ( R a (+) - /?„(-))<. (13.4-14) 



Orientation B 


Fig. 13.4-1. For orientation A, | /?•( + )—/?*(+) | - | R.(+) —/?»(—) | 

= | /?.(-) - *»( + ) | = | *.(-> - *»(-) I and 9’ ,dU, - 0. For orientation 
B . the /?,(+) and /?*(-) arc so close together that«p ,dl *’ is given by Eq. 13.4-17. 

The second form of this expression serves as the definition of the charge, 
e at involved in the transition. The quantities e bt R b (- f), and R b {—) 
may be defined analogously. In terms of these quantities, it may be shown 1 
that Eq. 13.4-9 becomes 


* 2 f 2 

ojWto) _ _ € °.h — 

h(v a -1- v b ) 


(13.4-15) 

Here hv a and hv b are the values of (E ka — E 0m ) and ( E kb — E^). 
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To illustrate the orientation dependence of the dispersion energy let 
us consider two extreme cases, the two orientations A and B shown in 
Fie 13 4-1- In orientation A both molecules are perpendicular to the 
intermolecular axis and perpendicular to each other. In orientation B 
both molecules lie in the same line, with their dipoles pointing in the same 
direction. For these special orientations Eq. 13.4-15 gives 

Orientation A: <f' AW = 0 (13.4-16) 


Orientation B: 



€*€ 


AK +v 6 ) \R a (+) -/?*(-) 


(13.4-17) 


Perhaps the simplest way of understanding the energy of interaction 
between two asymmetrical molecules is to think of the molecules as real 
dipoles with the separation [£(+) - R(-)) between the charges. The 
geometry of the interacting molecules is described by Fig. 12.1-5. Let 
us define D as the ratio of real dipole-dipole interaction energy to the ideal 
dipole-dipole energy. 


y real dlpolc-dlpole 
T’ldcal dipole-dipole 


''aft 3 

• , 1 


| *„(+) “ *ft( + ) | | tfa(-) - *ft<“) | 

1 1 

!*.(+)-s.(-)| | 

|*.(+) - *.<-) 11*ft(+) - *ft(-)|(-2 cos 0 a cos 0 b 

+ sin 0 a sin 0 b cos(<t> b — <f> a )) 


(13.4-18) 


The ratio D is shown in Fig. 12.1-6 for four orientations of dipoles in 
which / = I /?„(+) - /?„(-) I = I /?„(+) - /?„(-) |. In terms of D. 
Eq. 13.4-15 can be written 


«p< dl9 > = 


- lfi a (QO;k a \ 0)fi b (00;k b \ 0)] 2 0 2 [-2 cos 0 a cos 0 b 

+ sin 0 a sin O b cos(<f> b — <£J 2 


h ( V a + 'ftKft 6 


(13.4-19) 


As may be seen from Fig. 12.1-6, for most orientations of the two mole¬ 
cules, D approaches unity when r ab becomes large. Hence <p (di9) varies 
as 1 /r ab s for large separations, but it continues to show strong dependence 
on the mutual orientations of the two molecules. It may also be seen 
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that this limiting behavior is practically attained when r ab > 2 /, where / 
can be taken as the larger of | R a (+) — R a (—) | and | R b (+) — R b (—) |. 

c. Energy of dispersion for interaction of long conjugated double-bond or 

aromatic molecules 

Davies and Coulson 2 have derived a set of molecular wave functions 
representing various electronic quantum states for long conjugated 
double-bond aromatic molecules. They used these wave functions to 
make a direct calculation of the dispersion energy for a considerable 
number of relative orientations and separations of the two molecules. 
The essential difference between their treatment and that discussed in 
the previous subsection is that the London treatment assumes that a 
transition to only one of the excited electronic states makes an appreciable 
contribution to the dispersion energy. (Furthermore, London has not 
given any indication as to how we can tell which of the excited states this 
is.) On the other hand, Davies and Coulson consider all the excited 
states for a particular molecular model. They find that the most important 
contribution is given by the transition which corresponds to the jumping 
of one electron in each molecule from the least bonding (or highest energy) 
of the bonding molecular orbitals to the lowest energy of the non-bonding 
molecular orbitals. At large separations (see Table 13.4-2) all the other 
transitions can be neglected. 

As the conjugated double-bond (or aromatic) molecules approach 
each other, the forces become highly directional, with the molecules 
preferring to approach each other at an angle such that the two molecules 
are in different planes. The fact that almost all organic molecular crystals 
such as naphthalene and anthracene have planes of adjacent molecules 
non-parallel indicates that these conclusions are correct. (A great deal 
of additional research is needed to clarify this problem.) 

The following explanation of the directional forces has been offered by 
Coulson. 4 We can imagine, classically, an electric oscillator in which 
there are a certain number of standing waves in each mode of vibration. 
The electrical potential of such oscillators or antenna systems has strong 
directional properties. Now since, in the transition from classical to 
quantum theory, we replace the standing waves by de Broglie waves, in 
the normal modes of electronic motions we may expect the same sort of 
directional properties. This is exactly what Davies and Coulson obtained 
by detailed calculation. Let us now summarize their method and results. 

We consider a linear molecule made up of 2k similar atoms, equally 
spaced, with a separation / between neighbors, as shown in Fig. 13.4-2. 

4 C. A. Coulson, private communication, December 13, 1951. 
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I order to represent a polyene chain, in all the numerical work / is taken 
" ° b e , 4 Abnormal C - C separation. If we take //2 to be the 
atomic radius to be added at each end of the molecule, the total length 
e .he molecule is L = 2 kl. Let us suppose that each atom contributes 
one electron to the set of metallic or mobile electrons. The extended- 
oscillator property of the molecules is shown by allotting the electrons 
to molecular orbitals which extend over the full length of the molecule. 
For the purposes of the present calculations, it is convenient to associate 

• . I A _ _ * rvrkitnlc S 



Fig. 13.4-2. Geometry which Davies and Coulson assumed for the interaction 

of two linear molecules. 


Let z be a direction perpendicular to the line of the molecule. Then 
the explicit expression for the normalized 2pn orbital associated with the 
ath nucleus occupied by the yth electron is 

<f> a (j) = Vc^fn z ai e^ (13.4-20) 

Here c is an adjustable screening constant. In the numerical work c is 
taken to be 1.625 /a 0 , which is appropriate for a 2pn orbital in carbon. 
The overlap integrals are neglected, since it is assumed that the <£ a (y) are 
mutually orthogonal. 

With the set of 2k atomic orbitals it is possible to form 2k linear com¬ 
binations known as molecular orbitals, 

=2 sin (am) Ui) (13 ' 4_21) 

a = l 

6 For a discussion of atomic orbitals. Slater determinants, etc., see, for example, 
C. A. Coulson, Valence, Oxford University Press (1952) or K. S. Pitzer, Quantum 
Chemistry, Prentice-Hall (1953). 
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If p t which is negative, is the resonance integral 6 between adjacent atoms, 
the energy of an electron in they'th molecular orbital relative to its energy 
in an isolated atomic orbital is 

<,==2 ^ C ° S (zkTl) (13.4-22) 

A reasonable value of/?, suggested by Mulliken, Rieke, and Brown 7 on the 
basis of spectroscopic and combustion data, is —40 kcal per mole. Since 
ft is negative, the smaller the value of y, the lower the energy. When 
1 <j<k t € t is negative and the molecular orbitals are bonding. When 
k + 1 <j <2k,€ i is positive and the molecular orbitals are antibonding. 

The ground state of the molecule is obtained by filling each of the lower 
k molecular orbitals (/ = 1, 2, • • • k) with pairs of electrons in accordance 
with the Pauli principle. The wave function for the ground state is then 
the Slater determinant, 5 the diagonal element of which is 

Zi(I)ii(2)Xt(3)i,(4) • • • x>(2k - \)x k (2k) (13.4-23) 

Here the bar denotes one spin, and the absence of a bar denotes the other. 
Excited states are represented by configurations in which one or more 
electrons are raised to the antibonding orbitals. The only excited states 
that need be considered in the present problem, are the singlet states in 
which only one electron is raised to an antibonding orbital. A state in 
which an electron in the pih bonding molecular orbital is raised to the 
qth antibonding orbital is known as the state ( pq ). The wave function 
for this state is the sum of two Slater determinants whose diagonal elements 
are 

*i(D*i<2) • * • xJL2 P - WP) • • • X*(2 k - \)x k (2k) 

(13.4-24) 

Xi0»i(2) • • * *«<2 p - \)X,VP) • ‘ • X*(2 k - Dz*(2 k) 

Now let us consider the interaction of two such molecules. The dispersion 
energy is given by Eq. 13.4-8. In the summation of Eq. 13.4-8 the most 
important excited state is characterized by {k at k a + 1; k bt k b + 1) and is 
the one in which one electron in each molecule is raised from the highest 
bonding state to the lowest excited state. 

In evaluating the matrix components, all of the three- and four-center 
integrals are neglected. Since only comparatively large separations are 
being considered, only the coulombic integrals contribute. A computa¬ 
tional difficulty arises in considering the orientations in which the two mole¬ 
cules are not parallel, so that the direction of the n orbitals in the two 
molecules are different. The integrals which occur are related to those 
• See Coulson. Ref. 5. p. 76. 

7 R. Mulliken. C. Rieke, and W. Brown, J. Am. Chem. Sci. t 63, 41 (1941). 
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... evaluated by Bartlett. 8 The evaluation of the integrals is 

greltly simplified by the approximation that the exponential terms can 
be ignored at the distances considered here. Because of the number 
of integrals occurring. 2k = 6 is the practical limit to the evaluation of 
the matrix elements for all the excited states. However, from the calcula¬ 
tion of the matrix component between the ground state and (*„, + l. 

. k i i) and a knowledge of the relative importance of the other states 
for 2k = 2, 4, and 6, it is possible to make a good estimate of the energies 
of interaction of really long molecules. 


-£ 





Fig. 13.4—3. The coordinates used to specify the position one molecule with 

respect to another. 


Four coordinates, x, y, 0 , and <f>, are required to specify an arbitrary 
position of the second molecule with respect to the first. These co¬ 
ordinates arc illustrated in Fig. 13.4-3 and may be defined in the following 
manner. The x-axis is taken as the axis of the first molecule. The y-axis 
then originates at the center of the first molecule, is perpendicular to the 
x-axis, and is in a plane containing the center of the second molecule. 
The relative position of the center of the second molecule is then described 
by assigning a value of x and y. The axes x' and y' are drawn through the 
center of the second molecule parallel to the x and y axes. The angle, 0, 
is the angle between the axis of the second molecule and the x'-axis. The 
plane formed by the x-axis and the axis of the second molecule makes 
an angle <f> with the xy-plane. 

Let us now discuss the results which are obtained for the four different 
orientations of the two molecules shown in Fig. 13.4-4: 

Orientation I. Molecules Parallel to Each Other and Perpendicular to 
the Intermolecular Axis (x = 6 = <f> = 0) 

The results of calculations for this orientation, illustrated in Fig. 
13.4-4a, are given in Table 13.4-1. When y/L is greater than 1.8, the 


• J. H. Bartlett, Phys. Rev. t 37, 507 (1931). 
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energy varies as the inverse sixth power of y as would be expected from 
the London theory. At smaller separations the energy of interaction is 
much less than would be expected from a continuation of the inverse 



<m) * (iv) 

Fig. 13.4-4. The four orientations considered in the interaction between 

long molecules. 


sixth-power law. For small values of y\L the energy is proportional to 
2k + 1 ^ L\ for large separations it is proportional to (2k -f l) 5 ^ L 5 . 
For values of y/L larger than 1.8, the energy of interaction is approximately 

e 4 / 4 

? (dl9) = - 16 T^ (2 * + *> 6 (13.4-25) 


TABLE 13.4—l 2 

Values of Interaction Energy — for Orientation I 

(calories/mole) 


2k 

*< 

II 

y = 8 A 

y = 15 A 

y = 20 A 

y =30 k 

y = 50 A 

2 

121. 

2.33 

0.627 

0.0567 

0.06507 

0.1134 

4 

935. 

34.1 

1.06 

0.199 

0.07343 

0.09050 

6 

2620. 

140. 

5.58 

1.12 

0.1084 

0.05965 

10 

7950. 

668. 

39.6 

9.10 

0.996 

0.0517 

20 

_ 

_ 

382. 

116. 

16.9 

1.16 
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Since Davies 9 has shown that the polarizability of a long molecule 
varies as L 3 and its ionization potential varies as L\ the London theory 
S leads to the proportionality of with but the numerical 
coefficient seems to be somewhat different. Davies and Cou son have 
found that for large molecules the contribution of the 2pa electrons to 
the dispersion energy is much less than for 2/m electrons, so they 
believe the present model is quite accurate. 

The contributions to the dispersion energy corresponding to the various 
transitions are given in Table 13.4-2 for hexatriene, CH 2 =CH-CH=CH 
_CH=CH , for which 2k = 6. It is apparent that the largest contri¬ 
bution comes from the (33; 44) transition. This transition is the one in 
which an electron in each molecule jumps from the highest energy (or 
least bonding) bonding molecular orbital to the lowest energy non-bonding 
orbital. At 4 A separation, there is an appreciable contribution from 

TABLE 13.4-2* 

Relative Importance of Different Transitions for Orientation I 

Hexatriene (2 k *= 6) 

(energy given in calories/mole) 


Degeneracy or Energy 
Equivalent Required 

Transition Number of for 

Terms Transition 


33; 44 
33; 55 
33; 46 
32; 45 
32; 56 
32; 65 
33; 66 
22; 55 
46 

22 
31 
21 




135,000 

190,000 

190,000 

180,000 

200.000 

180,000 

244,000 

234,000 

244,000 

288,000 


Dispersion energy = sum of energy 

contributions 


Contributions to — <p (dl8) from 
Various Transitions 


y = 8 A 


135.5 

4.1 

0.09 

0.04 

0.03 

0.02 

0.02 

0.005 

0.0008 

0.0004 

0.00009 

0.00001 

0.000005 


2205.0 

366.0 

6.5 

3.7 

0.04 

14.8 

17.1 

3.7 

0.03 

0.8 

0.03 

0.005 

0.001 


2620. 140 



0.004 

0.0001 

0.00009 

0.00004 

0.0003 

0.000002 

0.000002 

0.000001 

0.000000003 



P. L. Davies, Trans. Faraday Soc., 48, 789 (1952). 
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the (33; 55) transition. However, at larger separations the dispersion 
energy can be calculated with little error by considering the (33; 44 ) 
transition and neglecting all others. 



Fig. 13.4-5. The dispersion energy for orientation II. [From P. L. Davies 
and C. A. Coulson, Trans. Faraday Soc., 48. 777 (1952).! 


Orientation II. Molecules in the Displaced Parallel Configuration 
(Variation of x and y with 0 = </> = 0) 

The variation of the intermolecular energy with the displacement x for 
two parallel molecules, as shown in Fig. 13.4-4b, is given in Fig. 13.4-5. 



DISPERSION ENERGY OF AROMATICS 


981 


(Eq. 13.4-25] 

For each separation y, the energy of attraction, -j**, is a maximum for 
no displacement, x = 0, then passes through a minimum for some dis- 
tUarement x„(y). The position of these minima is difficult to explain, 
since The contribution of each excited state to -»>«-> exhibits the same 



Fig. 13.4-6. The dependence of the dispersion energy on the molecule length 
for orientation II with y ™ 8 A. (From P. L. Davies and C. A. Coulson, 
Trans. Faraday Soc., 48. 777 (1952).] 


sort of phenomena, with the minima occurring at different places. The 
complicated pattern is similar to the interaction of two radiating antennae. 
Figure 13.4-6 shows the variations of the energy of interaction with 
molecule size for y = 8 A for various values of x. From this study it 
appears that there are strong forces tending to hold the molecules 
parallel and opposite to one another. 
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Orientation III. Rotation of Second Molecule in Plane of the Two 
Molecules (Variation of 0 and y t x = <f> = 0) 

The energy of attraction, — 9 > (db) , is a maximum when the two molecules 
are parallel to each other and perpendicular to the intemuclear axis. 
There is an angle 0 O at which the energy of attraction passes through a 
minimum, and there is an angle 0 2 at which it has a secondary maximum. 
The values of 0 O and 0 2 are given in Table 13.4-3. 

TABLE 13.4-3 2 

Values of 0 o and 0 2 as Functions of the Separation y 


Molecule 

Separation y 

(A) 

°o 

02 

2k = 6 

3 

66° 

69° 


8 

44° 

56° 


10 

42° 

56° 


15 

39° 

53* 

Long chain 

y/L>i 

35° 

51* 


{Ik large) 


For long-chain molecules {2k large) at a large separation, 

« 4/4 

? (db) =-16 —— (2A: + l) 5 cos 2 0(3 sin 2 0 - 1 ) 2 (13.4-26) 

rrVP 

Orientation IV. Rotation Out of the Plane between First Molecule and 
Radius Vector. {Variation of </> and y with x = 0 = 0) 

The variation of <f> shows that the energy of attraction, — »p <dls) , is a 
maximum for somewhere between 60° and 90° for large molecules. 
This is the most surprising result of the Davies and Coulson calculations. 
For the case of 2k = 2, there is very little dependence of the energy on 
the angle <f>, when y is greater than the length of the molecule, L = 2.8 A. 
Thus, for 2k = 2, 5 cal P er mo,e when y = 7 A, and 

120 cal per mole when y = 4 A. Figure 13.4-7 shows the variation of 
— 9 > (d,s) for the molecule 2k = 6 when y = 7 A. This shows that, 
energetically, an angle of 60° to 90° is preferred, and there is an energy 
barrier for hindered rotation of the molecule of around 240 cal per mole. 
In a similar way, butadiene {2k = 4) would have an energy barrier of 
around 860 cal per mole when y = 4.2 A. This type of preferred angle 
seems to occur for the interactions of naphthalene, anthracene, and other 
aromatic molecules. It can be seen from Fig. 13.4-7 that the results are 
very sensitive to the treatment of the higher excited states. 
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Fig. 13.4-7. The dispersion energy for hexatriene (2k = 6) for orientation IV, 
showing the contribution of the various terms with y = 7 A. (From P. L. 

Davies and C. A. Coulson, Trans. Faraday Soc. x 48. 777 (1952).] 

5. Forces between Molecules Having Permanent Electric 

Moments 1,2 

Let us consider the long-range energy of interaction between two real 
molecules having permanent electric moments as being made up of the 
sum of three terms: 3 

<p = 9 <«> + «p< ind > -f 9>< db > (13.5-1) 

The contribution <p (es) represents the purely electrostatic interaction 
between the permanent charge distributions of the two molecules. The 
term <p (lnd) is the Debye-Falkenhagen energy of induction and represents 
the energy of the interactions between the permanent charge distribution 

1 H. Margenau, Revs. Mod. Phys., 11, 1 (1939). 

* F. London, Trans. Faraday Soe., 33, 8 (1937). 

* Resonance forces are considered separately in § 13.6. 
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of one molecule and the moments induced in the other molecule. The 
term is the London dispersion energy and represents the interaction 
between the two induced charge distributions. 

The electrostatic energy of interaction between the two permanent 
charge distributions is discussed in § 12.1 in terms of the multipole 
moments. The dispersion energy is considered in §§ 13.3 and 4. In 
this section the energy of induction is considered. For many purposes 
we use an intcrmolecular potential averaged over the orientations of the 
two interacting molecules. This average potential is discussed here 
and the relative sizes of the various contributions to the average potential 
are examined. 


a. The energy of induction 

The energy of induction is due to the induction of moments in a charge 
distribution by the electric field which results from the presence of 
another charge distribution. The energy of a molecule, which has a 
polarizability a, in an electric field of intensity & is given by Eq. 12.2-2 as 
—\(W ’a-if'). Thus, if W a (r b ) represents the field at molecule b 
due to molecule a (a similar meaning is assigned to T 6 (r a )), the contri¬ 
bution of the induction effects to the intermolecular potential energy is 

9 ,(,ndl = -J(*„<r.) • a, • y„(r,)) - \(W t (r a ) • a„ ■ if ,(rj) (13.5-2) 


The electric fields, in terms of the electrostatic potentials, are given by 
Eq. 12.1-10. The electrostatic potentials in turn are given by Eq. 12.1-27 
in terms of the multipole moments of the charge distributions. 

We consider the special case in which the polarizabilities of the molecules 
arc isotropic, so that the tensors a a and a 6 may be replaced by the scalars 
a„ and a 6 . We further assume that the charge distributions are cylin¬ 
drical^ symmetric, so that the quadrupole moments may be characterized 
by single scalar quantities Q a and Q b (see Eq. 12.1-17). In this case the 
induction energy is 

(lml) _ _ O. + C t »g. _ 2C a /i a a t cos 0 a + 2 C t fi b a„ cos 0„ 

9 2r* r 5 

_ cos 2 0„ + 1) + cos 2 6 b + 1) 

2 r* 

_ 3C 0 g.a t (3 cos 2 0. - I) + 3C t Q c a a (3 cos 2 0 c - 1) (13.5-3) 

2r« 

_ cos 3 0. + 6 fi b Q b * a cos 3 0 b 

r 
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where C and C b are the net charges on the molecules; and 0 a and 0 b are 
the angles between the axes of symmetry of the molecules and the line 
joining the centers of the molecules. The terms in <p (,nd> varying as 1/r 
and 1/r 5 are important in the interaction between an ion and a neutral 
molecule. The term varying as 1/r 6 is the lead term in the interaction 
between neutral molecules with dipole moments. However, in the 
pressure broadening of the microwave spectra of ammonia by noble gases, 
the term varying as 1/r 7 is all important, 4 as we discuss in § 13.7. 

b The potential energy of interaction averaged over orientations 

The potential energy of interaction between non-spherical molecules 
depends on the orientations of the two molecules. However, in many 
applications we require this potential energy averaged over all orientations 
of the two molecules. In a dilute gas at equilibrium, the probability of 
finding two molecules separated by a distance r and oriented in a particular 
manner is proportional to the Boltzmann factor exp{-?(r a6 , w a , a> b )lkT}. 
Thus, the average potential energy which we consider is the average over 
all orientations, with this factor as a weight factor: 


v(r ab> T) = 


J Ja... a,,)*-*'-- do,. do,, 

do,, do,. 


(13.5-4) 


It is to be noted that this average potential is temperature dependent. 

The expressions for rp are usually quite complex, so that it is difficult 
to evaluate the integrals of Eq. 13.5-4. However, for all values of r ab 
such that for all orientations | — <p| is small compared to kT, it is 

convenient to expand the exponential in the following manner: 

JJV“ < *"* )/ * r d(o a do b JJ<p[l — («P — 9)1 H-1 d( °* d( °b 

//*”<*" *>/* T doJadt ° b JJp “ (9 ” 9)l kT H-] 

Thus we obtain 5 


dw > -(ill 9 ’ . 

as the expansion of the average potential in powers of 1/kT. 


+ 


(13.5-6) 


4 P. W. Anderson, Phys. Rev. t 80, 511 (1950). 

6 In the evaluation of the spatial average, it is convenient to make use of the following: 

cos*0 = i; sin *0 = j; cos* ( <f> a — <f> >) = | _ 

cos 4 0 = sin* 6 cos* 0 = ft; sin 4 6 = cos 4 (<f> a - 4> b ) = 3 
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Equation 13.5-6 gives the average potential, «p(r a5 , T ) in terms of integrals 
of the angle-dependent potential, (p(r ob , w a , <o b \ which in itself is the sum 
of three terms as shown in Eq. 13.5-1. A detailed consideration of these 
equations shows that to a good approximation the cross-terms are 
negligible, 1 - 2 and 

v = ¥ n) + 9 (lDd) + <p (m (13.5-7) 

where <p (C3) is given by an expression similar to Eq. 13.5-6 but with <p< C8 > 
replacing <p, and similar relations hold for the <p (,nd) and <p (d,8 >. Let us 
now consider each of these contributions separately and inquire as to 
their primary dependence on the intermolecular distance. 

The average electrostatic interaction can be evaluated by considering 
the molecules to be general multipole charge distributions. Substituting 
the general expression for <p ie *\ given by Eq. 12.1-33, into Eq. 13.5-6 and 
making use of the orthogonality of the representation coefficients, Eq. 
12.B-20, we find that 



The term in which both n x and n 2 are zero is not included in the sum. 
Then, since 

y _!_ (2w t + 2 n 2 )\ 

Zm (*i + m)\ K - m) \ (n 2 + m)! {n 2 - m)\ (2n,)! (2 n 2 )\ [(n, + n 2 )!) 2 

(13.5-9) 

we obtain 


c*c 6 


J_ 2 (W, - I m, I)! (n, - I m 2 [)! (2n, + 2n 2 )! 

kT 2\ K + | n h |)! (n 2 + | m t |)! (2n,)! {2nJ\ (2n, + l)(2n 2 +1) 

x 
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*. interesting to note that the only contribution to the direct angular 
“lee of A that is «•*..*»* is the coulombic interaction 
between the total charges C a and C b on the two molecules. If the 
molecules act as neutral ideal dipoles the only term in the sum of thelast 
equation which contributes is the term with n x = n 2 = 1 and m x - m 2 - 0, 



(13.5-11) 


The expression for the energy of induction (for the special case of 
cylindrically symmetric molecules) is given by Eq. 13.5-3. If this expres¬ 
sion is used in Eq. 13.5-6, it is found that the average induction energy 
is independent of T up to terms of \/rJ t and is given by 



From this expression we see that the potential energy of interaction 
between a neutral nonpolar molecule a and a neutral polar molecule b 
contains the term —* a /iflr*. This term is taken into account in the 
derivation 6 of the combining laws, Eqs. 3.10-15 and 16 and 8.6-3 and 4. 
The use of the angle average in this derivation is justified, because the 
induction contribution is small compared with the dispersion contribution. 


• If we assume that the valence and dispersion contributions to the intermolecular 
potential q*r) are given by the Lennard-Jones (6-12) potential, then the interaction of a 
polar and a nonpolar molecule is given by 


*»--[(?r-(?n - 


r* 


This expression is also of the Lennard-Jones (6-12) form with parameters o ab ' and c o6 ' 
given by 

a * = + * =,(o “ + au)i - 


faft' — Ca* 1 + 


[' 




where 


#■ i ■ 


4c*<f**J 
“a l € \ 
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For symmetrical molecules, the dispersion energy is independent of the 
orientation of the molecules so that, from Eq. 13.3-32, 


«p (d, » = = 


£ _ _ £l 

r* r 8 r 10 


(13.5-13) 


The first term is associated with the interaction between two mutually 
induced dipoles, and the subsequent terms describe the interactions 
between higher induced moments. 


TABLE 13.5-1 


Summary of the Contributions to the Interaction between 
Like Polar Molecules 2 



,i x 10 18 
esu 

a x 10 M 
cm 3 

hv o 

volts 

Electrostatic 

Dispersion 

Jp«ll,> r 6 

Induction 

(T= 293°K) 

(I) A— 

I0 _60 erg-cm 6 

Whv 0 x 10 60 

10-«°erg-cm 6 

2/< 2 oc x 10 60 

10~ 60 erg-cm 8 

CO 

0.12 

1.99 

n 

0.0034 

67.5 

0.057 

HI 


5.4 

if* 

0.35 

382 

1.68 

HBr 


3.58 

t tm 

6.2 

176 

4.05 

HCI 

1.03 

2.63 

13.7 

18.6 

105 

5.4 

nh 3 

1.5 

2.21 

16 

84 

93 

10 

h 2 o 

1.84 

1.48 

18 

190 

47 

10 


c. The relative magnitude of the contributions to the intermolecular potential 

For the interactions between like symmetrical molecules the lead term 
in the expressions for each of the three contributions—the electrostatic, 
the induction, and the dispersion effects—varies as 1 /r a6 6 . The factors 
are —2p 4 /3kT 9 —2p 2 x, and —Jot 2 hv 0 , respectively. Hence in order to 
compare the relative magnitude of the three contributions it is necessary 
only to compare the three coefficients. Table 13.5-1 gives the values for 
some typical molecules. 2 It is apparent that the induction effect is never 
important in the interaction between neutral molecules. The dispersion 
effect, however, is important even in the interaction between molecules 
with large dipole moments. 
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(Eq 13.5-14] HYDROGEN BONDS AS ELECTROSTATIC FORCES 

The energy of attraction between a non-polar molecule a and an ion b 
of charge C b is 

(13.5-14) 


C b 2 a a 3a a a b hv 0 
V = ~~ ~7r* 


4 r® 


The first term is the energy of induction between the charge and the induced 
dipole; the second term is the London dispersion energy between the two 
mutually induced dipoles. In order to illustrate the relative sizes of the 
two terms, let us consider the values at a distance equal to the “kinetic 
theory collision diameter/’ At this distance the total potential (including 
the repulsive terms) is approximately zero. The interaction energies at 
this separation are given 7 in Table 13.5-2. It is evident that the ion-dipole 
term is the larger, but the dispersion energy is by no means negligible. 

TABLE 13.5-2® 


Energy of Interaction at the “Kinetic Theory Collision Diameter” 


■ 

Li+ 

Na + 

K + 

Rb + 

Cs+ 


<p(lnd) 

<p(dl*> 


y(dU) 

<p<lnd) 

9 <dls) 

p(lnd) 

^dls) 

ydnd) 

y (dU) 

He 

-202 

-46 

-134 

-37 

-71 

-37 

-55 



-41 

Ne 

-298 

-58 

-202 

-50 

-111 

-53 

-87 



-62 

A 

-781 

-142 

-557 

-116 

-322 

-114 

-257 

-114 

-210 

-136 

Kr 

-931 

-165 

-668 

-130 

-402 

-125 

-323 

-123 

-266 

-145 

Xe 

-1200 

-209 

-883 

-162 

-538 

-148 

-437 

-143 

-363 

-169 

H, 

-429 

-94 

-301 

-71 

-173 

-62 

-137 

-60 

-111 

-68 

■ ‘Z 

No 

-658 

-100 

-472 

-83 

-283 

-86 

-228 

-88 

-188 

-104 

Oo 

-728 

-133 

-520 

-104 

-303 

-97 

-242 

-95 

-196 

-110 

A 

C0 2 

-1000 

-179 

-730 

-144 

-441 

-137 

-359 

-138 

-293 

-163 


Note. The first entry is the ion-dipole energy (~l/r a6 4 ) and the second is the 
London dispersion energy (~l/r at> 6 ). All energies arc given in units of 10~ 15 erg. 


d. Hydrogen bonds as electrostatic forces 
The term “hydrogen bond” was coined by Latimer and Rodebush 8 to 
characterize the strong energy of interaction between an OH or an NH 
group witlvO, N, F, or Cl atoms. At one time the strength of the hydrogen 
bonds was thought to be due to some sort of quantum mechanical 
resonance. However, all the present evidence indicates that hydrogen 


7 H. Margenau, Philosophy of Science, 8, 603 (1941). 

8 W. M. Latimer and W. H. Rodebush, J. Am. Chem. Soc., 42, 1419 (1920). 
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bonds are usually electrostatic interactions between the pertinent groups . 9 
The exact location of the electrical charges is important since the groups 
can get sufficiently close together that the concept of ideal dipole 
forces does not apply. The interactions between water molecules discussed 
in § 13.8 is a good example. Davies 10 has made a very thorough study of 
the physical aspects of hydrogen bonds. He lists the following binding 
energies of hydiogen bond dimers and polymers in the gas phase : 11 

A// 

6 HF ^(HF ) 6 6800 cal/mole 

2HCOOH ^ (HCOOH ) 2 7060 

2CH 3 COOH ^ (CH 3 COOH ) 2 9430 - 4.887 

2 CH 3 COOD ^ (CH 3 COOD ) 2 7950 

2C 2 H 5 COOH ^ (C 2 H 5 COOH ) 2 9200 

3C 2 H 5 COOH ^ (C 2 H 5 COOH >3 8000 

2(C 2 H 5 COOD) ^ (C 2 H 5 COOD ) 2 7040 

Because of the large energy of interaction between these molecules, only 
a small fraction exist in the form of monomers in the gas phase. Conse¬ 
quently their virial coefficients 12 and transport coefficients 13 are 
correspondingly anomalous. 

6. Quantum Mechanical Treatment of Resonance and Electrostatic 

Forces 

Let us now consider the interaction of two molecules from a completely 
quantum mechanical point of view. Here the orientations as well as the 
motions in the electronic and vibrational degrees of freedom are specified 
implicitly by the quantum numbers in a statistical sense. The energy of 

• The character changes from electrostatic to homopolar when the groups are 
squeezed together as in the very short hydrogen bonds occurring in crystals of acid 
salts such as KH 2 P0 4 . See A. R. Ubbelohde, J. chim. phys., 46. 429 (1949). 

10 M. Davies. Annual Reports of the Chemical Societies for 1946, 43. 5 (England, 
1947). 

11 The slight tendency of acetaldehyde to form dimers (2CH 3 CHO ^ (CH 3 CHO),. 
Ml = 2610 kcal/mole] has been considered as an example of hydrogen bonding. 
However, this example is in no way different from acetone and other polar gases 
which cannot form hydrogen bonds. 

** A. E. Alexander and J. D. Lambert. Trans. Faraday Soc., 37, 421 (1941). J. D. 
Lambert. G. A. H. Roberts. J. S. Rowlinson. and V. J. Wilkinson. Proc. Roy. Soc. 
(London), A196, 113 (1949). J. D. Lambert and E. D. T. Strong. Proc. Roy. Soc. 
(London), A200. 566 (1950). 

11 P. M. Craven and J. D. Lambert. Proc. Roy. Soc. (London), A205, 439 (1951) 
—Viscosity. J. D. Lambert. E. N. Stanies, and S. D. Woods, ibid., A200, 262 (1950) 
—Thermal conductivity. 
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• is th en of Type IV, as discussed in § 13.1a. The quantum 
interaction > s ( 0 /[ nt ermolecular forces differs from the class>cal 

meC elt in two respects. First, there is often the possibihty of resonance 
treatment. ana|og SeC ond, , he orie ntations of the 

f ° f teLles are only partially specified by the quantum numbers^ The 
m0 n ,um mechanical interaction between two molecules m definite 
q urn states may be compared with the classical interacts averaged 
S a" orientations with the square of the wave function as the weight 
factor Resonance sometimes plays an important role in the mterac ion 
hMween two non-polar molecules (usually between two like molecules), 
fn action, resonance often complicates the electrostatic interaction 
between polar molecules. When resonance occurs, the energy of inter¬ 
action is abnormally large, sometimes in the sense of attraction, sometimes 

rC We'beein this section by considering the types of resonance forces 
which may occur between molecules. We then discuss the quantum 
mechanical interaction between two ideal dipoles imbedded in linear or 
kxiallY symmetric molecules; this provides an example of pure electro¬ 
static interaction, sometimes complicated by resonance. Next two specific 
examples of the interaction between an ion and a neutral molecule are 
discussed: the interaction of a proton with an excited hydrogen atom and 
that of a proton with an excited helium atom. The first is an example of 
sharp resonance, the second illustrates near-resonance. The section is 
concluded with a discussion of first-order quadrupole-quadrupole inter¬ 
actions of atoms (neither one in an S-state). This is somewhat compli¬ 
cated since the treatment used depends upon whether or not the separation 
between neighboring energy levels is small or large compared with kT. 
The interactions involving free radicals or molecules in excited states give 
rise to forces similar to those considered in this section. 


a. The nature of resonance forces 

The possibility of resonance forces arises whenever the interaction 
removes a degeneracy in the wave functions. That is, resonance is 
associated with the possibility of hybridization of the wave functions. 
In the long-range interactions between molecules such hybridization is 
effective in producing resonance only when the states making up the 
hybrid have very nearly the same energy in the limit of large separations. 
If they have exactly the same energy, the resonance is sharp. If they have 
nearly the same energy, the resonance does not become effective until 
somewhat smaller separations. 

There are two types of resonance: resonance between molecules and 
resonance within one molecule. Resonance between molecules is effective 
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in the collisions between like molecules having quantum numbers such that 
the molecule in the lower energy state can, by the absorption of a photon, 
undergo a transition to a state with the quantum numbers of the other mole¬ 
cule without violating the selection rules for electric dipole radiation. 
If these conditions on the quantum numbers are not satisfied, the effective¬ 
ness of the resonance in modifying the interaction potential is greatly 
reduced. The possibility of resonance within a single molecule is 
illustrated by the interaction of a proton with an excited hydrogen atom. 
For this interaction the azimuthal quantum number is no longer a “good’* 
quantum number, and the wave function is a hybridized sum of hydrogen 
atom orbitals all having the same value of the principal and the magnetic 
quantum numbers but different values of the azimuthal quantum number. 

Resonance introduces a splitting of potential energy surfaces. That 
is, when the molecules collide they have a certain a priori probability of 
following any one of several potential energy surfaces. The a priori 
probability is proportional to the statistical mechanical degeneracy of the 
particular energy surface. The energy of resonance may be positive or 
negative, but at large separations the sum of the resonance energies 
weighted by their a priori probabilities is zero. 

Let us now consider the two types of resonance phenomena; first, 
the resonance between molecules and then the resonance within one 
molecule. 

i. Resonance between Molecules 

A state of resonance exists between two like molecules a and b when 
a quantum of energy can be emitted readily by a and absorbed by b} 
In the combined molecular system it is not possible according to quantum 
mechanics to specify the state of molecule a and that of molecule b 
separately. Instead, if y«(i) is the wave function of molecule a in state 
/, the wave function for the two-molecule system may be either of two 
functions: 

Vlg) = vJLOvJLj) + vJlfltJLO 03.6-1) 

V(u) = v> a (i)y> b (j) - Va(j)Ui) (13.6-2) 

A collision between the two molecules can therefore follow potential energy 
surfaces characterized by the (g) states or surfaces characterized by the 
(u) states. The first-order perturbation theory gives for the energy of 

1 R. Eisenschitz and F. London, Z. Physik ., 60, 491 (1930), first pointed out the 
existence of this resonance phenomenon. 



THE NATURE OF RESONANCE FORCES 


[Eq. 13.6-6] 


993 


interaction in the two states: 


<r'™>(g) = J dr" 4 dr" 4 j^'VHgWlg) dr" 4 dr" 4 (13.6-3) 


<p"'‘\u) = J JV*(u)<p,r(u) dr" 4 dr" 4 j JJV*(u)T(u) dr" 4 dr" 4 (13.6-4) 


Inasmuch as we are interested only in the terms varying as \/r ab 3 the 
largest resonance interaction—it suffices to replace <p e by the leading term 
in the series expansion of <p e given in Eq. 13.1-10. Then the expressions 
in Eqs. 13.6-3, 4 lead at once to 


<P™(g) = = - r — 3 IKMJ* + |(M,I* - 2 KM,I*] (13.6-5) 

r ab 


where the (p x ) iit (/*,)„ are the components of the dipole moment 
associated with the transition of a single molecule from the state i to 
the state j (see Eq. 12.6-7) and the coordinate z is along the line of nuclei. 
The existence of strong resonance interaction therefore depends upon the 
non-vanishing of the dipole moment associated with the transition. 

In order for resonance interaction to occur, it is necessary for at least 
one of the molecules to be in an excited state. For example, two H-atoms 
in their ground state do not exhibit resonance forces, whereas such forces 
do come into play in the interaction between one H-atom in the 1 j and 
another H-atom in the 2 p state. 2 From Appendix 12C we sec that the only 
non-vanishing dipole moment matrix components for the transitions of 
a hydrogen atom from the 1$ to the various 2p states are 


K/O...J 1 = |0O... 2 J* = = 0.555* V 

Thus the resonance energy has four possible values: 


9 > (res) = ± 1.110 — 


1 


a o ( r aJa o ) 3 


or ±0.555 - 


1 


a o (r a Ja 0 ) 3 


(13.6-6) 


In one-sixth of the collisions between a 1 s and a 2 p hydrogen atom the 
interaction energy is given by 1.110 e 2 a 0 2 lr ab 3 ; in one-sixth of the collisions 
the energy is —1.1 \Oe 2 a 0 2 /r ab z ; in one-third of the collisions the energy 
is 0.555 e 2 a 0 2 /r ab 2 ; and in one-third of the collisions it is —0.555e 2 a 0 2 /r at) 3 . 

This result, Eq. 13.6-6, is easily generalized to the resonance forces 
arising in the collision of any atom in an 5-state with a like atom in a 
P-state. 2 In all such cases, the interacting system can fall into the 
following classes: £ u , ri u , n,, and each class has a separate potential 

energy function. King and Van Vleck showed that the resonance energy 


* G. W. King and J. H. Van Vleck, Phys. Rev., 55, 1165 (1935) 
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corresponding to each of these classes can be expressed in the form 

(13.6-7) 

n„ 

n f 



In Table 12.C-2, the values of | (/« x ) sr | 2 are given for a number of different 
atoms for transitions from the ground (5) state to the first excited ( P ) 
state. Comparing Eq. 13.6-6 with Eq. 13.6-7, we see that in the collision 
between a 1 s and 2 p hydrogen atom, the £ states are the ones for which 
e 2 a 2 

<P< rc8 > = ±1.10—and the II states are the ones for which © <rc,) = 

r a > 3 * 

e 2 a 0 2 

±0.555 —-. As far as the long range interactions (varying as l/r o6 3 ) 

are concerned, the singlet and the triplet states have the same energies. 
Since both singlet and triplet g and u states can be formed without violat¬ 
ing the Pauli exclusion principles, the n states have twice the probability 
of occurring compared to the £ states. 

For H, Li, Na, K, Rb, Cd, and Hg there is definite experimental 
evidence that either the £„ or the ri u state corresponds to stable molecules 
at small separations in spite of the fact that their resonance energy is 
positive for large separations. Figure 13.6-1 shows the shape of their 
potential energy curves. For sodium the maximum in the potential 
energy is about 0.7 kcal per mole; for lithium it may be as much as 2.8 
kcal per mole. In all these cases the resonance energy is large and extends 
to very large separations. The resonance energy has the value of kT for 
room temperature (0.6 kcal per mole) at a separation of 6 to 20 A, 
depending upon the substance. 

ii. Resonance within One Molecule 

Some molecules have degenerate states which are separated by the 
perturbation produced by the interaction with a second molecule. In 
such cases there is the possibility of resonance forces. A simple example 
of this type of phenomenon is the interaction of a proton with an excited 
hydrogen atom. 
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At first sight we might suppose that it would be necessary to consider 
the possibility of the electron oscillating between the centers a and b 
by writing the wave function in the form T'= 4^(1) + v F ft (l), where 
¥ 0 (1) is the wave function of atom a plus proton b and 4^(1) is the wave 



r ab -► 


Fig. 13.6-1. 

function of proton a plus atom b. However, it is easy to show that 
exactly the same energy at large separations is obtained by taking 
4'* = 'K fl (l) and omitting 4^(1). The effect of including both x F n ( 1) and 
4^(1) in the wave function is to introduce terms in the energy which fall 
off exponentially with the separation and are only appreciable when the 
separation is small. Thus the proton is considered purely as a source of 
electrostatic potential rather than as a particle. Let us consider the 


l 



r ab 

Fig. 13.6-2. Coordinates used in discussing the interaction of a proton and 

an H-atom. 


situation illustrated by Fig. 13.6-2, with the electron a distance r al from 
the center of the atom and the angle between the internuclear axis and 
the radius vector from a to the electron designated as 0 al . The per¬ 
turbation energy on the atom due to the proton is 



r ab r bl 


r (H Pi (cos ®«» ) +(?)* ^ cos 

r ab^-\ r ab / \ r ab' 


Oa ,) + * 


(13.6-8) 
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For present purposes we are interested only in determining the term in 
the resonance energy, <p {rt *\ which varies as l/r a6 2 . Such terms are 
surprising since we expect this dependence on separation for electrostatic 
charge-dipole forces, and yet the hydrogen atom has no dipole. As we 
show presently, the hybridization of the wave function actually produces 
a polar distribution of the electric charge in the atom and results in this 
term. 

As an example, let us consider the state in which the proton and the 
H-atom are far apart, the latter having a principal quantum number, 
n = 2. The energy of the hydrogen atom is the same in the state with 
the azimuthal quantum number / = 0 (a 2 s state) and the states with 
/ = 1 (2 p states). Under the influence of the proton’s electric field, the 
azimuthal quantum number is no longer a good quantum number. 
However, if the z-direction is taken to be the direction of the internuclear 
axis, the magnetic quantum number remains a good quantum number. 
Thus the wave function is a hybrid of a 2s and a 2 p function, 


r = y a (l) = «vfc(l) + to,' (1) (13.6-9) 

Since the magnetic quantum number is unaffected by the perturbation, 
the only orbitals which are not mutually orthogonal are those which have 
the same value of the magnetic quantum number. 3 In this case the only 
possibility is for the magnetic quantum number to be zero (the only value 
in the 2s state). Physically speaking, the magnetic quantum number 
zero represents the fact that there is no component of angular momentum 
in the direction of the internuclear axis. 

The resonance energy is the solution of the first-order perturbation 
equation given in Eq. 1.6-49. The linear combination of wave functions 
given in Eq. 13.6-9 is used as the zero-order wave function, and the 
leading term of <p, (see Eq. 13.1-10) is used for the perturbation potential. 
In the notation of Eq. 1.6-49, the 2s state is designated by the subscript 
1 and the 2 p state by 2; the parameter A is — e/r ab 2 . Accordingly we 
write 

= -er ol P x (cos 0 ol ) (13.6-10) 

£ - £< 0) = E - £ ( 2 0) = <p (re8) (13.6-11) 


Then the secular equation may be written as 


? (re9) + AJT’ft 

21 





(13.6-12) 


3 C. A. Coulson, Valence , Oxford University Press (1952), p. 71. 
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[Eq. 13.6-16] INTERACTION OF TWO LINEAR DIPOLES 
The matrix elements of the perturbation are: 

V = -e/v' 2 .*('K,/ > i(cos dr, = = 0 (13.6-13) 

Sff'H = -e/v'?„(*KiA(cos OaOv-ap.d) dr, = -(/x,) 2 „,.2„ = 0 (13.6-14) 

se'" = jr' 2 V = -fJv'a/CKi/’ifcos O.il^p.U) dr, = -(m,)u. 2 P , 

(13.6-15) 

The value of the matrix element OO 2 ,. 2p* ,S given in Appendix 12C. 
Thus the resonance energy is 

,- = T^), 2 , = ± 3^-J^ C3.6-16) 

The inverse-square dependence of <p lTt$) on the separation is a much 
longer range interaction energy than the l/r o6 4 dependence which is 
normally expected between an ion and a nonpolar molecule. In a collision 
between a proton and a hydrogen atom, with principal quantum number 
n = 2, there is an equal probability that the resonance energy of inter¬ 
action will be positive or negative. The complete energy of interaction 
between a proton and a hydrogen atom is the sum of the resonance and 
the electrostatic interactions (this is discussed in § 13.6d). 

b. Quantum mechanical interaction of two ideal dipoles imbedded in linear 
molecules 

The detailed interaction between dipoles is very important from the 
standpoint of understanding the behavior of the transport coefficients of 
polar gases and also for the understanding of the pressure broadening 
of microwaves (see § 13.7). The quantum mechanical calculation of the 
energy of two interacting linear dipole molecules can be performed by the 
use of the first- and second-order perturbation theory. The first-order 
electrostatic interaction (with energy varying as l/r aJ> 3 ) vanishes except 
for the cases of resonance. The quantum mechanical specification of 
the orientation of the dipoles is the reason for this behavior. A linear 
dipole is specified by the azimuthal quantum number j and the magnetic 
quantum number m. The combination of j and m fixes the axis of 
rotation of the molecule to within certain limits. However, the dipole 
moment of the molecule at any instant is perpendicular to the axis of 
rotation. As a result, if the rotational axes for the two molecules are 
fixed, the four configurations shown in Fig. 13.6-3 are equally probable, 
and it is reasonable that the first-order electrostatic energy averaged over 
the wave functions for the two molecules vanishes. 
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The wave functions for an isolated linear molecule are the normalized 
spherical harmonics Y t m (0, <f >) given in Eq. 12.B-3. The indices j and 
m are the azimuthal quantum number and the magnetic quantum number, 
respectively. The energy of the molecule in theyth state is 



(13.6-17) 


in which I is the moment of inertia of the molecule. 



Fig. 13.6-3. Equally probable orientations of two dipoles with fixed axes of 

rotation. 


Now let us consider the interaction between two such molecules, a 
and b. At very large separations, where (p e is zero, the wave function for 
the system is the product of the wave functions for the two isolated 
molecules. Suppose that the molecules are initially in the states j a , m a 
and j by m b , respectively. Then the unperturbed wave function for the 
system is 

V°(; a . rn b ) = V-(0«, &) IV-P* « (13.6-18) 


The product of b 3 /r ab z times is a linear combination of, at most, twelve 
of the y>°: 


r ab 



(13.6-19) 
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[Eq. 13.6-21] INTERACTION OF TWO LINEAR DIPOLES 


Here the states designated by the subscript i are 


fvi° 

= v°(y. + i.'" 
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= v°(y. + l.m 

4- 

1 ;y» - 1 . 

m t> 

— 

i) 


= v°(y. + 1 . 

— 

i ;y» — i. 
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4- 

i) 


(Vio° = V°0« — 1. "W* 4- 1, m b ) 

Vn° = V°(ja -U a +I \jt + 1, - 1) 

[vn 0 = V°(y« — 1, m. — 1 ;j b 4-1 t m b + 1) 


(13.6-20) 


The values of the numerical constants, v it are readily determined from Eqs. 
12.B-8, 9, and 10. Those states have zero values of their (and can be 
disregarded) which have either negative values of j or values of | m \ 
greater than the corresponding/ We shall designate the original state by 
the subscript 0. 

London 4 used a perturbation method (which he calls the method of 
unsharp resonance ) to solve the problem. He formed an approximate 
wave function made up of a linear combination of y> 0 °, together with the 
functions for the (twelve at most) states with which it interacts according 
to Eq. 13.6-19. The best value for the energy which can be obtained from 
such a linear combination is given by the solution to the secular equation. 
This secular equation has a particularly simple form since those states with 
/ greater than zero do not interact with any other states except 0. Further¬ 
more, the diagonal elements of 1, 2, and 3; 4, 5, and 6; 7, 8, and 9; and 
10, 11, and 12 are equal by groups of three. Thus the secular equation 
has non-zero elements along the zeroth row, down the zeroth column, and 
along the diagonal. Carrying out the indicated multiplications and 
rearranging, we obtain (for the general case) the fifth-order equation for 
fijc, m a<jb< ™b | r at ): 


r ab t 




* 3 2 


A'aW 9 ’ <P~ + 



(13.6-21) 


4 F. London, Z. Physik, 63, 245 (1930); see also H. Margenau, Revs. Mod. Phys., 
11, 1 (1939). 
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Here the €, are given by: 


, _ ** [O'.+1) , (7. + D1 

i. +—JTi 

( _ *!r_7. 7.1 

2 4**1 /„ /J 

, = r o.+ 1 ) _ JA 

. * 2 r 7 .. 7.+11 

t *-4**r/ a + "7rJ 


(13.6-22) 


and the a, 2 are given by 

a,* = y + v 2 * + f 3 * 

4[(y'o + D* - m a 2 ] [(/«. + 1)* - m 6 *] 

+i (ja + + ixy. + m . + 2 Xy* — m, + l)(y' t — m 6 + 2) 

_ .+\{jg — m a+ lX7a ~ w « +2)(y> + w t + l)(y t + w t + 2) 
[4<y.+ l)*-l][4(y.+ !)*-!] 


a 2 * = y + y + y 

4 ( y,. 1 — w a *xy»* — m *) 

+1 (y'a —- iXy. - "».Xy»+ - ixy* + m 6 ) 

_ ,+i(jg + rn a — l)(y„ + m.Xy't — rn b — 1 Xy t — m t ) 

(4y a * — l)(4/b* 1) 

(13.6-23) 

* 3 2 = «,• + V + V 

' 4[( ja + 1 )* - ™„ 2 ] [j* ~ « » 2 ] 

+ i (ja + "a + IXy’a + ">g + 2X7* + ». “ >XA + «.) 

_ , +j(y. ~ m a + lXy. — m a + 2Xy>— ~ i)(y t — *»>). 

[4(7. + D ! - 1] [4yV - 1] 


a 4 2 = ”io 2 + «’n 2 + "is 2 

■4[y a 2 - «a 2 ] [(7. + l) 2 - «.*] 

+i( ja + ">aXy. + m a - 1X7* + m, + 1X7. + «. + 2) 
_ +Hja — mgXja — m a — *Xy> — + iXy t — ”»»+ 2) 

[4y.* - i] [4(7- + » 2 ] 



1001 


Eq. 13.6-28] INTERACTION OF TWO LINEAR DIPOLES 

For large separations (except in the cases of resonance which we discuss 
presently), <p becomes small compared to the e„ and the terms on the 
right-hand side of Eq. 13.6-21 can be expanded in a series in powers ol <p, 

-2.r’[ 1+ r + S + -'] 0W - 2I ‘ ) 

Considering only the first three terms on the right-hand side of Eq. 
13 . 6 - 21 a leads to a quadratic equation, the only physically significant 
solution to which is expressible in the form of the series: 


<P= “ 




*1 + 


6 

where the B t are given by 


12 


B 


,s 2 - (B.B 2 2 + V**> + • • • 

(13.6-24) 


*-I € k 


(13.6-25) 


Here c k * is the ith power of t k . 

Next let us consider the collisions between two like molecules. In this 
case n a = = n and the moments of inertia /„ = I b — /. Let us define 

a parameter z which is proportional to the sixth power of the separation, 
and define a reduced interaction potential, <p': 

Then Eq. 13.6-21 can be written in the form 
< . <>2 2 


Z <P 


¥ - v. +u + 2 > + +(>.+;•) 


+ 


+ 


(13.6-27) 


1) 9>'“OW. + i) 

The reduced interaction potential is then, regardless of particular molecular 
constants, a function only of z and depends parametrically on the rota¬ 
tional quantum numbers of the interacting molecules. 

From Eq. 13.6-27, it is clear that in those cases where \j a — j b | = 1 
the denominator of either the third or the fourth term becomes (p\ As we 
shall show, the energy of interaction at large separations becomes pro¬ 
portional to r ab 3 instead of r ab 6 t and resonance degeneracy exists between 
the states with j a =j b + 1 and j b =j a + L Let us consider j a = j b + 1; 
then Eq. 13.6-27 can be written (after multiplying through by cp'): 


z(f ' z -F 


[_si. 

L f' + (2/. 


+ 


-¥ + (2 i. +1) -¥ - Via +D -¥ + 2 


;] f' ~ °i 2 = 0 
(13.6-28) 
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For sufficiently large separations q>' becomes small compared to either 
(2/a + 1) or 2. Thus, for large separations, Eq. 13.6-28 can be expanded 
in a series in powers of <p '. Considering the first three terms leads to a 
quadratic equation for <p' t 


where 


(z + D x )<p '* + D 2 <p' - a* = 0 

a-^LV+S! 

1 (V. + D* 4 


Dt = ~k 


fl. 2 — a 2 2 


+S! 

Va +12 


The solutions to Eq. 13.6-29 are 



(13.6-29) 


(13.6-30) 


(13.6-31) 


Expanding these solutions in powers of 1 /z\ we get two asymptotic 


solutions valid for large separations: 




(13.6-32) 

(13.6-33) 


When a state of resonance exists, there are, therefore, two interaction 
potentials, one positive at large separations, the other negative, and the 
energy at large separations varies as zr m or 1 /r a6 3 . 

The values of B lt B 2t and B z for non-resonating systems and the values 
of a v Z)„ and D 2 for resonant systems are given in Table 13.6-1. 

For many purposes, it suffices to know qtjij a), the energy of inter¬ 
action of the two dipoles averaged (algebraically) over all the magnetic 
quantum states. This averaging over the magnetic quantum states corre¬ 
sponds to a classical spatial averaging over all orientations of the axes of 
rotation of the dipoles (keeping the angular momentum about these axes 
constant). The result, varying as l/r a{) 6 , has no simple classical analogy. 
London 4 found that at large separations, (pijujj) can be expressed in the 
form 


viji’jj = 


8” 2 W r( , n 


Wr* 


(13.6-34) 



[Eq. 13.6-34] INTERACTION OF TWO LINEAR DIPOLES 

TABLE 13.6-1 

Important Parameters for the Interaction op Two 
Like Linear Dipole Molecules 

(a) Non-resonance Cases:__ _ 


7. = 0. /> = 0 o 

ja - 0, y, * 2 0 

0 




y.-i,A = 3 






y a - 2, y* = 2 






(b) Resonance Cases 



0.33333333 

0.28571429 

0.22619048 

0.04761905 


0.58000000 

0.41000000 

0.32000000 

0.07000000 


0.22567901 

0.20074074 

0.12592593 

0.00123457 

0.01790124 

0.10370370 

0.16074074 

0.18901235 

0.18851852 

0.15925926 

0.10123457 


0.57482993 

0.50170068 

0.28231293 

0.17687075 

0.39965986 

0.48299320 

0.34353741 

0.02721088 

0.17687075 

0.36054422 


0.16666667 

0.42857143 

0.36011905 

0.15476190 


0.84500000 

0.35250000 

0.28000000 


0.37691358 

0.34703704 

0.25740741 

0.10802469 

0.04552469 

0.14907407 

0.22092593 

0.26108025 

0.26953704 

0.24629630 

0.19135802 


0.62159864 

0.53103741 

0.25935374 

0.16638322 

0.42077664 

0.49716553 

0.31916100 

0.04024943 

0.16638322 

0.34580499 


0.08333333 

—0.39285714 

-0.32663690 

-0.12797619 

0.66125000 

0.33812500 

0.27000000 

0.03562500 


-0.29983882 
-0.27532922 
-0.20180041 
-0.07925240 
-0.02936814 
-0.13289609 
-0.20407922 
-0.24291752 
—0.24941101 
-0.22355967 
-0.16536351 


0.59119898 

0.50641298 

0.25205499 

0.15421863 

0.39825444 

0.47869426 

0.31509826 

0.02158919 

0.15421863 

0.34334845 



0.58554005 

0.55205245 

0.43643578 

0.09759001 

0.16903085 

0.23904572 

0.30860670 

0.37796448 


0.15132275 

0.14380952 

0.12126984 

0.06476191 

0.16539683 

0.21005291 

0.19873016 

0.13142857 


0.60000000 

0.45000000 


0.15537919 

0.12830688 

0.04708995 

0.05343915 

0.08439153 

0.09532628 

0.08624339 

0.05714286 





























1004 


THE THEORY OF INTERMOLECULAR FORCES 


[§ 13.6] 


Here the G(j lt jJ are the numbers given in Table 13.6-2. If | — j 2 1 is 

large, 

210 ,-;.)■-,] < 13ws > 

For the resonance cases where j\ = j and j 2 =j— 1, or vice versa, 

G(j,j - 1) = G(j - 1 ,j) = - (13.6-36) 


TABLE 13.6-2 




h 

h Ns \ 

0 

1 

2 

3 

4 

0 

-0.5 

- 0.111 

0.25 

HI 

M 

1 

- 0.111 

-0.5 

-0.0678 

0.194 


2 

0.25 

-0.0678 

-0.5 

-0.0645 

0.181 

3 

0.100 

0.194 

-0.0645 

-0.5 

-0.0336 

4 

0.0555 

0.0786 

0.181 

-0.0336 

-0.5 


Such a detailed treatment of the interaction of dipoles is required for 
a precise interpretation of the transport properties of polar molecules and 
the pressure broadening of microwaves considered in § 13.7. 

c. Quantum mechanical interaction between two ideal dipoles imbedded in 

symmetrical tops 

The quantum mechanical interaction of two dipoles can also be treated 
if the dipoles are imbedded in spheres (molecules whose three principal 
moments of inertia are equal) or symmetrical tops (molecules in which two 
of the principal moments of inertia are equal). This is a realistic model of 
polar molecules. The treatment is very similar to that of the interaction 
of linear dipoles. 

The wave function of a molecule consisting of an ideal dipole imbedded 
in a symmetrical top depends on a third quantum number, k , which 
specifies the component of angular momentum in the direction of the dipole 
moment. If A = 0, the situation is much the same as for the linear dipole. 
However, if k is not zero, there is a resultant electric moment in the 
direction of the internuclear axis. This can be seen from Fig. 13.6-4. 
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[Eq. 13.6-37J DIPOLES IMBEDDED IN SYMMETRICAL TOPS 

If we assume that the axis of rotation is fixed by the quantum numbers./ 
and m (as in the linear dipole example) and the orientation of the dipole 
with respect to this axis is fixed by the quantum number. k, the dipole is 
constrained to oscillate between the two positions shown in Fig. 13.6-4. 
Thus if the quantum numbers k a and k b for the two molecules are both 
different from zero, there is a first-order electrostatic interaction between 
the two molecules, and an energy varying as l/r o6 3 . 



Fig. 13.6-4. Possible positions of a dipole if the axis of rotation of the 
molecule is not in the direction of the dipole. In addition to the motion shown, 
the axis of rotation rotates about the z-axis. 


The wave functions of a pair of isolated symmetrical tops 5 7 are 
products of the representation coefficients given in Eq. 12.B-13: 

VC/.. *»."»») 


= V(2Ja + ^ Vb + 0 DHR^DHR^. (13.6-37) 


The quantum numbers have the significance that ~ij{j -f- 1) is the square 
of the total angular momentum, — k is the component of angular 

ATT ^ 

momentum along the symmetry axis of the molecule, and — m is the 

2tt 


4 L. Pauling and E. B. Wilson, Jr., Introduction to Quantum Mechanics , McGraw-Hill 
(1935), p. 275. 

4 D. M. Dennison, Revs. Mod. Phys., 3, 280 (1931). 

7 L. Infeld and T. E. Hull, Revs. Mod. Phys., 23, 32 (1951). 
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component of angular momentum along some arbitrary direction fixed in 
space. The quantum numbers can have the values: 

* = -/.-7+ , 0, - • • — l,y 

m = —/»—j + 1. * • # » 0, • • • ,j — 1 ,j 
j = 0,1,2, ••• 

The energy for the pair of isolated molecules is 



(13.6-38) 

in which the / 3 are the moments of inertia about the symmetry axis, and 
the /, are the two other equal moments of inertia. 

Just as for the linear dipolar molecules (Eq. 13.6-19), the product of 
the interaction potential times an unperturbed wave function can be 
expressed as a linear combination of a large number (up to 27) unperturbed 
wave functions. This follows directly from the relations between the 
representation coefficients which are given in Eqs. 12B-31, 32, and 33. 
As a result, if we write the product of the interaction potentials times an 
unperturbed wave function in the form: 

/(/».*«» k b> m b) = >,/(/«', k a \ (13.6-39) 

r ab 

the expansion coefficients (or matrix components) v { can have non¬ 
vanishing values only if k a ’ = k Qt k b =k bt m 0 ' + m b = m a + m 6 , 
ja =ja or (jo ± 0, j* =j b or (jb ± 0. and m a ' = m a or (m a ± 1). For 
the general case, this represents a set of twenty-seven possible wave 
functions with which any particular wave function can interact. The 
problem is much more complicated for the symmetrical top than for the 
linear dipole problem, since there are interactions which occur in both the 
first-order and the second-order perturbation theory. The interactions 
in which the j and k for the two molecules remain unchanged are con¬ 
sidered to be first-order interactions, and at large separations they give 
the most important contributions to the energy of interaction. The 
first-order terms arise only if both k a and k b are different from zero. 

Margenau and Warren 8 have considered the first-order interactions. 
Even these are complicated. For each value of j a9 k a \ j bt k b the energy of 


8 H. Margenau and D. T. Warren, Phys. Rev. t 51, 748 (1937). 
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[Eq. 13.6-40] PROTON AND AN EXCITED ATOM 

the system splits into a large number of energy levels. All those states for 
which m a + m b has the same value interact and form their own secular 
equation! Thus for the case where j a =j b = k a = k b = 1, the following 
six forms for the energies of interaction satisfy the secular equation: 


9U = 


— 2 (doubly degenerate) 


4 r 


ab 


— (doubly degenerate) 

4 r ab 

+ (I-V3)^ 

^ r ab 

+ (doubly degenerate) 

4r a6 


+ 2 


Mb 

4r a * 3 


+ d+^J)gfij 

* r ab 


(13.6-40) 


The symmetrical top dipoles differ from the linear dipoles in that the mean 
value of tp ab does not vanish for the first-order interactions. This is 
consistent with the fact that symmetrical dipole molecules have a first- 
order Stark effect. 

Carroll 9 has calculated the second-order interactions averaged over all 
magnetic quantum numbers. Because of the large number of states 
which would have to be considered simultaneously, it would be difficult 
(but not impossible) to calculate the energy of interaction through the 
second-order terms in a manner analogous to London’s treatment of the 
linear dipoles. 

d. Long-range interactions between a proton and a hydrogen or helium atom 

The interaction of a proton with a hydrogen or helium atom in its 
ground state is typical of the interaction of an ion with a neutral non-polar 
molecule. The interaction of a proton with an excited hydrogen atom 
introduces two additional effects—the excited hydrogen atom has (except 
for ^-states) quadrupole moments so that there are electrostatic forces; 
then, too, the degeneracy of the excited states introduces the sharp 
resonance forces discussed in § 13.6a. The interaction of a proton with 

• K. Carroll, Phys. Rev., 53, 310 (1938). 
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an excited helium atom has the same sort of electrostatic forces, but the 
near-degeneracy of the excited states leads to resonance forces which are 
much less important. 

It is easy to show that an atom having an azimuthal quantum number, 

L, has multipoles of order n = 0, 2, • • •, 2L. Thus an atom in an 5-statc’, 
with L = 0, has no multipole moments; an atom in a P-state, with L = 1, 
has a quadrupole moment; an atom in its D- state, with L = 2, has both 
quadrupole and “sixteenopole” moments; etc. (See §12.1 for the 
definitions of the multipoles). 

Thus no direct electrostatic interaction (only induced dipole forces) is 
expected between a proton and an atom in an 5-state. However, charge- 
quadrupole forces do occur between a proton and atoms in all other 
states. Since the ground states of the hydrogen and the helium atoms arc 
5-states, such forces occur only in excited states. The charge-quadrupole 
forces vary as l/r a6 3 and are therefore of longer range than the charge- 
induced-dipole forces which vary as 1 /r a6 4 . However, for some values of 
the magnetic quantum number the charge-quadrupole forces are attractive 
and for others, they are repulsive. The charge-quadrupole energy averaged 
over the magnetic quantum number (corresponding to a classical spatial 
average over all orientations of the atom) vanishes. 

The energy of interaction between a proton and hydrogen atom or a 
helium atom in the ground state is the usual charge-induced dipole energy, 
<p (lnd> __ — ote 2 / 2 r a6 4 , uncomplicated by either resonance or direct electro¬ 
static interactions. However, the electrostatic interactions between a 
proton and an excited hydrogen or a helium atom are examples in which 
resonance within one molecule affects the nature of the long-range inter- 
molecular forces. In a collision between a proton and an excited hydrogen 
atom, resonance leads to terms in the interaction energy varying as l/r a6 2 , 
as explained in § 13.6a. This resonance exists because all the states of a 
hydrogen atom with the same principal quantum number, n , have exactly 
the same energy. For a helium atom, states with the same principal 
quantum numbers for the two electrons have only slightly different energies 
for different values of the azimuthal quantum numbers. Thus in the 
interaction between a proton and an excited helium atom, the resonance is 
not nearly so strong, and it neither produces a term varying as l/r a6 2 nor 
does it affect the normal charge-quadrupole term varying as l/r o6 3 , but 
it does add a term varying as l/r a6 4 which is added to the charge-induced 
dipole energy. 

i. Interaction of a Proton with a Hydrogen Atom 

The interaction between a proton and a hydrogen atom is one of the 
few problems of molecular quantum mechanics which can be solved 
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[Eq. 13.6-44] PROTON AND AN EXCITED ATOM 

exactly. At large separations the energy of interaction of a proton and a 
hydrogen atom can be calculated exactly 10 * 12 in terms of a power series in 
inverse powers of the separation. 


Each of the E i is obtained exactly in terms of the £, for smaller /. 
the wave function can be expanded in a power series in l/r a6 , 


(13.6-41) 

Similarly 


V = Vo + — Vi + \ V>2 + • • * 

^ a 6 r ab 


(13.6-42) 


Let the Hamiltonian of an unperturbed hydrogen atom and let 

E 0 be the energy of the particular state of the unperturbed hydrogen atom 
under consideration. The perturbation potential, arising from the field 
of the proton, is given in Eq. 13.6-8. If we substitute the power series 
expansions of the perturbation potential, interaction energy, and wave 
functions into the Schrodinger equation, and equate like powers of 1 /r abt 
the following set of simultaneous equations is obtained: 


(^o - E o)Vo = 0 
l&To - E o)Vi = 0 


(13.6-43) 


(^o “ < cos °aiWo= + E zVo 

(<%? 0 “ E o)V* - r al P x (cos O al )Vi - r al 2 P 2 (cos 0 al )y\> = E 2 y x + E 3 ip 0 


The solution of these equations is greatly simplified by using parabolic 
coordinates (£ = r a (\ + cos 0 a ), rj = r Q ( 1 - cos 0 a ), <f> a ) instead of 
spherical coordinates, since all the equations are separable in the parabolic 
coordinates. 

For the interaction between a proton and an H-atom in the ground 
state, Coulson 10 obtained the following interaction energy: 


9/4 0 15/2 213/4 

e* (r ab /a 0 )* + (r a Ja 0 )> + (r ab /a 0 )* ( r a Ja 0 V 

^ 7755/64 ( 1773/2 86049/16 

+ lr*Jaf + (r m Jap + (r m Jay 


(13.6-44) 


10 C. A. Coulson, Proc. Roy. Soc., Edinburgh. A61, 20 (1941). 

11 C. A. Coulson and C. M. Gillam, Proc. Roy. Soc., Edinburgh, A62, 360 (1948). 
11 M. K. Krogdahl, Astrophys. J., 100, 311 (1944). 
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For the interaction of a proton with a hydrogen atom in an excited 
state, Mrs. Krogdahl 12 solved the equations and obtained the results 
shown in Table 13.6-3. Here /?, /, m are the usual principal, azimuthal, 
and magnetic quantum numbers and E 0 is the energy of the unperturbed 
hydrogen atom. The energies obtained in this manner include the in¬ 
duction energy and represent the complete interaction. It should be noted 
that the potential energy functions split. For example, an atom with 
principal quantum number n = 3 and magnetic quantum number m = 0 
can interact with a proton according to any one of three potential 
functions: 


e* f . 9 72 I 

n "o l + ('.>„)* (,3<M5) 

n = e -\ _?_2LJ 

*0 L ('W*o) a (r ab la 0 )*\ 

Coulson and Gillavn 11 showed how to generalize Mrs. Krogdahl’s 
results to obtain the interaction energy accurate to any desired power of 

The energy of interaction at small and intermediate separations of a 
proton with a hydrogen atom in any of its states is discussed in § 14.5. 
This system comprises the diatomic hydrogen ion, H 2 +, which has been 
studied extensively since it is one of the few problems in molecular 
quantum mechanics which can be solved exactly. 


ii. The Interaction between a Proton and an Excited Helium Atom 

The interaction between a proton and an excited helium atom can be 
treated in much the same manner as the interaction with a hydrogen atom. 
The essential difference is that the states with the same principal quantum 
number but different azimuthal quantum numbers have slightly different 
energies. As a result the resonance is not “sharp,” and the energy of 
interaction has the form 13 


e 2 \ ( qlop 2 ) (a7V) 

*o U'Wflo) 3 2 (r a Ja 0 )* ^ 


(13.6-46) 


Here the q is the quadrupole moment of the particular state of the isolated 


,J M. K. Krogdahl, Astrophys. /., 100, 333 (1944). 




[Eq. 13.6-46] 
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TABLE 13.6-3 

Energy of Interaction of a Proton with a Hydrogen Atom 12 

in Units of e */ a 0 
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helium atom. The a' differ from the polarizability of the isolated helium 
atom because of the near resonance. The values of a' were calculated on 
the assumption that the wave function of the helium atom perturbed by the 
proton is made up of a linear combination of the near-resonance states. 
The (p ab were then determined as solutions to the corresponding secular 
equations. The value of a' is then simply related to the coefficient of the 
l/r a6 4 in the power series expansion of <p ab . The values of qla n 2 and 
aW are given in Table 13.6-4. 14 

TABLE 13.6—4 14 

Quadrupole Moment, q , and a Quantity, a', for a Helium Atom 

in Various States 

In each configuration one of the electrons is in a 1 s state and the other 
electron is in a state designated by the quantum numbers, n, /, m. 



14 The values given are readily obtained from those tabulated in Ref. 13. 



(Eq. 13.6-47] QUADRUPOLE-QUADRUPOLE FORCES 10,3 

e. Quadrupole-quadrupole forces between atoms neither of which is in an 

S-state 

The interaction of two atoms, neither one in an 5-state, is discussed as 
an example of quadrupole-quadrupole interaction. It is interesting 0 
note that there are a number of different interaction potentials that the 
collision system can follow, each corresponding to a different set ot 
“molecular” quantum numbers for the combined system of two atoms. 
These energies of interaction (which vary as l/r a6 5 ) are very large com¬ 
pared to the energy of dispersion. For example, two oxygen atoms may 
have an energy of attraction of 0.6 kcal per mole at a separation of 3.0 A; 
two boron atoms may have this energy at 5.1 A; or a carbon atom may 
attract an oxygen atom with this energy at a separation of 3.2 A. Similar 
forces are expected between free radicals or between other molecules 
possessing resultant electronic angular momentum, and they help to 
explain some of the anomalous chemical and physical properties which 
such molecules display. 

Knipp 15 has considered the energy of interaction between two atoms 
neither of which is in an 5-state. Here the first-order quadrupole- 
quadrupole energy does not vanish. Depending on the values of the 
magnetic quantum numbers, some atoms are attracted and some are 
repelled by a particular atom. 

A system of two atoms forms a “diatomic molecule." At large separa¬ 
tions, where there are no interactions, the wave functions for the states 
having specified molecular quantum numbers are linear combinations of 
products of the atomic wave functions. 16 If the spins of the two atoms 
are 5, and 5 2 , the total spin of the “molecule" may have the values: 


5=^ + 5*, 5 l + 5 1 -l, — ,|5 l -5 s 


(13.6-47) 


For present purposes the quantum numbers A, O, and T are important: 

A = | m L -f- mj 1 1 is the quantum number representing the absolute 
value of the component of orbital angular momentum along the inter- 
nuclear axis. A can have all integer values from 0 to L x 4* L 2 , where 
L x and L 2 are the orbital momenta of the atoms. According to convention, 
states are designated L, FI, A, Q,. . . according as A = 0, 1, 2, 3,. . . . 
Because A is the absolute value of -f m L t * the n. A, <J>, . . . states 
are double degenerate, since the component along the intemuclear axis 
may be either positive or negative, but X states are not degenerate. 


16 J. K. Knipp, Phys. Rev:, 53, 734 (1938). 

>• E. Wigner and E. Witmcr, Z. Physik, 51, 859 (1928); R. S. Mulliken, Phys. Rev., 
36, 1440 (1930); F. Hund, Z. Physik, 63, 723 (1930); H. Sponer, Molekulspektren, 
Springer (1936), II, pp. 132-7. 
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^ = I m J x + m J % I is the quantum number representing the absolute 
value of the component of total angular momentum along the internuclear 
axis. 

F = | m J x + m L x |» s a special quantum number of mixed characteristic. 

The calculation of the energy of interaction of atoms at large separations 
is complicated by the fact that the splitting due to atomic spin-orbit inter¬ 
actions may be of the same order of magnitude. The spin-orbit splitting 
varies from 0.0018 ev in the case of the ground state of boron to 0.94 ev 

TABLE 13.6-5a 15 
Atoms with Incomplete p Shells 

(An asterisk after an element means the spin-orbit splitting of lowest energy term 
is less than 0.036 ev or 0.6 kcal/mole.) 


Ele- Ground 
mcnt Level 


D(J) 


Radius of Maximum 
Charge Density of 
Outer Orbital 
in Units of a n 


l Kn./) 2 ] 

in Units of a 0 2 


Slater Self- Slater Self- 

Screening consistent Screening consistent 
Constants Fields Constants Fields 


B* 

Al* 

Ga 4 p 

In 5 p 

T1 6 p 

C* 2 p 2 

Si* 3 p 2 

Ge 4 p 2 

Sn 5 p 2 

Pb 6 p 2 

O* 2 p K 3 /> 2 

S Y „ 

Se Y 



-0.6325 

0 

1.54 

1.80 

»» 

»• 

2.57 


»» 

»» 

2.74 


»» 


3.20 


** 

»» 

3.53 


0.6325 

0 

1.23 

1.26 

»» 

(» 

2.17 


»* 

»» 

2.42 


»» 

*» 

2.83 


*• 

*• 

3.12 


-0.6325 

-0.3743 

0.88 

0.85 

»* 

»* 

1.65 


** 

»» 

1.97 


»• 

»» 



0.6325 

0.4472 

0.77 

0.73 

»» 

*» 

1.48 


»» 

»» 

1.80 


»» 

»» 

2.11 
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[Eq. 13.6-47] QUADRUPOLE-QUADRUPOLE FORCES 

for the lowest term of thallium. If the spin-orbit separation is small 
compared to the energy of interaction, which is of the order of kT t we 
consider the orbital quantum number, Z,, of the atom to be significant; if 

TABLE 13.6-5b 15 
Atoms with Incomplete d Shells 


(Numbers in parentheses are positions of maximum radial density of the 
two electrons in the s shell lying outside the incomplete d shell. These 
electrons are most effective in determining the radius of the atoms.) 


Ele¬ 

ment 

Ground Level 

B(L) 

W) 

Radius of 
Maximum 
Charge 
Density of 
Outer 
Orbital, 
in Units of a 0 


[Kn, /)*] 
in Units ofa 0 2 

Slater 

Screening 

Constants 

Slater 

Screening 

Constants 

Sc* 

3d4 s 2 


-0.5345 

-0.4472 

3.00(4.55) 

14 

Y 

AdSs 2 

»» 


ft 

4.55(5.33) 

30 

La 

5d6s 2 

»» 

•• 

ft 

5.33(5.88) 

40 

Ti 

3d 2 4s 2 

*F t 

-0.2213 

-0.1833 

2.47(4.35) 

9.5 

Zr 

4d 2 5s 2 

»» 


•• 

3.75(5.08) 

20 

Hf 

5d 2 6s 2 

♦ » 

** 

»* 

4.38(5.60) 

27 

V 

3d 3 4s 2 


0.2213 

0.1533 

2.09(4.15) 

6.8 

W 

5d*5s 2 

3 Do 

0.5345 

0 

3.23(5.11) 

15 

Fe 

3d*4s 2 

6 D 4 

-0.5345 

-0.4006 

1.44(3.65) 

3.2 

Co 

3d 7 4s 2 

*/•!. 

-0.2213 

-0.1935 

1.32(3.51) 

2.7 

Ni 

3d 6 4s 2 

*F t 

0.2213 

0.2003 

1.21(3.38) 

2.3 

Ir 

5 d* 


0.5345 

0.4782 

2.58 

9.4 


the spin-orbit splitting is large compared to kT, the total angular 
momentum, J, of the atom is significant. For these reasons collisions of 
three types are considered: 

A. Both atoms 1 and 2 have spin-orbit splitting small compared to kT. 

B. Atom 1 has a spin-orbit splitting large compared to kT while atom 
2 has a small splitting. 

C. Both atoms 1 and 2 have large spin-orbit splittings. 
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Knipp 15 expressed the energy of interaction as obtained by first-order 
perturbation in the three cases in the following manner: 

A: <p = ^ [Kn, 0*11 [K«. O’J 1 B l (L l )B 1 (L t )X{L x ; L 2 ; A) 

B: <f = ^ [r(n, /)’], H (13.6-48) 

C: ? = £ [*«.0*1, M«.O’l.o.WiWW,;/.;O) 

TABLE 13.6-6a 15 


Values of X(h v h 2 , 6) for Integer Values of <5 



hi- 1 

2 

3 

4 

1.5 

2 

<5 

6 2 = 1 

1 

1 

1 

1.5 

2 

m 

Oea 

— 1.014 a 

-1.225 a 

-1.305 a 

2.4 ea 

2.774 ea 






0 ea 

-1.060 ea 


3.6 fb 

2.324 b 

2.096 6 

2.013 6 

3.2 fb 

3.261 fb 


0 fb 

-0.295 6 

-0.382 6 

-0.418 6 

-0.8/6 

1.508 fb 
-0.484 fb 

1 

Oe 

2.456 

2.061 


—1.6 e 

mat 



0.047 

-0.170 





”2.4/ 

-1.489 

-1.401 

m 

1.2/ 

1.127/ 






-1.413/ 

2 


0.356 

2.199 



-2.000 e 



-2.891 

0.230 





0.6/ 


-1.939 

-1.424 

-2.8/ 

IWTTTTp 

3 


1.014 

0.646 



0.857 e 




-3.096 

-0.032 

-1.710 

1.2 

-2.571/ 

4 



1.225 

0.853 

-3.222 


1.714/ 

5 




1.354 































(Eq. 13.6-48) 
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The values of B(L), D(J), and [r{n, /) 2 ] are given in Table 13 .6-5 for the 
ground states for many of the elements. Values for [r(/7, 0 2 ]. the mean- 
square radius of the electron, obtained from both the Slater screening 
constants and the self-consistent fields are given in Table 13.6-5. This 
quantity is very sensitive to the charge distribution. The coefficients A 
are given in Table 13.6-6. 


TABLE 13.6-6b 15 


Values of X(h lt h 2 , d) for Half-Integral Values of <5 


6 

/»!= 1.5 

h 2 =\ 

2 

1.5 

4.5 

1 

0.5 

2.746 

0 

-1.049 

2.864 

1.551 

-0.377 

-1.168 

1.977 

-0.399 

-1.345 

1.5 

0.176 

-2.722 

■a 

1.916 

-0.206 

-1.476 

2.5 

0.848 

0.619 

-2.770 

1.883 

0.125 

-1.774 

3.5 


1.434 

2.054 

0.518 

-2.339 

4.5 



0.934 

-3.270 

5.5 



1.401 


In Table 13.6-6 there are several states corresponding to each set of 
arguments. The spectroscopic notation of the state is designated by the 
letters following the entry in the following manner. Let us define 
c = w 1 w 2 (—\) h i+ h * t where w is the parity of the electronic state. The 
spectroscopic notation of the states corresponding to the various energies 
is then obtained by the following rules. 
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If the atoms are different: 

a means that state is L + if c = — 1 
or 2” if c = +1, 
b means that state is 2 + if c = +1 
or 2“ if c = — 1 

If the atoms are the same: 

e means that state is g if S is odd 

u if S is even 
and 2 states are negative, 

/ means that state is g if S is even 
or u if S is odd 
and 2 states are positive. 

For other cases, the spectroscopic notation of the states is clear, and the 
symbols a y b, e y f can be ignored, but the energies of interaction are still 
given by the above expressions. Table 13.6—7 gives the values of A 
obtained for a few typical examples. 


TABLE 13.6-7 15 

Values of A for a Few Typical Molecules 


Molecule 

A 

States 

F, or B 2 

B9 

>£+. 3£ . + 



‘A,. 3 A U 



>n u , 3 n„ >V. ‘V. *V 



‘n,, 3 n u (low-lying slates) 

C 2 or 0 2 

+ 3.6 

%+. % + 


+0.6 

l \. *A. 


0.0 

I'V. *V. 6 2 .-. ‘V, 3 v. %+ 



I'n., 3 n„ 5 n u 


-2.4 

*n B , 3 n u , 5 n„ (low-lying states) 

CO 

+ 3.6 

'£+, 3 £+ 6 E+ Oow-lying states) 


+0.6 

■A, 3 A, 5 A 


0.0 

(*£-, 3 £-, 6 £- 



(■£+, >£+, s e+, ‘n, 3 n, 6 n 


-2.4 

»n, 3 n, 6 n 





[Eq. 13.6-48] QUADRUPOLE-QUADRUPOLE FORCES 10,y 

The large magnitude of these quadrupole-quadrupole forces can be seen 
from the examples shown in Table 13.6-8. Here the separation chosen is 
approximately twice the equilibrium separation for the normal diatomic 
molecule. For any other separation, the energy varies inversely as the 
fifth power of the ratio of the separations. 


TABLE 13.6-8 15 

Energies of Attraction at Distances of Twice the Sum of the 

Atomic Radii 


Known States of 
Diatomic Molecules 

<to 

<Pob 

(cv) 

States giving Largest 
Energy of Attraction 
at Large Separations 

b 2 

3.80 


lrT „ 3 n u 

bo 2 £ + , 2 n 

2.80 

i&ESi 

2 n, 4 n 

c 2 3 n u ? 

2.66 

-0.190 

3 n u , 

CF 

2.10 

-0.231 

2 n, 4 n 

o 2 3 V 

1.80 

-0.341 

l n„ 3 n u , 5 n, 

f 2 ? 

1.54 


x n,. 3 n M , 

BC 

3.23 

-0.202 

2 £", 4 £- 

BF 

2.67 

-0.195 

1 £+, 3 S + 

CO 1 £ + , 3 n, l n 

2.23 

-0.347 

1 £ + , 3 £+, *£+ 

OF 

1.67 

-0.549 

2 £“, 4 £- 


Note. The atomic radius is defined as the position of the last maximum in 
the electron density function. The spin-orbit coupling has been neglected and 
the values for r 2 taken from the last column of Table 13.6-5. The last four 
molecules have, in addition, attractive A states at this distance, with energies 
one-sixth the energies of the £ states and the same multiplicities (neglecting 
other forces). The known states listed are those which have been observed 
and which on dissociation go into normal states of the atoms. 

Figure 13.6-5 shows the interaction energies at large separations which 
can result from the collision between a carbon and an oxygen atom in their 
ground states. The four potential energy curves at large separations split 
up into eighteen separate potential energy curves at small separations. 
The ground state for the carbon monoxide molecule is designated as 1 £ + . 
Thus the continuation of the potential energy curve for the ground state 
of the carbon monoxide molecule to large separations, according to Table 
13.6-7, must join with the lowest energy curve shown in Fig. 13.6-5 
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since two potential energy curves of the same symmetry cannot cross. 

The quadrupole-quadrupole interactions discussed here probably play 
a large role in the interaction and recombination of free radicals. These 



Fig. 13.6-5. The energy of interaction of a carbon atom and an oxygen atom 
in their ground states: Curve A is the energy for the states ‘E*. >n, ‘11. Curve 
B is for the states ‘A, >A, ‘A. Curve C is for the states ‘E-. *E-, ‘E-, >E\ 

*E\ >£*, >n, >11, *n. Curve D is for the states TI, >11, >11. These curves arc 
reliable only at separations greater than 3 A. 

forces are important in determining the physical properties of substances 
containing large numbers of excited molecules, such as hot gases or 
systems in which chemical reactions are taking place rapidly. 


7. The Determination of Intermodular Forces from Pressure Broadening 

of Microwave Spectra 

The pressure broadening of microwave spectra is becoming an impor¬ 
tant source of information about the multipole moments of molecules and 
the long-range forces between molecules. At the present time the high 
resolution of microwave spectrometers virtually eliminates errors due to 
“slit width,” and hence experimental data of high accuracy can be obtained. 
The theoretical analysis of the data, however, is not very refined, and hence 
the interpretations of the data are rather crude. In this section we first 
summarize a few important facts about the broadening of spectral lines 
and then proceed to show what information can be obtained by the 
theoretical analysis of pressure-broadening data. 



[Eq. 13.7-2] 


BROADENING OF LINES IN MICROWAVE SPECTRA 1021 


a. The broadening of lines in microwave spectra 

Spectral lines have finite width for three reasons: (i) the natural line 
width, Av„, due to “radiation damping”, (ii) the Doppler effect broadening , 
Avy,. due to the speed of the molecules; and (iii) the pressure broadening 
kvp B > due to the forces between the molecules. At microwave frequencies 
(5 x 10 4 to lO^sec -1 ) the width of the lines due to radiation damping 
and the Doppler effect is very small compared to the width associated 
with the pressure broadening. At a convenient pressure of about 1 mm 
Hg, the pressure broadening of the lines is twenty to one hundred times 
the*width due to the Doppler effect, and the latter is far greater than the 
width due to radiation damping. The explanation of pressure broadening 
involves the dipole moments, the quadrupole moments, and the polariza¬ 
bilities of the molecules. Very often line widths provide a means for 
finding the probability of energy transfer from translation to rotation in 
collisions. Long-range forces are particularly important in this transfer, 
so that in some cases the observed cross-section for transferring trans¬ 
lational to rotational energy is actually larger than the kinetic theory 

cross-section. 


i. Natural Line Width Due to Radiation Damping 1,2 

Let us consider the transition between energy levels E l and E 2 . Inas¬ 
much as these levels have finite widths A E x and A£ 2 , a spectral line 
associated with a transition between the two levels has a natural half 
width Av v . If molecules spend an average length of time t x in the state 
1 with energy E x , then according to the uncertainty principle, 


t x A£, = h (13.7-1) 

Furthermore 1 /t x can be interpreted as the rate of spontaneous transitions 
from state E x to all states k for which E k < E x . In terms of the “oscillator 
strengths” defined by Eq. 12.6-22, 

(,3 ' 7 - 2) 

where the v lk and the f k are the frequencies and the oscillator strengths 
associated with the downward transitions from 1 to k. Thus Weisskopf 


1 H. Margenau and W. W. Watson, Revs. Mod. Phys., 8. 22 (1936). 

* W. Gordy, W. V. Smith, and R. Trambarulo, Microwave Spectroscopy , Wiley 
(1953), Chapter 4. 
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and Wigner 3 and Hoyt 3 found that the intensity distribution within the 
line is given by 

/(v) = A v N l [(v„ - »)> + (Av n )*] (13.7-3) 

where 

Ane 2 

Av JV = E**i**/i* + Z.'tiViJ (13.7-4) 


is the half width. Here, every state k has an energy lower than E lt and 
every state / has an energy lower than E 2 . The bracket in Eq. 13.7-4 has 
a maximum possible value of the order of v 21 2 /3. Thus the maximum 
value of the natural half width is 10~ 4 A and is independent of wavelength. 


ii. Doppler Effect Broadening of the Spectral Lines 1,2 

A molecule moving with a speed v in the direction of the propagation 
of light absorbs a frequency 


v = v 0 (l — v/c) 


(13.7-5) 


where the v 0 is the frequency at zero velocity. When the thermal distri¬ 
bution of the velocities of the molecules in a gas is taken into account, it 
may be shown that 


Av* 


Vo l %RT\n 2 
cV M 


(13.7-6) 


is the half width due to the Doppler effect. 


iii. Pressure Broadening of Microwave Lines 2 

A very detailed theory of pressure broadening has been developed by 
P. W. Anderson, 4 and a simplified version has been presented by W. V. 
Smith and R. Howard. 5 The important terms in the treatment of the 
microwave pressure broadening are quite different from those which are 
important in the study of the pressure broadening of optical spectra. 1 
Just as in the case of the natural line width, the uncertainty principle can 
be used to explain the half width of the lines, Av PBt in terms of a 
characteristic time, r: 

rhAv rB = h or Avpj, = 1/27 tt (13.7-7) 

The time t is the average interval of time that the radiation processes are 


» V. Wcisskopf and E. Wigner, Z. Physik, 63, 54 (1930); 65, 18 (1931). Also 
F. Hoyt. Phys. Rev., 36. 860 (1931). 

4 P. W. Anderson, Phys. Rev., 76, 647 (1949); 80, 511 (1950). Sec also M. Mizu- 
shima. Phys. Rev., 83. 94 (1951). 

5 W. V. Smith and R. Howard, Phys. Rev., 79, 132 (1950). 
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uninterrupted by collisions. For rigid-sphere molecules of diameter o PB 
moving with an average speed Q, the time, r, is the mean length of time 
between collisions: 8 

T = "7=-— (13.7-8) 

V2n7TOp B 2 Q 

Here n is the number of molecules per cubic centimeter. These last two 
relations may be combined to obtain the definition of the microwave 
pressure-broadening collision diameter, a PB , in terms of the observed 
line width: 

2Av Pfl = V2 nQo pb 2 (13.7-9) 

In a gas containing two species of molecules, a and b , the pressure broaden¬ 
ing of a line of gas a is given by 

2 Av Pfl = V2 ln&Jio PB ) a .' + n b a ab (o PB ) ab *] (13.7-10) 

Here n„, =V(Q* + to?) 12 is the average speed and (o PB ) ab the pressure 
broadening collision diameter of the mixed collisions. 

These relations are always used to define the microwave collision 
diameter regardless of the law of force between the molecules. The 
significance of o PBt however, depends upon the law of force and the 
nature of the collisions. The time r is always the time between collisions. 
A collision is said to have occurred in either of two limiting cases: adiabatic 
collisions in which the phase of the emitted radiation is changed by a 
considerable amount, and non-adiabatic collisions in which there is a 
quantum jump and an energy exchange between the molecule under con¬ 
sideration and the molecule with which it is colliding. In optical pressure 
broadening, the adiabatic collisions are all-important, and the non- 
adiabatic collisions can be ignored. In microwave pressure broadening, 
on the other hand, the adiabatic collisions can usually be ignored. Let 
the probability of a transition in molecule a from rotational state j a to 
state be | a jJt - 1 2 . The probability that a jump occurs during the 
entire course of a collision is then | = co) | 2 . According to 

Anderson’s rigorous theory, all non-adiabatic collisions for which 
| Qjj'. (t = oo) | 2 > £ are effective for producing pressure broadening 
in the sense of determining the effective rigid sphere diameter o PB and 
the time r to be used in Eqs. 13.7-7, 8, 9, and 10. The value of o PB then 
gives a direct measure of the probability for energy transfer usually from 
translation to rotation, as a result of collisions. 

• Equation 13.7-8 agrees with the mean length of time between collisions r of 
Eq. 1.2-1, with £' = V2 
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The transition probabilities may be obtained by means of time-dependent 
perturbation theory . 7 Let 2tf a be the quantum mechanical Hamiltonian 
operator for isolated molecule a. In a collision with another molecule 6 , 
there must be added to this Hamiltonian the perturbation due to the 
potential of interaction between the two molecules. We then indicate the 
time-dependent perturbation by 

9(0 = 9mAj» ««;/» 1 r *AO) (13.7-11) 

That is, the perturbing potential depends clearly on the quantum states of 
the two interacting molecules and is an implicit function of time through 
the inter-molecular separation The dependence of r ab on t is given 

by the trajectory of the colliding pair. In terms of this perturbing 
potential, the time-dependent Schrodinger equation can be written 

h d'Y 

t) = - 7 — (13.7-12) 

The wave function may be written as a linear combination of the initial 
state j a and the final state y a ': 

no = + ‘u/Wv 03.7-13) 

Before a collision takes place (t = —oo), the molecule is in state j a so that 
«W.(-°o> = 1 «wt-°°> = 0 (13.7-14) 

After a collision (r = oo), the probability that a transition from state j a 
to has occurred is given by the square of the absolute value of the 
quantity 

oo 

a w (oo) = - ~ h J Vi* [ J <p u dr a (13.7-15) 

— co 

The collision diameter o rD is the distance of closest approach or the 
“miss distance” (if the trajectory were a straight line) for a critical collision 
such that | a w (f = oo) | 2 = J. If the value of a PB is large compared to 
the kinetic theory collision diameter of the molecules, as is frequently the 
case, the critical trajectory is almost a straight path and to a good 
approximation, 

r.tf 0 = + «** (13.7-16) 

where v is the relative velocity of the two molecules at the start of their 
collision. Furthermore, Anderson showed that if hvlo PB is less than 
(£ ; . _ E ja ) as is usually the case, only a few per cent error is 
introduced by neglecting the exponential in Eq. 13.7-15. 


7 H. M. Foley, Phys. Rev., 69. 616 (1946). 



LONG-RANGE FORCES 


1025 


[Eq. 13.7-17] 


b information about long-range forces from pressure broadening 

We now illustrate how the above results may be used to obtain specific 
information about long-range forces between molecules. That is, we 
consider various forms for the interaction potential <p(t) in Eq. 13.7-11. 


i. Dipole-Dipole Interaction 

The energy of interaction of two dipoles is given by Eq. 12.1-47. Let 
us assume that the critical trajectory is a straight path with a distance of 
closest approach o PB . The direction of the radius vector from molecule 
a to molecule b at the point of closest approach is taken to be the direction 
of the polar axis for the frames of reference with respect to which the 
0 \ 0 b , and 0 ab are measured. The other angles 4> a \ <f> b \ and <j> ab are 
measured with respect to the plane of the collision. For a straight-path 
critical collision, r ab (t ) is given by Eq. 13.7-16, cos 0 ab is equal to b/r ab 
(where b is the impact parameter defined in connection with Eq. 1.5-20), 
sin 0 ab is equal to vt/r abt and <f> ab ' is zero. If we ignore the exponential 
in Eq. 13.7-15 and perform the integration over time before computing 
the matrix elements for the rotational transitions, the result is 4 



[— cos 0 a ' cos 0 b -f sin 0 a ' sin 0 b sin <£„' sin <f> b ] 

(13.7-17) 


The transition probabilities are then obtained by multiplying Eq. 13.7-17 
by the wave functions for the initial and final states and integrating over 
the molecular coordinates. The results are somewhat complicated by 
resonance interactions, such as those discussed in §§ 13.6b and 13.6c. 
Anderson 4 and Mizushima 4 have derived expressions for the pressure 
broadening of symmetrical top and linear polar molecules, as well as for 
ammonia. The ammonia molecules behave like the symmetrical tops, 
except that they have an extra degree of freedom corresponding to the 
possibility of inversion. 

Actually the self-broadening of the spectra of ammonia is a particularly 
simple example because the rotational energies are sufficiently large that 
only a few transitions or matrix elements need be considered. The agree¬ 
ment between Anderson’s theory and the experimental observations is 
indicated in Table 13.7-1. Since the average collision velocity is pro¬ 
portional to the square root of the temperature, o FJi is proportional to 
This temperature dependence has been confirmed by Howard 
and Smith. 5 

At the present time, the self-broadening of the spectra of linear polar 
molecules is somewhat less well understood than that of the symmetric 
top molecules. It might be thought then that the pressure broadening 
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TABLE 13.7-1 

Line Breadth Parameter Av for the NH 3 Inversion Spectrum 

at Room Temperature® 

Av(Mc/mm Hg) a PB (cm x 10~ 8 ) 


J 

K 

Observed 

Theoretical 

Observed 

2 

1 

15.5 

15.5 

10.4 

3 

i 

14.5 

14 

10.1 

3 

2 

19 

20 

11.6 

3 

3 

27 

27 

13.8 

4 

4 

27 

27.5 

13.8 

5 

1 

11 

11 

8.8 

5 

2 

15.5 

15 

10.4 

5 

3 

20 

20 

11.9 

5 

5 

28 

29 

14.1 

6 

3 

18.5 

17 

11.4 

6 

4 

21.5 

21 

15.2 

6 

6 

28 

29 

14.1 

7 

5 

24.5 

22 

13.1 

7 

6 

23.5 

26 

12.7 

8 

7 

24.5 

26 

13.1 

10 

9 

25 

27 

13.3 

11 

9 

17.5 

24.5 

11.1 


0 Tabic given by Anderson 4 and modified by W. V. Smith (private correspondence, 
October, 1952). See Ref. 2, p. 195. 


of gas mixtures would be even harder to interpret. However, this is 
not the case. The experimental cross-sections of the symmetric top 
molecules CH 3 C1 and CHC1 3 , relative to the broadening of the ammonia 
3,3 line, may be explained on the same basis as the seif-broadening of the 
ammonia. The experimental results for these molecules are shown in 
Table 13.7-2. 


TABLE 13.7-2 5 


a PB (for Collisions with NRj) and Dipole Moments from 
Pressure Broadening of the j = 3, k = 3 Ammonia Line 

by Other Gases 5 


Colliding Molecule 

°PB M 

fi x I0“(esu) 

nh 3 

13.8 

1.44 

COS 

7.56 

0.720 

HCN 

10.0 

2.96 

C1CN 

11.9 

2.80 

CH 3 C1 

11.3 

1.87 

ch 2 ci 2 

10.3 

1.59 

chci 3 

13.7 

0.95 

S0 2 

10.4 

1.7 
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m 13.7-17) LOINU-KA.^ 

ii. Dipole- Quadrupole Interaction 5 

Consider the interaction between a molecule with a dipole moment 
and a colliding molecule with a quadrupole moment Q b . Here the 
perturbing potential associated with the interaction is given by 

cos 0 a '( 1 - 3 cos 2 0 6 ') 

+ 2 cos 0 6 ' sin 0 b sin Of cos — <f> b ') 


, , __ 3 PaQt 

<PiO - 4 r 4 (/) 


(13.7-18) 


where 0 a ', 6 b ‘, and are the polar and azimuthal angles of the dipole 
and the" quadrupole with respect to the internuclear axis. Substituting 
this expression into Eq. 13.7-15, integrating, and averaging the magnitude 
of the interaction over the angles, we obtain 

0-8 4 Mo Q b 


<*PB 


(13.7-19) 


From the pressure broadening of the j = 3, k = 3 NH 3 line by other 
molecules, the quadrupole moments given inTable 13.7-3 were determined. 
In this table q = Q/e in accordance with Eq. 12.1-17. 

iii. Interaction of a Dipole Molecule with a Non-polar Molecule 
not considering Quadrupoles 

Initially, P. W. Anderson 8 suggested that the pressure broadening of the 
spectrum of a polar molecule a as the result of collisions with a non-polar 
molecule b which do not have a quadrupole moment is due to dipole- 
induced dipole forces. In this case, the perturbing potential is given by 
Eq. 13.5-3: 

tfO=-^O + 3cos 2 0) 03.7-20) 

2 r*(t) 

The cos 2 0 term does lead to a small transition probability which Anderson 
evaluated by the group theoretical methods of Racah. 9 However, the 
calculated line widths were much too small. Therefore, Anderson 8 
wondered whether the quadrupole moment Q b of the polar molecule is 
instrumental in producing the pressure broadening. The next term in q> 
for this case is given by Eq. 13.5-3: 


9*0 = - 


(>P a Qa*b 

m 


cos 3 0 


(13.7-21) 


This interaction term leads to a much larger transition coefficient than 
Eq. 13.7-20. 

• P. W. Anderson, Phys. Rev., 76, 647 (1949). 

• G. Racah, Phys. Rev., 62, 438 (1942). 
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TABLE 13.7-3 

Molecular Quadrupole Moments Obtained from Microwave 

Collision Diameters® 



Gord y* Smith, and R.Trambarulo, Microwave Spectroscopy,^ iley (1953), 

* Values of q xoi are for the rotating molecules. 

* Average of experimental values is used here to calculate q^. 

J The value o - 4.18 x lO'^cm, which is considered to be most reliable, is used 
to obtain the upper limit for^ rot . 

' R - S ' Andcrson . W. V. Smith, and W. Gordy, Phys. Rev., 82, 264 (1951), obtained 
this value from measurements of the line widths of the fine structure of the microwave 
spectrum of oxygen. The accuracy of this number is still questionable. 

' ? for H * is lhe va,uc relative to the intemuclear axis rather than the value for 
rotating molecules. The quadrupole moment was measured by J. Harrick and N. F. 
Ramsey [Phys. Rev., 88. 228 (1952)) using a molecular beam microwave resonance 
method [N. F. Ramsey, Phys. Rev. t 78, 221 (1950)] to measure the rotational magnetic 
moment. Our molecular quadrupole moment, q, is (rj - Q f ) where r a > = 0.742 A is 
the intemuclear separation and Q t = 0.330 A* is the quantity which Harrick and 
Ramsey define as the "quadrupole moment of the electron distribution.” This result 
agrees well with the theoretical value q = 0.248 x 10- u cm* calculated by H. M. 
James and A. S. Coolidge [Astrophys. J., 87, 447 (1938)]. The N(r) of James’ and 
Coolidge is one half of ourf. 



(Eq. 13.7-22] QUADRUPOLE MOMENT OF WATER 1029 

For the ammonia j = 3, k = 3 line, 

—(»?)' <i3 ' 7 - 221 
The quadrupole moment for ammonia is q = 0.2759 X 10 16 cm 2 . The 
results of this calculation are shown in Table 13.7-4 for the pressure 
broadening of the j = 3, k = 3 line of NH 3 . The discrepancy in the case 
of A has not been explained. The quadrupole moment of 0 2 is the cause 
of the difference between its experimental and theoretical values. 


TABLE 13.7-4 

o PB from Pressure-Broadening of the j = 3, k = 3 Line of NH ; 


Colliding Molecule 

a PB ( 

Experimental 
(Eq. 13.7-9) 

Theoretical 
(Eq. 13.7-22) 

h 2 

2.71 

2.57 

He 

2.00 

2.15 

A 

3.73 

3.42 

o 2 

3.86 

3.35 


iv. Quadrupole-Quadrupole Interaction 

Mizushima 4 has studied the quadrupole-quadrupole interactions. He 
successfully calculated the self-broadening of the 0 2 spectrum, including 
its temperature variation. 

8 . Determination of the Quadrupole Moment of the Water Molecule 

In § 13.4 we show that the intermolecular forces for asymmetrical 
molecules depend sensitively on the exact positions of the electrical charges 
within a molecule. For studying the interaction of two water molecules 
one needs a detailed model, in which the spatial locations of each of six 
different sets of electrical charges are specified. Such models have been 
determined independently by theoretical and by empirical means. The 
models thus obtained are in substantial agreement with one another. In 
terms of these models it is possible to explain accurately the physical 
properties of ice, water, and steam. 

For some of the physical properties in the gas phase, it is sufficiently 
accurate to represent the electrical properties of the molecule by ideal 
dipoles and quadrupoles. The quadrupole moments of water are 
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ZtTL" SeC i i0n -, ThCSe reSU ' ,S SU PP' ement the —wave 

determinations of quadrupole moments given in the preceding section, 
a. Theoretical determination 1 - 2 3 * * 


In the earliest theoretical treatments of the H 2 0 molecule it was supposed 
that the electrons in the oxygen atom are in the orbitals (ls)« ( 2 s)*( 2 n )« 
{2p -\ A «ord'ng to this picture, the 2 p, and 2 Py electrons are then 
available to form bonds with the two H-atoms. Pople> has found that 
it is more accurate to say that the 7 s and 2 p orbitals are “hybridized”’ 
to give tetrahedral symmetry as in the single valence carbon orbitals 
Two of these orbitals are singly occupied, and these are available for 
bonding with the H-atoms. In order to obtain the correct dipole moment 
(H = 1.84 x 10 _ls esu) and the correct H-O-H angle (105°), it was found 
necessary to assume an angle of 120 . 2 ° between the two non-bonding 
orbitals. 6 

The electrons in the non-bonding orbitals are called “lone pair electrons" 
because their charge distributions are concentrated on the side of the 
oxygen atom away from the hydrogen atoms. These lone pairs are 
responsible for the wurtzite structure of ice. Figure 13.8-1 shows the 
location of the oxygen nucleus and its two inner electrons; the two 
protons, H and H'; the centers, c and c\ of the charge distributions for 
the pairs of bonding electrons; and the centers, a and o', of the charge 
distribution for the lone pairs. The coordinates of these points are given 
in Table 13.8-1. The dipole moment of water lies along the z-axis. In 
Table 13.8-2 are given the various contributions to the z component of the 
dipole moment (relative to the oxygen nucleus as origin). This table 
also contains the contributions to the quantities ©„, 0 ,,, and 0„ (relative 
to the oxygen nucleus as origin) which are related by Eq. 12.1-15 to the 
quadrupole moments. Duncan and Pople calculated these quantities by 
determining both the arithmetic and the root-mean-square averaged 
values of the coordinates corresponding to the various components of the 
charge distribution. The fact that these averages are quite different 
makes it difficult to explain the electrical properties of a molecule accurately 
in terms of a point charge model. From Table 13.8-2 it is apparent 
that the lone pair electrons play a major role in determining the electrical 
moments of the molecule. 


1 J. A. Pople, Proc. Roy. Soc. (London ), A202, 323 (1950). 

* A. Duncan and J. Pople, Trans. Faraday Soc., 49. 217 (1953). have extended the 
theoretical treatment of H,0 and made similar calculations for NH, and HF. 

3 A discussion of “hybridization" may be found, for example, in H. Eyring, J. Walter, 

and G. E. Kimball, Quantum Chemistry, Wiley (1944), or C. A. Coulson, Valence 

Oxford University Press (1952). 




Fig. 13.8-2. Empirical model of the water molecules as suggested 

by Rowlinson. 4 ' * 
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TABLE 13.8-1 

Coordinates of Charges for Duncan and Pople’s Theoretical 
Model of the H 2 0 Molecule 2 


(All distances are in A) 


Particles 

Symbol a 

Charge 

z 

y 

x 

Lone pair electrons 

a 

— le 

-0.158 

0.0 

0.275 


a' 

— 2e 

-0.158 

0.0 

-0.275 

Oxygen nucleus 

O 

6e 

0.0 

0.0 

0.0 

and the two 1$ 
electrons 

Binding electrons 

c' 

-2e 

0.355 

0.463 

0.0 


c 

-2e 

0.355 

-0.463 

0.0 

Protons 

H' 

e 

0.586 

0.764 

0.0 


H 

e 

0.586 

-0.764 

0.0 

a Symbols refer to Fig. 13.8-1. 






TABLE 13.8-2 2 


Theoretical Contributions to the Dipole and Quadrupole 
Moments of the H 2 0 Molecule 



/'« 

©xx 



Particles 

(10~ 18 esu) 

(10“ 26 esu) 

(10“ 26 esu) 

(10“ 26 esu) 

Lone pairs 

+ 3.03 

-3.463 

-1.906 

-2.422 

Binding electrons 

-6.82 

-3.084 

-9.080 

-6.697 

Protons 

+ 5.63 

0.000 

+ 5.506 

+ 3.318 

Total moments 
relative to oxygen 

as origin 

+ 1.84 

-6.547 

-5.480 

-5.801 

Total moments 
relative to center 

of mass as origin 

+ 1.84 

-6.547 

-5.480 

-5.951 


For most purposes it is desirable to define the quadrupole moments 
with respect to the center of mass as origin. This does not affect 0^ 
or 0 yv , but the value of 0„ is slightly changed. From Eq. 12.1-16, it 
follows that the values of the quadrupole moments relative to the center 
of mass are 


Q„ = -1.663 x 10~ 26 esu 
0 yy =+1.538 x 10 -26 esu 
Q xt = +0.125 x 10 -26 esu 


(13.8-1) 



[Eq. 13.8-31 
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By an analysis similar to the treatment of the water molecule, Duncan 
and Pople 2 have shown that for ammonia the contributions to the moments 
relative to nitrogen as the origin (letting the z-axis be the direction of the 
dipole moment) have the values given in Table 13.8-3. 


TABLE 13.8-3 2 

Theoretical Contributions to the Dipole and Quadrupole 
Moments of the NH, Molecule 


Particles 

Ft 

(I0“ 18 esu) 

(I0- 26 esu) 

(10~ 26 esu) 

Lone pairs 

+ 3.67 

-1.335 

-2.631 

Binding electrons 

-7.68 

-13.851 

-8.411 

Protons 

+ 5.48 

+ 6.361 

+ 2.080 

Total moments 
relative to nitrogen 
as origin 

+ 1.46 

-8.825 

-8.962 


b. Empirical determination 4 * 5 

The quadrupole moment of water has been determined empirically by 
Rowlinson, who compared the experimental values of the second virial 
coefficient of water vapor with values calculated on the basis of an 
assumed intermodular potential of the form 


rtMWW) - 4, [(:)" - (?)‘ - ^ (;)“»] (,,«) 


in which £(0„ 0 2 , <t>) and h(0 lt 0 2 , <f>) are functions of the three angles 
which describe the mutual orientation of two water molecules given 
in Eqs. 1.3-32 and 3.10-19, respectively. 6 The parameters /* and u * are 
simply related to the dipole and quadrupole moments of the molecules: 


/* = 


V& to 3 


u* = 


3 txQ 


4v/2 to* 


(13.8-3) 


4 J. S. Rowlinson, Trans. Faraday Soc. t 47, 120 (1951). N. Bjerrum [K ? l. Danske 
Videnskab. Selskabs ( Math.-Phys.-Medd ), 27, 1 (1951); Science, 115, 385 (1952)) 
has made a similar determination. 

s See § 3.10g for a discussion of Rowlinson's calculation of the effect of dipole- 
quadrupolc interaction on the second virial coefficient. 

4 Actually five angles are required to specify the mutual orientation of two water 
molecules. The potential function above describes the interaction between two 
cylindrical^ symmetric charges, such as are shown in Fig. 3.10-6, obtained by averaging 
the charge distribution of water molecules rotated about their dipole axes. 
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Rowlinson assumed that the molecules in the water vapor are rotating 
rapidly about their axis of symmetry (z-axis) so that effectively the 
molecules have cylindrical symmetry and Q = Q tt . When the second 
vinal coefficent was evaluated for this potential and the results compared 
wnh the experimental values for water, the following values of the potential 
parameters were found: 4 

a = 2.725 A ( = 707 cal/mole /* = 1.2 u* = 0.654 


(13.8-4) 

Rowlinson assumed a four-charge model of the H 2 0 molecule as shown 
m Fig. 13.8-2. A knowledge of the dipole and the quadruple moment is 
then sufficient to determine the coordinates of the charges. This informa¬ 
tion is listed in Table 13.8-4. From this table the following components 
of the quadruple moment tensor (relative to oxygen as the origin) are 
obtained: 


Q„ = -3.30 x 10-“ esu 

Q„= +2.85 X 10"“ esu (13.8-5) 

Q.. = +0.45 x 10-“ esu 

There is a large difference between the quadrupole moment obtained by 
Rowlinson 4 as compared with the values or Pople. 2 The Rowlinson 
values are probably unreliable because the point charge model under¬ 
estimates the contributions of the outer regions of a molecule to its 
quadrupole moments; also, he has idealized the quadrupole forces in 
his study of vapor. Nevertheless, good empirical agreement has been 
obtained. 


TABLE 13.8-4 


Coordinates of Charges for Rowlinson’s Empirical Model of the 

H 2 0 Molecule 4 - 7 



(All 

distances in 

A) 



Particles 

Symbol 0 

Charge 

z 

y 

X 

Binding electrons 

a 

—0.32* 

0.0 

0.0 

0.51 


a' 

-0.32* 

0.0 

0.0 

-0.51 

Protons 

H' 

0.32* 

0.584 

0.762 

0.0 


H 

0.32* 

0.584 

-0.762 

0.0 


a Symbols refer to Fig. 13.8-2. 


This charge distribution predicts the heat of sublimation at 0°K 
to be 11.10 kcal per mole (as compared with the experimental value 
of 11.32. The predicted value of the distance between nearest neighbors, 

7 J. S. Rowlinson, private communication (1951). 
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2.73 A, also agrees well with the experimental value of 2.72 A. Another 
interesting feature is that this model leads to an energy preference for the 
wurtzite over the diamond-type lattice and permits random orientations at 
room temperature. These results are also in agreement with experiment. 
However, Campbell 8 has examined various proposed point-charge 
models of H 2 0 and showed that in ice the higher-order multipole moments 
through the fifth are important. Furthermore, the energy of interaction 
depends upon the assumed relative orientations not only of neighbors but 
also of more distant molecules. 

9. The Determination of Intermolecular Forces from Properties of Crystals 

at Absolute Zero 

There are three properties 1 of a crystal which can be used in the deter¬ 
mination of the intermolecular forces: the enthalpy of sublimation at 0°K, 
per molecule /j ( 0 5Ubl) , the distance between nearest neighbors at 0°K do, and 
the Debye characteristic temperature 0 n . In addition the type of crystal 
lattice sometimes provides a sensitive criterion of the shape of the potential 
energy function. 

The total energy of the crystal lattice at absolute zero U 0 is the sum of 
the potential energy of the lattice <D 0 and the zero-point energy K 0 associated 
with the zero-point vibrations of the molecules in the lattice: 

Uo = <J\> + *o = M? ub,) (13.9-1) 

The zero-point energy is given in terms of the Debye characteristic 
temperature 2 by 

K 0 = tNkO n (13.9-2) 

In the calculation of the total potential energy of the lattice it is usually 
assumed that the forces between the molecules are additive. 3 That is, 
we write 

O 0 = £/V£(0; d 0 ) (13.9-3) 

• E. S. Campbell. /. Chent. Phys., 20. 1411 (1952). 

1 These properties of the crystal, as well as the melting lines of solids, have been 
studied from the standpoint of the quantum mechanical principle of corresponding 
states by J. de Boer and his coworkers. See. for example, J. de Boer, Physica, 14, 
139 (1948); J. de Boer and B. S. Blaisse. Physica, 14. 149 (1948); R. J. Lunbeck, 
Doctoral Dissertation. Amsterdam (1951), in Dutch. 

* Scc . for example, J. E. Mayer and M. G. Mayer. Statistical Mechanics, Wiley (1940), 
Ch. 11. 

s There is some evidence that the forces in crystals are not quite additive (see § 3.4a) 
because of the importance of overlap and exchange integrals. This lack of additivity 
manifests itself in deviations from the Cauchy conditions, relating the coefficients of 
elasticity of a crystal. 
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where N is the number of molecules in the lattice and £(0; r/ 0 ) is the energy 
of interaction of one molecule with all its neighbors, evaluated for the 
lattice in which the distance between nearest neighbors is d 0 . 

The separation between nearest neighbors in the crystal at absolute 
zero differs from the separation r mln at which the intermolecular potential 
energy function tp{r) has a minimum because of: ( 1 ) the zero-point 
energy, and (2) the attraction of a molecule to molecules beyond 
its nearest neighbors. The effect of the zero-point energy is to expand 
the lattice 4 (for argon, the expansion is approximately 0.05 A in </ 0 ; and for 
neon, about 0.15 A.). The attraction to non-ncarest neighbors tends to 
contract the lattice. 5 For face-centered cubic crystals made up of molecules 
to which the Lennard-Jones (6-12) potential applies, the linear dimensions 
of the lattice are contracted approximately 3 per cent because of this effect. 
For Ne, (d 0 - r mln ) = 3.20 - 3.16 = +0.04 A and for A, (d 0 - r mln ) 
= 3.81 — 3.87 = —0.06 A. The most complete and general theoretical 
treatments have been carried out for the Lennard-Jones potential functions. 
However, many special calculations have also been made for the Bucking¬ 
ham, the Buckingham-Corner, and other intermolecular potential energy 
functions (sec §§ 3.7 and 9). 


a. The potential energy of the crystal lattice at absolute zero 

For the purposes of this discussion we write the quantity E{0\d 0 ) 
(defined by Eq. 4.4-20) as 

E(0; d 0 ) = Zjiijtfr,) (13.9-4) 

where r, is the distance from a particular molecule to the ith kind of 
lattice point, and n, is the number of molecules which occupy such lattice 
points. The values of r, and /i, for five types of crystal lattices and the 
relations between d 0 (the distance between nearest neighbors) and v 0 (the 
specific volume of the crystal) are given in Table 13.9-1. With the aid 
of Table 13.9-1 it is possible to determine E{0\d o ) for any particular 
intermolecular potential function. For example, if the potential energy 
function is a repulsion varying as the inverse s power of the separation 
(<P,(r) = b/r*), then 

£(0; d 0 ) = bCJd 0 s (13.9-5) 

The constants C 9 are given in Table 13.9-2 for four types of crystals. 


4 J. Corner, Trans. Faraday Soc., 44. 914 (1948); 35, 711 (1939). 
4 J. E. Lennard-Jones, Physica, 4, 941 (1937). 
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TABLE 13.9-1 

Distance to Neighboring Molecules in a Crystal 0 


(a) Face-Centered Cubic (Cubic Close Packed) Crystal 
d 0 = 2'Uv o*'« = 1.1224t> 0 l/ > 


rW 



n i 

1 

12 

33 

96 

2 

6 

34 

48 

3 

24 

35 

48 

4 

12 

36 

36 

5 

24 

37 

120 

6 

8 

38 

24 

7 


39 

48 

8 

6 

40 

24 

9 

36 

41 

48 

10 

24 

42 

48 

11 

24 

43 

120 

12 

24 

44 

24 

13 

72 

45 

120 

15 

48 

47 

96 

16 

12 

48 

24 

17 

48 

49 

108 

18 

30 

50 

30 

19 

72 

51 

48 

20 

24 

52 

72 

21 

48 

53 

72 

22 

24 

54 

32 

23 

48 

55 

144 

24 

8 

57 

96 

25 

84 

58 

72 

26 

24 

59 

72 

27 

96 

60 

48 

28 

48 

61 

120 

29 

24 

63 

144 

31 

96 

64 

12 

32 

6 

65 

72 
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TABLE 13.9-1 ( continued) 


(b) Hexagonal Close Packed Crystal® 
d 0 = 2 l l«v 0 l U = 1.1224 v 0 'l» 


rW 


'W 

n i 

'W 


rW 


1 

12 

18 

18 

35 

24 



2 

6 

18} 

12 

35} 

12 



2} 

2 

181 

12 

36 

18 

EH 


3 

18 

19 

24 

36} 

24 



3! 

12 

19} 

12 

37 

72 



4 

6 

20} 

12 

37} 

12 

53 

36 

5 

12 

21 

36 

38 

24 

53f 

24 

5} 

12 

211 

24 

38} 

12 

54 

18 
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TABLE 13.9-1 ( continued ) 


(c) Body-Centered Cubic Lattice 6 
d 0 = 2-% 3’/« v 0 '/> = \.09\\v 0 l h 


r,W 

n i 

rW 

n i 

rW 

n i 



1 

8 

4 

8 

8 

24 

12 

30 

li 

6 

54 

6 

9 

32 



2! 

12 

64 

24 

101 

12 



3! 

24 

6f 

24 

111 

48 




(d) Simple Cubic Lattice 6 
do = *»'• 


1 

6 

5 

24 

10 

24 

14 

48 

2 

12 

6 

24 

11 

24 



3 

8 

8 

12 

12 

8 



4 

6 

9 

30 

13 

24 




(e) Diamond Structure 6 
d 0 = 2~ l/ » 3'/» v Q x i» = 0.86601^/3 


1 

4 

64 

12 

114 

24 

17 

24 

2! 

12 

8 

24 

134 

24 



34 

12 

9 

16 

144 

12 



54 

6 

10} 

12 

16 

8 




0 T. Kihara and S. Koba, J. Phys. Soc. Japan, 7, 348 (1952). 
6 J. Prins and H. Petersen, Physica, 3, 147 (1936). 
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TABLE 13.9-2 


C t , the Constants for the Potential Energy of a Crystal 


s 

Face-Centered 

(Close-Packed) 

Cubic®* 6 

Hexagonal®' 6 

Close-Packed 

Body-Centered 

Cubic 6 

Simple 6 

Cubic 

4 

25.33830 


22.63872 

16.5323 

5 

16.9675 


14.7585 

10.3775 

6 

14.45392 

14.45489 

12.2533 

8.40192 

7 

13.35939 

13.36035 

11.05424 

7.4670 

8 

12.80194 

12.80282 

10.355 

6.94580 

9 

12.49255 

12.49332 

9.8945 

6.6288 

10 

12.31125 

12.31190 

9.564 

6.4261 

11 

12.2009 


9.31326 

6.29229 

12 

12.13188 

12.13229 

9.11418 

6.2021 

13 

12.08772 


8.95180 

6.140 

14 

12.05899 

12.05923 

8.8167 

6.09818 

15 

12.04002 


8.70298 

6.06876 

16 

12.02736 

12.02748 

8.60625 

6.04826 

17 

12.0198 


8.52363 

6.0339 

18 

12.01300 

12.01306 

8.45250 

6.02388 

19 

12.009353 


8.39138 

6.01682 

20 

12.006280 


8.33860 

6.011863 

21 

12.004496 


8.29306 

6.008369 

22 

12.00306 


8.253675 

6.00590 

23 

12.00218 


8.219626 

6.004170 

24 

12.001511 


8.19015 

6.002945 

25 

12.001075 


8.16465 

6.00208 

26 

12.000748 


8.1425 

6.001470 

27 

12.000531 


8.123469 

6.001040 

28 

12.00037 


8.106921 

6.000734 

29 

12.000263 


8.092593 

6.000519 

30 

12.000185 


8.080186 

6.000367 


® T. Kihara and S. Koba, J. Phys. Soc. Japan, 7, 348 (1952). 

* J. E. Lcnnard-Joncs and A. E. Ingham, Proc. Roy. Soc. {London), A107, 636 (1925). 


For the Lennard-Jones (/, s) intermolecular potential function 
( <p(r ) = br~ s — cr~‘), the potential energy of the crystal at absolute zero 
can be expressed in the form 

where the constants C s and C, are the same as those found for the inverse 
power repulsions and given in Table 13.9-2. The rare gas atoms crystallize 
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in a face-centered cubic lattice. Kihara and Koba, 6 however, note 
that for / = 6 and for any value of $, the £(0) of Eq. 13.9-4 has a lower 
value for the hexagonal close-packed structure than for the face-centered 
cubic structure. This may be due to a deviation of the actual inter- 
molecular potential from the Lennard-Jones form or it may be due to the 
effects of zero-point energy. 

b. The zero-point energy of the crystal lattice at absolute zero 

The Debye characteristic temperature can be calculated in terms of the 
increase in the potential energy of the crystal when one molecule is dis¬ 
placed from its lattice point by a distance r (see Eq. 4.4-20). However, 
for the purposes of calculating the Debye temperature it is not necessary 
to know the increment in the potential energy of the crystal for each 
orientation of the displacement, but rather the value spatially averaged over 
all orientations of the displacement, 7,8 


E(r\ d 0 ) - £( 0; </„) = 2,»,J J [?>(v / r,* + r* - 2 rr, cos fl) - sin 0 dO 

(13.9-7) 


If only the nearest neighbors are considered, Eq. 13.9-7 reduces to Eq. 
4.6-2. At very low temperatures, the displacements, r, are small com¬ 
pared to the distance between lattice points so that the intermolecular 
potential can be expanded in a power series in r about the point r,. The 
integrals in Eq. 13.9-7 can then be evaluated explicitly, and the result is 


E(r;d 0 ) — E(0,d 0 ) = 2,n, 


1/rW 1 1 

3w + "wj 

+ i(0‘(i'' v " w+ 2T' v '"H + 


(13.9-8) 


For small vibrations, the terms in powers of r higher than the second can 
be neglected, and the square of the fundamental frequency v(d 0 ) for a 


e T. Kihara and S. Koba, J. Phys. Soc. Japan , 7, 348 (1952). 

7 O. K. Rice, J. Am. Chem. Soc., 63, 3 (1941); Eqs. 13.9-8 and 9 are generalizations 
of equations given by Rice. 

8 Equation 13.9-7 reduces to Eq. 4.7-3 for a face-centered cubic lattice considering 
a Lennard-Jones (6-12) potential, if interactions with nearest neighbors only are 
considered. 
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molecule of mass, m a , moving in such a three dimensional potential 
well 7 is 

^ = 4^r n (r, + ^'w)] 03.9-9) 

The quantity v 2 given by Eq. 13.9-9 is approximately the average value of 
the square of the frequencies in the crystal. 7 If we assume the Debye 
distribution of frequencies, the maximum or (Debye) frequency is 
(5/3 ) l ' l v(d 0 ) t and the Debye characteristic temperature is 

0 D W = (S/3) 1 '.^ (13.9— 10) 

The zero-point energy K 0 in the crystal at absolute zero is then given bv 
Eq. 13.9-2. y 

Rice 7 has made a careful study of the temperature variation of the 
internal energy of noble gas crystals in the neighborhood of the absolute 
zero. At higher temperatures (around 73°K for argon) there is sufficient 
disorder in the crystal to introduce important deviations in the frequency 
distribution. However, at very low temperatures, the assumption of the 
Debye distribution is satisfactory. 

The equilibrium separation at absolute zero may be estimated theoreti¬ 
cally by minimizing the sum of the potential and zero-point energies: 
d d 

U ° = d^) liNE{0; do) + = 0 03.9-11) 

Thus, for any assumed form of pair potential energy function all the 
properties of the crystal at absolute zero can be calculated. Or, con¬ 
versely, the experimental data can be used to determine the pair potential 
energy function. 

c. Determination of the forces between noble gas atoms 

By applying the methods discussed above, O. K. Rice 7 found the energy of 
interaction between two argon atoms given in Eq. 3.9-8. Similarly, 
Corner 9 fitted the Buckingham-Corner potentials of neon and argon 
(see Table 3.7-1) and recently Mason and W. E. Rice fitted the modified 
Buckingham potential of Ne, A, Kr, and Xe (see §3.7). Previously 
Kane 10 fitted Buckingham potentials 

<f(r) = b exp (- ar) - c/r 6 - c'/r 8 (13.9-12) 

* J. Comer, Trans. Faraday Soc.. 44. 914 (1948), gives tables useful for fitting 
the Buckingham-Corner potential in problems involving face-centered cubic lattices. 
Previously R. Buckingham. Proc. Roy. Soc. {London). A168. 264 (1938), fitted Bucking¬ 
ham potentials to neon and argon but he did not take into account the effect of zero- 
point energy in expanding the crystal lattice. 
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to the low-temperature crystal data for argon, neon, krypton, and xenon, 
and his work illustrates the procedure. He tried two values for a: 
a t = 4.782, and a 2 = 2.899. The value a x was found theoretically by 
Bleick and Mayer (see § 14.2) to be correct for neon-neon interactions; 
a 2 was found by Born and Mayer 11 to be suitable for alkali halides. For 
neon, argon, and xenon, Kane took c to be zero; for krypton he used 
the value for c' determined theoretically by Buckingham. 12 The values of 
b and c were then adjusted to fit the experimental values of both the heat 
of sublimation and the separation between neighbors at absolute zero. 
The suitability of either a x or a 2 was then determined by comparing the 
calculated with the observed Debye frequencies. The results of Kane’s 
calculations are shown in Table 13.9-3. Both the calculations of Corner 
and those of Mason and W. E. Rice are probably somewhat more accurate. 


TABLE 13.9-3 10 

Determination of the Intermolecular Potential Function from 
Experimental Solid-State Data 


Experimental® Values 

Calculated Quantities 


*[o 
(A) 

Man 

(cal/mole) 


a 

(A)-» 

b 

(10" 12 erg) 

c 

(10- 1! erg 

A') 

c" 

(I0“ 12 erg 

A 8 ) 

e D 

(°K) 

Neon 

3.20 

448 

64 

4.782 

10,250 

8.07 

0 

60 





2.899 

97 

14.0 

0 

53 

Argon 

3.83 

1850 

80 

4.782 

830,000 

87.4 

0 

105 





2.899 

1,600 

125 

0 

81 

Krypton 

3.95 

2678 

63 

4.782 

2,180.000 

148 

0 

91 





2.899 

3,135 

209 

0 

68 





2.899 

3,550 

190 

587 

70 

Xenon 

4.34 

3778 

55 

4.782 

18,400,000 

354 

0 

87 





2.899 

11,730 

477 

0 

65 


• Here /»jj ,ubl > is the experimental value for the heat of sublimation at 0°K not cor¬ 
rected for zero-point energy. 


10 G. Kane. J. Chem. Phys., 7. 603 (1939). 

11 M. Born and J. Mayer, Z. Physik, 75, I (1932). 

12 R. Buckingham. Proc. Roy. Soc. ( London ), A160, 94 (1937). 
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At the present time the interpretation of low-temperature crystal data 
has been used only for determining the potentials for spherically symmetric 
molecules. It is likely that this method will prove extremely useful for 
complex unsymmetrical molecules. 


APPENDIX A. COMPLETE HAMILTONIAN FOR A SYSTEM IN 
EXTERNAL ELECTRIC AND MAGNETIC FIELDS 1 

In most treatments of the energy of a molecular system (with nuclei 
held fixed) the Hamiltonian for the electronic system has been assumed 
to be t . However, in addition to the complete Hamiltonian 
should contain additional terms which correct for the magnetic inter¬ 
actions and the relativistic effects. These correction terms may be 
important in determining (1) the probability of a transition from one 
quantum state to another in high-velocity collisions such as occur in 
“hot atom” chemistry or in molecular beam experiments; (2) the potential 
energy in low-velocity collisions of heavy molecules such as I 2 , where the 
collision may serve to uncouple the spin and orbital moments of the 
molecule; and (3) the intermolccular forces between free radicals, elec¬ 
tronically excited molecules, or very long molecules of biological interest. 
Let Wi be the external electric field strength, , be the external magnetic 
field strength, and <*/ < be the (external magnetic) vector potential—all 
at the position of electron /. Furthermore, let the operator for the spin and 

h d € 

linear momenta of the/th electron be, respectively, s, and p, = 7 —- -f - $/ .. 

i or c 

Then the Hamiltonian, correct to terms varying as (1/c) 2 , where c is the 
velocity of light, is given by 1,2 


^ r 4 - ^ 4 - ^ -f ^r 3 -f ^4 -f ^r 5 + (13.A-1) 


1 The authors wish to thank A. Sessler, J. H. Van Vleck, W. Kleiner, H. A. Bcthe, 
J. C. Slater, and W. Pauli for their help in the preparation of this appendix. Sessler 
is responsible for the introduction of the second term in , and for the discussion of 
The approximate Hamiltonian. Eq. 13.A-8, and the discussion of <%f „ are due 
to Van Vleck. Kleiner corrected an error which we had previously made in ,. 

* H. A. Bcthe. Handbuch der Physik, Vol. 24, I (J. Springer, 2nd Ed., 1933), p. 377. 
Other discussions of the Hamiltonian are given by G. Breit. Phys. Rev., 39, 616 (1932); 
H. A. Bcthe and E. Fermi, Z. Physik, 77. 296 (1932); E. U. Condon and G. H. Shortley, 
The Theory of Atomic Spectra, Cambridge University Press (1935); L. H. Allen, C. W. 
Ufford, and J. H. Van Vleck. Astrophys.J., 109.42(1949); G. Breit and R. E. Meyerott, 
Phys . Rev., 72. 1023 (1947) and 75, 1447 (1948); G. Breit. G. E. Brown, and G. Arfken, 
Phys. Rev., 76. 1299 (1949). 
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where is given by Eq. 13.1-4, and 

I 2 - 72 [(r ‘ _ ° * p,] ' s ' 

- 2 A Ko - r <> X PJ • s. 

+ 2—3 (« r . - O) X pJ • s,)| (13.A-2) 




e 2 h 2 1 

71 2 —; [*■*#*(*< • s,) - 3(s, • («i - r,)) (s, • (r, - r,))] 

m c i >j r it 




(13.A-3) 




;Vr«< 
4m 2 c 2 


2.(2. A (r - - r * ) - P < - 2 — /;* ' Pl ) (13.A-4) 

1 r «. i+i r if ’ 


— 2^ 2 (£ (P '' P ' ) + ^ <(r - - r<) • P ‘ ) ((r - - r >) • P '») 

(13.A-5) 

<**• = - iii 2rf»< 4 (13.A-6) 

= 2 $? 2l((r ' * P ' ] • S<) - 2 - (y '' P ‘> + ?c 2 ' ( -^' • s <> 

(13.A-7) 

Here the various terms have the following significance: 

x has two parts: The first and largest term is the spin-orbit inter¬ 
action between the spin of an electron and the magnetic moment associ¬ 
ated with its motion. The rest of x gives the “spin-other orbit” inter¬ 
action between the spin of one electron and the magnetic moment associ¬ 
ated with the motion of another electron. 

2 gives the spin-spin magnetic coupling terms which are often quite 
appreciable. 3 The second term in with the Dirac delta functions, 
<H r , — r t)> must be introduced to take into account the fact that the first 
term in 2 is not well defined for overlapping charge distributions, since 
the radial average of l/r w s is infinite whereas the multiplying angular 
integrals give zero. The first term in 2 is therefore to be calculated 
with a small sphere cut out about each electron—or equivalently, by 

3 The second term is due to E. Fermi, Z. Physik, 60, 320 (1930). 
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setting all indeterminate quantities equal to zero. This relation for 
2 reduces to the Fermi formula for the S-state hyperfine structure when 
applied to an electron and a proton. 

contains correction terms which Dirac introduced because of 
electron spin. These terms are present even for one electron. 

Ptf 4 represents the magnetic orbit-orbit coupling terms of the electrons, 
is the approximate relativistic correction to the kinetic energy for 
the change of the electron mass with velocity. 

Sff 6 gives the effect of external electric and magnetic fields. The first 
two terms are relativistic corrections for the electric field effects and are 
usually negligible. The magnetic term has so far been found important 
only in connection with the hyperfine structure of S-levels where the 
electronic wave functions are large at the nucleus. In such a case the 
electric field at the nucleus plays the role of the “external” field. 

At long ranges such that the charge distributions do not overlap, the 
terms Sff y through may be replaced by a term representing the usual 

interaction between two dipoles. That is, if a, is the orbital angular 
momentum operator of the ith electron, for large separations 

* - + £j?3 I 75 ['«*(«. + 2*.) • («I + 

4m c {>i r ti i 

- 3[(«, + 25,) • (r, - r,)] [(a, + 2s,) • (r, - r,)]] 

(13.A-8) 

APPENDIX B. THE RATIO OF KINETIC TO POTENTIAL ENERGY OF 
ELECTRONS IN A MOLECULAR SYSTEM 

The virial theorem can be used to improve approximate molecular 
wave functions. Fock 1 showed that the virial theorem is automatically 
satisfied for any quantum mechanical system whose potential is a homo¬ 
geneous function of the coordinates, if a scale factor is introduced into 
the approximate charge distribution and varied so as to give the lowest 
energy. The form which Fock developed is useful for atomic problems. 

This theorem has been extended 2 to molecules or metals where inter- 
nuclear separations may be regarded as parameters. Let r n and r* 
be symbolic for the electronic and the nuclear coordinates, and (r n , r f ) 
be an approximate wave function for either the ground state or the lowest 
energy state of a particular symmetry type. Then a new approximate 
wave function y>,(r n , r r ) can be formed by introducing a scale factor, s , in 

1 V. Fock, Z. Physik, 63, 855 (1930). 

* J. O. Hirschfelder and J. F. Kincaid, Phys. Rev., 52, 658 (1937). 
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such a way that all electronic distances are multiplied by s whereas the 
nuclear coordinates remain unchanged. Thus, because of the normaliza- 

t,0n v>,(r", /-) = i 13 "' 21 v'lfsr", r’) (I3.B-1) 


From dimensional considerations, it follows that the electronic kinetic 
energy K ( e $ \r p ) corresponding to the new wave function is simply related 
to K™ (r*)» the kinetic energy corresponding to the old function: 

= s*K"\sr') (13.B-2) 

Similarly the electronic potential energy associated with the new function 
is related to that of the old by 

cD^r”) = (13.B-3) 

The total electronic energy of the molecule is the sum of the kinetic and 
potential energies: 

0>^>(r') = K\‘\r) + <D<'>(r r ) = s 2 K"\sr') + s<V e l) (sr*) (13.B^t) 


At the equilibrium separation. 


/ a^(r r ) \ = r, dK"\sn d^\sn] 

\ dr’ ). S I d(sr’) +S d(sr’) \ 


= 0 


(13.B-5) 


The lowest value of the energy obtained by varying the scale factor is 
given by 




= 2sK['\sr’) + <t>"\sr’) 


+ r’ 


s , dK"\sr’) | =() 


d(sr’) 


d(sr’) J 


(13.B-6) 


When these last two relations are combined, it follows that the best value 
of s at the equilibrium separation is 

i = — JGJ 1 \sr*)/K ‘ 1 \sr") (13.B-7) 


and the best, or lowest value, of the total energy is 

= -m'KsnmKsn (13.B-8) 

The virial theorem is automatically satisfied by this approximate wave 
function since, for this value of j, 

d>?V) = = iOj rt (r r ) (13.B-9) 

That is, if the approximate charge distribution is expanded or contracted, 
the size which corresponds to the lowest energy gives the proper ratio of 
the potential to the kinetic energy. For a non-equilibrium separation, 
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the proper ratio of the potential to the kinetic energies is given by Eqs. 
13.1-36 and 37. In order for this ratio to occur, s would need to have 
the value 


<D (l) (sr’) f / 8 K">(sr) ,</£<«>(r')l 

4A (l, (sr*) [ V (0><»(jr')) 2 r dr \ (I3B ~ 10) 


corresponding to the energy 


(13.B-11) 


_ ( ( t> lll (^r > )) 1 f I ( 8K'“(sr’) ~ rf£»»(r')\ 1 
K">(sr') [ dr jj 

Usually this is the lowest energy obtainable for the nonequilibrium 
separation, and therefore the value of s must be adjusted by direct energy 
calculations for non-equilibrium separations. 


PROBLEMS 

1. Let us consider the two particles which interact according to two potential curves. 
The curves for the “ground state" and the "excited state" are 

= 100 [*-«'-1) - kcal/molc 

1P, = 50[e-«<r-i.6) _ 2^-4(r-i.5)j + 50 5 kca |/mole 
Here r is the separation in angstroms. 

Calculate the probability that, when two like molecules collide initially in the ground 
state with a relative velocity. v(r), there is a transition to the excited state. Plot the 
transition probability as a function of t<r). 

2. Calculate the polarizability in the z and x directions for a hydrogen atom with 
the electron in the 2 p t orbital. 

rose exp ( -1.) 

V ' 4<7 0 * V 7 2 na 0 

3. Calculate the separation for each of the following molecule pairs for which the 
energy of attraction is 0.6 kcal/mole (kT at room temperature), assuming the most 
favorable orientations: 

(a) A + A 

(b) A + HC1 

(c) HCI + HCI 

(d) C 4- O (in their ground states) 

(e) H(ls) + proton 

(0 H(2 p) + proton. 
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4 Given the cubic equation for the energy of interaction of a proton and a helium 


atom: 


r 1081 r A 1.498057 8ll 

<p* + <p * I + 0.0155023 4- —J +<p [3.19474 x 10- J + ——— + —J 


1.150106 x 10° 0.3524904 

+-;--= ° 


and the three roots accurate to terms in l/r>, 


9>, - 0.0130552 + - + 
r* 


<p t - 0.00024471 - ^ + 

r* r 4 


<P> = 




Find the coefficients a x% a t , and o, of the terms in l/r 4 . 

5. Calculate the quadrupolc-quadrupole energy of interaction between two Cl atoms 
in their ground states. What potential curves arise and which one is associated with 
the ground state of the Cl, molecule? 




Quantum Mechanical Calculations 
of Intermolecular Forces 


Our knowledge of intermolecular forces results from a combination of 
experimental observations and general theoretical considerations. The 
theory furnishes the functional forms, and the experiments serve to 
evaluate the numerical constants. It is most important that theory 
predict the qualitative aspects of the intermolecular forces so that experi¬ 
mental data may be properly interpreted and new experiments designed 
to detect some of the salient features. At the present time only the forces 
between simple molecules, usually in their ground states, are qualitatively 
understood. Much work remains to determine the forces between other 
types of molecules and to show how these forces affect the physical and 
chemical properties. In a few simple cases, such as the interaction between 
two hydrogen or between two helium atoms, the forces have been cal¬ 
culated on a strictly quantum mechanical basis. However, up to the 
present time the strictly quantum mechanical results have not been 
sufficiently accurate to express the intermolecular energy for all separations: 
small, intermediate, and large. To be specific, large separations are those 
for which only the sorts of long-range forces, considered in Chapter 13, 
need be considered; small separations are those for which only chemical 
forces are important; and intermediate separations are those for which 
the short-range and the long-range forces merge into one another. 

In Chapter 13 the long-range forces are expressed in terms of physical 
properties of the isolated molecules. First-order and second-order 
perturbation theory is sufficient to treat the long-range interactions, since 
the perturbations are truly small. Moreover, it is not necessary to anti¬ 
symmetrize the wave functions since all the overlap and exchange integrals 
are negligible. Unfortunately such simplifications are not possible 
when the molecules are separated by a small or an intermediate distance. 

Up to the present time, most of the calculations of intermolecular 
energies have been made for the very small separations, which are 
important both from the standpoint of chemical reaction kinetics and from 
the standpoint of spectroscopy. Very little attention, however, has been 
given to the determination of intermolecular interactions at intermediate 
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separations such as occur in the vicm.ty of the equilibrium «fP>ntionof 
neighboring molecules in a crystal. The energy of interaction at these 
intermediate separations determines the physical properties of the gas, 
liauid and solid states. Calculations of the energy for intermediate 
separations are discussed for the interaction of two hydrogen atoms 

14 1). In one way this energy is more difficult, and in another way less 
difficult, to determine than for the smaller separations. It is more 
difficult’in the sense that we require a more complex functional form for 
the wave function capable of giving both satisfactory energy of dispersion 
at large separations and chemical binding energy at small separations. 
But the calculations at intermediate separations are easier in the sense that 
the many-center coulomb and exchange integrals become numerically less 
important and their values can be estimated more readily. 

The calculation of intermolecular forces for short or intermediate 
separations requires the use of the variational principle applied on 
approximate wave functions with many adjustable parameters. 1 Extra¬ 
ordinary numerical accuracy is required since the total energy of the 
bimolecular system, which is calculated directly, is usually many times 100 
electron volts, and from the total energy is subtracted the energy of the 
isolated molecules to obtain the energy of interaction, which is of the order 
of one-tenth to one-hundredth of an electron volt. Then, too, only 
recently have the high-speed computing machines made it feasible to 
evaluate the myriads of integrals which are required (see Appendix 14.A). 

A number of recent developments in the techniques of molecular 
quantum mechanics 2 * 4 -® (see § 13.1e for Slater's generalized self-consistent 


i J. H. Van Vleck and A. Sherman, "The Quantum Theory of Valence," Revs. Mod. 
Phys., 7,167 (1935). (Still one of the best references for the basic approach to molecular 
quantum mechanics.) 

* J. E. Lcnnard-Jones and J. A. Poplc, "The Interaction of Paired Electrons in 
Chemical Bonds." Proc. Roy. Soc. {London), 2I0A, 190 (1952). Also J. E. Lennard- 
Jones, J. Chem. Phys., 20, 1024 (1952). 

* C. C. Roothaan, "New Developments in Molecular Orbital Theory," Revs. Mod. 
Phys., 23, 69 (1951). 

4 G. L. Montet, S. P. Keller, and J. E. Mayer. "Interactions of Closed Shell Ions," 
J. Chem. Phys., 20. 1057 (1952). 

4 Pcr-Olov Lowdin, "Quantum Mechanical Calculations of the Cohesive Energy of 
Molecules and Crystals," J. Chem. Phys., 19, 1570 and 1579 (1951). 

* One of the most interesting recent developments is the generalization of the statistical 
atomic model of Thomas and Fermi by Amaldi, Dirac, Jensen, Gombas, Feynman, 
Teller, and others, to include electron spin, exchange forces, and the correlation 
between the motions of the different electrons. See P. Gombas, Theorie und Losungs- 
methoden des Mehrteilchenproblems der Wellenmechanik, Birkhauser (Basel, 1950), 
Chapter 9. The application of this method to molecules is discussed by P. Gombas, 
Die Statistische Theorie des Atoms, Springer (1949), Chapter 7. 
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field method) make it seem altogether likely that, within a few years 
potential energy curves can be calculated theoretically, which are com! 
parable in accuracy with the experimental determinations. 

It is hoped that eventually tbe intermolecular forces for short or inter- 
mediate separations will be expressed in terms of physical properties of the 
isolated molecules, just as the long range forces are now expressed in 
terms of the ionization potentials, polarizabilities, and electrical moments. 
In order to test the validity of any such expressions it will still be necessary 
to compare such results with very accurate variational calculations for a 
few special cases. 

In this chapter the present state of the theory of intermolecular forces 
is considered for a few examples for which the interaction energies have 
been calculated on a strictly theoretical basis: 7 


(1) H + H 

(2) He + He 

(3) Ne + Nc 

(4) A + A 


(5) H + H 2 

(6) H 2 + H 2 

(7) H or H 2 and the various positive 
and negative hydrogen ions 

(8) He + H + and He* + He' 


In all these calculations, a functional form for an approximate wave 
function, M' approx , is selected as a compromise between accuracy and 
availability of integrals. The approximate energy for the combined 
system of the two molecules is determined by the relation 8 


'approx 




(14.0-1) 


Unfortunately in many cases various approximations are made in the 
integrations so that the error in E approx is due both to the inaccuracy of the 
approximate wave function and to the errors in the integrations. The 
numerical value of £ approx is minimized by varying as many of the 
parameters in T approx as is conveniently possible. If E a and E b are the 
total binding energies of the isolated molecules a and b , respectively 
(relative to all the electrons and nuclei completely separated), the energy 
of interaction is given by 

<p ab = £ approx -E n -E b (14.0-2) 


7 Throughout this chapter, a prime indicates an excited state. 

* As in Chapter 13. n a and n b are the number of electrons in molecules a and b, 
respectively. 



[Eq. 14.0-2) 
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Fnr ourposes of calculating the whole potential curve from arge to 
small separations, it is necessary to calculate E a and £„, using the same 
sort of approximate wave functions and the same approximations in the 
integrations as is used for the combined system of two molecules. Other¬ 
wise <p would not approach zero as the two molecules separate. Even 
if there were no errors in the integration, the variational principle would 
not strictly apply to <p ab since there is no guarantee that the error in 
calculating the energy of the combined system is greater or less than the 
errors in calculating the energy of the separated molecules. Perhaps one 
of the greatest uncertainties in the theoretical calculation of intermolecular 
forces is the procedure for merging the chemical energy of interaction, 
calculated for small separations, with the energy of dispersion, calculated 
at large separations. Usually the chemical energy and the dispersion 
energy are calculated by entirely different methods. If we simply add the 
dispersion energy to the chemical energy, we obtain entirely different 
results, depending upon whether or not the terms varying as the inverse 
eighth power, the inverse tenth power, etc., of the separation arc included. 
On this account it is difficult to assess the theoretical accuracy of the 
potential functions so obtained. 

Attention should be called to the following quantum mechanical 
treatments of atom-atom interactions not considered in this chapter: 8 

(1) H + He: G. Gentile. Z. Physik, 63. 795 (1930). (Unfortunately Gentile was 
not able to evaluate many of the integrals required so that the results arc not significant. 
All the integrals arc now available so that this problem should be reconsidered.) 

(2) N + N: H. Kopincck, Z. Naturforschung, 7a. 22 and 314 (1952). (This is a 
thorough treatment of the N, molecule in the neighborhood of its equilibrium separa¬ 
tion, considering explicitly the interactions of 10 electrons.) 

(3) Be + Be': W. Furry and J. Bartlett. Phys. Rev., 39. 210 (1932). (This is a 
thorough Heitler-London type treatment of interaction of a normal (2*)* Be atom with 
an excited 2s2p Be, considering all the resulting energy states and evaluating all 
integrals. A good listing is given of all integrals used.) 

(4) Li + Li: H. James. J. Chem. Phys., 2. 794 (1934) and Phys. Rev., 43. 589 (1933); 
C. Coulson and W. Duncanson. Proc. Roy. Soe. {London), A181. 378 (1943); J. Bartlett 
and W. Furry, Phys. Rev., 38. 1615 (1931). (Bartlett and Furry obtained excellent 
agreement with experiment for the energy of dissociation of Li, by making a number of 
approximations in the Heitler-London treatment. James showed that this agreement 
is destroyed and the results are unsatisfactory when these approximations are removed. 
He believes that the inner shell electrons are responsible for the difficulty. Coulson and 
Duncanson used a molecular orbital method to calculate the binding energy of the 
normal molecule; however, they did not attain the accuracy of James' calculation.) 

(5) Be + H and Be' + H: C. Ireland, Phys. Rev., 43. 329 (1933). (Ireland used 
the Heitler-London method to calculate the whole set of potential energy curves 
resulting from the interaction of a hydrogen atom with either a normal (2s) 2 or an 
excited 2s2p beryllium atom.) 

(6) Li + H and Li* + H: J. Knipp. J. Chem. Phys., 4. 300 (1936); E. Hutchisson 
and M. Muskat, Phys. Rev., 40. 340 (1932). (Knipp used an eleven-term James and 
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Coolidge wave func.ion to show that LiH- has a 'E lowest state which has an energy of 
repulsion of 0.181 ev at a separation of 3o. with respect to Li- + H. The painstaking 
James and Coolidge type of calculation which Knipp used led to a much smaller and 
less satisfactory energy of dissociation than the Hutchisson and Muskat Heitler-London 
treatment.) 

( 7) Li + Li*: H. James. J. Chem. Phys., 3. 9 (1935). (James used a James and 
Coolidge type wave function and calculated the binding energy of Li.* to be 1 243 ev 
at a separation of 2.98o 0 .) 

(8) K + H: H. Hellmann, J. Chem. Phys., 3. 61 (1935). and Ada Physicochimica 
USSR, 1. 913 (1935). (Hellmann developed his own system of approximation con¬ 
sidering the inner shell electrons as satisfying the Fcrmi-Thomas conditions: the outer 
electrons satisfy a modified Schrddinger equation. In the case of K + H, his results 
are admittedly rough. However. Hcllmann’s approach might be fruitful for inter- 
molecular forces at large separations.) 

(9) Na + Na and K + K: N. Rosen. Phys. Rev., 38. 255 (1931); N. Rosen and 
S. Ikehara, Phys. Rev., 43. 5 (1933). (A modified Heitler-London method was used to 
calculate the energy of interaction of pairs of atoms having one s electron in the outer 
shell. All integrals for interactions of the outer shell electrons are evaluated, and the 
experimental agreement of binding energy, equilibrium separation, and fundamental 
frequency for the normal diatomic molecules is excellent.) 

1. The Interaction between Two Hydrogen Atoms 

Since the interaction of two hydrogen atoms is the simplest example of 
a molecular interaction, it has been possible to make more detailed and 
accurate calculations for this system than for any other. 1 To get the 
best potential energy curves.it is necessary to mesh together many different 
types of information. If two hydrogen atoms in \s states collide with a 
small amount of kinetic energy, there is a chance of one in four that they 
will follow a energy curve corresponding to the normal H 2 molecule, 
and there is a chance of three in four that they will follow the 3 L curve 
corresponding to the lowest repulsive state 2 of H 2 . High-energy collisions, 


• E. C. Kemble and C. M. Zener. Phys. Rev., 33. 512 (1929), and C. M. Zener and 
E. C. Kemble. Phys. Rev., 34.999 (1929), have made rough calculations of the energy of 
interactions which result from the collision of a I* hydrogen atom with a hydrogen atom 
which is initially in cither a Is or one of the 2 p states. From such collisions 8 £ states 
and 4 II states result. Two of the II states are stable. One, called the B state, has an 
observed energy of dissociation of 3.37 ev. whereas Zener and Kemble calculate a value 
of only 2.64 ev. The best estimate of the potential energy curves for the states resulting 
from a collision between a 15 and a 2 p hydrogen atom are given by G. W. King and J. H. 
Van Vleck, Phys. Rev., 55. 1165 (1939). A. S. Coolidge and H. M. James. J. Chem. 
Phys., 6. 730 (1938) have made a very accurate (to within 6kcal/mole) calculation of 
the energy of the repulsive state \sa2pa i Z u and the attractive state \salsa *£, of 
hydrogen for separations from 1.3o 0 to l.9a 0 . using a 12-term wave function. 

3 At large separations, the energy of the ‘£ and of the s £ are equal so that the relative 
probability of the two hydrogen atoms finding themselves in one or the other state is 
simply the ratio of their respective degeneracies (in this case, spin multiplicities), one 
to three. 
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„.ch as are often encountered in “hot atom” chemistry, can of course 
result in either ionization or excitation to other states. The singlet state 
has the potential energy curve of the normal hydrogen molecule with a 
Here, energy) collision diameter a = 0.5 A, and a minimum energy of 103 
ST per mole (7160 x 10-“ erg per molecule) at r = 0.74A. The 
triplet state has a collision diameter a = 4.0 A, and a minimum energy of 
0 0074 kcal per mole (0.514 x 10-“ erg per molecule) at r = 4.5 A. 

The functional form of a wave function suitable for calculating the 
interaction energy at intermediate to large separations must meet the 
following requirements : (1) it must give good values of the binding energy 
at small separations; (2) it must give good values of the dispersion energy 
at large separations; and (3) it must be sufficiently simple that all the 
exchange and coulombic integrals can be evaluated at a large number of 
internuclear separations without great difficulty. 

Many of the functional forms for approximate wave functions which 
give satisfactory values for the chemical binding at small separations do 
not give any energy of dispersion when the atoms are far apart. For 
example, the Heitler-London type functions 

'V = v-.( l)y,(2) + v.(2)v>,( 1) (14.1-1) 


would not suffice, since they give zero dispersion energy regardless of the 
specific form of the one-electron orbitals v> a (l) and Vtf 1 )- Here the 1 
refers to the electron. None of the other standard forms of wave 
functions, such as the Rosen 3 or the Weinbaum,* would suffice either. The 
Rosen function takes polarization into account. The Weinbaum function 
includes ionic as well as homopolar terms. Actually, in order to calculate 
dispersion energy, there must be statistical correlation between the 
coordinates of the two electrons, as in the classical theory of dispersion 
energy—at any instant the electron and proton of atom a induce a dipole 
moment in atom b by affecting the statistical charge distribution of the 
electron on b\ the interaction between the instantaneous and the induced 
dipole moments results in the energy of attraction. 

The simplest functional form for the wave function for either the *2 
or the 3 £ state satisfying the above requirements is 5 


'V = fl„(l)6„(2)[l + (aZ 3 ) (i„z„ + y al y bI ) + pZ\z aX z b2 )\ 


± a 0 (W)[l + (aZ ! ) (*«**»! + y.*y M ) + 


+ yh(lK(2) + b 0 ( 1 )6 0 (2)] 


(14.1-2) 


* N. Rosen, Phys. Rev., 38, 2099 (1931). 

4 S. Weinbaum,/. Chem. Phys. t 1, 593 (1933). 

• J. O. Hirschfelder and J. W. Linnett, J. Chem. Phys. % 18, 130 (1950). 



1056 


QUANTUM MECHANICAL CALCULATIONS 


The plus sign is for the and the minus sign is for the 3 £ state. The 
2 -axis is taken along the line of nuclei and the x and y axes are per¬ 
pendicular to this line. By z al is meant the difference between the 
2 -coordinate of electron 1 and that of nucleus a. The geometry of the 
problem is shown in Fig. 14.1-1. In Eq. 14.1-2, a 0 (\) and b 0 ( 1) are 
the 1 s hydrogen-like atomic orbitals, with centers located respectively 
on atoms a and b with effective nuclear charge Z: 


ao (I) = (Z’M , '.exp(-Zr. I ) 
*„(l) = (Z» , '-exp(-Zr H ) 


(14.1-3) 




Z ->- 


Fig. 14.1-1. Geometry of particles and distances in the hydrogen molecule. 


The r al and r 61 in Eq. 14.1-3 are expressed in units of a 0 . It is customary 
in atomic or molecular quantum mechanics to express distances in units 
of the Bohr radius, a 0 = 0.5292 A, and energy is measured in “atomic 
units," e 2 /a 0 = 627.46 (defined) kcal/mole = 27.206 electron volts 
= 4.3584 x 10-" erg. 

The parameters have the following significance: 

(i) The parameter Z is called the effective nuclear charge , since the 
atomic orbitals a 0 (\) and 6 0 (1) are solutions to the Schrodinger equation 
for an electron in the coulombic field of a nucleus of charge Ze. Increas¬ 
ing the value of Z contracts the size of the orbitals. For a fixed inter- 
nuclear separation, an increase of Z decreases the ratio of the average 
potential to the average kinetic energy of the electrons. However, at 
the equilibrium separation, as is shown in Appendix 13.B, varying Z to 
give the lowest energy automatically establishes the correct ratio of the 
potential to kinetic energy. 

(ii) The parameter y determines the contribution of the ionic or 
Weinbaum 4 terms to the approximate wave function. For a molecular 
orbital wave function, y would be equal to unity. Because of mutual 
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electron repulsion, the electrons prefer to be near different nuclei at a 
particular instant. This manifests itself in a value of y considerably 
smaller than unity. Because of symmetry considerations, y is zero lor 
the 3 £ state. 

(iii) The parameter a establishes the correlation between the instan¬ 
taneous positions of the two electrons with reference to axes perpendicular 
to the line of nuclei. The value of a is negative for both the and the 

states at all separations. This means that the charge distribution 
is greater when the two electrons have opposite signs for their x- or y- 
coordinates. Thus the negative value of a is simply the result of mutual 
repulsion of the electrons. 

(iv) The parameter p establishes the correlation between the instan¬ 
taneous positions of the two electrons with respect to distances along the 
internuclear axis. Positive values of p correspond to the electrons 
seeking to get as far apart as possible. For both the *1 and the 3 X states 
at large internuclear separations, the value of p is positive. The positive 
value of p at large separations is largely responsible for the energy of 
dispersion. At small separations, p remains positive for the 3 £ state, but 
becomes negative for the l S. The negative values of p correspond to a 
concentration of the negative charge in the region between the nuclei. 
As is seen in § 13.1, the concentration of negative charge between the 
nuclei is responsible for the energy of attraction between the atoms. 
Gurnee and Magee 6 showed that considerable improvement on the 
Heitler-London or Wang wave function 7 can be obtained by letting the 
centers of the electron orbitals lie slightly closer together than the positions 
of the nuclei. 


For either the *£ or the 3 E states at very large separations, y becomes 
zero, Z becomes unity, and a becomes 

a = — P/2 = — (ajr nb )* (14.1-4) 


This function is the crudest of the various wave functions which Hasse 8 and 
Kirkwood 9 used in their calculations of the dispersion energy by a varia¬ 


tional calculation. The Hirschfelder-Linnett wave function leads to an 
energy of interaction at very large separations: 


*.—*(*)’ 

a 0 ' r ab 


(14.1-5) 


6 E. F. Gurnee and J. L. Magee. J. Chem. Phys. t 18. 142 (1950). 

7 See any book on molecular quantum mechanics, for example, L. Pauling and 
E. B. Wilson. Jr., Introduction to Quantum Mechanics . McGraw-Hill (1935). 

8 H. Hasse, Proc. Cambridge Phil. Soc. t 26. 542 (1930); 27, 66 (1931). 

8 J. G. Kirkwood, Physik. Z., 33, 57 (1932). 
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Fig. 14.1-2. Energy of interaction of two 1 s hydrogen atoms as function of 
intemuclear separation. H.L. = Hirschfelder-Linnett calculations. 
C.J.P. = Coolidge, James, and Present calculations. M. = Morse curve. 
Experimental = Rydberg and Beutler determinations from experimental 
vibrational energies. [From J. O. Hirschfelder and J. W. Linnett, J. Chem.- 

Phys .. 18.130(1950).] 
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1 ut -- 

[Efl. 14.1-01 

This is to be compared with the results of Pauling and Beach, 10 ' 11 


= _f! [6.49903 ( —V 
^ >at> a 0 L ' r ab' 


mm te)' + ll35 ' 2 ' (?.)”] 


(14.1-6) 


Pauline and Beach obtained their precise result, by using a variational pro- 
LhirAnd solving a 26 th-order secular equation to obtain the numerical 
coefficient of the inverse sixth-power term, a 17th-order secular equation 
to obtain the inverse eighth-power term, and a 26 th-order secular equation 
for the inverse tenth-power term. Fortunately, most of the coefficients i 
.he secular equation vanish, but still there are enough non-zero elements 
J entail an enormous amount of work. Within the past twenty years 
group theoretical techniques have been developed which would greatly 
reduce the work involved in these calculations. 

a. The >2 state corresponding to the normal H 2 -molecule 

The theoretical calculations using the wave function given in Eq. 
.4 1-2 were carried out from the smallest to the largest separations. In 
this manner, a single potential energy curve is obtained which merges the 
energy of dispersion at large separations with the chemical binding energy 
at small separations. However, at very large separations this wave 
function does not give the dispersion energy so accurate y as it was 
obtained theoretically by Pauling and Beach, 1 " and at small serrations 
the energy is not so accurate as the values that can be obtained from the 
experimental vibrational energy levels of the hydrogen module The 
“best” or “most likely” potential energy curve is shown in Fig. H.i-A 
and the results are given in Table 14.1-1. The Hirschfelder-L.nnett 
calculations furnish only the intermediate segment of the best or 
“most likely" potential energy curve. 

The most reliable experimental data for normal H 2 up to separations as 
large as 3.7 a „is obtained by Rydberg's 12 and BeutlerV 2 analysis (using the 
Klein method) of the first ten vibrational levels of molecular hydrogen. Their 
results are given in Table 14.1-2 and are labeled “experimental” in Fig. 
14.1-2. The separations are given with an accuracy of 0.005 A or 0.0 la 0 . 
From Fig. 14.1-2, it appears that the Hirschfelder-Linnett theoretical 

10 L. Pauling and J. Y. Beach, Phys. Rev., 47, 686 (1935). . 

.. J. C. Slater and J. G. Kirkwood, Phys. Rev., 37, 682 (1931), showed that the 
numerical coefficient of the inverse sixth-power term must be equal to or greater than 

» R. Rydberg. Z. Physik, 73, 376 (1931); see also H. Beutler. Z. physik. Chem., 
B27, 287 (1934). 
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TABLE 14.1-1* 


Most Likely Potential Energy for Normal Hydrogen (*2) 


r aJo 0 

Binding Energy 
(kcal/mole) 

Source of Calculations 

0.78 

14.38 



20.14 



26.68 



33.91 


0.85 

41.84 


0.88 

50.46 


0.92 

59.70 


0.96 

69.57 


1.01 

80.13 


1.09 

91.32 


1.23 

1.40 

103.20 

109.32<? 

Rydberg experimental values calculated from 

1.68 

103.20 

observed vibrational energy levels 

1.94 

91.32 


2.15 

80.13 


2.32 

69.57 


2.49 

59.70 


2.66 

50.46 


2.84 

41.84 


3.05 

33.91 


3.28 

26.68 


3.51 

20.14 


3.73 

14.38 


4.00 

10.00 

Estimated value required for smooth curve 
fitting 

4.5 

3.983 


5.0 

1.858 


6.0 

0.3995 

Hirschfelder-Linnett calculations 

7.0 

0.0919 


8.0 

0.0251 


9.0 

0.0097 


10.0 

0.0044 


11.0 

0.0027 

Pauling and Beach calculations (Eq. 14.1-6). 

12.0 

0.0013 



a Maximum binding energy. 


[Eq. 14.1-8] 
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curve merges with the Rydberg experimental curve at a separation of 
around 5a n . The theoretical curve is therefore probably quite accurate 
hctween 5 a„ and the point at which dispersion forces become important. 

It is interesting to compare the Rydberg experimental values with the 
usual Morse curve, 15 which is very frequently used because of its simplicity. 

„ = 109.46[—2 exp (-*) + exp (-2*)] kcal/mole (14.1-7) 


where 


* = 1.0298((r„ 6 /fl o ) - M01) 


(14.1-8) 


TABLE 14.1-2“ 


Rydberg Experimental Potential Energy for Normal Hydrogen 


Vibrational 

Level 

Binding 

Energy 

(kcal/mole) 

Minimum Separation 

Maximum Separation 

Angstroms 

Atomic 

Units 

(tf 0 ) 

Angstroms 

Atomic 

Units 

<*o> 

0 

103.20 

0.652 

1.23 

0.887 

1.68 

1 

91.32 


1.09 

1.028 

1.94 

2 

80.13 


1.01 

1.138 

2.15 

3 

69.57 

0.506 

0.96 

1.228 

2.32 

4 

59.70 

0.486 

0.92 

1.318 

2.49 

5 

50.46 

0.466 

0.88 

1.409 

2.66 

6 

41.84 

0.451 

0.85 

1.504 

2.84 

7 

33.91 

0.441 

0.83 

1.614 

3.05 

8 

26.68 

0.431 

0.82 

1.734 

3.28 

9 

20.14 

0.416 

0.79 

1.855 

3.51 

10 

14.38 

0.411 

0.78 

1.975 

3.73 

CO 

0 






The Morse curve agrees nicely with Rydberg's up to r„Ja 0 = 2.5, but for 
larger separations it gives too much binding energy. 

As can be seen from Fig. 14.1-3, the energy of attraction calculated by 
Hirschfelder and Linnett is greater than that of Pauling and Beach at 
separations less than 9 a 0 . Since Pauling and Beach's calculations did 


“ P. Morse, Phys. Rev., 34, 57 (1929); see L. Pauling and E. B. Wilson, Jr., Intro¬ 
duction to Quantum Mechanics, McGraw-Hill (1935), p. 271. 







1062 QUANTUM MECHANICAL CALCULATIONS (§ m.ij 

not take exchange effects into consideration, it appears that this point 
of crossing of the two calculated curves is the point at which exchange 
or valence forces become important. 6 



Fig. 14.1-3. Van der Waals energy of interaction of two lj hydrogen atoms. 

P.B. = Pauling-Beach. H.L. = Hirschfelder-Linnett. (From J. O. Hirsch- 
felder and J. W. Linnett, J. Chem. Phys., 18. 130 (1950).! 

b. The 3 2 state corresponding to repulsion of the two Is hydrogen atoms 

The “best” or “most likely” potential energy curve for the 3 2 state is 
obtained by using the Pauling and Beach 10 dispersion energy at large 
separations, the Hirschfelder-Linnett calculations for intermediate 
separations, and the very accurate theoretical calculations of James, 
Coolidgc, and Present 14 at small separations. The “most likely” energy 
of interaction is shown in Figs. 14.1-2 and 3, and numerical values are 
given in Table 14.1-3. 

The potential energy curve for the 3 L state has been discussed by 
James, Coolidge, and Present. 14 Using a highly flexible variational 

14 H. M. James, A. S. Coolidge, and R. D. Present, J. Chem. Phys., 4, 187 and 193 
(1936). 
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TABLE 14.1-3 s 

Most Likely Potential Energy for Excited Hydrogen 


r a J a o 

Energy of 
Repulsion 
(kcal/mole) 

Source of Calculations 

1.0 

l 

245 

166 

From James. Coolidge, and Present 

l .Ij 

1 s 

119 

quantum mechanical calculations. The 

1 .J 

1 75 

88.8 

values are taken from Eq. 14.1-9 

2.0 

68.0 


2.5 

30.45 


3.0 

16.35 


3.5 

8.45 


4.0 

4.300 


4.5 

2.008 


5.0 

6 0 

0.9074 

0.1558 

- Hirschfelder-Linnett calculations 

7.0 

0.01393 


7.51 

0.00000 


8.0 

-0.00586 


8.45 

-0.0074- 


10.0 

-0.0038 

< 

12.0 

-0.0013 

Pauling and Beach calculations. (Eq. 



14.1-6). Recommended for r a Ja 0 > 12 


• Energy minimum. 


function and applying certain corrections, they calculated that for 
r ab /a 0 = 1.5, 1.6, and 1.87 the energies of repulsion are 119.3, 105.6, and 
V.9 kcal per mole, respectively. By fitting a formula to their results we 
obtain 

p JCI , = 349.7(r. l6 /tf 0 )- v ’ exp (-0.3 57(r„ */*,>)) kcal/mole (14.1-9) 

The Hirschfelder-Linnett theoretical curve is 33, 24, and 10 kcal per mole 
above the James, Coolidge, and Present calculations at their calculated 
points. This is shown graphically in Fig. 14.1-2. The calculated energy 
of Hirschfelder-Linnett is 28 per cent above that of James, Coolidge, and 
Present at 1.5a 0 ; 23 per cent above at 1.6a 0 ; and 13 per cent above at 
1.87fl 0 . So both the percentage difference and the absolute difference 
between the two sets of calculated values are deceasing as r llb increases. 
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Since the energies calculated by James, Coolidge, and Present are calculated 
using a much more flexible variation function, there is no doubt that their 
calculated energies are the more reliable. It seems that the Hirschfelder- 
Linnett calculations provide a good approximation to the 3 E potential 
energy curve beyond 2.5 a 0 and that the best overall curve passes through 
the three points given by James, Coolidge, and Present, and follows 
the Hirschfelder-Linnett curve for values of r ab greater than 2.5a 0 . Values 
of this most likely potential energy are given in Table 14.1-3 5 . 

According to Fig. 14.1-3, the 3 L state has a minimum energy of —0.0074 
kcal per mole when r a Ja 0 = 8.45; the energy of interaction is zero when 
r aJ a o = 7.5l; and the energy of interaction is positive at smaller 
separations. 

2. The Energy of Interaction between Noble Gas Atoms in Their 

Ground States ' 

The interaction between noble gas atoms in their ground states provides 
an excellent opportunity for comparing theory with experiment. The 
interaction energy is particularly simple because the noble gas atoms have 
closed outer electron shells. The present theoretical calculations give 
reasonable potential energy curves, but the “best" interaction energies 
are obtained from experimental data. 

a. Interaction of two helium atoms 

The energy of interaction of two helium atoms can be expressed as the 
sum of four terms: 

tp = ^ v>,) + <p (ex - 2) + <p m ‘ 6) + 9> (du> 8) (14.2-1) 

Here <p (val) is the valence or chemical energy of repulsion obtained by a 
first-order perturbation calculation; ? (du - 6) and <p (d,,8) are the dis¬ 
persion energy terms varying as the inverse sixth and inverse eighth 
powers of the separation, respectively; and <p (cx,2> is the second-order 
exchange energy which is discussed presently. The term <p (ex * 2) does not 
appear with the long-range forces, nor is it important at small separations; 
but rather it is significant only in the intermediate range where the short- 
and the long-range forces merge. Let us consider each of these terms 
separately. 

* 

i. Valence Interaction 

P. Rosen 1 used the first-order perturbation method to calculate the 
valence energy. This calculation differs from the previous calculations 

1 P. Rosen. J. Chem. Phys., 18. 1182 (1950). 
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of Slater, 2 Gentile, 3 and N. Rosen 4 in that P. Rosen evaluated all the 
integrals,* whereas in the previous calculations some of the integrals were 
neglected and others approximated. He used for the spatially unsym¬ 
metrized wave function for the unperturbed helium atom 5 

'K = exn f—(2.15/\ -I- 1.19r,)/a A )l (14.2-2) 


T = exp [—(2.15*1 + 119r 2 )/^ 0 )] (14.2-2) 

and obtained results which can be summarized in the form 

<F<™» = 9.25 X 10- 10 exp (-4.40r) ergs (14.2-3) 

where r is expressed in angstroms. This is to be compared with the 
valence energy which Slater calculated and which has been widely used : 

= 7.7 X 10- 10 exp (—4.60r) ergs (14.2-4) 

Slater’s interaction energy is smaller by a factor of 2.1 at a separation of 
r = 5 a 0 . 


ii. Second-Order Exchange Energy 

Just as in the first-order perturbation theory where the valence energy 
is the sum of coulombic and exchange terms, the second-order perturba¬ 
tion leads to both coulombic and exchange terms. The second-order 
coulombic terms give the usual dispersion energy considered in § 13.3. 
The second-order exchange terms were not considered in § 13.3 because 
they fall off with separation exponentially and do not contribute to the 
long-range forces. They are, however, important for the intermediate 
separations (particularly for molecules without inner electron shells). 
The second-order exchange terms are obtained along with the usual 
dispersion terms, when we compute the second-order perturbation energy 
using wave functions which are antisymmetrized with respect to the 
interchange of any two electrons. 

Eisenschitz and London 6 studied the second-order exchange terms in 
the analysis of the interaction of two hydrogen atoms, and Margenau 7 
extended their method to the study of the interaction between two helium 
atoms. There are two ways by which dispersion forces can be calculated, 
either by a second-order perturbation or by a variational procedure. 


* J. C. Slater, Phys. Rev., 32, 349 (1928). 

3 G. Gentile, Z. Physik, 63, 795 (1930). 

4 N. Rosen, Phys. Rev., 38, 255 (1931). 

5 L. Pauling and E. B. Wilson, Jr., Quantum Mechanics, McGraw-Hill (1935), p. 223, 
give an excellent discussion of the properties of this function. It leads to an energy of 
the unperturbed atom, which is 0.76 ev higher than the correct value. 

6 R. Eisenschitz and F. London, Z. Physik, 60, 491 (1930). 

7 H. Margenau, Phys. Rev., 56, 1000 (1939). 
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The second-order exchange energy appears in either treatment. However, 
it is somewhat easier to make a rough estimate of <p <ex * 2) by using the 
simplest sort of variational procedure. Let us consider as the variational 
function 

V = 0 + X<p t )v o (14.2-5) 

where v» 0 is the antisymmetrized unperturbed wave function; <p, is the 
perturbation potential arising from the interaction between the two 
atoms; and A is a variational parameter. The calculation of the energy 
then requires the calculation of integrals of the form 

J n'vSVo dr, dr, dr, dr, (14.2-6) 

For the two helium atoms the unperturbed wave functions have the 
form 

Vo = Z-0.2)Z A 4) - *.(3, 2);gt(l» 4) 

-X.(4,2)*A 1) + 2.(3,4)z>(l, 2) (14.2-7) 

where * a (l,2) and * 6 (3, 4) are wave functions for the ground state of 
isolated helium atoms. The second-order exchange terms are of the type 

JJJ J*.U. 2)2 .(3, 4)7>. s * a (3, 2) Z ,(1, 4) dr, dr, dr , dr, (14.2-8) 

Such integrals vanish at large separations where the charge distributions 
do not overlap appreciably. Margenau carried through a detailed 
calculation including all the exchange integrals and determined that, for a 
system of two helium atoms, the interaction terms (included neither in the 
first-order perturbation valence, nor in the long-range dispersion forces) 
are 

9 < e *. 2 ) = __ 5 60 x 10- 10 exp (—5.33r) ergs (14.2-9) 

where r is in angstroms. 

iii. Inverse Sixth-Power Dispersion Energy 

Margenau 7 made an excellent calculation of the inverse sixth-power 
dispersion energy. He used all the oscillator strengths,/ 0 „ for transitions 
between the ground level and all excited states of helium, including the 
continua as calculated by Vinti 8 and Wheeler. 8 He modified the 
theoretical / 0l slightly so as to obtain agreement between the calculated 
value of the polarizability of helium and the best experimental value. 
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Substituting these oscillator strengths and the corresponding energies for 
SfvSous transitions into the equation for the induced-d.pole induced- 
dipole dispersion (Eq. 13.3-20). Margenau obtained the result 

(14.2-10) 


(dls. 0) _ _ 


1.39 x 10- 12 


<Pm 


ergs 


where r is in angstroms. The best previous calculation had been made by 
Slater and Kirkwood, 9 


tft- 6> = - 


1.49 X 10" 12 


ergs 


(14.2-11) 


The Slater-Kirkwood energy was calculated by a variational procedure 
which is known to give too large numerical values when applied to a 
number of other molecule pairs. 7 

iv. Inverse Eighth-Power Dispersion Energy 

Page 10 used a variational procedure to calculate the inverse eighth- 
power dispersion energy. He obtained the expression 

^(du. 8) = _3.o x 10 -,2 /r 8 ergs (14.2-12) 

where r is in angstroms. The value of the constant agrees well with the 
value calculated by Buckingham 11 (numerical constant, 3.53) and with 
previous calculations of Margenau. 12 

v. Total Energy of Interaction and Comparison with Experiment 
Margenau 7 made a careful examination of the errors involved in adding 

together the valence, second-order exchange, and the dispersion energies 
to obtain the total energy. He concluded that for the helium-helium inter¬ 
action little error results in the range of separations of interest for low- 
energy collisions. Thus we obtain as the “best” theoretical potential 
energy (Rosen-Margenau-Page) 

da?* = ?K va,) + ¥?•* +?m s - 6> + 9-r* 8) 

= [925,— - 560,— - L»-«] X 10-erg (14 2 -' 3) 

• J. A. Wheeler, Phys. Rev., 43, 258 (1933); and J. P. Vinti, Phys. Rev., 42, 632 
(1932). Sec also Appendix 12.C. 

9 J. C. Slater and J. G. Kirkwood. Phys. Rev., 37, 682 (1931). 

10 C. H. Page, Phys. Rev., 53, 426 (1938). 

11 R. A. Buckingham, Proc. Roy. Soc. (London), A160, 94 (1937). 

12 H. Margenau, Revs. Mod. Phys., 11, 1 (1939). 
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where r is in angstroms. This is to be compared with the older Slater- 
Kirkwood potential 


9sk = <P$‘" + 9sit “ = [me-' ** - ii?] x 10-'* erg 


Mi *>_m\ 


which has been widely used. 

The intermolecular potential energy function for helium has been 
determined by three empirical methods which are in reasonably good 
agreement with one another, (i) The second virial coefficient data 
between about 30°K and 400°K have been analyzed in terms of the 
Lennard-Jones (6-12) potential by de Boer, Michels, and Lunbeck accord¬ 
ing to the methods described in § 6.5c, where it is shown how quantum 
deviations may be taken into account. 13 The potential function so 
obtained has been found to fit the experimental viscosity data for helium 14 
within a few per cent, (ii) The high-temperature second virial coefficient 
data between 0°C and 1200°C and the viscosity from 200°K to 1100°K 
have been fitted with a modified Buckingham (6-exp) potential (see § 3.9) 
by Mason and W. E. Rice. 15 The temperatures were sufficiently high 
that quantum effects could be completely neglected, (iii) The second 
virial and viscosity coefficients at very low temperatures have been used 
by Buckingham, Hamilton, and Massey 16 to determine the intermolecular 
potential function for helium (see § 3.9). These three experimental 
potential curves are shown in Fig. 14.2-1 along with the Slater-Kirkwood 
and the Rosen-Margenau-Page theoretical potential curves. 

A discrete vibrational quantum state may exist (see Table 6.4-2) for a 
pair of He 4 atoms. For the Mason-Rice modified Buckingham (6-exp) 
potential, Kilpatrick 17 very recently showed that this discrete energy 
level comes at E = —4.677 x 10~ 18 erg or £/c = —0.003699. Un¬ 
fortunately the experimental data are not sufficiently accurate to specify 
the potential uniquely. 


,J J. de Boer and A. Michels, Physica, 5, 945 (1938). J. de Boer and R. J. Lunbeck, 
Physica, 14, 510 (1948). R. J. Lunbeck, Doctoral Dissertation, Amsterdam (1951). 

14 J. de Boer and J. van Kranendonk, Physica, 14, 442 (1948). 

15 E. A. Mason and W. E. Rice, J. Chem. Phys. t 22, January (1954). 

14 R. A. Buckingham, J. Hamilton, and H. S. W. Massey, Proc. Roy. Soc. {London), 
A179, 103 (1941). 

17 J. E. Kilpatrick (private communication, September 15, 1953). Kilpatrick used 
the Los Alamos MANIAC computer to perform the calculations. He also computed 
the phase shifts for different values of the angular quantum number and over a con¬ 
siderable range of kinetic energy. His results for the modified Buckingham potential 
are in considerable disagreement with those which he calculated using the de Boer- 
Michels-Lunbeck potential. 
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Fig. 14.2-1. Various potentials for the interaction between two helium atoms. 
Curves from theory : (l)Slater-Kirkwood. (2) Rosen-Margenau-Page. Curves 
from experimental data: (3) Lennard-Jones (6-12) potential from low tempera¬ 
ture second virial coefficient (de Boer. Michels, and Lunbeck). (4) Modified 
Buckingham (6-cxp) potential from high temperature second virial and viscosity 
coefficient measurements (Mason and W. E. Rice). (5) Buckingham-Comer 
potential fitted from low temperature second virial and viscosity coefficient 
data (Buckingham, Hamilton, and Massey). 



1070 QUANTUM MECHANICAL CALCULATIONS (§ 14 . 2 ] 

b. Interaction of two neon atoms 

Bleick and Mayer' 8 calculated the energy of repulsion of a pair of 
closed shell atoms, using the Heitler-London first-order perturbation 
method. They used one-electron orbitals calculated by Brown, 18 who 
used the Hartree method of self-consistent fields. Let y>„, designate an 
orbital centered on atom a, with the subscript i referring to one of the 
five orbitals; lj, 2 j, 2p_, 2p 0 , and 2/> + . The wave function is defined 
similarly. The interaction energy may be expressed in terms of the 
quantities L,„ s,„ S, and (/„. The exchange integrals L„ are 

L ‘i = <•’[ V«i*( r i)v , M*( r j) 7 - V’ 6 ,(fi)v„(r 2 ) dr , dr, (I4.2-1S) 

J r l2 

The overlap integrals s it are 

3<I = jv.'v*, dr (14.2-16) 

and the overall overlap S is 


S= 22 <.iK| 2 (14.2-17) 

Let 9 > ,fs) be the classical electrostatic energy of interaction between the 
two unperturbed charge distributions as given by Eq. 12.1-6b in terms of 
the charge densities p a and Pb about atoms a and b, and let the electrostatic 
potentials due to atoms a and b be a and ^ h . Then, 

<P M = j^' mPt dr= J^.p.dr (14.2-18) 

In a similar manner, we define 

= -«* J (*" «. + V- ti)Vai*Vbi dr (14.2-19) 

where ai is the potential due to atom a when an electron in the ith 
orbital is missing, and is defined in a similar manner. In terms of these 
quantities the energy of interaction between two neon atoms is 

V = - j-Lj L, fcuV" + L„) 


18 W. E. Bleick and J. E. Mayer, J. Chem. Phys 2, 252 (1934). 
18 F. W. Brown, Phys. Rev., 44. 214 (1933). 


(14.2-20) 
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[Eq. 14.2-23) 


The potential energy calculated for three values of the separation distance 
is given in Table 14.2-1. 


TABLE 14.2-1 


The Energy of Interaction of Two Neon Atoms 18 







T 

r (A) 

S 

\i - S/ 

\ 1 - S/ 





(10- 14 erg) 

( 10 -**crg) 

(I0 _u erg) 

(I0 _, ‘ erg) 

1.8 

0.0756 

-729 

283 

-102 

344 

2.3 

0.0115 

-79.7 

35.3 

-9.45 

34.9 

3.2 

0.000271 

-1.19 

0.663 

-0.101 

0.426 


The energy can be curve fitted by 

2.97 x lO - 8 

v = — er S s 


(14.2-21) 


where r is the separation in angstroms. This expression agrees with the 
calculations at r = 1.8 and 3.2 A, but gives 19.8 X 10 ” 14 (instead of 
34.9 X 10 -14 erg) at r = 2.3 A. A considerably better fit can be obtained 
with an exponential form, 

<p= 1.9 X 10 8 exp (—4.782r) erg (14.2-22) 


where r is the separation in angstroms. This equation agrees with the 
calculations at r = 1.8 and 3.2 A and gives 31.5 x 10 -14 erg at r = 2.3. 
This is within 10 per cent of the calculated value. Thus the exponential 
gives the more accurate representation. 

Margenau 7 examined the second-order exchange energy for two inter¬ 
acting neon atoms and found that it is negligibly small. Thus the total 
energy of interaction is just the sum of the short-range valence energy and 
the long-range dispersion energy. The experimental determination of 
the intermolecular potential of neon from equation of state data is dis¬ 
cussed in § 3.9. For lack of better information it is assumed that the 
first-order perturbation gives the repulsive part of the potential and the 
second-order perturbation gives the attractive part. The complete 
potential curve is then the sum of these terms. The “best” estimate of 
the potential function is obtained by adding the attractive part of the 
Lcnnard-Jones (6-12) potential to the curve fit of the Bleick and Mayer 
theoretical results (Eq. 14.2-22), thus: 

9 95 y IQ -12 

^(theory) = 1.9 X I0 _8 exp (—4.782r)----- 


erg (14.2-23) 
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Fig. 14.2-2. Three potential curves for the interaction between two neon 
atoms. (1) An experimental curve of the Lennard-Jones (6-12) form from 
viscosity. (2) An experimental curve of the modified Buckingham (6-exp) 
form fitted to data on the second virial coefficient, viscosity, and properties of 
the crystal (Mason and W. E. Rice). (3) The theoretical results of Bleick 
and Mayer, modified to include the dispersion energy. 
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A comparison of this potential with two experimental functions is 
mustrated in Fig. 14.2-2. (i) The constants in the Lennard-Jones 
( 6 - 12 ) potential are those determined from the coefficient of viscosity 
as given by Table 8.4-1. These constants are very nearly the same as 
those obtained by curve-fitting second vinal coefficient data, (n) The 
parameters in the modified Buckingham ( 6 -exp) potential are those 
determined by Mason and W. E. Rice*' from data on the second v,rial 
coefficient, viscosity, and the properties of the crystal, as given in Table 
3.7-2. We see that there is excellent agreement between the theoretical 
and the experimental functions. 


c. Interaction of two argon atoms 

Kunimune 22 used the method developed by Bleick and Mayer for 
neon to calculate the valence interaction of two argon atoms. The 
results of Kunimune’s calculations are summarized in Table 14.2-2, in 
which the notation is the same as that used in Tabic 14.2-1. 


TABLE 14.2-2” 


Energy of Interaction of Two Argon Atoms 


r< A) 



( -L-) £ w L„ 

1E3H 

9>(v» l) 

S 

\ 1 — 

\i - SJ 

ijmn b 




(10~ 14 erg) 

(10“ M erg) 


(I0“ M erg) 

2.12 

0.300 


27. 

-410 

2090 

2.64 

0.0656 


28.2 

-44.0 

328 

3.70 

0.00232 

wmssM 

0.447 

-0.98 

6.20 


The theoretical values given in this table can be curve-fitted with 
either the inverse power potential 

9 >(V) = 6.60 X 10 _ 8 /r 10 5 erg (14.2-24) 


or the exponential form 

9 >< v#,) = 5.15 X 10 - 8 exp (-3.68r) erg (14.2-25) 

where r is the separation in angstroms. The inverse 10.5 power gives 
better agreement than any other power. However, for mathematical 


*° J. O. Hirschfeldcr, R. B. Bird, and E. L. Spolz, J. Chem. Phys., 16, 968 (1948). 

,l E. A. Mason and W. E. Rice, J. Chem. Phys., 22, January (1954). These potentials 
for Ne and A agree well with the Buckingham-Corner potential determined by J. 
Comer, Trans. Faraday Soc., 44, 914 (1948) (see Table 3.7-1). 

** M. Kunimune, Progress of Theoretical Physics (Japan), 5, 412 (1950). 









*<10 erg) 
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Fig. 14.2-3. Four potential curves for the interaction between two argon atoms. 

(1) An experimental curve of the Lennard-Jones (6-12) form from viscosity. 

(2) An experimental curve of the modified Buckingham (6-exp) form fitted to 
the data on the second virial coefficient and properties of the crystal (Mason and 
W.E. Rice). (3) An experimental curve due to O.K. Rice. (4) The theoretical 

results of Kunimune, modified to include the dispersion energy. 
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convenience, the inverse twelfth power is often more desirable. The 
best fit of the theoretical data with an inverse twelfth-power law is 

= 2.97 x 10- 7 /r 12 erg (14.2-26) 

Margenau 7 examined the second-order exchange energy for the inter¬ 
action of two argon atoms and found that it is negligibly small. Thus 
the total interaction energy is just the sum of the short-range valence 
energy and the long-range dispersion energy. Adding the attractive 
part of the experimental Lennard-Jones (6^12) potential to the theoretical 
valence energy gives the "best" estimate of a theoretical potential: 

1.092 X !0-'° 

^theory) = 5.15 X 10-" exp (-3.68r)-^-erg (14.2 27) 


in which r is in angstroms. Figure 14.2-3 shows a comparison of this 
potential with three empirically determined potentials. (0 The constants 
in the Lennard-Jones (6-12) potential are those determined from viscosity 
as given in Table 8.4-1. The potential parameters from viscosity arc 
in very close agreement with those obtained from second virial coefficient 
data (ii) The constants in the modified Buckingham (6-exp) potential are 
those determined by Mason and W. E. Rice 21 and given in Table 3.7-2. 
(iii) The potential of O. K. Rice, which is given by Eq. 3.9-8, was obtained 
from considerations based both on the properties of the crystal and the 
second virial coefficient. The theoretical and the experimental curves 
are in good agreement with one another. 


3. Interaction of a Hydrogen Atom with a Hydrogen Molecule 

The energy of interaction between a hydrogen atom and a hydrogen 
molecule has received considerable attention. When a hydrogen atom 
and a hydrogen Molecule undergo a collision with a relative kinetic 
energy of over 7 kcal per mole, there is a chance that the simplest of all 
chemical reactions will take place: 

H + H 2 -H 2 +H (14.3-1) 

Ortho-para hydrogen conversions and the reactions between light and 
heavy hydrogen 1 are often of this type. Low-energy collisions are of 
interest in flames where the diffusion of hydrogen atoms (or other free 
radicals) through a valence-saturated gas such as H 2 is important. The 
cross-sections for very high energy molecular beams of hydrogen atoms 
colliding with hydrogen molecules have been measured by Amdur. 2 

1 A. Farkas and L. Farkas, Orthohydrogen , Parahydrogen, and Heavy Hydrogen, 
Cambridge University Press (1935). 

2 I. Amdur, J. Chem. Phys ., 11, 157 (1934). 
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From the theoretical standpoint the calculation of the energy of the 
system of three hydrogen atoms by the variational method is the most 
difficult molecular problem which has been investigated without neglecting 
some of the important integrals. 6 

a. Eyring semi-empirical method 

The qualitative features of the encounter are most easily understood 
by using the Eyring “semi-empirical” method to calculate the potential 
energy surface 3 - 6 for the system of three hydrogen atoms a, 6, c. The 
semi-empirical scheme is a further approximation to the first-order 
perturbation approximation, considered in §13.1e, where the energy 
of a system composed of many atoms is expressed in terms of the binding 
energies of each pair of the atoms considered as a separate diatomic 
molecule. From Eq. 13.1-53 it follows that the coulombic energy of the 
system, Q„ can be expressed as the sum of terms C a6 (called the coulombic 
energy of the diatomic molecule a-b ) and the terms £„ (called the energy 
of the separated atom a): 67 


Q,= I C, b + 2 E„ (14.3-2) 

•II all ' 

P«lr» atoms 

of atom* 

Here C ab is 


ab 


= ^ 2 - % (w&W)* 

r ab orbital. J 'ai 


In atom 6 


- I, fa/l)* — 0,(1)*-, 

orbitals J 




(14.3-3) 


In atom a 


+ 


% L f f a.OrW - a,( 1)6/2) dr, dr. 

Mtals orbitals J J r 12 ' 1 


orbitals 
in a In b 


and E a is the sum of all the terms in Q e which do not involve any orbitals 
or nuclei except those of atom a. The decomposition of Q e into C ab and 
E a terms requires no approximation. However, the identification of 
C ab as the coulombic energy of a diatomic molecule assumes that the 
orbitals in the diatomic molecule are unaffected by the presence of other 
atoms; the identification of E a as the total energy of atom a assumes that 
the orbitals in the isolated atoms are the same as those in the diatomic 
molecules and are unaffected by the presence of other atoms. Thus it is 

3 H. Eyring and M. Polanyi, Z. Phys. Chem., B12, 279 (1931). 

4 J. O. Hirschfclder, H. Eyring, and B. Topley.y. Chem. Phys., 4, 170 (1936). 

4 J. O. Hirschfelder, J. Chem. Phys., 9, 645 (1941). 



(Eq. 14.3-51 EYRING SEMI-EMPIRICAL METHOD 1077 

clear that the semi-empirical scheme cannot be expected to be quanti¬ 
tatively accurate, although it is very useful from a qua native sta " d P° in . 

In a system of three hydrogen atoms there is only one electron in 
each atom Hence there is only one exchange integral, L ab , connected 
with each pair of atoms (that is, with each diatomic mdeculelandthisis 
defined by Eq. 13.1-56. According to the first-order perturbation theory 
(Eq 13.1-52), it follows that the binding energy ?*»('•»') of a hydrogen 
molecule a-b having an internuclear separation r a6 is given by 


<P n h( r ab) — C<ib( r ab) ”F L ab (r ab ) 


f 14.3-4) 


For convenience, or for lack of better information, the function <p ab (r ab ) 
is usually taken to be the Morse curve energy 6 for the diatomic molecule 
a-b. For the hydrogen molecule the Morse curve energy <p„, »s g ,ven 

by m semi-empirical scheme makes the additional assumption that C ab 
and L ab are proportional to tp ab , 


C ab (r ab ) = n<p ab (r ob ) 

L ab (r ab ) = (1 - n)<p ab {r ab ) (14.3-5) 

Here n is called “the fraction of the energy which is coulombic” and it is 
usually taken to be a constant independent of r ab . For H 2 , Sugiura 7 
made a direct calculation of the integrals and found that n varies a great 
deal with internuclear separation as shown 5 in Fig. 14.3-1. For a con¬ 
siderable range of separations of particular interest in most collision 
problems n is approximately 0.14. All too generally, it has been assumed 
by chemists that for all molecules n is equal to 0.14. Actually n = 0.20 
is required 5 to obtain agreement between the calculated and the observed 
activation energy for the reaction H + H 2 -* H 2 + H when the corrections 
for the zero point energy of the system are made properly. The notion of 
a constant value of n leads to spuriou' minima 8 in the potential energy 
surfaces for three atoms, and surely this assumption is not tenable for 
internuclear separations as small as the equilibrium separations of the 
diatomic molecules. The fallacy of assuming that n is 0.14 is borne out 
by the work of Rosen and Ikehara, 9 who made calculations for the 
alkalies, similar to those of Heitler-London and Suguira for hydrogen. 
They found that for Li 2 , n = 0.23; for Na 2 , n — 0.32; and for 

• P. M. Morse, Phys. Rev., 34. 57 (1929); see L. Pauling and E. B. Wilson, Jr., 
Quantum Mechanics, McGraw-Hill (1935), p. 271. 

7 Y. Sugiura, Z. Physik, 45. 484 (1927). 

• L. S. Kassel, Kinetics of Homogeneous Gas Reactions, Chemical Catalog Co. 
(1932), p. 57. 

9 N. Rosen and S. Ikehara, Phys. Rev., 43, 5 (1933). 
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K 2 , n = 0.38. Similarly Voge 10 showed that for the carbon-hydrogen 
bond, n = 0.63. 

The first-order perturbation treatment of a three-atom system with one 
electron in each atom recognizes the possibility that the chemical bond 
may be either between a and b or between b and c (the bond wave function 
for a bond between a and c is a linear combination of the wave functions 
for the two other bonding situations and therefore does not represent 



Fig. 14.3-1. Fractions of coulombic energy according to the Hcitler-London- 
Sugiura approximation. (From J. O. Hirschfeldcr, J. Chem. Phys ., 9, 645 

(1941).! 


anything new). When the interaction between the two bonding situations 
is taken into account, the first-order perturbation treatment gives for the 
total energy of the system 


= Q, =F VL ab * + LJ + LJ - L, b L b , -L ab L. c - L bc L a , 

( 1 ‘ 


Now when the semi-empirical expressions for the coulombic and exchange 
energies arc substituted into this expression, it follows that the energy 
of interaction (p n be of a hydrogen atom a with a hydrogen molecule 
be (relative to the molecule separated from the atom), is given by 


v*m = D n, + n (?h,(0 + ■fh/'v) + Tu/O] 


T (1 — n) 


Vll/'-a*)* + ?I!,('V) 2 + V H,< r oc) 2 - 


■» H. Voge. J. Chem. Phys.. 4. 581 (1936). 


(14.3-7) 




[Eq. 14.3-7) 
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Here D„ is the energy of dissocial,on of the hydrogen molecule minus 
the zero point energy. Thus D„, = 108.8 kcal per mole. Figure 14.3-2 
shows the potential of interaction of a hydrogen molecule colliding with a 
hvdrogen atom. The two atoms of the hydrogen molecule are held at the 
equilibrium internuclear distance. The contours are lines of constant 
potential energy for various positions of the atom. At large distances 



Reaction shell 


^ Shaded area, region of 
high energy > 15 kcal 


13 

Kinetic theory shell 


Fig. 14.3-2. Potential for an H-atom approaching an H 2 molecule. (From 
J. O. Hirschfelder, H. Eyring. and B. Topley, J. Chem. Phys., 4. 170 (1936).] 


the atom is attracted by weak dispersion forces. At small distances the 
attraction changes to repulsion. An atom of only average room tempera¬ 
ture thermal velocity is repelled before it reaches the first contour line. 
At large distances the contours are nearly spherical. However, a high- 
energy atom can penetrate farther into the interior of the molecule if it 
collides parallel to the line of nuclei than if its path is perpendicular to this 
axis! If the atom has sufficient energy and if it approaches parallel to the 
line of nuclei, it will cross over the energy pass marked “reaction shell.” 
From this point on it is attracted. If the diatomic molecule is not 
constrained, it expands slightly as the atom approaches, and after the 
atom has reached the reaction shell, all three atoms vibrate violently. 
Eventually one of the outer atoms departs. If the departing atom belonged 
to the original molecule, a chemical reaction has taken place. Otherwise 
the collision results only in the transfer of kinetic to internal energy. 
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One of the principal difficulties in the use of the semi-empirical scheme 
is that we do not know the energy of binding of a normal diatomic mole¬ 
cule for large internuclear separations. The Morse curves are exceedingly 
poor approximations at large separations,"• 12 and this makes the semi- 
empirical schemes useless for quantitative calculations. 

b. Direct first-order perturbation and dispersion energy calculation of the 

energy of interaction 

A direct calculation of the first-order perturbation energy for the inter¬ 
action of a hydrogen atom with a hydrogen molecule is much more 
satisfying than the semi-empirical calculations. With new integration 
techniques it would not be difficult to evaluate all the required three- 
center integrals, 13 and the problem appears quite tractable. Such calcula¬ 
tions have already been performed for symmetrical-linear and equilateral- 
triangle configurations of three hydrogen atoms, 14 but these results have 
little interest from the standpoint of kinetic theory collisions between a 
hydrogen atom and a hydrogen molecule. 


TABLE 14.3-1 16 


Separation 

First-Order Perturbation or 
Repulsive Energy 

Dispersion Energy or 
Attractive Energy 

r{\) 

Configuration A 
(10 -15 erg) 

Configuration B 
(lO 15 erg) 

10- 15 erg 

2.205 

173.6 

231.2 

141.0 

2.646 

39.8 

55.96 

39.94 

3.087 

8.87 

12.45 

14.10 

3.528 

1.69 

2.59 

5.82 

3.969 

0.333 

0.495 

2.701 

4.410 

0.066 

0.096 

1.370 


11 H. M. Hulburt and J. O. Hirschfeldcr, J. Chem. Phys., 9, 61 (1941). 

,a J. O. Hirschfelder and J. W. Linnett, J. Chem. Phys., 18, 130 (1950); see also 
§14.1. 

11 R. Taylor, Proc. Phys. Soc. {England), A64, 249(1951); sec also Appendix 14.A. 
14 J. O. Hirschfelder, H. Eyring, and N. Rosen, J. Chem. Phys., 4, 121 (1936); 4,130 
(1936). J. O. Hirschfelder. H. Eyring, and B. Topley, J. Chem. Phys., 4, 170 (1936). 
J. O. Hirschfelder, D. P. Stevenson, and H. Eyring, J. Chem. Phys., 5, 896 (1937). D. 
P. Stevenson and J. O. Hirschfelder. J. Chem. Phys., 5, 933 (1937). J. O. Hirschfelder, 
J. Chem. Phys., 6, 795 (1938). J. O. Hirschfelder and C. N. Weygandt, J. Chem. Phys., 
6, 806 (1938). 
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[Efl. 14.3-9] DIRECT CALCULATION OF INTERACTION 

Margenau 15 made a rough approximation of three-center exchange 
integrals. This enabled him to calculate the repulsive part of the potential 
hv the first-order perturbation method, using a Heitler-London or Wang 

» effective nuclear charge. Z-IM »o «.he, 
values of Z were considered, one smaller and one larger, but they did 
not lead to as reasonable results). Margenau considered the two 

configurations: 

(A) The atom approaching the molecule perpendicular to the line of 
the nuclei: 



L 


Here r e = 0.73 A is the equilibrium separation of the atoms in H 2 . 
(B) The atom approaching the molecule along the line of nuclei: 




Margcnau’s results are given in Table 14.3-1. 

The attractive part of the potential energy (dispersion energy) was 
calculated separately by the procedures given in § 13.3. For the hydrogen 
atom, Margenau used the oscillator strength/= 1 and the corresponding 
resonance energy 0.487e 2 /a 0 (which gives the correct coefficient of r' 6 for 
the interaction of two hydrogen atoms). For the hydrogen molecule, 
he used the two dispersion terms (which Wolf and Herzfeld 16 found 
to give remarkably accurate results for the variation of the index of 
refraction with frequency). Their oscillator strengths and resonance 
energies are 

f. = 0.69 E l = 0.630 e 2 /a 0 

(14.3-8) 


/ 2 = 0.84 E 2 = 0.492e 2 /fl 0 


The dispersion energy then becomes 


L 'U.H, r H. H, J ( • 


(14.3-9) 


(r in A) 


15 H. Margenau, Phys. Rev., 66, 303 (1944); 64, 131 (1943). 

16 K. L. Wolf and K. F. Herzfeld, Handbuch der Physik, Vol. 20 (1928). 
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In this calculation the asymmetry of the H s molecule has been neglected 
However, the variation in the dispersion energy with orientation can be 
estimated by the methods of § 13.4 by taking into account the difference 
in the parallel and perpendicular polarizabilities. 



Fig. 14.3-3. Potential of interaction between a hydrogen atom and a 
hydrogen molecule for configurations A and B. 

Figure 14.3-3 shows the total potentials obtained by combining the 
attractive and repulsive parts of the potential: 

<Ph.h, = fBST - " + 43, (14.3-10) 

The collision diameter for the configuration A is cr = 2.85 A and the 
depth of the potential is € = 5 X 10 -15 erg; for B y o = 3.03 A and 
c = 3.5 x 10' 15 erg. Taking the asymmetry of the polarizabilities into 
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[Eq. 14.4-1] THE CHEMICAL OR VALENCE ENERGY 

consideration would have the effect of increasing * slightly for B and 
decreasing it for A. 

4. Interaction between Two Hydrogen Molecules 

The interaction of two hydrogen molecules is one of the most compli¬ 
cated examples for which detailed quantum mechanical calculations have 
been made. Considering the crude approximations which have been 
made, the theoretical potential agrees very well with the energy of inter¬ 
action deduced from experiments. The energy of interaction 
is the sum of four terms: 

<Ph„ h, = 9 >(v * 1) + <P' Q 0) + *’ + ’’ O 4 - 4 " 1 ) 

Here a; 11 ” 11 is the chemical or valence energy arising from the overlapping 
of the wave functions; y' 0 ' Q> the electrostatic quadrupole-quadrupole 

interaction energy; 9> <dl *'” « ‘he term in the of wh ‘ C 

varies as the inverse sixth power of the separation; and <p • 'is the term 

in the energy of dispersion which varies as the inverse eighth power of the 
separation. An accurate first-order perturbation calculation of the 
energy of interaction would give the quadrupole-quadrupole along with 
the valence energy. However, because of the approximations inherent in 
the present treatment, the quadrupole-quadrupole interaction requires 
separate consideration. Let us examine the calculations which have been 
made of the various types of interaction energy. 

a. The chemical or valence energy 

The calculation of the chemical or valence energy of interaction is the 
most difficult part of determining the energy of interaction between two 
hydrogen molecules. In either a first-order perturbation or a variational 
treatment, a considerable number of three and four center multiple 
exchange integrals arise. Formulae are now available for evaluating all 
these integrals. 1 For the single example of four hydrogen atoms in a line, 
each separated by \Aa 0 from its neighbor, Taylor has evaluated all these 
integrals and calculated the energy of interaction. 2 Undoubtedly, 
similar calculations will be made shortly for various configurations of 
two hydrogen molecules. However, until recently, these integrals appeared 
very formidable. They are numerically large so that any attempt to 
approximate them must be done quite accurately. However, if all the 
multiple exchange (both energy and overlap) integrals are set equal to 
zero, in many problems, the values of the interaction energy calculated by 

1 M. P. Barnetl and C. A. Coulson, Phil. Trans. Roy. Soc. {London), A243. 221 (1951); 
see also Appendix 14.A, references 11 and 12. 

2 R. Taylor, Proc. Phys. Soc., A64, 249 (1951). 



1084 QUANTUM MECHANICAL CALCULATIONS (§ , 4 . 4 , 

the first-order perturbation method have been found to be more accurate 
than those in which the calculated values or the multiple exchange 
energies have been included.*-* The reason for this seems obscure but 
it must involve a cancellation of errors in the following manner • The 
energy of interaction calculated by the first-order perturbation method 
can be expressed as the ratio of a sum of energy integrals to a sum of 
overlap integrals. For each energy integral in the numerator there is a 
corresponding overlap integral in the denominator. If the approximate 
wave function were accurate, the ratio of any pair of these integrals would 
be the same for any pair and equal to exactly the energy of interaction of 
the system so that no error would result from neglecting a pair of the 
multiple exchange integrals, one from the numerator and the corresponding 
one from the denominator. 1 * * 4 * 6 

De Boer* used the first-order perturbation, or Heitler-London, method 
to calculate the energy of interaction between two hydrogen molecules 
He used hydrogen-like atomic orbitals with a screening constant nearly 
unity. In making the calculations, he set all the multiple exchange 
integrals equal to zero and neglected all the integrals which represent the 
influence of electron exchange within the molecules on the coulombic 
interaction between the molecules. Evett and Margenau 7 recently per¬ 
formed a similar calculation including estimated values for all the integrals 
which de Boer omitted. It is difficult to know which set of calculations is 
the more reliable. However, the de Boer results are more convenient 
because they are expressed in closed form with explicit dependence on 
orientation. For this reason, only the de Boer treatment is considered 
in the remainder of this section. 

Over the whole range of separation from 4 a 0 to 10a 0 of the two hydrogen 

1 C. A. Coulson, Valence, Oxford University Press (1952). 

4 R. Buckingham and A. Dalgarno. Proc. Roy. Soc. (London), A213, 327 (1952). 

5 J. O. Hirschfeldcr, J. Chem. Phys. % 9. 645 (1941). 

4 J. de Boer. Physica . 9. 363 (1942). 

’ A. A. Evett and H. Margenau. Phys. Rev., 90. 1021 (1953), and/. Chem. Phys., 21, 
958 (1953), used in their wave functions an effective nuclear charge. Z = 1.166. the 
value which gives the best energy for a hydrogen molecule in its ground state having 
equilibrium separation between the atoms. For the four positions discussed in this 
section, the Evett and Margenau results (designated by the subscript, EM) differ’from 
those of de Boer by the following numerical factors: 

Position abed 

*em ) M v#I> 03 10 18 18 

Both sets of valence energies have the same dependence on the intermolecular separation. 
The Evett and Margenau papers supersede those of H. Margenau, Phys. Rev., 63, 131 
and 385 (1943). which contained numerical errors which led to spurious results. 
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molecules a-b and c-d. de Boer found that the valence energy can be 


expressed in the form 



e -1.87r.,/a 0 ^-1.87 n,la 0 

4 . e -1.87r^/a, ^-1.87 r»4/a 0 


(14.4-2) 


However, this equation is sometimes inconvenient to use because the 
dependence of on the angles is given implicitly through the four 
internuclear distances. On this account, de Boer made an approximation 
to Eq 14 4-2 which he recommends when the two molecules are separated 
by distances ranging from 6a 0 to 8a 0 . This particular range is most 
significant for the low energy collisions, which are important in determining 

both the transport properties and the virial coefficients. De Boer s 
approximation of Eq. 14.4-2 has the form 


<P\i 


(val) __ _ 


4800^°j ,l + 129360 ^) (13 cos 2 6 ab -j- I3cos 2 0 fd - 2] 

/ \is r l — 15 cos* 0 ab — 15 cos* 0 cd — 195 cos* 0 nb cos* 0 td 
4. 41 2010^ j [ 4. 2 [sin 0 ab sin 0 ed cos ( <f> ab - <f> cd ) - 1 4 cos 0 ab cos 0 cd 

la A \ 15 T6 - 90 cos 2 0 ab - 90 cos 2 0 ed 1 
68640 ( r ) L 255 cos‘(U + 255 cos« 0 J 

t\A 


+ 

+ 


Here the angles 0 ab and 0 cd correspond to 0 a and 0 bt respectively, in Fig. 
12.1-5 and r is the separation between the centers of the two molecules. 
Unfortunately the angular dependence of Eq. 14.4-3 is quite complicated. 

In order to get a rough idea of how the energy of interaction varies with 
the orientation of the molecules, let us consider four basic orientations 
of the molecules. Table 14.4-1 gives the values of <p\ ya]) and <p\\^ for 
these four configurations. 

Taking the spatial average of <p (val) over all orientations of the two 
molecules (see § 13.5), we obtain the relation 

HP = j [48,000 + 862,400 + 8,788.200 

+ (14.4-4) 

The term in l/^Tcan be neglected since direct calculations have shown 
that its value is always less than 2 per cent of the first term. 
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b. The long-range energy of interaction 

C11 ^'° n8 ‘ ra , n8e en " g y of , i ,? t r aC,i ° n ° f two Mrogen molecules is the 
sum of three terms and 


i. The Quadrupole-Quadrupole Interaction 

i 7m energy ° f 1 uadru P ole -q ua drupole interaction is given by Eq 
molecule 1 '"H 15 ° f ‘ he quadrupole moment of the normal hydrogen 

?H, = 'hh 1 — 4 V + 4*, 2 (14.4-5) 

Here a, 2 is the mean square value of the 2 -coordinate (measured from the 
center of the molecule along the internuclear axis) of one of the electrons 
m_the molecule averaged over the electronic charge distribution. Similarly 
V is the mean square value of the coordinate of one of the electrons in a 
direction perpendicular to the internuclear axis. The separation between 
the two hydrogen atoms is designated r Hn . A very accurate calculation 
o' ?H. was made by James and Coolidge," who used their complete 
thirteen-term wave function. They obtained the result 


<?!>, = [o-248 + 0.172 - 1 . 4 ) - 0.115 - 1 . 4 )] x KHW 

(14.4-6) 

Since the equilibrium H-H separation in the hydrogen molecule is 1.4a 0 , 
the theoretical quadrupole moment for hydrogen is q H = 0.248 x 10' 1 ® 
cm 2 . This value is to be compared with the experimental value of 
Harnck and Ramsey (see footnote to Table 13.7-3), q H = 0.220 x 10-»® 
cm 2 . * 

Other calculations of q Ht have been made by Coulson, 9 using a self- 
consistent field for H 2 and by Massey and Buckingham, 10 using a Wang 
type eigenfunction. They obtained the values 0.325 x 10" 1 ® cm 2 and 
0.141 x 10-'® cm 2 , respectively. The large difference between the various 
calculated values of the quadrupole moment shows that it is very sensitive 
to the exact electronic charge distribution. 

Values of using the James and Coolidge quadrupole moment 
are given in Table 14.4-1 for the four basic orientations of the molecules. 
When y (Q - Q) is averaged spatially over all orientations of the molecules 
the value is zero (as is explained in § 13.5). 


8 H. M. James and A. S. Coolidge. Astrophys. J., 87, 438 (1938). 

9 C. A. Coulson, Proc. Cambridge Phil. Soc., 34, 204 (1938). 

10 H. Massey and R. Buckingham, Proc . Roy. Irish Acad., A45, 31 (1938). 
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TABLE 14.4-1 

Theoretical Energy of Interaction of Two Hydrogen Molecules 


Position a < 






0 


(Energies in units cf 10' 15 erg) 


(a 0 ) 

"(A) 



qAQ-Q) 

pldis, 6) 

*<dU. »> 

Vi 

II 

5.0 

2.65 

289.0 

285.5 

16.3 

-38.8 

-12.9 

253.6 

250.1 

5.5 

2.91 

113.5 

78.7 

10.2 

-21.9 

-6.0 

95.8 

61.0 

6.0 

3.18 

44.55 

24.68 

6.57 

-12.99 

-3.01 

35.12 

15.25 

6.5 

3.44 

17.49 

8.63 

4.40 

-8.04 

-1.59 

12.26 

3.40 

7.0 

3.70 

6.87 

3.30 

3.04 

-5.15 

-0.877 

3.88 

0.31 

7.5 

3.97 

2.70 

1.37 

2.15 

-3.41 

-0.505 

0.94 

-0.40 

8.0 

4.23 

1.058 

0.604 

1.559 

-2.312 

-0.301 

0.004 

-0.450 

8.5 

4.50 

0.415 

0.283 

1.151 

-1.607 

-0.186 

-0.227 

-0.359 

9.0 

4.76 

0.163 

0.139 

0.865 

-1.140 

-0.117 

-0.229 

-0.253 

9.5 

5.03 

0.064 

0.072 

0.660 

-0.824 

-0.076 

-0.176 

-0.168 

10.0 

5.29 

0.025 

0.038 

0.511 

-0.606 

-0.051 

-0.121 

-0.108 


Position b 





tab “ ted - 0 


(a 0 ) 

' (A) 

¥r" 


tfQ.Q) 

^(dU. 6) 

tf/A1 *. 8> 

<Fi 

•Pit 

5.0 

2.65 

75.3 

102.2 

-8.2 

-31.6 

-12.9 

22.6 

49.5 

5.5 

2.91 

29.9 

31.8 

-5.1 

-17.8 

-6.0 

1.0 

2.9 

6.0 

3.18 

11.83 

11.07 

-3.29 

-10.57 

-3.01 

-5.04 

-5.8 

6.5 

3.44 

4.68 

4.23 

-2.20 

-6.54 

-1.59 

-5.65 

-6.10 

7.0 

3.70 

1.85 

1.75 

-1.52 

-4.19 

-0.877 

-4.74 

-4.84 

7.5 

3.97 

0.729 

0.775 

-1.076 

-2.770 

-0.505 

-3.622 

-3.576 

8.0 

4.23 

0.288 

0.364 

-0.780 

-1.880 

-0.301 

-2.673 

-2.597 

8.5 

4.50 

0.113 

0.179 

-0.576 

-1.307 

-0.186 

-1.956 

-1.890 

9.0 

4.76 

0.045 

0.092 

-0.433 

-0.928 

-0.117 

-1.433 

-1.386 

9.5 

5.03 

0.018 

0.049 

-0.330 

-0.671 

-0.076 

-1.059 

-1.028 

10.0 

5.29 

0.007 

0.027 

-0.255 

-0.493 

-0.051 

-0.792 

-0.772 
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TABLE 14.4-1 ( continued ) 


l§ 14.4] 



(«o> r (A) 



ijtQ- Q) 

« 

9*db. 8) 

<Pi 

<Pn 

5.0 2.65 

5.5 2.91 
6.0 3.18 

6.5 3.44 
7.0 3.70 

7.5 3.97 
8.0 4.23 

8.5 4.50 
9.0 4.76 

9.5 5.03 
10.0 5.29 

35.8 

14.2 

5.65 

2.24 

0.887 

0.351 

0.139 

0.054 

0.022 

0.009 

0.003 

36.0 

12.9 

5.06 

2.13 

0.956 

0.453 

0.225 

0.117 

0.063 

0.035 

0.020 

6.1 

3.8 

2.46 

1.65 

1.140 

0.807 

0.584 

0.432 

0.324 

0.248 

0.192 

-27.5 

-15.5 

-9.20 

-5.69 

-3.647 

-2.411 

-1.637 

-1.138 

-0.807 

-0.584 

-0.429 

-12.9 

-6.0 

-3.01 

-1.59 

-0.877 

-0.505 

-0.301 

-0.186 

-0.117 

-0.076 

-0.051 

1.5 

-3.5 

-4.10 

-3.39 

-2.497 

-1.758 

-1.215 

-0.838 

-0.578 

-0.403 

-0.285 

1.7 

-4.8 

-4.69 

-3.50 

-2.428 

-1.656 

-1.129 

-0.775 

-0.537 

-0.377 

-0.268 


Position d 




e . = e 

— Z X X 

n 


6 





■* 2' ’ 

ob •Fed 

~ 2 

r 

<«„> (A) 

^ v ‘" 


9*0. Q) 

^tdii. 8) 

9 >(db. 8) 

<Pl 

•Pn 

5.0 2.65 

35.2 

34.8 

2.0 


-26.8 

-12.9 

-2.5 

m 

5.5 2.91 

14.0 

12.6 

El 


-15.1 

-6.0 

-5.8 


6.0 3.18 

5.58 

4.98 

KS2 


-8.99 

-3.01 

-5.60 

-6.20 

6.5 3.44 

2.22 

2.11 



-5.56 

-1.59 

-4.38 

-4.49 

7.0 3.70 

0.879 

0.949 

0.380 

-3.564 

-0.877 

-3.182 

-3.112 

7.5 3.97 

0.348 

0.451 

0.269 

-2.356 

-0.505 

-2.244 

-2.141 

8.0 4.23 

0.138 

0.224 

0.195 

-1.599 

-0.301 

-1.567 

-1.481 

8.5 4.50 

0.055 

0.116 

0.144 

-1.112 

-0.186 

-1.099 

-1.038 

9.0 4.76 

0.021 

0.062 

0.108 

-0.789 

-0.117 

-0.777 

-0.736 

9.5 5.03 

0.008 

0.035 

0.083 

-0.570 

-0.076 

-0.555 

-0.528 

10.0 5.29 

0.003 

0.020 

0.064 

-0.419 

-0.051 

-0.403 

-0.386 
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[Eq. 14.4-8] 


ii. The Inverse Sixth-Power Dispersion Energy 

The fact that hydrogen molecules are slightly non-spherical complicates 
the problem of determining the inverse sixth-power energy of dispersion. 
In order to treat this problem, de Bocr« used Eq. 13.4-2 with the assumption 
that the fundamental vibration frequencies parallel and perpendicular to 
the molecular axis are equal. 11 This equation then expresses the <p (d, ’* 6) 
in terms of the spatially averaged energy <p (db - and the anisotropy of the 
polarizability, 

«= a " ~ T - 0 44 - 7 ) 

°ii + 2a i 


The value which we used in computing Table 14.4-1 is * = 0.1173, which 
comes from the theoretical results of Ishiguro, Arai, Kotani, and 
Mizushima (see § 13.2b). The best experimental value is * = 0.091. 
De Boer assumed that * = 0.137. The spatially averaged dispersion 
energy is treated on the same basis as though the molecules were spherical. 

The most reliable calculation of the spatially averaged energy of dis¬ 
persion is that of Margenau. 7 He idealized the problem by assuming 
that only two transitions are effective in producing dispersion. This is 
a good approximation since Wolf and Herzfeld 12 were able to fit the 
experimental index of refraction of hydrogen as a function of frequency 
remarkably accurately with a two-term dispersion formula. Margenau 
used the oscillator strengths and the energies associated with the oscillator 
strengths (Eq. 14.3-8) as determined empirically by Wolf and Herzfeld. 
Substituting these oscillator strengths and energies into Eq. 13.3-20, 
Margenau obtained 

*<•<>».•> = _ 10.9 (14.4-8) 


The numerical constant 10.9 is to be compared with the value 14.2 deter¬ 
mined by de Boer on the basis of the one-term approximation (Eq. 13.3-28). 
Values of «p (dls<6) are given in Table 14.4-1 for the four basic orientations 
of the two molecules and in Table 14.4-2 for the spatial average. 

11 Massey and Buckingham (Ref. 10) used a variaiional method with Wartg-type 
hydrogen molecule wave functions to calculate the dispersion energy. Their calculated 
values range from 1.4 to 1.7 times larger than the ones which we suggest. Margenau 
(Ref. 7) comments that the Hasse type of variational method used by Massey and 
Buckingham usually gives too large an energy of interaction. The angular dependence 
of the Massey and Buckingham potential is quite different from that of Eq. 13.4-2. 
Buckingham (private communication, November 1950) reports a slight error in the 
numerical coefficients in the dispersion energy expressions for the Massey and 
Buckingham calculations using the Wang (but not the Coulson) functions. 

11 K. L. Wolf and K. F. Herzfeld, Handbuch der Physik, J. Springer, Vol. 20 (1928). 
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TABLE 14.4-2 

Comparison of Experimental and Theoretical Energy of 
Interaction of Two Hydrogen Molecules 


(Energies in units of 10- 15 erg) 


(a/ 

(A) 

m (val > 

?! I 

^(db.fl) 

£<dU.8> 

«r u 

£( total) 
^experiment 

5.0 

2.65 

86.2 

-30.4 

-12.9 

42.9 

31.4 

5.5 

2.91 

26.9 

-17.2 

-6.0 

3.7 

0.8 

6.0 

3.18 

9.46 

-10.18 

-3.01 

-3.73 

-4.84 

6.5 

3.44 

3.65 

-6.30 

-1.59 

-4.24 

-4.81 

7.0 

3.70 

1.53 


-0.877 

-3.39 

-3.77 

7.5 

3.97 

0.682 

-2.669 

-0.505 

-2.492 

-2.762 

8.0 

4.23 

0.323 

-1.812 

-0.301 

-1.790 

-1.991 

8.5 

4.50 

0.160 

-1.259 

-0.186 

-1.285 

-1.436 

9.0 

4.76 

0.083 

-0.894 

-0.117 

-0.928 

-1.043 

9.5 

5.03 

0.045 

-0.646 

-0.076 

-0.677 

-0.766 

10.0 

5.29 

0.025 

-0.475 

-0.051 

-0.501 

-0.569 


iii. The Inverse Eighth-Power Dispersion Energy 

The contribution of the inverse eighth-power dispersion energy to the 
total interaction energy of two hydrogen molecules is so small that it is 
not necessary to estimate its variation with the orientations of the mole¬ 
cules. Margenau 7 used the Wolf and Herzfeld 12 oscillator strengths 
and energies to calculate the inverse eighth-power dispersion energy. 
However, rather than develop special two-term formulae, he took the 
average values of/, and / 2 and of £, and E 2 and used the single oscillator 
approximation, Eq. 13.3-37, to obtain 

***■"-_ 1 16 ^( 7 )' (14.4-9) 

c. The total interaction energy and comparison with experiment 

The total energy of interaction for the four basic orientations of the 
molecules is given in Table 14.4-1. According to the two theoretical 
forms of the valence energy (Eqs. 14.4-2 and 3), there are two sets of 
values of the total energy. Since Eq. 14.4-3 was obtained by de Boer 
by curve fitting <p ( , va,) for separations from r = 6 a 0 to 8 a 0 , the total energy 
<P 1 should be more reliable than y„. These potentials are compared in 
Fig. 14.4-1. The agreement between the two total energies is very good 
for orientations 6 , c, and d y but not for orientation a. The principal 
advantage of 9 -,, is that the energy is given as a sum of powers of the sines 









*<10““ erg) 


[Eq. 14.4-9] 
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Fig. 14.4-1. Comparison of the theoretical potentials 91 and?u for different 
orientations and comparison of y n (theory) with the experimental energy of 
interaction of two hydrogen atoms. 
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and cosines of the angles. 13 In this form, we may calculate the spatial 
average over all orientations as given in Table 14.4-2. It would be 
difficult to calculate the spatial average of <p v From Table 14.4-1 the 
relative contributions of the different types of interaction energies can be 
seen. It is apparent that both the quadrupole-quadrupole and the inverse 
eighth-power dispersion forces make a small but significant contribution 
to the interaction energy. At very large separations, r greater than 1 lo 0 , 
the quadrupole-quadrupole energy becomes dominant and the total 
energy of interaction becomes positive for some orientations and negative 
for others. 


A reliable experimental energy of interaction is obtained by fitting the 
Lennard-Jones potential to the experimental compressibility data and 
correcting for quantum effects 14 (see § 6.5). In this way, it is found that 
the constants in the Lennard-Jones (6-12) potential are « = 5.107 x 10" 16 
erg and a = 2.928 A. The experimental and the theoretical potentials are 
compared in Table 14.4-2 and Fig. 14.4-1. The agreement is excellent. 


5. Interaction of a Hydrogen Atom or a Hydrogen Molecule with Various 

Hydrogen Ions 


The interaction of a hydrogen atom or a hydrogen molecule with the 
various hydrogen ions illustrates the forces between ions and neutral 
molecules. The interactions of H or H 2 with H+ or H“ are given in this 
section. In addition there is a discussion of the collisions between H 2 
and H t + and the probability of forming ionic clusters. 


a. The interaction H + H + 

The interaction of a proton with a hydrogen atom to form H 2 + is one 
of the few problems of molecular quantum mechanics which can be 
solved exactly. The Schrodinger equation is separable in both elliptic 
and parabolic coordinates, and the solutions to the one-dimensional 
second-order linear ordinary differential equations which result may be 
obtained by successive approximations as accurately as desired. The 
most accurate calculations for the ground state have been made by 

13 For some theoretical purposes, it is desirable to express the energy of interaction 
as a simpler function of the orientations of the molecules. On this account Wang 
Chang (Doctoral Dissertation. University of Michigan, 1944) curve fitted de Boer’s 
potential by the form: 

yttotal) = ( a + 0 (cos* 0 , b + cos* Mr- 1 * - cr~* 

She obtained the constants a = 4 438 x 10~* erg A 1 *, (} = 4.784 x 10~* erg A 1 *, 
c= 1.25 x lO-^ergA*. 

11 J. de Boer. Physica, 14. 139 (1948). R. J. Lunbeck, Doctoral Dissertation, Uni¬ 
versity of Amsterdam (1951). 


[Eq. 14.4-9] 
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Hylleraas, 1 Sandeman, 2 Hellmig, 3 and Johnson. 4 The energies of many of 
the excited states have been calculated by Teller. 5 Figure 14.5-1 shows 
the energy of the ground (Ijo) state, as calculated by Hylleraas, and the 
excited states, as calculated by Teller. The spectrum of H 2 + has not been 



Hylleraas 1 and the excited states as calculated by Teller. 4 
1 E. A. Hylleraas, Z. Physik, 71, 739 (1931). 

* J. Sandeman, Proc. Roy. Soc. Edinburgh, 55, 72 (1935). 

5 E. Hellmig. Z. Physik, 104, 694 (1937). 

* V. A. Johnson, Phys. Rev., 60, 373 (1941). 

4 E. Teller, Z. Phys., 61, 458 (1930). 



1094 


QUANTUM MECHANICAL CALCULATIONS 


[§ 14.5] 


observed, but Beutler and Junger* have determined the energy of dissocia¬ 
tion of the ground state of H 2 T from the binding energy and ionization 
potential of the hydrogen molecule. Their experimental value, 61.07 
kcal per mole, agrees almost perfectly with the theoretical energy of 
dissociation, 61.01 kcal per mole. The equilibrium separation of H + 
is 1.06 A. 2 

When a proton collides slowly with a hydrogen atom in its normal 
\s state, there is equal probability that the system will be in either the 
M a 2/) or the 2 po( 2 Z u +) state. The 2pa state has a negative energy 
(corresponding to attraction) at very large separations, but at separations 
less than 5.9 A the energy is positive. The energy of interaction, at large 
separations, of a proton with hydrogen atoms in various states is con¬ 
sidered in § 13.6d. 



Fig. 14.5-2. Potential energy 7 curves of H, and H,~. 


b. The interaction H + H“ 

The interaction of a hydrogen atom with H~ might be expected to 
result in the formation of an H 2 ~ ion. However, the H 2 “ has never been 
observed, and for the following reasons it seems improbable that it ever 
will be observed. The calculations of Eyring, Hirschfelder, and Taylor 7 
show that H 2 - has a minimum energy of —37.4 kcal per mole at an inter- 
nuclear separation of 1.8 A. However, the potential curve for H 2 plus an 
electron cuts the H 2 ~ curve close to this point, as is shown in Fig. 14.5-2. 
Thus a collision between an H~ and a H atom leads to an H 2 molecule and 
a free electron. 


• H. Beutler and H. O. Jiingcr. Z. Phvsik, 100. 80 (1936). 

7 H. Eyring. J. O. Hirschfelder. and H. S. Taylor. /. Chem. Phys. t 4. 479 (1936). 



(Eq. 14.5-1 J 
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c. The interactions H + H 2 +, H 2 + H + , and H 2 : H 2 

The interactions H + H 2 +, H 2 + H + , and H 2 -j- H 2 + all lead to the 
formation of the H 3 + ion. This triatomic hydrogen ion is observed in a 
mass spectrograph when hydrogen gas is ionized at pressures high enough 
to permit collisions between H 2 * ** and hydrogen molecules. 8 Actually, 
it appears that on nearly every collision the following reaction takes place. 

*V + H 2 — H 3 + + H (14.5-1) 

The H 3 + might also be formed by collisions between H 4 and H 2 or between 
H 2 + and H. The spectrum of H 3 + has been looked for but never found. 
The quantum mechanical calculations of the energy of the H 3 ~ have been 
made 9-12 by using 1 s hydrogen-like orbitals in many combinations and 
varying the parameters. The H 3 + is very stable (if isolated) and has an 
energy lower by more than 184kcal per mole than the energy of two 
separated hydrogen atoms and a proton. Thus the chemical reaction of 
Eq. 14.5-1 is certainly exothermic by more than 11 kcal per mole and 
probably by 38 kcal per mole. 13 The triatomic hydrogen ion has a stable 
configuration in which the separation between the nuclei is about 1.79 A 
and the nuclei foim an approximately equilateral triangle. Two of the 
vibration frequencies should be infrared active in the wave number 
region of 1100 cm" 1 and capable of experimental observation. 

The energy of attraction of a proton to a hydrogen molecule is shown in 
Fig. 14.5-3. The contours give the energy of the system when the 
hydrogen molecule is held fixed (with the atoms held fixed in their normal 
equilibrium separation) and the proton is brought up to the position. 
The black circles, of roughly one Bohr radius in size, outline the location 
of the hydrogen molecule. The cross-hatched region corresponds to 

• H. D. Smylh, Revs. Mod Phys., 3. 347 (1931); W. Blcakncy. Phys. Rev., 40. 496 
(1932); 35,1180(1930); T. R. Hogness and E. G. Lunn. Phys. Rev., 26, 44 (1925); C. J. 
Brascficld, Phys. Rev., 31, 52 (1928); K. E. Dorsch and H. Kallmann, Z. Physik , 53, 80 
(1929). 

9 J. O. Hirschfcldcr, H. Eyring, and N. Rosen. J. Chem. Phys., 4. 121 (1936); 4, 130 
(1936). 

10 J. O. Hirschfelder, H. Diamond, and H. Eyring. J. Chem. Phys., 5, 695 (1937). 

11 D. P. Stevenson and J. O. Hirschfelder, J. Chem. Phys., 5, 933 (1937). 

** J. O. Hirschfelder, J. Chem. Phys., 6 , 795 (1938); J. O. Hirschfelder and C. N. 
Weygandt, J. Chem. Phys., 6 , 806 (1938). 

13 The 11 kcal/mole corresponds to a comparison of the calculated energy of H 3 + 
with the exact energy of H, and of H. Because the H 3 * calculation was made by a 
variational treatment, this 11 kcal/mole must be a lower limit. The 38 kcal/mole is 
made by comparing the calculated energy of H 3 * with values of the energy of H a and 
H calculated with the same type of approximate wave functions as for the H 3 *. Since 
there is no way of telling whether the error in the H 2 energy is larger or smaller than 
that of H 3 + , the 38 kcal/mole may be either too small or too large. 
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configurations which would be energetically difficult to attain. At 
large distances, the energy of attraction of a proton to a hydrogen molecule 
is given by the dispersion energy, 


E = 


e *«H t 



(14.5-2) 


Here the a Hj is the polarizability of H 2 and, according to Table 13 2-1 
the value to be used varies between 0.6968 x 10"* cm* (when the proton 
approaches perpendicular to the molecular axis) to 0.9746 x 10" 24 cm* 



Fig. 14.5-3. Energy of interaction of a proton approaching a hydrogen 
molecule. (From J. O. Hirschfcldcr. J. Chem. Phys., 6. 795 (1938).! 


(when the proton approaches parallel to the molecular axis). The 
'hui, is the separation between the proton and the center of the hydrogen 
molecule. The values of the pure electrostatic interaction, as given by 
Eq. 14.5-2, correspond to the contours for —10, —20, and —40 kcal per 
mole. At closer distances, however, the chemical forces become 
important. 

d. The interaction H 2 -f H~ 

The interaction of a hydrogen molecule with an H“ ion might be 
expected to result in the formation of an H 3 “ ion. However, the H 3 ~ 
ion has never been observed. A quantum mechanical variational cal¬ 
culation 11 shows that at very large separations an H~ ion is attracted to 
H 2 , but at smaller separations there is repulsion since H 3 - dissociates into 
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[Eq. 14.5-7] 


H 2 + H-, with the liberation of 65.0 kcal per mole energy. Thus H 3 
is very similar in its behavior to H 2 ". Entropy considerations also favor 
the decomposition of H 3 ~. Thus (assuming that the frequency of vibration 
of the H 2 with respect to the H~, in wave numbers, is 100 cm 1 and in the 
equilibrium configuration the H - is separated from the H 2 by 2.8 A), it 
can be shown 11 that the equilibrium concentration of H 3 ~ is given by 


^=0.2,h. 04-5-3) 

The brackets indicate concentrations, and p llf is the pressure of hydrogen 
in atmospheres. 


e. Clusters of ions 6 

The general problem of clustering of ions may be formulated in terms 
of the equilibrium 

A+B + ^AB+ (14.5-4) 


for which we can write the equilibrium constant K in terms of the partition 
functions, 2 , for the several species as follows: 

mTF] (l4 ' 5 - 5> 

If r represents the distance between ion £* and the clustering molecule, 


a e 2 



where 

a= [a + p 2 /3kT] (14.5-6) 


a is the polarizability, and p is the dipole moment of molecule A (see 
§ 13.5). The calculation of partition functions is discussed in § 2.5. The 
partition function for the cluster is 


w = *r*r*r , * , iT Sntc ^ T 

x ( 2sinh + 

(14.5-7) 

Here C AJi + = r 2 m A m B l{m A + m B ), and v AB ~ is the fundamental 
vibration frequency of the molecule AB~ (considered as a diatomic 
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molecule). From Eq. 14.5-5, Eq. 14.5-7, and the 
partition functions of A and B+, it can be shown that 


equations for the 


i 015 \ M a + Mg ]' 1 ' 

' L A 1 A M„ \ ,-Si Mhy AB .,2k T ) m °' eslCm 3 (145 - 8 > 


Here M A and M„ are the molecular weights; a is expressed in units of 
A , and r is the separation in angstroms. For the frequency v AB . it is 

reasonable to assume a value of 100 cm" 1 so that, at 300°K, sinh 

= 0.2403. If the partial pressure of A is p A atmospheres, the concentra¬ 
tion of A is 4.0600 x 10 ~*p A moles per cm 3 at 300°K. Therefore, 
assuming v AB , = 100 cm^ 1 and the temperature to be 300°K, Eq. 14 5-8 
leads to the result: 


[AB>] 

[B f ] 


0.000646 


( m a + m b v '■ 

l M a M„ ) 


r Pa e*p 




(14.5-9) 


For ion clusters in hydrogen, if we assume that r = 2.8 A and a = 0.8 
Eq. 14.5-9 shows that 


[H 2 H 2 +] 
[H 2 +] 
[h 2 • H 3 +] 
[*V] 


= 0.186/7 M| (atmospheres) 
= 0.173 /? Hj (atmospheres) 


(14.5-10) 

(14.5-11) 


Additional calculations show that at atmospheric pressure, the probability 
of clusters of two molecules about a hydrogen ion is approximately the 
square of the probability for clusters of one molecule attached to the ion. 


6 . Interaction of a Helium Atom with an Excited Helium Atom or a Proton 

The interactions of a normal helium atom with an excited helium atom 
or a proton leads to the formation of diatomic molecules. It is shown in 
this section how the “inert gases*’ may enter into chemical combination. 
The diatomic molecules and ions discussed here have long lifetimes and 
must be considered in any treatment of electrical discharges or other 
violent forms of excitation. 


a. Interaction of a normal and a metastable helium atom 

The interaction of a normal helium atom with a helium atom excited to 
the first triplet or singlet metastable state leads to a tightly bound diatomic 
molecule. This type of binding is often referred to as “van der Waals” or 
“polarization” binding 1 although this is a misnomer, as we shall see 

1 G. Herzbcrg, Spectra of Diatomic Molecules , Van Nostrand, 2nd Ed. (1950), p. 377. 



[Eq. 14.6-4] 
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presently. The energy of interaction is the sum of the short-range 
“valence energy/’ <p (v * ,) , and the dispersion energy, . 

Buckingham and Dalgarno 2 used the Heitler-London first-order per¬ 
turbation method to calculate the valence energy of interaction at separa¬ 
tions ranging from a 0 to 12 a 0 . They used the Morse-Voung-Haurwitz 
type of analytical wave functions for the isolated helium atoms. Thus the 
spatial part of the wave function for the normal helium atom was taken to 
be 

/ 1.0309 , ,\ , 1/1An 

i.d. 2) = N n exp (r al + r a2 )j (14.6-1) 

and the spatial part of the wave function for either the triplet or singlet 
states of the excited atom was taken to be 

<*,,.*(1. 2) = N i2 (J - 2.93415)) exp (- 1.22 - 0.61 j) (14.6-2) 


Here the N n and N l2 are the normalization constants. The excited 
states of the helium atom corresponding to \s2p configurations were 
ignored, since these energy states lie more than one electron volt higher 
than the \s2s states. Buckingham and Dalgarno succeeded in evaluating 
all the integrals which occur in the first-order perturbation calculation, 
and they obtained the results given in Table 14.6-1. 

The energy of dispersion was calculated using Buckingham’s formula 4 


4 


-i -j 

9V,riA(r,*) + (r,*) 


(14.6-3) 


Here the r, 2 is the mean square radius of electron i in atom a , and the 
r t 2 is the mean square radius of electron j in atom 6, averaged over their 
respective charge distributions. Using the Morse-Young-Haurwitz wave 
functions for the helium atoms, Buckingham and Dalgarno found the 
energy of dispersion to be 


\r ab l a 0 


(14.6-4) 


They also calculated the dispersion energy, using the self-consistent field 
charge distributions in the normal and excited helium atoms as given by 
Wilson and Lindsay. 5 The self-consistent field calculations led to an 
energy of dispersion 1.5 times as large as that given by the analytical 

2 R. Buckingham and A. Dalgarno, Proc. Roy. Soc. (London), A213, 327 (1952). 

3 P. M. Morse, L. A. Young, and E. S. Haurwitz, Phys. Rev., 48, 948 (1935). 

4 R. A. Buckingham, Proc. Roy. Sac. (London), 160A, 94 (1937). 

3 E. B. Wilson and R. B. Lindsay, Phys. Rev., 47, 681 (1935). 
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ENE AtL° F , ™\ A l cn0N BETWEEN a Normal (Ms) Helium 
Atom and a Metastable (Uls) Excited Singlet or 
Triplet Helium Atom 
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r ab !<*c 


9<v»l) 

(10~ 15 erg) 


3 2 


3 E 




1.0 

2.0 

2.5 

3.0 

4.0 

5.0 

6.0 

7.0 

8.0 

9.0 

10.0 

11.0 

12.0 


+ 29800.0 
- 1120.0 

- 847.3 

- 61.0 
451.1 
266.3 
130.8 
58.0 


+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 


24.8 

10.0 

3.5 

1.3 

0.4 


+ 67600.0 
+ 10070.0 


+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 


4385.0 

2310.0 

920.9 

351.3 

144.7 

60.6 

25.3 

10.0 

3.5 

1.3 

0.4 


+ 26800.0 

- 1918.0 

- 1440.0 

- 308.6 
400.1 

259.8 

130.8 
58.4 


+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 


24.8 

10.0 

3.5 

1.3 

0.4 




+ 51100.0 


+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 


9819.0 

4472.0 

2521.0 

977.6 

359.1 

145.1 

60.1 

25.3 

10.4 
3.5 
1.3 
0.4 


p(dU) 

(10-16 erg) 


- 202.1 

- 53.0 

- 17.7 

- 7.0 

- 3.14 

- 1.57 

- 0.83 

- 0.48 

- 0.27 


r e H f T!L° nS Z Eq - ,4 - 2 ' 7 - However - Buckin g ham and Dalgarno 
discarded the self-consistent field result, since they felt that the self- 

consistent field greatly exaggerated the spread of the 2s orbital. 

At separations less than 4 a 0 the dispersion energy is a small fraction of 
the total energy, and Buckingham and Dalgarno arbitrarily set the dis¬ 
persion energy equal to zero. At separations greater than 4a 0 they add 
the valence and the dispersion energies to obtain the total energy of 
interaction: OJ 


p = dl» 


(14.6-5) 


The results are shown in Fig. 14.6-1. The 3 Z„ and »Z„ states have 
minimum energies at about 2.1<z 0 and positive maxima of 6.7.and 6.0 kcal 
per mole, respectively, at a separation of about 4 a 0 . The energy of 
dissociation calculated for the 3 £ u state is approximately 23 to 28 kcal 
per mole. This energy is to be compared with the value of 51.5 kcal per 
mole at a separation of 2.0fl 0 determined from experimental data by 
Mulliken. 6 The calculated energy of dissociation of the 1 L U state is 
37 to 39 kcal per mole, but there do not seem to be any experimental 


* R - S- Mulliken. Revs. Mod. Phys., 4. 1 (1932). 
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(Eq. 14.6-5] 


data with which to compare this value. The energies of the 3 S, and 2 a 
states are positive at all separations less than 12 a 0 . At sufficiently large 
separations these g states have very shallow minima in their interaction 
energies, but these are beyond the range of the present calculations. 



Fig. 14.6-1. The •£,, and states result from a collision between a normal 
(Ijlf) helium atom and a metastable (I s2s) excited singlet helium atom. The 
and *£, states result from the collision of a normal helium atom with a 
metastable (l$2s) excited triplet helium atom. (From R. Buckingham and A. 
Dalgarno, Proc. Roy. Soc. {London), A213, 327 (1952).! 


The existence of the hump in the 3 E U and 1 L M potential curves is 
reminiscent of the potential energy curves arising from resonance inter¬ 
actions considered in § 13.6a. However, there is no resonance involved 
in the interaction between the normal helium and the (\s2s) excited helium 
atoms. Instead, the hump must be attributed to the positive valence 
energy at intermediate separations. 

Using the potential energy curves shown in Fig. 14.6-1 and the method 
of Massey and Smith, 7 Buckingham and Dalgarno 8 calculated the phase 

7 H. S. W. Massey and R. A. Smilh, Proc. Roy. Soc. {London), A142. 142 (1933). 

8 R. A. Buckingham and A. Dalgarno. Proc. Roy. Soc. {London), A213, 506 (1952). 
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shifts, total elastic cross-section, and diffusion cross-section for collisions 
of a triplet (Iris) metastable with a normal helium atom. These cal¬ 
culations led to a theoretical estimate of the coefficient of diffusion of the 
triplet metastable atom passing through normal helium at a total pressure 
of one mm Hg: = 370cm 2 /sec at 300°K and £? = 130 cm 2 /sec at 

77°K. Subsequently, Phelps and Molnar* measured the coefficient of 
diffusion under these two conditions and found them to be 410 and 130 
cmVsec respectively, in excellent agreement with the theory. Buckingham 
and Dalgarno estimate that the coefficient of diffusion for a singlet 
(1s2j) metastable atom passing through normal helium would be very 
nearly the same as for the triplet, when the temperature is less than 650°K; 
but for higher temperatures, the singlet should have a somewhat smaller 
coefficient of diffusion. This calculation illustrates how the complicated 
potential energy functions discussed in this chapter can be used to determine 
the macroscopic physical properties of gases. 

b. The interaction of a normal helium atom with a proton 

In § 13.6, the long-range interaction of a helium atom with a proton 
is considered. Let us now examine the short-range interaction. The 
energy of interaction has a deep minimum characteristic of a stable 
diatomic ion. The HeH* system is isoelectronic with the hydrogen 
molecule, but it has the complication of having different electrical charges 
on the two nuclei. Coulson and Duncanson 10 studied the energy of the 
ground state of the diatomic ion very extensively. They calculated the 
binding energy with a five-term James and Coolidge wave function. 
However, they obtained the lowest energy with a Wang ionic-polar type 
wave function. If we let a represent the helium atom and b represent 
the proton, then the orbitals for electron 1 in the helium atom are 



(14.6-6) 

(14.6-7) 


and the orbital for an electron in the vicinity of the proton is 

/Z #s \ l, « 

* o(I)= \~W e ~ ZHr " (14.6-8) 

Here the Z He \ Z llt m , and Z,,' are three different effective nuclear charges. 


9 A. V. Phelps and J. P. Molnar. Phys. Rev., 89, 1202 (1953). 

10 C. A. Coulson and W. E. Duncanson. Proc. Roy. Soc. (London), A165, 90 (1938). 
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[Eq. 14.6-9] INTERACTION OF He AND H* 

The spatial part of the Wang ionic-polar wave function is then 
T = A[fl 0 (l)6 0 (2) + a 0 (2)b 0 (\)) + fiia 0 (\)a 0 (2) 

+ v K( 1 )a c ( 2) + a 0 (2)a e ( 1)] (14.6-9) 

The first term in Eq. 14.6-9 is due to the homopolar binding between one 
electron in the helium atom and one in the hydrogen; the second term is 
the purely ionic contribution of both electrons in their lowest state on the 
helium atom; the third term has both electrons on the helium atom but 
one of them is polarized to an excited state. The fact that the effective 
nuclear charges are not the actual nuclear charges makes this a Wang-type 
function. The special feature of the Coulson-Duncanson treatment is 
that they succeeded in evaluating all the integrals which arise in this 
problem. 11 They calculated the following interaction energy of a proton 
and a normal helium atom: 


Separation 
( a 0 ) 

1.25 

1.50 

2.00 

1.446 (equilibrium) 


Interaction Energy 
( kcai/mole) 
-47.9 
-53.3 
-37.5 
-53.6 


At the equilibrium separation, the constants in the wave function are: 
X = 0.71730 Z„ e ' = 1.8900 
p = 0.24843 Z„/= 1.5586 

v = 0.02979 Z H '= 1.5226 


The zero-point energy for the vibration of HeH 4- about the equilibrium 
separation is 4.8 kcal per mole. For the interaction of the proton and 
helium atom, “two-thirds of the stability of the diatomic ion is due to the 
formation of a covalent bond and one-third is due to the polarization of 
the He atom.” 10 - 11 

Coulson and Duncanson have also made an exact calculation for the 
energy of interaction of a He 4 - with a proton. The interaction energy in 
this case is always positive, and the problem has few physical applications. 

" J- Y. Beach. J. Chem. Phys., 4. 353 (1936), calculated the energy of interaction of a 
helium atom with a proton, but he did not achieve the accuracy in his calculations 
attained by Coulson and Duncanson because he could not evaluate the exchange and 
coulombic integrals with unlike effective nuclear charges. 
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(§ 14.A] 


APPENDIX A. INTEGRALS USEFUL IN THE CALCULATION OF 
INTERMOLECULAR ENERGIES. 

There are many standard sources where various integrals, useful in 
calculating intermolecular energies, are either presented as functions of the 
intemuclear separations or given in tabular form for specified values of the 
separations and other parameters. The following is a list of a few of 
these sources. 

ONE-CENTER AND TWO-CENTER INTEGRALS 

1. C. C. Roothaan, "Study of Two-Center Integrals Useful in Calculations on 

Molecular Structure, I," J. Chem. Phys., 19, 1445 (1951) (formulae). 

2. K. Rudcnbcrg, "A Study of Two-Center Integrals Useful in Calculations on 

Molecular Structure, II. The Two-Center Exchange Integrals," J. Chem. Phys., 
19, 1459 (1951) (formulae). 

3. C. A. Coulson, "Two-Center Integrals Occurring in the Theory of Molecular 

Structure," Proc. Cambridge Phil. Soc., 38 (Pt. II), 210 (1941) (formulae). 

4. R. G. Parr and B. L. Crawford. "On Certain Integrals Useful in Molecular Orbital 

Calculations," J. Chem. Phys., 16. 1049 (1948) (formulae). 

5. G. Hellmann, Einfuhrung in die Quantenchemie . Franz Deuticke (1937) (formulae). 

6. C. A. Coulson, "Evaluation of Certain Integrals Occurring in Studies of Molecular 

Structure," Proc. Cambridge Phil. Soc., 33 (Pt. I), 104 (1937) (theory). 

7. C. A. Coulson and W. E. Duncanson, "Wave Functions for HeH‘* and HeH*," 

Proc. Roy. Soc. {London), A165, 90 (1938) (formulae for evaluating exchange 
integrals for unlike charge centers). 

THREE-CENTER AND FOUR-CENTER INTEGRALS 

8. M. P. Barnett and C. A. Coulson. "The Evaluation of Integrals Occurring in the 

Theory of Molecular Structure. Parts 1 and II," Phil. Trans. Roy. Soc. London, 
A243, 221 (1951). (Applies to one and two centers as well as three and four 
centers. Both theory and formulae given.) 

9. J. O. Hirschfclder and C. N. Wcygandt, "Integrals Required for Computing the 

Energy of H, and H,*." J. Chem. Phys., 6. 795 (1938) (tables). 

10. J. O. Hirschfclder, H. Eyring. and N. Rosen. "I. Calculation of Energy of H, 

Molecule." J. Chem. Phys., 4. 121 (1936) (formulae). 

11. S. O. Lundquist and P. O. Lowdin. "On the Calculation of Certain Integrals 

Occurring in the Theory of Molecules Especially Three-Center and Four-Center 
Integrals," Arkiv for Fysik ( Stockholm). 3. 147 (1951) (theory and formulae). 

12. K. Riidenbcrg. "On the Three- and Four-Center Integrals in Molecular Quantum 

Mechanics." J. Chem. Phys., 19. 1433 (1951) (theory). 

13. J. O. Hirschfelder, Doctoral Dissertation, Princeton University (1936). (Thrcc- 

cenlcr integrals are tabulated for three hydrogen atoms equally spaced in a line.) 

14. J. O. Hirschfclder, H. Diamond, and H. Eyring. "Calculation of the Energy of H, 

and H,+. Ill," J. Chem. Phys., 5, 695 (1937). (Three-center integrals are 
tabulated for three hydrogen atoms in unsymmctrical positions along a line.) 

Some of the one- and two-center integrals most frequently used in the 
calculations of intermolecular energies are given in Table 14.A-1. 1 

1 These values are taken from J. O. Hirschfelder and J. W. Linnett, J. Chem. Phys., 
18. 130 (1950). 



[Eq. 14.-A13] USEFUL INTEGRALS 

The integrals are defined in terms of: 
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(14. A—1) 

OcO) = ( —j r.icos0 a ,e- z ’« 

(14.A-2) 

o J (l)6,(2) = (-) r.,r M sin 0 ol sin 0 t2 cos (4>, 

- 4>i)e~ Zr " (14.A-3) 


where the a 0 (l), a e (l), a,(l) are electron orbitals centered on atom a\ the 
1 designates the electron. Similar orbitals occur for atom b or for 
electron 2. Letting / or j designate the o , c, or s t we write the integrals as 
follows: 


A 

G t 


(14.A-4) 
(14.A-5) 
(14.A-6) 


r„ = ]*<!,( 1 ) 6 ( (1 )</r, 

= J a,(l )*lr n dr, 

Ju = J ‘J,(l)6,(l)/r 0 i dr, 

K„.n = f f fl 1 OK(l)6,(2)6 1 (2) - dr, dr 2 (14.A-7) 

J J r l2 

Lit. « = f f a,OX>,OK(2)6 ( (2) - dr, dr 2 (14.A-8) 

J J r 12 

L(a„ a„ a k , b.) = f f a,( 1 ]a,( 1 )a t (2)b,(2) — dr, dr 2 (14. A-9) 

J J r 12 

1J = J J 0 ,O) 6 ,OK( 2 ) 6 ,( 2 ) </r, dr 2 


(14.A-10) 


G .= f f (o,(l)6,(2)) 2 1 rfr, dr 2 (14.A-11) 

J J r 5i 

•V = I I <J 5 (l)6,(l) a ,(2)6,(2) — dr, dr 2 (14.A-12) 
J J r bl 

= ~G 0C = J a 0 (l)o e (l)/r M dr, 


G co = 


(14.A-13) 
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TABLE 14.A-1 




/« 






0.0 

1.000000 


1.000000 


2.000000 

1.000000 

0.500000 

1.0 

0.858385 


0.735759 


1.646880 

0.729329 

0.548950 

1.5 

1.75 

2.0 

0.725173 

0.6552725786 

0.586453 


0.482519 

0.3514849529 

0.225559 

1.308467 

1.133534347 

0.965275 

0.583688 

0.5239755402 

0.472527 

0.536304 

0.5172387306 

0.492661 

2.5 

0.458308 


0.005130 


0.668203 

0.390567 

0.435666 

3.0 

0.348509 


-0.159319 


0.438045 

0.330028 

0.378482 

3.5 

0.259194 


-0.264856 


0.2740S1 

0.284542 

0.327590 

4.0 

0.189262 


-0.318692 


0.164675 

0.249581 

0.284908 

4.5 

0.136085 


-0.332576 


0.095545 

0.222071 

0,250068 

5.0 

0.096577238 


-0.3189295 

0.05376360 

0.19994552 

0.22185876 

6.0 

0.047096292 


-0.2503540 

O.OI574933 

0.16665949 

0.I80|8|700 

7.0 

0.02218913 


-0.1714338 

0.004235616 

0.142856193 

O.I5I539775 

8.0 

O.OIOI756997I 


-0.107191492 

0.00106)2933 

0124999873 

10.0 

0.002012730219 

-0.034912546 

0.0000570751761 

0.0999999977 

u.l JuMo/433 
0.1029997191 

12.0 

0.0003747969535 

-0.009652558 

0.0000026064767 

0.083333333 

0.0850694374 

9 - Zr* 





z-'j.. 

Z-li ' 






*re 

* 'ii 

* * 00 .®* 

0.0 

1.000000 


1 000000 


0.500000 

1.000000 

0.625000 

1.0 

0.894694 


0.735759 


0.306566 

0.778930 

0.554521 

1.5 

0.804017 


0.557826 


0.153402 

0.586554 

0.490338 

1.75 

0.7583760654 


0.4778783446 

0.08371921757 

0.49331S0I99 

0.4576042080 

2.0 

0.714289 


0 406006 


0.022556 

0.407421 

0.425974 

2.5 

0.633281 


0.287298 


-0.0701144 

0.264909 

0.368388 

3.0 

0.563267 


0.199148 


-0.124468 

0.163102 

0.319804 

3.5 

0.503922 


O.I3S888 


-0.147841 

0095946 

0.279944 

4.0 

0.453937 


0.091578 


-0.149578 

0.054308 

0.247554 

4.5 

0.411796 


0.061100 


-0.138168 

0.029744 

0 731197 

5.0 

0.3760937 


0.04(M2768 

— 0.1201601 

OOI583449 

% 

? 

c 

6.0 

0.3194558 


O.OI735I26 

-0.08055943 

0 004179292 

0.16659267 

7.0 

0.2769694 


0.007295056 

-0.04848173 

0 001021136 

0.142844724 

8.0 

0.244140805 


0.003019163651 

-0.027116562 

0 000234625836 

0.124997956 

10.0 

0.197000003 


OOOOJ993992274 

-0.007316955 

0 0000107521224 

0.099999472 

12.0 

0.164930556 


0.00007987476059 

-0.001729596 

0.000000427866198 

0.083333332 

m 



Z’ x K m . m 

Z-'K"... 

| Z-'K".„ 


0.0 

0.391406 

0.825000 

0.145833 

0.042188 

0.072916 

0.625000 

1.0 

0.37433 

0.773402 

0.123914 

0.01898 

0.042717 

0.436651 

1.5 

0 360048 

0.719081 

0.103043 

0.008325 

0.018936 

0.296835 

1.75 

0.352943470 

0.688560847 

0.0922190597 

0.003171535 

0.0086000949 

0.23611543 

2.0 

0.345879 

0.657139 

0.081725 

-0.001432 

-0.000030 

0.I841S6 

2.5 

0.331183 

0.594686 

0.062773 


-0.011818 

0.106622 

3.0 

0.314537 

0.536225 

0.047309 

-0.011760 

-0.017301 

0.058508 

3.5 

0.295358 

0.483922 

0.035359 

-0.012569 

-0.018497 

0.030766 

4.0 

0.274176 

0.438333 

0.026430 

-0.011690 

-0.017316 

0.015627 

4.5 

0.252151 

0.399107 

0.019880 

-0010003 

— 0.015112 

0.007714 

5.0 

0.230507} 

0.365497910 

0.01511295 

-0.008107280 

-0.01268642 

0.00371704 

6.0 

0.1917270 

0.311778878 

0.009097311 

-0.004846741 

-0.008510270 

0.000814027 

7.0 

0.1610067 

0.271296778 

0.005801824 

-0.002741192 

-0.005669731 

0.000167600 

8.0 

O.I37725I85 

0.239903208 

0.0039011236 

-0.001544918 

-0.003873036 

0.0000328960 

10.0 

0.106504961 

0.194539121 

0.0019998488 

-0.000535527 

-0.001998731 

0.00000113835 

12.0 

0.087020932 

0.163411431 

0.0011574032 

-0.000216840 

-0.001157364 

0.0000000354839 
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TABLE 14.A-1 (< continued) 


q - Zr^ 


Z 

'L„.„ 

Z'L m . 

M 

Z-'L". e. 

Z l L„. ot 

0.0 

0.391406 

0.825000 

0.145833 


0.042188 

0.072916 

1.0 

0.2035 

0.66567 

0.11119 


0.00845 

0.04625 

I.S 

0.093613 

0.51691 

0.08153 


-0.01550 

-0.114956 

1.75 

0.0675754 

0.441865 

0.0674753 


-0.0246928 

-0.1348339 

2.0 

0.04395 

0.37095 

0.054758 


-0.03114 

-0.144307 

2.5 

0.043284 


0.034269 


-0.03629 

— 0.138115 

3.0 

0.061445 

0.15813 

0.020260 


-0.03367 

-0.112495 

3.5 

0.075931 

0.095715 

0.011433 


-0.02715 

-0.082014 

4.0 

0.078505 

0.055647 

0 006206 


-0.01987 

-0.055077 

4.5 

0.070531 

0.031249 

0.003261 


-0.01350 

-0.034701 

5.0 

0.0569410 

0.017028 

0.00166632 

-0.008656 

-0.0208652 

6.0 

0.0294102 

0.004688 

0.00040649 

-0.003105 

-0.0066051 

7.0 

0.0121820 

0.001188 

0.000092185 

-0.0009711 

-0.0018605 

8.0 

0.0043184 

0.000283 

0.00001973 

-0.000275 

-0 00047860 

10.0 

0.000392491 

0.0000137 

0.0000007952 

-OOOOOI75 

-0.000025982 

12.0 

0.0000265330 

0.000000568 

0.00000002822 

-0 00000089 

-0.00000116873 

q - Zr M 

Z’ l Ua 0§ a,: bj 

Z-'G„ 

z- 

•Ko.. o f : b ,) 

Z- l Ua e ,a,: a 0 .b,) 

0.0 

0.625 


0.0 



0.07291666667 

0.145833 

1.0 

0.50704485 


0.187988301 


0.04063749 

0.122314 

1.5 

0.40536896 


0.1816793613 


0.01559917 

0.10013 

1.75 

0.35S2642088 


0.1689187589 


0004775861 


2.0 

0.30803646 


O.I538428958 

— 

0.004239108 

0.077650 

2.5 

0.22559548 


0.1232108094 

— 

0.016473472 

0.057715 

3.0 

0.16074246 


0.0967894319 

— 

0.021943231 

0.041534 

3.5 

0.1121558092 


0.07602178750 

— 

0.022678274 

0.029146 

4.0 

0.07698167 


0.06029852650 

— 

0.020684210 

0.020042 

4.5 

0.05215030051 


0.04851960921 

— 

0.0174718272 

0.010373 

5.0 

0.034953043 


0.03966222452 

_ 

0.0140023272 

0.009057 

6.0 

0.015311456 


0.02772640534 

— 

0.0080856288 

0.003921 

7.0 

0.006537867888 

0.02040042496 

-*©.00424690746 

O.OOI653 

8.0 

0.0027387379 


O.OI562384476 

— 

0.00209458666 

0.000673 

10.0 

0.0004610930366 

0.009999974833 

— 

Q.000450608960 

0.000108 

12.0 

0.000074658581 

0.006944443909 


0.0000872422396 

0.000018 


PROBLEMS 

1. Calculate the energy of interaction of a hydrogen atom and a proton separated by 
5 Bohr radii, using the best wave function for which all the energy integrals are given 
in Table 14.A-I. 

2. Use the integrals of Table 14.A-1 to calculate the energy of interaction of a 
hydrogen atom and a helium atom as a function of separation. Use hydrogen-like 
atomic orbitals with the same effective charge on the two centers. 
























Appendix 

I. Lennard-Jones (6-12) Potential 

A. Force Constants 

B. The Second Virial Coefficient and the Zero-Pressure Joule-Thomson 
Coefficient 

C. The Third Virial Coefficient and Its Derivatives 

D. The Function A{T •) for Estimating Third Virial Coefficients for Mixtures 

E. Expansion Coefficients for the Classical and Quantum Virial Coefficients 

F. Phase Shifts r/,( ko) for He* 

G. Phase Shifts for Hc * 

H. The Compressibility Factor for the Lennard-Joncs-Dcvonshire (3-Shcll) 
Model 

J. The Internal Energy for the Lcnnard-Jones-Devonshire (3-Shell) Model 

K. The Heat Capacity for the Lennard-Joncs-Dcvonshire (3-Shell) Model 

L. The Entropy for the Lennard-Jones-Devonshire (3-Shcll) Model 

M. The Integrals for the Transport Coefficients 

N. The Quantities a*, b*. and c* for the Transport Coefficients of Mixtures 

P. Functions for the Higher Approximations to the Transport Coefficients 

Q. The Function k T * for Isotopic Thermal Diffusion 

R. The Distance of Closest Approach and the Angle of Deflection 

II. Stockmayer Potential 

A. The Second Virial Coefficient for Polar Gases 

B. The Joule-Thomson Coefficient for Polar Gases 

C. The Functions (T*/i 9 )B* Used to Determine the Intermodular Parameters 

D. The Third Virial Coefficient for Polar Gases 

III. Inverse Twelfth-Power Repulsive Potential 

The Distance of Closest Approach and the Angle of Deflection 

IV. Square-Well Potential 

The Integrals O" *'* for the Transport Coefficients 

V. Sutherland Potential (with an Inverse Sixth-Power Attraction) 

The Integrals Cl 11 -"* for the Transport Coefficients 

VI. Buckingham-Corner Potential 

A. The Second Virial Coefficient 

B. The Zero-Pressure Joule-Thomson Coefficient 

C. First Quantum Correction to the Second Virial Coefficient 

D. First Quantum Correction to the Zero-Pressure Joule-Thomson Coefficient 

VII. Modified Buckingham (6-Exp) Potential 

A. The Second Virial Coefficient 

B. Collision Integral Functions for the Transport Coefficients 

C. Functions for the Higher Approximations to the Transport Coefficients 

D. The Function 0 for Isotopic Thermal Diffusion 

E. The Quantities a*, b*. and c* for the Transport Coefficients of Mixtures 

VIII. Kihara s Generalized Spherocylindrical and Ellipsoidal Molecules 

Functions Determining the Second Virial Coefficient 

IX. Polar Molecules 

The Reduced Averaged Collision Cross-section O'* * 1 * 


1109 



1110 


APPENDIX 


TABLE I-A 

Force Constants for the Lennard-Jones (6-12) Potential 

(1) Whenever possible the parameters obtained from viscosity data should be used for 
makm g transport properly calculations, and parameters from experimental second virial 
coefficients should be used for calculations of equation of state and thermodynamic properties 

(2) For the lighter gases two sets of force constants arc given: those labeled Cl. which 
were determined using classical formulae (which arc not strictly applicable), and those labeled 
Qu. which were obtained from quantum mechanical formulae. The latter arc the true force 
constants, whereas the former arc only "effective" force constants. For accurate calculations 
and for extrapolations to high temperature the Qu parameters must be used-in conjunction 
with the quantum mechanical formulae and tabulated functions. The Cl parameters arc 
useful for rough calculaiions-in conjunction with the classical formulae and tabulated 
functions. 

(3) Force constants are given here for a number of substances which arc polar and/or 
non-sphcrical and hence are not described by the Lennard-Jones potential. These constants 
along with the tabulated functions based on the Lennard-Jones potential may. however be 
useful for purposes of calculations until the theory needed for describing complex molecules 
has been developed. 

(4) Where two sets of force constants obtained from viscosity data arc shown the tem¬ 
perature range of the data from references a. c is from 80*K to 300'K, and for the data in 
reference d is generally in the range from 300’ to I000°K. 



Force Constants from 
Viscosity 


Refs. 

for 

Data 


Force Constants from Second 
Virial Coefficients 


b 0 = $77/Vo 3 

(cc/mole) 



Light 

Gases 

He(Qu) 

Hc(CI) 

H 2 (Qu) 

H 2 (CI) 



. 10.22 

2.576 a, b 6.03 

. 37.00 

2.968 c, b 29.2 
2.915 d.e,f,g,h 

. 37.00 

2.948 / 31.1 


2.789 

2.858 

3.418 

3.465 


4.055 



35.60 

34.9 

119.8 

122 . 


2.556 

2.63 

2.928 

2.87 

2.928 

2.87 


2.749 

2.78 

3.405 

3.40 

3.60 

3.597 

4.100 

3.963 


21.07 

18.10 

31.67 

29.76 



86.94 

78.5 

















LENNARD-JONES (6-12) POTENTIAL 
TABLE I-A ( continued) 
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1 






Force Constants from 

Force Constants from Second 


Viscosity 



Virial Coefficients 


Gas 

elk 

a 

Refs. 

for 

Data 

elk 


b 0 = I*** 3 

m 


(°K) 

(A) 

(°K) 

| 

(cc/mole) 

S 

Simple 

Polyatomic 

Gases 







K 

Air 

97.0 

3.617 

c 

99.2 

3.522 

55.11 

84.0 

3.689 

d,e t k 

102. 

3.62 

60.34 

L 

No 

91.5 

3.681 

c 

95.05 

3.698 

63.78 

M 

£ 

79.8 

3.749 

d >g 

95.9 

3.71 

64.42 

E 

Oo 

113. 

3.433 

c 

117.5 

3.58 

57.75 

H 

m 

88.0 

3.541 

d 

118. 

3.46 

52.26 

L 

CO 

110. 

3.590 

c 

100.2 

3.763 

67.22 

N 


88.0 

3.706 

** 





co 2 

190. 

3.996 

c 

189. 

4.486 

113.9 

P 


213. 

3.897 

d, h 

205. 

4.07 

85.05 

Q 

NO 

119. 

3.470 

c 

131. 

3.17 

40. 

R 


91.0 

3.599 

j 





n 2 o 

220. 

3.879 

c 

189. 

4.59 

122. 

R 


237. 

3.816 

h 





CH, 

137. 

3.882 

c 

148.2 

3.817 

70.16 

s 


144. 

3.796 

dj 





cf 4 




152.5 

4.70 

131.0 

T 

CCI 4 

327. 

5.881 

b 

... 

• • • 

• • • 

• • • 

SO, 

252. 

4.290 

d 

• • • 

• • • 

• • • 

• • • 

sf 6 

... 

... 

... 

200.9 

5.51 

211.1 

T 

f 2 

112. 

3.653 

m 

... 

... 

• • • 

... 

Cl* 

357. 

4.115 

n 

... 


• • • 

... 


257. 

4.400 

j 

• • • 

Kpl 

... 

... 

Br 2 

520. 

4.268 

P'<1 

• • • 

mm 

• • • 


h 

550. 

4.982 

n 

• • • 

H 

... 

... 
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TABLE I-A ( continued) 



Force Constants from 
Viscosity 


<ik , R f efs - 

<’ K > (A > Data 


Force Constants for Second 
Virial Coefficients 


Other 

Inorganic 

Vapors 

HCI 

HI 

AsH 3 

Hgl 2 

HgBr 2 

SnBr 4 

SnCI 4 

Hg 


Hydro¬ 
carbons 
CH =CH 
CH 2 =CH 


360. 

324. 

281. 

698. 

530. 

465. 

1550. 

851. 


Other 

Organic 

Vapors 

CH 3 OH 

C 2 H 5 OH 

CH 3 CI 

CH 2 CI 2 

CHCI 3 

c 2 n 2 

cos 

cs. 


3.305 

4.123 

4.06 

5.625 

5.414 

6.666 

4.540 

2.898 






fwTVo 3 


Refs. 

for 


(cc/mole) Dau 




4.997 

5.341 

5.769 

5.909 


7.451 

8.448 

6.093 

5.270 




3.585 

4.455 

3.375 

4.759 

5.430 

4.38 

4.13 

4.438 





199.2 

4.523 

243. 

3.954 

242. 

5.637 

297. 

4.971 

.... 

282. 

• • • 

8.88 
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TABLE I-A ( continued ) 
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d M. Trautz, A. Mclster, and R. Zink. Ann. Physik (5), 7, 409-452 (1930) (H t , Nc, A. 
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APPENDIX 


TABLE I-B 

The Second Virial Coefficient and the Zero-Pressure Joule- 
Thomson Coefficient for the Lennard-Jones (6-12) Potential 0 


B(T) = b 0 B*(T*) /t o C o = bo(Bl * - B *, 

T * = kT l* = T*(dB*/dT*) 

b 0 = JrrAfa 3 B 2 * = T*Hd 2 B*/dT * 2 ) 


7- 

B* 

V 

b 2 * 

V - B* 

0.30 

-27.880581 

76.607256 

-356.87679 

104.488 

0.35 

-18.754895 

45.247713 

-189.46536 

64.003 

0.40 

-13.798835 

30.267080 

-116.36604 

44.066 

0.45 

-10.754975 

21.989482 

-78.87795 

32.744 

0.50 

-8.720205 

16.923690 

-57.33952 

25.644 

0.55 

-7.2740858 

13.582156 

-43.88245 

20.8563 

0.60 

-6.1979708 

11.248849 

-34.91869 

17.4468 

0.65 

-5.3681918 

9.5455096 

-28.64050 

14.9137 

0.70 

-4.7100370 

8.2571145 

-24.06266 

12.9672 

0.75 

-4.1759283 

7.2540135 

-20.61311 

11.4299 

0.80 

-3.7342254 

6.4541400 

-17.94190 

10.1884 

0.85 

-3.3631193 

5.8034061 

-15.82546 

9.1665 

0.90 

-3.0471143 

5.2649184 

-14.11557 

8.3120 

0.95 

-2.7749102 

4.8127607 

-12.71081 

7.5877 

1.00 

-2.5380814 

4.4282616 

-11.53985 

6.9663 

1.05 

-2.3302208 

4.0976659 

10.55133 

6.4279 

1.10 

-2.1463742 

3.8106421 

-9.70744 

5.9570 

1.15 

-1.9826492 

3.5592925 

-8.97985 

5.5419 

1.20 

-1.8359492 

3.3374893 

-8.34700 

5.1734 

1.25 

-1.7037784 

3.1404074 

-7.79217 


1.30 

-1.5841047 

2.9642040 

-7.30227 


1.35 

1.4752571 

2.8057826 

-6.86692 

4.2810 

1.40 

-1.3758479 

2.6626207 

-6.47777 

4.0385 

1.45 

-1.2847160 

2.5326459 

-6.12805 

3.8174 

1.50 

-1.2008832 

2.4141403 

-5.81225 

3.6150 

1.55 

-1.1235183 

2.3056683 

-5.52578 

3.4292 

1.60 

-1.0519115 

2.2060215 

-5.26485 

3.2579 

1.65 

-0.98545337 

2.1141772 

-5.02628 

3.0996 

1.70 

-0.92361639 

2.0292621 

-4.80738 

2.9529 

1.75 

-0.86594279 

1.9505276 

-4.60587 

2.8165 

1.80 

-0.81203328 

1.8773287 

-4.41980 

2.6894 

1.85 

-0.76153734 

1.8091057 

-4.24750 

2.5706 

1.90 

-0.71414733 

1.7453722 

-4.08753 

2.4595 

1.95 

-0.66959030 

1.6857016 

-3.93863 

2.3553 

2.00 

-0.62762535 

1.6297207 

-3.79972 

2.2573 

2.10 

-0.55063308 

1.5275444 

-3.54814 

2.0782 

2.20 

-0.48170997 

1.4366294 

-3.32647 

1.9183 

2.30 

-0.41967761 

1.3552188 

-3.12974 

1.7749 

2.40 

-0.36357566 

1.2819016 

-2.95401 

1.6455 


° R. B. Bird and E. L. Spotz, University of Wisconsin, CM-599 (1950). 
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TABLE I-B ( continued ) 


T* 

B* 

V 

B2 * 

ess 

2.50 

-0.31261340 

1.2155320 

-2.79614 


2.60 

-0.26613345 

1.1551691 

-2.65355 


2.70 

-0.22358626 

1.1000353 

-2.52416 


2.80 

-0.18450728 

1.0494802 

-2.40623 

1.2340 

2.90 

-0.14850215 

1.0029572 

-2.29831 


3.00 

-0.11523390 

0.9600031 

-2.19920 


3.10 

-0.08441245 

0.9202229 

-2.10785 


3.20 

-0.05578696 

0.8832774 

-2.02340 

0.93906 

3.30 

-0.02913997 

0.8488746 

-1.94511 

0.87802 

3.40 

-0.00428086 

0.8167606 

-1.87231 

0.82104 

3.50 

0.01895684 

0.7867145 

-1.80447 

0.76776 

3.60 

0.04072012 

0.7585430 

-1.74108 

0.71782 

3.70 

0.06113882 

0.7320758 

-1.68174 

0.67094 

3.80 

0.08032793 

0.7071630 

-1.62605 

0.62684 

3.90 

0.09839014 

0.6836715 

-1.57371 

0.58528 

4.00 

0.11541691 

0.6614830 

-1.52441 

0.54607 

4.10 

0.13149021 

0.6404922 

1.47789 

0.50900 

4.20 

0.14668372 

0.6206045 

-1.43394 

0.47392 

4.30 

0.16106381 

0.6017352 

-1.39234 

0.44067 

4.40 

0.17469039 

0.5838082 

-1.35291 

0.40912 

4.50 

0.18761774 

0.5667545 

-1.31548 

0.37914 

4.60 

0.19989511 

0.5505118 

1.27991 

0.35062 

4.70 

0.21156728 

0.5350237 

-1.24606 

0.32346 

4.80 

0.22267507 

0.5202387 

— 1.21381 

0.29756 

4.90 

0.23325577 

0.5061101 

-1.18305 

0.27285 

5.0 

0.24334351 

0.4925951 

-1.15367 

0.24925 

6.0 

0.32290437 

0.3839722 

-0.919393 

0.06107 

7.0 

0.37608846 

0.3082566 

-0.757930 

-0.06783 

8.0 

0.41343396 

0.2524801 

-0.639879 

-0.16095 

9.0 

0.44059784 

0.2097011 

-0.549792 

0.23090 

10.0 

0.46087529 

0.1758670 

-0.478779 

-0.28501 

20.0 

0.52537420 

0.0286638 

-0.170403 

0.49671 

30.0 

0.52692546 

-0.0174929 

-0.072012 

-0.54442 

40.0 

0.51857502 

-0.0393115 

-0.024109 

-0.55789 

50.0 

0.50836143 

-0.0516478 

0.003927 

-0.56001 

60.0 

0.49821261 

-0.0593621 

0.022147 

-0.55758 

70.0 

0.48865069 

-0.0645039 

0.034817 

-0.55316 

80.0 

0.47979009 

-0.0680819 

0.044056 

-0.54787 

90.0 

0.47161504 

-0.0706470 

0.051031 

-0.54226 

100.0 

0.46406948 

-0.0725244 

0.056441 

-0.53659 

200.0 

0.41143168 

-0.0775400 

0.077296 

-0.48897 

300.0 

0.38012787 

-0.0765245 

0.081397 

-0.45665 

400.0 

0.35835117 

-0.0747534 

0.082055 

-0.43310 
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TABLE I-C 

The Third Virial Coefficient and Its Derivatives for the 
Lennard-Jones (6-12) Potential 0 


T* = kT/e C* = C/V 

b 0 - JTT/Vo 3 c\* = T*(dC*/dT*) 

C 2 * = T*Hd 2 C*/dT* 2 ) 


r* 

C* 

<V 


0.70 

-3.37664 


-220. 

0.75 

-1.79197 

f Vi. 

-140. 

0.80 

-0.84953 

11.60 

-92.1 

0.85 

-0.27657 

7.561 

-62.1 

0.90 

+0.07650 

4.953 

-42.7 

0.95 

0.29509 

3.234 

-29.8 

1.00 

0.42966 

2.078 

-21.0 

1.05 

0.51080 

1.292 

-14.9 

1.10 

0.55762 

0.7507 

-10.6 

1.15 

0.58223 

0.3760 

-7.52 

1.20 

0.59240 

+0.1159 

-5.29 

1.25 

0.59326 

-0.0646 

-3.66 

1.30 

0.58815 

-0.1889 

-2.46 

1.35 

0.57933 

-0.2731 

-1.57 

1.40 

0.56831 

-0.3288 

-0.910 

1.45 

0.55611 

-0.3641 

-0.420 

1.50 

0.54339 

-0.3845 

-0.050 

1.55 

0.53059 

-0.3943 

+ 0.224 

1.60 

0.51803 

-0.3963 

0.427 

1.65 

0.50587 

-0.3929 

0.572 

1.70 

0.49425 

-0.3858 

0.680 

1.75 

0.48320 

-0.3759 

0.755 

1.80 

0.47277 

-0.3643 

0.806 

1.85 

0.46296 

-0.3516 

0.837 

1.90 

0.45376 

-0.3382 

0.854 

1.95 

0.44515 

-0.3245 

0.859 

2.00 

0.43710 

-0.3109 

0.856 

2.10 

0.42260 

-0.2840 

0.830 

2.20 

0.40999 

-0.2588 

0.794 

2.30 

0.39900 

-0.2355 

0.749 

2.40 

0.38943 

-0.2142 

0.700 

2.50 

0.38108 

-0.1950 

0.651 

2.60 

0.37378 

-0.1777 


2.70 

0.36737 

-0.1621 

0.557 

2.80 

0.36173 

-0.1482 

0.514 

2.90 

0.35675 

-0.1358 

0.473 


a R. B. Bird, E. L. Spotz, and J. 0. Hirschfelder. J. Chem. Phys., 18, 1395 (1950). 
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TABLE I-C ( continued ) 


T* 

C* 

Cl* 

c * 

C 2 

3.00 

0.35234 

-0.1247 

0.439 

3.10 

0.34842 

-0.1148 


3.20 

0.34491 

-0.1060 

0.369 

3.30 

0.34177 

-0.09826 

0.340 

3.40 

0.33894 

-0.09133 

0.313 

3.50 

0.33638 

-0.08510 

0.288 

3.60 

0.33407 

-0.07963 

0.266 

3.70 

0.33196 

-0.07462 

0.246 

3.80 

0.33002 

-0.07024 

0.227 

3.90 

0.32825 

-0.06634 

0.210 

4.00 

0.32662 

-0.06286 

0.194 

4.10 

0.32510 

-0.05989 

0.183 

4.20 

0.32369 

-0.05709 

0.169 

4.30 

0.32238 

-0.05458 

0.156 

4.40 

0.32115 

-0.05237 

0.145 

4.50 

0.32000 

-0.05040 

0.134 

4.60 

0.31891 

-0.04865 

0.125 

4.70 

0.31788 

-0.04712 

0.116 

4.80 

0.31690 

-0.04579 

0.108 

4.90 

0.31596 

-0.04461 

0.100 

5.0 

0.31508 

-0.04359 

0.0934 

6.0 

0.30771 

-0.03893 

0.0449 


0.30166 

-0.03989 

0.0258 

8.0 

0.29618 

-0.04231 

0.0192 

9.0 

0.29103 

-0.04529 

0.0183 

10.0 

0.28610 

-0.04825 

0.0199 

20.0 

0.24643 

-0.06437 

0.0502 

30.0 

0.21954 

-0.06753 

0.0654 

40.0 

0.20012 

-0.06714 


50.0 

0.18529 

-0.06566 

0.0742 

60.0 

0.17347 

-0.06388 

0.0750 

70.0 

0.16376 

-0.06203 

0.0748 

80.0 

0.15560 

-0.06025 

0.0741 

90.0 

0.14860 

-0.05857 

0.0732 

100.0 

0.14251 

-0.05700 

0.0722 


0.10679 

-0.04599 

0.0619 


0.08943 

-0.03970 

0.0547 


0.07862 

-0.03551 

0.0496 
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TABLE I-D 

The Function A ( T *) for Estimating Third Virial Coefficients 

for Gaseous Mixtures® 


< c «») L.J. = (C M *)s.w. 


T * 

AIT *) 

r* 

A ( T *) 

1.00 

0.71099 

3.50 

0.86275 

1.05 

0.74603 

3.60 

0.86259 

1.10 

0.76746 

3.70 

0.86233 

1.15 

0.78196 

3.80 

0.86198 

1.20 

0.79246 

3.90 

0.86157 

1.25 

0.80047 

4.00 

0.86109 

1.30 

0.80684 

4.10 

0.86055 

1.35 

0.81206 

4.20 

0.85996 

1.40 

0.81649 

4.30 

0.85931 

1.45 

0.82032 

4.40 

0.85863 

1.50 

0.82369 

4.50 

0.85792 

1.55 

0.82671 

4.60 

0.85717 

1.60 

0.82947 

4.70 

0.85640 

1.65 

0.83199 

4.80 

0.85560 

1.70 

0.83432 

4.90 

0.85478 

1.75 

0.83648 

5.00 

0.85394 

1.80 

0.83851 

6.00 

0.84502 

1.85 

0.84041 

7.00 

0.83580 

1.90 

0.84219 

8.00 

0.82692 

1.95 

0.84388 

9.00 

0.81857 

2.00 

0.84545 

10.0 

0.81075 

2.10 

0.84834 

20.0 

0.75449 

2.20 

0.85091 

30.0 

0.71957 

2.30 

0.85315 

40.0 

0.69443 

2.40 

0.85510 

50.0 

0.67488 

2.50 

0.85678 

60.0 

0.65893 

2.60 

0.85823 

70.0 

0.64549 

2.70 

0.85944 

80.0 

0.63391 

2.80 

0.86043 

90.0 

0.62374 

2.90 

0.86123 

100.0 

0.61468 

3.00 

0.86185 

200.0 

0.55663 

3.10 

0.86231 

300.0 

0.52415 

3.20 

0.86261 

400.0 

0.50186 

3.30 

0.86278 



3.40 

0.86283 




a R. B. Bird, E. L. Spotz. and J. O. Hirschfeldcr, J . Chem . Phys ., 18, 1395 (1950). 


LENNARD-JONES (6-12) POTENTIAL 


1119 


TABLE I-E 

Expansion Coefficients for the Second and Third Virial Coefficients 
(and the Quantum Deviations of the Second Virial Coefficient) for 
the Lennard-Jones (6-12) Potential 0 

The second virial coefficient (including quantum corrections): 

B* = B c i* + A * 2 B,* + A*«B„* + * • • 

b c1 * = I 6 '» r *- (3+6i >/* 2 

i-o 

i-o 

B tl * - 2 btf r* 
i-o 

The (classical) third virial coefficient: 


C c i*= 2 
i-o 


J 




c (» 

J 


H 

+ 1.7330010 

8.297 

(-2) 

-2.630 

(-3) 

+ 1.729 

21 

-9.2768372 (-9) 

Kfl 

-2.5636934 

6.11 

(-2) 

-9.037 

(-3) 

-3.203 

22 

-2.6673193 (-9) 

2 

-8.6650050 (-1) 

7.65 

(-2) 

-2.549 

(-2) 

+ 1.519 

23 

-7.5168046 (-10) 

3 

-4.2728224 (-1) 

6.79 

(-2) 

-1.494 

(-2) 

+ 0.958 

24 

-2.0778030 (-10) 

4 

-2.1662512 (-1) 

5.903 

(-2) 

-1.40 

(-2) 

+ 0.429 

25 

-5.6376036 (-11) 

5 

-1.0682056 (-1) 

3.362 

(-2) 

-1.12 

(-2) 

+ 0.059 

26 

-1.5024114 (-11) 

D 

-5.0545862 (-2) 

2.01 

(-2) 

-6.26 

(-3) 

-0.140 

27 

-3.9350796 (-12) 

H 

-2.2890120 (-2) 

1.10 

(-2) 

-5.02 

(-3) 

-0.210 

28 

-1.0135315 (-12) 

U 

-9.9286513 (-3) 

5.66 

(-3) 

-2.941 

(-3) 

-0.205 

29 

-2.5684633 (-13) 

H 

-4.1329383 (-3) 

2.692 

(-3) 

-1.584 

(-3) 

-0.168 

30 

-6.4073832 (-14) 

10 

-1.6547753 (-3) 

1.237 

(-3) 

-8.03 

(-4) 

-0.123 

31 

-1.5742194 (-14) 

11 

-6.3872683 (-4) 

5.39 

(-3) 

-3.839 

(-4) 

-0.084 

32 

-3.8108431 (-15) 

12 

-2.3818733 (-4) 

2.234 

(-3) 

-1.74 

(-4) 

-0.059 

33 

-9.0935023 (-16) 

13 

-8.5982461 (-5) 

8.90 

(-4) 

-7.53 

(-5) 

-0.035 

34 

-2.1397782 (-16) 

14 

-3.0100597 (-5) 





-0.020 

35 

-4.9670392 (-17) 

15 

-1.0236007 (-5) 





-0.011 

36 

-1.1378186 (-17) 

16 

-3.3872440 (-6) 





-0.006 

37 

-2.5730157 (-18) 

17 

-1.0913390 (-6) 





-0.004 

38 

-5.7457408 (-19) 

18 

-3.4305829 (-7) 






39 

-1.2674099 (-19) 

19 

-1.0530464 (-7) 






40 

-2.7623753 (-20) 

20 

-3.1597475 (-8) 









a The quantities tabulated here come from the following sources: 

b {i) : R. B. Bird and E. L. Spotz, University of Wisconsin CM-599 (1950). 
b\ j) , b\j } : J. de Boer, Doctoral Dissertation. Amsterdam (1940), p. 36. 

T. Kihara. J. Phys. Soc. Japan, 6. 184 (1951). 

Note: Numbers in parentheses indicate the power of 10 by which the corresponding entry 
is to be multiplied. 
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APPENDIX 


TABLE I-F 


Phase Shifts for He 4 as Calculated from the 
Lennard-Jones (6-12) Potential* 1 


KO 

/= 0 

1=2 

1 = 4 

1=6 

0.25 

1.180 




0.50 

0.850 

0.010 



0.75 

0.510 

0.050 



1.00 

0.205 




1.50 

-0.355 

PM 



2.00 

-0.890 




2.50 

-1.410 

«*! •» aJlffli 

0.205 

0.012 

3.00 

-1.913 

0.105 

0.325 

0.055 

3.50 

Bssstm 

-0.220 

0.385 

0.113 

4.00 


-0.550 

0.375 

0.182 


a Taken from J. de Boer and A. Michels, Physica, 6. 409 (1939). 
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TABLE I-G 


Phase Shifts (ko) for He 3 , as Calculated from the 
Lennard-Jones (6-12) Potential 0 


KO 

m 


IS 

/= 7 

/ = 9 1 1 = 11 

;=n 

/= 15 

/= 17 

/= 19 

jf,ri 

0.00 











0.03 











0.20 











0.54 

0.01 









0.8 

0.88 

0.04 

0.01 








1.0 

1.08 

0.11 

0.01 








1.2 

1.08 

0.22 

0.03 

0.01 







1.4 

0.92 

0.39 

0.05 

0.01 







1.6 

0.65 

0.65 

0.10 

0.02 

0.01 






1.8 

0.30 

0.98 

0.17 

0.04 

0.01 






2.0 

-0.09 

1.32 

0.26 

0.05 


0.01 





2.2 

-0.51 

1.66 

0.40 

0.08 

ESI 

0.01 

0.01 




2.4 

-0.95 

1.97 

0.55 

0.11 

0.04 

0.02 

0.01 

0.01 



2.6 

-1.40 

2.18 

0.73 

0.15 


0.03 

0.01 

0.01 

0.01 


2.8 

-1.87 

2.29 

0.94 

0.21 

0.08 

0.04 


0.01 

0.01 


3.0 

-2.34 

2.23 

1.18 

0.27 

0.10 

0.05 

■nRJ 

0.01 

0.01 

0.01 

3.2 

-2.82 

2.06 

1.48 

0.35 

0.13 

0.06 


0.02 

0.01 

0.01 

3.4 

-3.29 

1.82 

1.86 

0.44 

0.17 

0.08 

0.04 

0.02 

0.01 

0.01 

3.6 

-3.77 

1.53 

2.25 

0.55 

0.21 


0.05 

0.03 

IS] 

0.01 

3.8 

-4.24 

1.21 

2.64 

0.68 

0.26 

0.12 

0.06 

0.03 


0.01 

4.0 

-4.72 

0.82 

3.00 

0.82 

0.32 

0.15 

ESI 

0.04 

0.03 

0.02 

kO 

/ = 0 

/= 2 

/= 4 

/=6 



/= 12 

/= 14 

/= 16 

w 


0.00 










0.2 

0.34 










0.4 

0.39 










0.6 

0.27 

0.02 









0.8 

0.11 

0.10 

0.02 








1.0 

-0.07 


0.04 

0.01 







1.2 

-0.26 


0.09 

K 







1.4 

-0.46 

0.93 

0.18 

l£a 

0.01 






1.6 

-0.66 

1.27 

0.29 

0.05 

E53 

0.01 





1.8 


1.56 

0.44 

0.08 

EG3 

0.01 

0.01 




2.0 

-1.05 

1.66 

0.62 

0.12 

0.03 

0.02 

0.01 




2.2 

-1.25 

1.55 

0.86 

0.18 

0.04 

0.02 





2.4 

-1.44 

1.29 

1.13 


0.06 

0.03 

0.02 

0.01 



2.6 

-1.63 

0.92 

1.44 


0.09 

0.04 

0.02 

0.01 



2.8 

-1.81 

0.49 

1.77 

0.43 

0.12 

0.05 

0.03 

|El 



3.0 

-1.99 

0.02 

2.11 

0.55 

0.16 

0.06 

0.03 

Isa 

0.01 


3.2 

-2.17 

-0.46 

2.45 

0.70 

0.21 

teoToil 

0.04 

0.03 

0.01 


3.4 

-2.34 

-0.96 

2.78 

0.87 

0.27 

0.11 

0.05 

0.03 

0.02 


3.6 

-2.51 

-1.48 

3.02 

1.07 

0.34 

0.14 

0.07 

0.04 

0.02 

0.01 

3.8 

2.67 

-2.00 

3.13 

1.30 

0.41 

0.18 

0.09 

0.04 

0.03 

ESI 

4.0 

-2.83 

-2.53 

3.09 

1.54 

0.49 

0.21 

0.11 

0.05 

0.03 

tu 


a Taken from J. de Boer, J. van Kranendonk, and K. Compaan, Phvsica , 16, 545 (1950). 
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APPENDIX 


TABLE I-H 

The Compressibility Factor pV/NkT Based on the 
Lennard-Jones-Devonshire (3-shell) Model 0 

T* = kT/c v* = v / o 3 = (a/ct) 3 /\/ 2 = a* 3 /\/ 2 


XI “ 

D 

1.0 

1.2 

1.4 

1.5 

a 

1.8 

D 

2.2 

0.70 

215.9 

117.27 

64.01 


2.358 

-0.8136 

-2.642 

-3.738 

p wm 

-3.066 

0.75 

202.2 

109.97 

60.26 

17.142 

2.695 

-0.3818 

-1.999 

— 3.059 

— 2 948 

0.80 

190.2 

103.57 

56.97 

16.528 

2.987 

4-0.0812 

-1.442 

-2.472 

-2.413 

— 2 Oft? 

0.85 

179.6 

97.92 

54.07 

15.984 

3.240 

0.4862 

-0.955 

-1.960 

-1.947 

— I Ml 

0.90 

170.13 

92.92 

51.49 

15.500 

3.462 

0.8429 

-0.5276 

—1.511 

1—1 

1.034 

— I TQA 

0.95 

161.66 

88.40 

49.18 

15.065 

3.657 

1.1593 

-0.1491 

-1.113 

‘-JniiTi 

1 .*tO 
-*0 97 RQ 

1.00 

154.02 

84.35 

47.10 

14.672 

3.830 

1.4411 

+ 0.1881 

-0.759 

dTTTlj 

w.T/oy 
— o M M 

1.05 

147.10 

80.68 

45.21 

14.316 

3.886 

1.6935 

0.4897 

-0.443 


v.OVo | 

— 0 4427 

1.1 

140.80 

77.355 

43.50 

13.991 

4.018 

1.9205 

0.7608 

-0.1585 

-0.3030 

— 0 191 

1.2 

129.74 

71.525 

40.50 

13.419 

4.245 

2.311 

1.2272 

+ 0.3309 

+ 0.1444 

V. 171 

1.3 

120.38 

66 593 

37.953 

12.932 

4.432 

2.634 

1.6128 

0.7357 

0.5151 

r V.4UJ 

0 S2R 

1.4 

111.33 

62.365 

35.768 

12.510 

4.587 

2.904 

1.9355 

1.0750 

0.8262 

0 803 

1.6 

99.23 

55.492 

32.205 

11.816 

4.826 

3.326 

2.4417 

1.6086 

1.3168 

V.WJ 

1 234 

1.8 

89.03 

50.142 

28.521 

11.266 

4.998 

3.636 

2.8163 

2.0054 

1.7135 

1 557 

2.0 

80.866 

45.856 

27.258 

10.817 

5.123 

3.870 

3.1010 

2.3090 

1.9919 

• j f 

1 807 

2.5 

66.149 

38.120 

22.172 

9.885 

5.310 

4.248 

3.570 

2.816 

2.460 

2 230 

3.0 

56.330 

33.020 

20.435 

9.284 

5.395 

4.458 

3.841 

3.149 

2.741 

2 4K6 

3.5 

49.300 

29.262 

18.468 

8.838 

5.427 

4.579 

4.006 

3.336 

2.922 

2 651 

4 

44.015 

26.438 

16.982 

8.488 

5.430 

4.648 

4.110 

3.457 

3.043 

2 766 

5 

36.676 

22.471 

14.809 

7.963 

5.393 

4.705 

4.253 

3.595 

3.185 

2 901 

7 

28.074 

17.897 

12.312 

7.281 

5.259 

4.720 

4.283 

3.684 

3.290 

3.009 

10 

21.584 

14.307 

10.373 

6.659 

5.087 

4.591 

4.212 

3.673 

3.305 

3 035 

20 

13.735 

9.998 

7.866 

5.688 

4.576 

4.211 

3.920 

3.486 

3.175 

2.942 

50 

8.717 

6.969 

5.910 

4.624 

3.905 

3.652 

3.444 

3.122 

2.885 

2 702 

100 

6.733 

5.630 

4.902 

4.000 

3.462 

3.267 

3.104 

2.849 

2.657 

2 499 

400 

4.476 

3.962 

3.592 

3.096 

2.777 

2.655 

2.543 

2.319 

2.082 

1.856 


gjg 

2.4 

2.5 

2.6 

D 

3.0 

D 

4.0 

5.0 

6.0 


-2.535 


EH 

-1.760 

-1.486 

-1.0215 

-0.7382 


-0.1841 

0.75 


-1.877 

1 

-1.402 

1.165 

• 0.7626 

-0.5168 


-0.0329 


-1.667 

-1.501 

-1.349 

-1091 

-0.885 

-0 5366 

-0.3234 


+ 0.0990 

0.85 

-1.315 

-1.172 


-0.817 

-0.6395 

-0.3376 

-0.1531 

Eirm 

0.2149 


-1.004 

-0 8808 

-0.7681 

-0.575 

-0.4219 

-0.1613 

• 0.0021 

0.1924 

0.3173 


-0.729 

-06232 

-0.5265 

-0.360 

-0.2282 

b 

+ 0.1329 

0.3009 

0.4084 

1.00 

-0.483 

-0.3932 

-0.3105 

-0.168 

-0 0547 

40.1371 

0.2541 

0.3985 

0.4897 

1.05 

-0.2624 

-0 1865 

-0.1162 

+ 0.005 

40.1015 

0 2645 

0.3634 

0.4865 

0.5676 

l.l 

-0.0634 

4 0.0002 

4 0 0590 

0.161 

0.2427 

0.3798 

0.4626 

0.5664 

0.6282 

1.2 

+ 0.2803 

0.3222 

0.3623 

0.432 

0.4880 

0 5804 

0.6353 

0.7057 

0.7411 

1.3 

0.5663 


0.6151 

0.659 

0.6933 

0.7489 

0.7806 

0.8230 

0.8340 

1.4 

0.8067 

0.8173 

0.8287 

0.850 

0.8673 

0.8922 

0.9044 

0.9230 

0.9113 

1.6 

1.1887 

1.177 

1.1684 

1.156 

1.1453 

1.122 

1.1035 

1.084 

1.030 

1.8 

1.476 

1.448 

1.425 

1.387 

1.357 

1.297 

1.256 

1.207 

1.115 

2.0 

1.698 

1.658 

1.624 

1.568 

1 522 

1.435 

1.376 

1.304 

1.161 

2.5 

2.077 

2.017 

1.965 

1.878 

1.806 

1.675 

1.586 

1.471 

1.266 

3.0 

2.310 

2.238 

2.176 

2.070 

1.985 

1.826 

1.719 

1.571 


3.5 

2.461 

2.383 

2.314 

2.198 

2.104 

1.928 

1.810 

1.633 


4 

2.565 

2.483 

2.410 

2.287 

2.187 

2.001 

1.874 

1.670 

H W ' i ■ 

5 

2.691 

2.605 

2.529 

2.398 

2.291' 

2.093 

1.957 

1.700 


7 

2.797 

2.708 

2.630 

2.495 

2.385 

2.178 

2.031 

1.682 

■irjs 

10 

2.829 

2.743 

2.666 

2.534 

2.424 

2.217 

2.048 

1.606 


20 

2.760 

2.683 

2.614 

2.494 

2.394 

2.166 

1.901 

1.402 

1.128 

50 

2.556 

2.492 

2.431 

2.308 

2.178 

1.829 

I.S3I 

1.191 

1.056 

100 

2.348 

2.270 

2.188 

2.020 

1.856 

1.520 

1.305 

1.101 

1.029 

400 

1.661 

1.579 

1.506 

1.387 

1.296 

1.156 

1.085 

1.026 

1.007 


R. H. Weniorf. R. J. Buehler. J. O. Hirschfelder. and C. F. Curtiss. J . Chem . Phys .. 18. 1484 (1950). 
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TABLE I-J 

The Reduced Internal Energy of Gas Imperfection, U'/Ne, Based 
on the Lennard-Jones-Devonshire (3-shell) Model® 


'• 

0.8 

0.9 

1.0 

1.2 

1.4 

1.5 

1.6 

1.8 

2.0 

2.2 

0.70 

0.75 

14.94 

2.375 

-3.590 

-7.374 

-7.505 

-7.177 

-6.785 

-5.947 

-5.220 

-4.638 

15.05 

2.451 

-3.517 

-7.284 

-7.446 

-7.137 

-6.735 

- 5.906 

-5.189 

-4.612 

0 80 

15.16 

2.525 

-3.444 

K. 1 

-7.387 

-7.084 

-6 686 

-5.866 

-5.157 

-4.587 

0.85 

0.90 

15.26 

2.598 

-3.372 

-7.156 

-7.329 

-7.032 

-6.637 

-5.827 

-5.126 

-4.562 

15.36 

2.675 

-3.300 

-7.093 

-7.271 

-6.979 

-6.509 

-5.788 

-5.095 

-4.537 

0.9$ 

15.45 

2.742 

-3.228 

-7.030 

-7.214 

-6.927 

-6.541 

-5.749 

-5.064 

-4.512 

1.00 

15.54 

2.814 

-3.157 

-6.967 

-7.157 

-6.876 

- 6.494 

-5.710 

-5.033 

-4.487 

1.05 

15.63 

2.885 

- 3.086 

-6.904 

-7.120 

-6.825 

-6.447 

-5.672 

- 5.002 

-4.462 

l.l 

15.71 

2.957 

-3.015 

-6 841 

-7.066 

-6.774 

-6.400 

-5.634 

-4.972 

-4.435 

1.2 

15.88 

3.100 

-2.874 

-6.717 

-6.958 

-6.673 

-6.308 

-5.559 

-4.912 

-4.385 

1.3 

16.04 

3.244 

-2.734 

-6.593 

-6.851 

-6.573 

-6.217 

-5.485 

-4.852 

-4.336 

1.4 

1.6 

1.8 

16.19 

16.49 

16.79 

3.387 

3.674 

3.958 

-2.596 
-2.323 
- 2.015 

1 1 1 

’<£> KJ * 

SS3 

-6.745 
-6 536 

-6.475 
— 6 282 

-6.127 
— 5 951 

-5.412 

-5.269 

-5.129 

-4.792 

-4.675 

-4.286 

-4.188 

-4.090 

-6.331 

-6 093 

-5.779 

-4.553 

2.0 

2.5 

17.08 

4.240 

-1.758 

-5.749 

-6.129 

-5.908 

-5.611 

-4.991 

-4.438 

-3.994 

17.80 

4.934 

-1.120 

5.217 

-5.638 

-5.459 


-4.656 

-4.158 

-3.755 

3.0 

18.52 

5.666 

-0.4897 

-4.668 

-5.165 

-5.028 


-4.317 

-3.886 

-3.520 

3.5 

19.23 

6.310 

4 0.1330 

-4.130 

-4.707 

-4 612 


-4 002 

- 3.618 

-3.289 

4 

19.92 

6.949 

0.7476 

-3.602 

-4.262 

- 4.207 


-3.964 

-3.356 

-3.061 

5 

21.38 

8.214 

1.876 

-2.576 

-3.405 

-3.428 

-3.324 

-3 097 

-2.845 

-2.613 

7 

23.95 

10.687 

4.124 

-0.6285 

-1.792 

- 1.912 

- 1.982 

- 1.961 

- 1.861 

-1.745 

10 

27.73 

14.05 

7.372 

t 2.095 

+ 0.5218 

+ 0.1349 

-0.1051 

-0.3553 

0.4584 

-0.4962 

20 

39.08 

24.79 

17.21 

10.28 

7.150 

6.213 

+ 5.503 

+ 4 504 

+ 3.841 

+ 3.375 

50 

69.86 

52.31 

42.11 

30.14 

23.75 

21.55 

19.78 

17.08 

15.13 

13.66 

100 

114.29 

91.08 

76.05 

57.82 

47.18 

43.36 

40 21 

35.30 

31.65 

28.64 

400 

311.2 

264.5 

231.2 

186.7 

158.3 

147.4 

137.45 

117.14 

95.25 

74.18 


T \ 

2.4 

2.5 

a 

E3 

3.0 

O 

4.0 

5.0 

6.0 

0.70 

-4.177 

-3.984 

-3.810 

-3.5129 

-3.2666 

-2.7997 

-2.4644 

-2.0005 

-1.6861 

0.75 

-4.156 

-3.964 

-3.792 

-3.4968 

-3 2517 

-2.7862 

-2.4514 

- 1.9878 

- 1.6738 


-4.135 

-3.945 

-3.774 

- 3.4807 

3.2368 

-2.7729 

-2.4386 

- 1.9756 

- 1.6620 


-4.114 

- 3.926 

-3.756 

- 3.4656 

-3.2219 

-2.7596 

-2.4260 

- 1.9636 

- 1.6506 

IR&9 

-4.093 

-3.966 

-3.738 

-3.4484 

-3.2070 

-2.7464 

-2.4136 

-1.9519 

-1.6396 


-4.072 

-3.887 

-3.720 

-3.4321 

-3.1920 

-2.7)32 

-2.4013 

- 1.9404 

- 1.6290 

1.00 

-4.051 

-3.868 

-3.702 

-3.4158 

-3.1770 

-2.7201 

-2.3891 

- 1.9292 

-1.6188 

1.05 

-4.030 

- 3.848 

- 3.684 

-3.3994 

-3.162 

- 2.7070 

-2.3770 

- 1.9181 

-1.6088 

l.l 

ill 

-3.828 

-3.665 

- 3.3830 

-3.1469 

-2.6940 

-2.3649 

-1.9071 

-1.5992 

1.2 

- 3.967 

-3.789 

-3.629 

-3.3501 

-3.1168 

- 2.6679 

-2.3410 

-1.8856 


1.3 

-3.925 

-3.750 

-3.592 

-3.3171 

07.. 'I 

-2.6418 

— 2.3173 

-1.8645 

— 1.5632 

1.4 

-3.883 

-3.711 

-3.555 

-3.2840 

-3.0561 

-2.6158 

-2.2937 

-1.8436 

-1.5466 

1.6 

-3.799 

-3.632 

-3.481 

-3.2174 

-2.9951 

-2.5636 

-2.2467 

- 1.8027 

-1.5159 

1.8 

-3.715 

-3.553 

-3.407 


-2.9338 

-2.5113 

-2.1998 

-1.7623 

-1.4882 

2.0 

-3.631 

-3.475 

-3.333 

-3.0835 

-2.8722 

-2.4589 

-2.1530 

-1.7226 

-1.4631 

2.5 

-3.423 

-3.279 

-3.147 


-2.7177 

-2.3270 

-2.0359 

-1.6255 

-1.4099 

3 

-3.216 

-3.084 

-2.903 

Pi Wf 1 

-2.5628 

-2.1953 

-1.9186 

-1.5325 

-1.3674 

3.5 

-3.012 

-2.891 

- 2.779 


-2 4078 

-2.0630 

-1.8010 

-1.4446 

- 1.3330 

4 

-2.810 

-2.699 

-2.596 

P itli 1 

-2.2532 

-1.9306 

-1.6834 

-1.3623 

-1.3045 

5 

— 2.411 

-2.320 

-2.235 


-1.9451 

-1.6660 

-1.4485 

-1.2153 

-1.2606 

7 

-1.631 

-1.577 

- 1.524 

-1.4261 

- 1.3358 

-1.1399 

-0.9874 

-0.9839 

-1.2036 

10 

-0.5013 

-0.4968 

-0 489 

-0.4670 

- 0.4396 

-0.3641 

-0.3456 

-0.7479 

-1.1556 

20 

+ 3.033 

+ 2.895 

•4 2.774 

+ 2.5735 

- 2.4091 

+ 1.9559 

+ 1.1918 

-0.3793 

-1.0931 

50 

12.51 

12.00 

11.50 

10.457 

9.263 

5.879 

2.9761 

-0.0967 

-1.0520 

100 

25.66 

24.06 

22.36 

18.81 

15.321 

8.208 

3.804 

+ 0.00948 

-1.0376 

400 

56.17 

48.57 

41.88 

30.99 

22.834 

10.470 

4.5205 

0.09335 

-1.0266 


R. H. Wcntorf. R. J. Buehlcr. J. O. Hirschfelder. and C. F. Curiiss. J . Chem . Phyt .. 18. 1484 (1950). 
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APPENDIX 


TABLE I-K 


The Reduced Heat Capacity of Gas Imperfection, C 9 '/Nk , Based 
on THE Lennard-Jones-Devonshire (3-Shell) Model 0 


» 'v 

0.8 

0.9 

1.0 

1.2 

1.4 

I.S 

1.6 

1.8 

2.0 

2.2 


2.17 

1.494 

1.452 


1.177 

0.934 

0.989 

0.804 


0.504 

0.503 

0.502 

0.501 

0.500 

0.500 

0.500 

0.500 

0.497 

0.495 

0.493 

0.489 

0.485 

0.482 

0.473 

0.466 

0.460 

0.454 

0.443 

0.427 

0.410 

0.376 

0.327 

0.278 


2.07 

1.466 

1.447 

1.272 

1.168 

I.0S4 

0.980 

0.795 


1.99 

1.450 

1.442 

1.268 

1.159 

1.047 

0.971 

0.787 



1.92 

1.443 

1.438 

1.265 

1.150 

1.041 

0.961 

0.780 



1.85 

1.440 

1.432 


1.142 

1.034 

0.953 

0.773 

I.UU 

1.79 

1.435 

1.425 

1.258 

1.120 

1.028 

0.946 


0.614 

1.05 

1.74 

1.435 

1.421 

1.254 

1-100 

1.022 

0.937 


0.610 

1.1 

1.69 

1.435 

1.416 

1.250 

1.080 

1.015 

0.930 


0.607 

1.2 

1.3 

1.617 

1.435 

1.402 


1.073 

1.002 

0.916 


0.602 

1.567 

1.435 

1.390 

1.234 | 

1.065 

0 990 

0.903 


0.596 

1.4 

1.529 

1.430 

1.380 

1.226 

1 060 

0.977 

0.891 

0.726 

0.591 

1.6 

1.493 

1.427 

• 1.345 

1.210 

1.037 

0.956 

0.869 

0.710 

0.590 

1.8 

1.470 

1.417 

1.310 

1.194 

1.019 

0.935 

0.850 

0.696 

0.580 

2.0 

2.5 

1.460 

1.404 

1.283 

1.150 

1 000 

0.918 

0.833 

0.684 

0.568 

1.440 

1.391 

1.268 

1.096 

0.964 

0.879 

0.798 

0.674 

0.553 

3.0 

1.422 

1.376 

1.253 

1.087 

0.931 

0.848 

0.770 

0.654 

0.540 

3.5 

1.415 

1.283 

1.237 

1.067 

0.903 

0.821 

0.746 

0.623 

0.529 

4 

1.410 

1.274 

1.196 

1.046 

0.879 

0.799 

0.738 

0.610 

0.520 

5 

1.400 

1.256 

1.127 

1 008 

0.840 

0.772 

0.719 

0.587 

0.505 

7 

1.275 

1.190 

1.108 

0.947 

0.792 

0.728 

0.653 

0.555 

0 487 

10 

20 

50 

1.231 

1.110 

1 060 

0.887 

0.746 

0.665 

0.611 

0.524 


1.108 

0.974 

1.035 

0.864 

0.946 

0.773 

0.779 

0.621 

0.635 

0.521 

0.584 

0.483 

0.540 

0.451 

0.469 

0.399 


100 

0.855 

1 

0.747 

0.656 

0.536 

0.455 

0.423 

0.397 

0.351 

0.313 


-:-i_:____ l _ 


T • 

*•> 

D 

D 

a 

13 

3.0 

3.5 

m 

5.0 

6.0 

0.75 

0.417 

0.385 

0.359 

0.321 

0.297 


0.258 

0.249 

0 241 


0.418 

0.386 

0.360 

0.323 

0.298 


0.254 

0.242 

0,232 

0.85 


0.387 

0.362 

0.324 

0.298 

■ W 1 M 

0.250 

0.237 

0 223 

0.90 

0.419 

0.388 

0.363 

0.325 

0.299 

0.264 

0.247 

0.232 

0.216 

0.95 


0 389 

0.364 

0.326 

0.300 

0.262 

0.245 

0.227 

0.209 

1.00 

0.420 

0.390 

0.365 

0.327 

0.300 

0.262 

0.243 

0.224 

0.202 


.05 

0.421 

0.391 

0.366 

0.328 

0.301 

0262 

0.241 

0.220 

0.196 


.1 

0.421 

0.391 

0.366 

0.328 

0.302 

0.261 

0.240 

0.218 

0.190 


.2 

0.421 

0 392 

0.368 

0.330 

0.303 

0.261 

0.238 

0.213 

0.180 


.3 

0.421 

0.393 

0.369 

0.331 

0 304 

0.261 

0.237 

0.210 

0.170 


.4 

0.421 

0.393 

0.369 

0332 

0.304 

0.261 

0.236 

0.207 

0.162 


.6 

0.420 

0.393 

0.370 

0.333 

0.306 

0.261 

0.235 

0.203 

0.146 


.8 


0.393 

0.371 

0335 

0.307 

0.262 

0.234 

0.200 

0.132 

2.0 

■y?iM 

0.393 

0.371 

0.335 

0.308 

0.262 

0.234 

0.198 

0.120 

2.5 

0415 

0.391 

0.370 

0.336 

0.309 

0.263 

0.234 

0.190 

0.0957 

3.0 

0.410 

0.388 

0.368 

0.336 

0.310 

0.264 

0.235 

0.181 

0.0770 

3.5 

0.406 

0.385 

0.366 

0.335 

0.310 

0.265 

0.235 

0.170 

0.0629 

4 


0.403 

0.382 

0.364 

0.333 

0.309 

0.265 

0.235 

0.159 

0.0525 

5 


0.396 

0.377 

0.360 

0.330 

0.307 

0.264 

0.233 

0.137 

0.0388 

7 


0.384 

0 367 

0.351 

0.324 

0.302 

0.261 

0.224 

0.101 

0.0235 

10 


0.371 

0.355 

0.341 

0.316 

0.296 

0.252 

0.200 

0.Q69 

0.0138 

20 


0.344 

0.330 

0.317 

0.294 

0.271 

0.207 

0.130 


0.0050 

50 


0.296 

0.280 

0.263 

0.227 

0.188 

0.099 

0.0434 


0.00097 

100 


0240 

0.218 

0.195 

0.149 

0.107 

0.WI 

0.0145 

0.0019 

0.00025 


“ R H Wemorf. R. J. Buchlcr. J. O. Hinchfeldcr. and C. F. Curtiss. J. Chem. Phvs.. 18. 1484 (1950). 












































LENNARD-JONES (6-12) POTENTIAL 


TABLE I-L 


The Reduced Entropy of Gas Imperfection, S '/ Nk , Based on the 
Lennard-Jones-Devonshire (3-Shell) Model** 







8.816 

8.643 

8.491 

8.359 

8.239 

8.132 

8.036 

•7.948 

-7.866 

•7.723 

■7.5965 

7.4834 

7.2854 

7.1145 

6.9628 

6.6442 

6.3855 

6.1697 

5.9854 

5.6719 

5.2402 

4.7916 

3.9568 

3.0070 

2.3994 

1.4539 


•7.7406 

7.6333 

7.5360 

7.4465 
7.3612 
7.2852 
7.2116 

•7.1417 

7.0752 

6.9488 

6.8372 

6.7317 

6.5422 

6.3759 

6.2284 

5.9209 

5.6645 

5.4465 
5.2962 
5.0146 
4.5988 
4.1602 
3.4121 
2.5594 
2.0251 
1.1926 


7.0399 

6.9413 

6.8490 

6.7627 

6.6814 

6.6047 

6.5322 

6.4634 

6.3979 

6.2763 

6.1652 

6.0632 

5.8813 

5.7108 

5.5756 

5.2917 

5.0623 

4.8707 

4.7068 

4.4138 

4.0361 

3.6502 

2.9641 

2.2027 

1.7277 

0.9841 



5.3600 

5.2989 


5.1327 

5.0338 

49428 


4.6390 
4.5140 
4.2383 
4.0386 
3.8729 
3.7320 
3.5032 
3.1757 
2.8508 
2.2900 
1.6735 
1.2864 
0 6703 


7 
3 
7 
2 
•3 

4.4674 
4.4091 
4.3340 
4.2838 
4.1904 
4.1050 
4.0266 
3.8873 
3.7664 
3.6602 
3.4413 
3.2688 
3.1277 
3.0088 
2.8175 
2.5456 
2.2792 
1 8159 
1.3014 
0.9738 
0.4437 


4.3804 
4.2865 
4.2185 
4.1549 
4.0953 
4.0393 
3.9865 
3.9366 
3.8893 
3.8018 
3.7221 
3 6493 
3.5205 
34092 
3.3117 
3.1116 
2.9544 
2.8259 
2.7179 
2.5439 
2.2976 
2.0538 


3.1761 
3.1281 
3.0834 
3.0414 
3.0020 
2.9647 
2.9295 
2.8643 
2.8051 
2.7511 
2.6553 
2.5727 
2 5000 
2.3504 
2.2339 
2.1369 
2.0545 
1.9215 
1.7299 
1.5388 
1.1996 
0.8107 
0.5502 
0.1562 


2.7417 

2.6979 

2.6572 

2.6193 

2.5807 

2.5502 

2.5187 


2.4605 
2.4079 
2.3600 
2.3160 
2.2376 
2.1717 
2.1116 
1.9865 
1.8869 
1 8046 
1.7345 
1.6203 
1.4546 
1.2876 
0.9877 
0.6389 
0.40R4 
0.0841 




1.8619 

1.8354 

1.8105 

1.7871 

1.7650 

1.7439 

1.7239 

1.7049 

1.6867 

1.6526 

1.6212 

1.5921 

1.5396 

1.4932 

1.4518 

1.3644 

1.2934 

1.2338 

1.1825 

1.0978 

0.9728 

0.8422 


0.3270 

0.1565 

0.0174 


2 
5 

1.6923 
1.6704 
1.6497 
1.6301 
1.6113 
.5936 
.5765 
1.5446 
1.5151 
1.4877 
1.4383 
1.3947 
1.3556 
1.2729 
1.2056 
1.1489 
1.1002 
1.0194 
0.8999 
0.7766 
0.5494 
0.2796 
0.1253 
0.0128 



1.4894 
1.4698 
1.4512 
1.4336 
1.4169 
1.4010 
1.3857 
1.3571 
1.3306 
1.3061 
1.2616 
1.2222 
I 1870 
1.1120 
1.0507 
0.9990 
0.9544 
0.8803 


— 

0.7701 

0.6560 



0.1989 

0.0788 

0.0071 


1.2260 
1.1998 
1-1754 
1.1530 
1.1123 
1.0762 
1.0437 
0.9748 
0.9183 
0.8705 
0.8293 
0.7605 
0.6579 
0.5513 
0.3530 
0.1369 


1.0393 
1.0207 
I 0035 
0.9874 
0.9723 
0.9581 
0.9446 
0 . 
0.9197 
0.8970 
0.8761 
0.8568 
0.8220 
0.7912 
0.7636 
0.7049 
0.6568 
0.6160 
0.5806 
0.5216 
0.4330 


0.1779 

0.0493 

0.0149 

0.0011 


0.8104 

0.7924 

0.7759 

0.7606 

0.7464 

0.7331 

0.7206 

0.7088 

0.6976 

0.6768 

0.6578 

0.6403 


0.5813 

0.5567 

0.5044 

0.4616 

0.4254 

0.3940 

0.3415 

0.2639 

0.1873 

0.0772 

0.0171 


0.4954 
0.4780 
0.4621 
0.4476 
0.4342 
0.4218 
0.4103 
0.3995 
0 3893 


- 2.3220 
-2.2872 
-2.2547 
-2.2242 
-2.1955 
-2.1684 
-2.1428 
-2.1184 
-2.0977 
-2.0545 
-2.0148 

- 1.9781 
-1.9126 

- 1.8551 

- 1.8042 
-1.6977 
-1.6120 
-1.5408 
-1.4798 

- 1.3798 

- 1.2336 
-1.0849 
-0.8152 
-0.4976 
-0.2881 
-0.0445 


-0.2812 
-0.2642 
-0.2489 
-0.2352 
-0.2226 
- 0.2112 
-0.2006 
-0.1909 
0.1820 
-0.1658 
-0.1518 
-0.1395 
-0.1190 
-0.1027 
-0.0894 
-0.0656 
-0.0501 
-0.0394 
-0.0318 
- 0.0220 
- 0.0122 
-0.0064 
-0.0018 
-0.0003 
-0.00013 
+ 0.00002 


0 R. H. Weniorf. R. J. Buchler. J. O. Hirschfeldcr. and C. F. Cuniss. J. Chem. Phys.. 18. 1484 (1950). 
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APPENDIX 
TABLE I-M 


The Integrals for Calculate the Transport Coeff,cents 
_ FOR the Lennard-Jones (6-12) Potential 


0 < M >* Q(M)-r n(M># 





0.40 
0.45 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 

1.30 
1.35 
1.40 
1.45 

1.50 
1.55 

.60 
1.65 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 
2.00 
2.10 
2.20 

2.30 
2.40 

2.50 
2.60 


2.662 

2.476 
2.318 
2.184 
2.066 
1.966 
1.877 
1.798 
1.729 
1.667 
1.612 
1.562 
1.517 

1.476 
1.439 
1.406 
1.375 
1.346 
1.320 
1.296 
1.273 
1.253 
1.233 
1.215 
1.198 
1.182 
1.167 
1.153 
1.140 
1.128 
1.116 
1.105 
1.094 
1.084 
1.075 
1.057 
1.041 
1.026 
1.012 
0.9996 
0.9878 


2.256 

2.078 

1.931 

1.808 

1.705 

1.618 

1.543 

1.479 

1.423 

1.375 

1.332 

1.295 

1.261 

1.231 

1.204 

1.179 

1.157 

1.137 

1.119 

1.102 

1.086 

1.072 

1.059 

1.046 

1.034 

1.023 

1.013 

1.004 

0.9947 

0.9860 

0.9780 

0.9707 

0.9633 

0.9567 

0.9500 

0.9380 

0.9267 

0.9167 

0.9073 

0.8987 

0.8907 


.962 

.795 

1.663 

1.556 

1.468 

1.396 

1.336 

1.285 

1.242 

1.205 

1.172 

1.144 

1.119 

1.096 

1.076 

1.058 

1.041 

1.027 

1.013 


0.9887 

0.9780 






2.333 

2.163 

2.016 

1.889 

1.781 

1.689 

1.610 

1.542 

1.484 

1.434 

1.389 

1.350 

1.316 

1.286 

1.258 

1.234 

1.212 

1.192 

1.174 

1.157 

1.142 

1.128 

1.115 

1.103 

1.092 

1.081 

1.072 

1.063 

1.054 

1.046 

1.038 

1.031 

1.024 

1.018 

1.012 

1.000 

0.9895 




0.9710 

0.9630 

0.9555 



0.9825 

0.9767 

0.9717 

0.9617 

0.9525 

0.9450 

0.9375 

0.9300 

0.9233 


.6 
.5 
.4 
1.415 
1.356 
1.307 
1.267 
1.231 
1.201 
1.175 
1.152 
1.131 
1.113 
1.097 
1.082 
1.068 
1.056 
1.045 
1.035 
1.025 
1.016 
1.008 
1.000 
0.9929 
0.9860 
0.9795 
0.9735 
0.9677 
0.9623 
0.9569 
0.9520 
0.9473 
0.9427 
0.9343 
0.9261 
0.9190 
0.9120 
0.9058 
0.8996 


2.090 
.975 
.875 
.788 
.712 
.645 
.587 
.535 
.488 
.447 
.410 
.377 
.347 
.319 
1.294 
1.272 
1.251 
.232 
.215 
.198 
.183 
1.169 
1.156 
1.144 
1.133 
1.122 
.112 
.103 
.094 
85 
78 
1.070 
056 
043 
032 
1.021 
.012 
.003 
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TABLE I-M ( continued) 


T* 







Qd.il* 


2.7 

Hi 


0.8347 



m 

0.9175 

KHI 

2.8 

0.9672 


0.8290 




ram 

0.8887 

2.9 

0.9576 

0.8700 

0.8237 

1.048 

0.9780 

0.9355 

0.9058 

0.8836 

3.0 

0.9490 

0.8640 

0.8187 

1.039 

0.9708 

0.9295 

0.9008 

0.8788 

3.1 

0.9406 

0.8580 

0.8138 


0.9643 

0.9240 

0.8958 

0.8742 

3.2 

0.9328 

0.8520 


1.022 

0.9578 

0.9185 

0.8908 

0.8698 

3.3 

0.9256 

0.8473 

0.8048 

1.014 

0.9518 

0.9135 

0.8867 

0.8656 

3.4 

0.9186 

0.8420 


1.007 

0.9463 

0.9085 

0.8825 

0.8617 

3.5 

0.9120 

0.8373 

0.7967 

0.9999 

0.9408 

0.9040 

0.8783 

0.8577 

3.6 

0.9058 

0.8327 

0.7928 

0.9932 

0.9358 

0.8995 

0.8742 

0.8539 

3.7 

0.8998 

0.8287 

0.7892 

0.9870 


0.8955 

0.8700 


3.8 

0.8942 

0.8240 

0.7857 

0.9811 

0.9263 

0.8915 

0.8667 

0.8469 

3.9 

0.8888 

0.8200 

0.7822 

0.9755 

0.9218 

0.8875 

0.8633 

0.8436 

4.0 

0.8836 

0.8167 

0.7790 

0.9700 

0.9175 

0.8840 

0.8592 


4.1 

0.8788 

0.8127 

0.7758 

0.9649 

0.9133 

0.8805 

0.8558 

0.8371 

4.2 

0.8740 

0.8093 

0.7727 

0.9600 

0.9093 

0.8770 

0.8533 

0.8342 

4.3 

0.8694 

0.8060 

0.7697 

0.9553 

0.9055 

0.8735 

0.8500 

0.8312 

4.4 

0.8652 

0.8027 

0.7668 

0.9507 

0.9018 

0.8705 

0.8467 

0.8283 

4.5 

0.8610 

0.7993 

0.7640 

0.9464 

0.8985 

0.8670 

0.8442 

0.8256 

4.6 

0.8568 

0.7960 

0.7613 

0.9422 

0.8950 

0.8640 

0.8408 

0.8229 

4.7 

0.8530 

0.7933 

0.7585 

0.9382 

0.8918 

0.8610 

0.8383 


4.8 

0.8492 

0.7907 

0.7560 

0.9343 

0.8885 

0.8585 

0.8358 

0.8176 

4.9 

0.8456 

0.7873 

0.7535 


0.8855 

0.8555 

0.8332 

0.8152 

5 

0.8422 

0.7847 

0.7510 

0.9269 

0.8823 

0.8530 

0.8307 

0.8127 

6 

0.8124 

0.7607 

0.7295 

0.8963 

0.8565 

0.8295 

0.8083 

0.7912 

7 

0.7896 

0.7420 


0.8727 

0.8360 

0.8105 

0.7902 

0.7736 

8 

0.7712 

0.7260 

0.6973 

0.8538 

0.8193 

0.7945 

0.7749 

0.7587 

9 

0.7556 

0.7127 

0.6847 

0.8379 

0.8048 

0.7810 

0.7617 

0.7458 

10 

0.7424 

0.7013 

0.6735 

0.8242 

0.7923 

0.7690 

0.7501 

0.7345 

20 

0.6640 

0.6293 


0.7432 

0.7160 

0.6950 

0.6783 

0.6643 

30 

0.6232 

0.5909 



0.6750 

0.6555 

0.6396 

0.6264 

40 

0.5960 

0.5651 

0.5432 

0.6718 

0.6475 

0.6285 

0.6135 

Esa 

50 

0.5756 

0.5459 

0.5248 

IiT.ViTf, 

0.6268 

0.6085 

0.5940 

0.5817 

60 

0.5596 

0.5307 


0.6335 

0.6105 

0.5930 

0.5784 

0.5664 

70 

0.5464 

0.5181 


0.6194 

0.5970 

0.5795 

0.5657 

0.5539 

80 

O.J352 

0.5075 

0.4878 


0.5855 

0.5685 

0.5548 

0.5433 

90 

0.5256 

0.4984 


0.5973 

0.5755 

0.5590 

0.5454 

0.5342 

100 

0.5130 

0.4903 

0.4713 

0.5882 

0.5670 

0.5505 

0.5371 

0.5261 

200 

0.4644 

0.4403 

0.4233 


0.5128 

0.4978 

0.4857 

0.4757 

300 

0.4360 

0.4135 

0.3975 


0.4835 

0.4694 

0.4580 

0.4486 

400 

0.4170 

0.3955 

0.3802 

0.4811 

0.4638 

0.4502 

0.4393 



n “•«>* 


0.9942 

0.9863 

0.9792 

0.9721 

0.9658 

0.9596 

0.9538 

0.9483 

0.9433 

0.9383 

0.9333 

0.9288 

0.9246 

0.9204 

0.9167 

0.9125 

0.9088 

0.9054 

0.9021 

0.8988 

0.8954 

0.8925 

0.8892 

0.8863 

0.8613 

0.8413 

0.8246 

0.8108 

0.7988 

0.7242 

0.6842 

0.6571 

0.6367 

0.6208 

0.6075 

0.5963 

0.5867 

0.5779 

0.5246 

0.4954 

0.4758 
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The Quantities 
Coefficients of 


TABLE I-N 

A*, B\ AND c* FOR CALCULATING THE TRANSPORT 

Mixtures for the Lennard-Jones (6-12) Potential 


1.046 

1.062 

1.075 

1.084 

1.093 

1.097 

1.101 

1.102 

1.104 

1.105 
1.105 
1.105 
1.104 
1.103 

1.103 

1.102 

1.102 

1.101 

1.100 

1.099 

1.099 

1.098 

1.097 

1.097 

1.097 

1.096 

1.096 

1.096 

1.095 

1.094 

1.094 

1.094 

1.094 

1.094 

1.094 

1.094 

1.094 

1.094 

1.094 

1.094 

1.094 

1.094 

1.094 

1.095 


1.289 

1.296 

1.296 

1.289 

1.284 

1.275 

1.263 

1.254 

1.242 

1.233 

1.223 

1.216 

1.206 

1.200 

1.192 

1.183 

1.179 

1.172 

1.169 

1.165 

1.159 

1.156 

1.154 

1.148 

1.143 

1.140 

1.137 

1.137 

1.133 

1.129 

1.127 

1.126 

1.124 

1.122 

1.119 

1.116 

1.113 

1.110 

1.108 

1.106 

1.104 

1.103 

1.104 
\ 1.102 


0.8475 

0.8392 

0.8329 

0.8278 

0.8251 

0.8231 

0.8224 

0.8223 

0.8233 

0.8247 

0.8265 

0.8289 

0.8315 

0.8342 

0.8367 

0.8392 

0.8417 

0.8450 

0.8475 

0.8508 

0.8525 

0.8558 

0.8583 

0.8608 

0.8633 

0.8658 

0.8683 

0.8708 

0.8725 

0.8742 

0.8767 

0.8783 

0.8800 

0.8825 

0.8842 

0.8875 

0.8908 

0.8933 

0.8967 

0.8992 

0.9017 

0.9042 

0.9067 

0.9083 
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TABLE I-N ( continued ) 


T • 

A* 

B* 

c* 

3.00 

1.095 

1.101 

0.9108 

3.10 

1.095 

1.100 

0.9125 

3.20 

1.096 

1.096 

0.9133 

3.30 

1.096 

1.099 

0.9158 

3.40 

1.096 

1.096 

0.9167 

3.50 

1.097 

1.096 

0.9183 

3.60 

1.097 

1.095 

0.9192 

3.70 

1.097 

1.097 

0.9208 

3.80 

1.097 

1.093 

0.9217 

3.90 

1.097 

1.093 

0.9225 

4.00 

1.098 

1.095 

0.9242 

4.10 

1.098 

1.093 

0.9250 

4.20 

1.098 

1.093 

0.9258 

4.30 

1.099 

1.094 

0.9267 

4.40 

1.099 

1.094 

0.9275 

4.50 

1.099 

1.092 

0.9283 

4.60 

1.100 

1.091 

0.9292 

4.70 

UOO 

1.093 

0.9300 

4.80 

1.100 

1.095 

0.9308 

4.90 

1.101 

1.091 

0.9308 

5.00 

1.101 

1.092 

0.9317 

6.00 

1.103 

1.090 

0.9375 

7.00 

1.105 

1.092 

0.9400 

8.00 

1.107 

1.090 

0.9425 

9.00 

1.109 

1.091 

0.9433 

10.00 

1.110 

1.094 

0.9450 

20.00 

1.119 

1.095 

0.9475 

30.00 

1.124 

1.095 

0.9483 

40.00 

1.127 

1.095 

0.9483 

50.00 

1.130 

1.095 

0.9483 

60.00 

1.132 

1.096 

0.9483 

70.00 

1.134 

1.095 

0.9483 

80.00 

1.135 

1.095 

0.9483 

90.00 

1.137 

1.096 

0.9483 

100.00 

1.138 

1.095 

0.9483 

200.00 

1.146 

1.095 

0.9483 

300.00 

1.151 

1.095 

0.9483 

400.00 

1.154 

1.095 

0.9483 
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TABLE I-P 

Functions for Calculating the Higher Approximations to the 
Transport Coefficients of Pure Substances for the 
Lennard-Jones (6-12) Potential 




T * 

f ? 

0 

IT 

/g> 

0.30 

1.0014 

1.0022 

1.0001 

0.50 

1.0002 

1.0003 

1.0000 

0.75 

1.0000 

1.0000 

1.0000 

1.00 

1.0000 

1.0001 

1.0000 

1.25 

1.0001 

1.0002 

1.0002 

1.5 

1.0004 

1.0006 

1.0006 

2.0 

1.0014 

1.0021 

1.0016 

2.5 

1.0025 

1.0038 

1.0026 

3.0 

1.0034 

1.0052 

1.0037 

4.0 

1.0049 

1.0076 

1.0050 

5.0 

1.0058 

1.0090 

1.0059 

10.0 

1.0075 

1.0116 

1.0076 

50.0 

1.0079 

1.0124 

1.0080 

100.0 

1.0080 

1.0125 

1.0080 

400.0 

1.0080 

1.0125 

1.0080 
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TABLE I-Q 

The Function (Mi* for Calculating Isotopic Thermal Diffusion 

FOR THE LENNARD-JONES (6-12) POTENTIAL 


(Ml* = 


(^7’Jl-J(6-I2: 



- 0.002 

-0.032 

-0.048 

-0.059 

-0.063 

-0.063 

-0.057 


L0HE 


-0.039 
-0.025 
- 0.010 
+ 0.005 
0.019 

0.033 

0.047 

0.066 

0.080 

0.099 

0.108 

0.127 

0.141 

0.155 

0.169 

0.183 

0.197 


IMJlUg Sph 

T* = kT/t 


(Mi* 


0.211 

0.221 

0.230 

0.244 

0.253 

0.263 

0.277 

0.286 

0.305 

0.323 

0.337 

0.356 

0.370 

0.283 

0.397 

0.411 

0.420 

0.434 

0.443 

0.447 

0.461 

0.466 

0.475 

0.479 

0.489 

0.493 

0.497 
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TABLE I-R 

The Distance of Closest Approach and the Angle of Deflection 0 
[Calculated for the Lennard-Jones (6-12) Potential! 

X = X(b* t g*) = angle of deflection 

6* = b/a = reduced impact parameter 

g* 2 = */#*/« = reduced relative initial 

kinetic energy 

= r nJ a ~ reduced closest distance of 
approach 

- _ 

_ i + Vi +*•* 


*•* = o.i 


z 

b* 


X 

0.0025 

2.838 

2.704 

“0.323 

0.0040 

2.696 

2.500 

-0.543 

0.0050 

2.643 

2.409 

-0.706 

0.0063 

2.598 

2.318 

-0.945 

0.0075 

2.572 

2.251 

-1.205 

0.0100 

2.544 

2.146 

-1.998 

0.0110 

2.539 

2.112 

-2.576 

0.0120 

2.538 

2.082 

-3.937 

0.0126 

2.537 

2.065 

— CO 

0.833 

2.516 

1.027 

-5.117 

0.835 

2.503 

1.026 

-4.339 

0.840 

2.470 

1.025 

-3.416 

0.842 

2.456 

1.025 

-3.177 

0.850 

2.400 

1.023 

-2.509 

0.860 

2.328 

1.021 

-1.943 

0.880 

2.171 

1.017 

-1.124 

0.900 

1.996 

1.014 

-0.491 

0.912 

1.881 

1.011 

-0.150 

0.925 

1.744 

1.009 

0.201 

0.938 

1.593 

1.007 

0.542 

0.950 

1.436 

1.005 

0.862 

0.970 

1.1195 

1.001 

1.437 

1.000 

0 

0.9960 

IT 


0 The parameter z was used in the original numerical evaluation of xib, g). [See 
J. O. Hirschfelder, R. B. Bird, E. L. Spotz, University of Wisconsin, CF 857, April 8, 
1948; J. Chem. Phys. t 16, 968 (1948).] The values of the parameter z are given here 
to facilitate making interpolations in the table. 


LENNARD-JONES (6-12) POTENTIAL 


1133 


TABLE I-R ( continued ) 


g ’* = 0-2 


z 

6 * 


X 

0.0050 

2.522 

2.400 

-0.329 

f&mm < t >: > i*wmm 

2.411 

2.243 

-0.514 

0.0100 

2.350 

2.138 

-0.718 

0.0150 

2.287 

1.998 

-1.219 

0.0170 

2.274 

1.957 

-1.477 

0.0180 

2.269 

1.938 

-1.628 

0.0200 

2.262 

1.905 

-1.997 

0.0220 

2.257 

1.875 

-2.538 

0.0240 

2.256 

1.848 

-3.660 

0.0250 

2.255 

1.835 

-5.552 

0.0254 

2.255 

1.830 

-9.248 

0.0255 

2.255 

1.829 

-13.592 

0.0256 

2.255 

1.828 

— CO 

0.730 

2.242 

1.046 

-4.140 

0.735 

2.226 

1.045 

-4.032 

0.740 

2.209 

1.043 

-3.753 

0.745 

2.192 

1.042 

-3.472 

0.750 

2.175 

1.041 

-3.209 

0.755 

2.158 

1.040 

-2.969 

0.760 

2.140 

1.039 

-2.751 

0.780 

2.065 

1.034 

-2.022 

0.800 

1.984 

1.030 

-1.452 

0.820 

1.897 

1.026 

-0.982 

0.850 

1.751 

1.020 

-0.381 

0.860 

1.697 

1.018 

-0.198 

0.880 

1.583 

1.014 

0.151 

0.900 

1.455 

1.010 

0.493 

0.930 

1.230 

1.004 

1.008 

0.950 

1.046 

1.001 

1.377 

1.000 

0 

0.9923 

n 
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TABLE I-R ( continued) 


g' 2 - 0.4 


z 

b • 


X 

0.008 

2.297 

2.204 

-0.269 

0.010 

2.235 

2.123 

-0.341 

0.015 

2.138 

1.984 

-0.530 

0.020 

2.083 

1.892 

-0.737 

0.025 

2.050 

1.823 

-0.969 

0.030 

2.029 

1.768 

-1.235 

0.035 

2.015 

1.723 

-1.553 

0.040 

2.006 

1.685 

-1.959 

0.048 

2.002 

1.635 

-3.127 

0.049 

2.000 

1.629 

-3.259 

0.050 

1.999 

1.624 

-3.777 

0.05366 

1.999 

1.605 

— CO 

0.565 

1.988 

1.084 

-5.121 

0.570 

1.981 

1.082 

-4.394 

0.575 

1.974 

1.081 

-3.954 

0.583 

1.963 

1.078 

-3.514 

0.590 

1.952 

1.076 

-3.229 

0.600 

1.938 

1.073 

-2.920 

0.610 

1.922 

1.070 

-2.656 

0.650 

1.852 

1.059 

-1.896 

0.700 

1.750 

1.046 

-1.180 

0.750 

1.629 

1.034 

-0.586 

0.800 

1.485 

1.023 

-0.045 

0.840 

1.347 

1.015 

0.384 

0.850 

1.308 

1.013 

0.492 

0.875 

1.204 

1.008 

0.768 

0.900 

1.086 

1.003 

1.055 

0.913 

1.017 

1.001 

1.213 

0.925 

0.948 

0.9984 

1.365 

0.938 

0.866 

0.9961 

1.539 

0.950 

0.780 

0.9940 

1.713 

0.960 

0.699 


1.872 

0.970 

0.608 


2.048 

0.980 

0.498 

0.9888 

2.253 

0.990 

0.353 

0.9857 

2.517 

1.000 

0 

0.9855 

7r 
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TABLE I-R {continued) 





0.088304 

0.407 

0.410 

0.420 

0.440 

0.450 

0.475 

0.500 

0.550 

0.600 

0.650 

0.700 

0.725 

0.750 

0.775 

0.800 

0.825 

0.850 

0.875 

0.900 

0.925 

0.950 

0.975 

1.00 


2.014 

1.940 

1.901 

1.879 

1.867 

1.863 

1.860 

1.857 

1.857 

1.855 

1.853 

1.847 

1.834 

1.827 

1.808 

1.785 

1.733 

1.670 

1.594 

1.505 

1.454 

1.399 

1.339 

1.273 

1.201 

1.121 

1.031 

0.930 

0.811 

0.667 

0.475 

0 


2.110 

1.972 

1.880 

1.757 

1.675 

1.614 

1.565 

1.545 

1.526 

1.492 

1.468 

1.138 

1.136 

1.132 

1.123 

1.119 

1.109 

1.099 

1.082 

1.067 

1.052 

1.039 

1.033 

1.028 

1.022 

1.017 

1.011 

1.006 

1.002 

0.9968 

0.9923 

0.9879 

0.9836 

0.9795 


0.230 

0.360 

0.478 

0.752 

1.062 

-1.428 

-1.887 

2.153 

-2.531 

-3.746 


-3.235 

-3.561 

-3.719 

-3.353 

-3.164 

-2.732 

-2.381 

-1.789 

-1.290 



1.064 
305 
569 
1.871 
2.253 
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TABLE I-R ( continued ) 



°-700 1-363 1.034 -0.040 

0-750 1.266 1.022 0.299 

0-800 1.151 1.011 0.650 

0-850 1.012 1.001 1.025 

0.870 0.949 0.9969 1.186 

0.900 0.840 0.9913 1.446 

0-920 0.755 0.9877 1.635 

0.950 0.602 0.9824 1.963 

0.970 0.469 0.9790 2.235 

1.000 0 0.9741 v 
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TABLE I-R (< continued) 


g' 2 = 0.9 


z 

b • 

'«* 

X 

0.015 

2.031 

1.956 

-0.240 

0.025 

1.908 

1.797 

-0.408 

0.050 



-0.861 

0.075 


1.496 

-1.385 

0.100 

isansi 

1.426 

-2.005 

0.110 

1.722 

1.404 

-2.284 

0.120 

1.719 

1.383 

-2.580 

0.130 

1.716 

1.365 

-2.889 

0.150 

1.713 

1.333 

-3.496 

0.160 

1.711 

1.319 

-3.757 

0.170 

1.710 

1.305 

-3.964 

0.180 

1.709 

1.293 

-4.108 

0.190 

1.708 

1.281 

-4.195 

0.200 

1.707 

1.270 

-4.235 

0.220 

1.705 

1.250 

-4.231 

0.230 

1.703 

1.241 

-4.197 

0.250 

1.700 

1.224 

-4.074 

0.270 

1.696 

1.208 

-3.877 

0.300 

1.688 

1.187 

-3.484 

0.350 

1.669 

1.157 

-2.787 

0.400 

1.643 

1.132 

-2.197 

0.450 

1.611 

1.110 

-1.715 

0.500 

1.569 

1.091 

-1.304 

0.550 

1.520 

1.073 

-0.936 

0.600 

1.462 

1.058 

-0.593 

0.650 

1.392 

1.044 

-0.262 

0.675 

1.354 

1.037 

-0.099 

0.700 

1.312 

1.031 

0.064 

0.725 

1.267 

1.025 

0.228 

0.750 

1.218 

1.019 

0.393 

0.800 

1.107 

1.008 

0.733 

0.850 

0.974 


1.095 

0.900 

0.807 

0.9988 

1.500 

0.925 

0.704 

0.9842 

1.732 

0.950 

0.579 

0.9799 

2.000 

0.975 

0.412 

0.9756 

2.341 

1.000 

0 

0.9715 

7 T 
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TABLE I-R (< continued ) 



0.220 

0.230 

0.240 

0.250 

0.300 

0.350 

0.400 

0.450 

0.500 

0.550 

0.600 

0.650 

0.700 

0.750 


MHO 


0.850 

0.900 

0.925 

0.950 

0.975 

1.000 


2.025 

1.901 

1.778 

1.732 

1.711 

1.695 

1.687 

1.685 

1.683 

1.682 

1.680 

1.678 

1.664 

1.645 

1.619 

1.586 

1.545 

1.495 

1.437 

1.369 

1.290 

1.198 

1.088 

0.957 

0.7925 

0.6912 

0.5682 

0.4045 

0 


.954 

.794 

.599 

.494 

1.424 

1.331 

1.269 

1.259 

1.249 

1.240 

1.231 

1.223 

1.186 

1.156 

1.130 

1.108 

1.089 

1.072 

1.057 

1.043 

1.030 

1.018 

1.007 

0.9970 

0.9875 

0.9830 

0.9786 

0.9744 

0.9703 



3.612 

3.576 

3.524 

3.084 

2.529 

2.021 

1.584 

1.201 

0.852 

0.522 

0.202 

0.115 

0.436 

0.768 

1.123 

1.521 

1.750 

2.014 

2.351 
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TABLE I-R ( continued ) 




z 

b • 


X 

0.025 

0.050 

0.075 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.894 

1.768 

1.721 

1.698 

1.678 

1.668 

1.658 

1.643 

1.623 

1.596 

1.563 

1.522 

1.473 

1.415 

1.348 

1.270 

1.178 

1.070 

0.9410 

0.7795 

0.5588 

0 

1.792 

1.597 

1.492 

1.422 

1.330 

1.267 

1.221 

1.184 

1.154 

1.129 

1.107 

1.088 

1.071 

1.055 

1.041 

1.028 

1.017 

1.006 

0.9957 

0.9863 

0.9774 

0.9691 

- 0.369 

- 0.768 

- 1.207 

- 1.689 

- 2.664 

- 3.178 

- 3.135 

- 2.784 

- 2.320 

- 1.871 

- 1.470 

1.109 

- 0.775 

- 0.458 

- 0.148 

0.161 

0.474 

0.800 

1.149 

1.541 

2.027 

TT 


** 2a 

= 1.2 


0.025 

1.871 



0.050 

1.737 


- 0.635 

0.075 

1.681 



0.10 

1.653 


- 1.313 

0.15 

1.624 

1.323 

- 1.922 

0.20 

1.607 

1.261 

- 2.253 

0.25 

1.591 

1.215 

- 2.261 

0.30 

1.572 

1.179 

- 2.053 

0.35 

1.550 

1.149 

- 1.743 

0.40 

1.522 

1.124 

- 1.411 

0.45 

1.487 

1.102 

- 1.091 

0.50 

1.446 

1.083 

- 0.792 

0.55 

1.398 

1.066 

- 0.507 

0.60 

1.342 

1.050 

- 0.232 

0.65 

1.277 

1.036 

0.042 

0.70 

1.202 

1.024 

0.319 

0.75 

1.115 

1.012 

0.604 

0.80 

1.012 

1.001 

0.905 

0.85 

0.8893 

0.9910 

1.232 

0.90 

0.7362 

0.9817 

1.604 

0.95 

0.5276 

0.9728 

2.069 

1.00 

0 

0.9646 

TT 
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TABLE I-R ( continued) 



0.025 

0.050 

0.075 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 



1.853 

■-- 

1.776 

1.712 

1.582 

1.651 

1.479 

1.618 

1.410 

1.582 

1.318 

1.560 

1.256 

1.540 

1.210 

1.519 

1.174 

1.494 

1.144 

1.465 

1.119 

1.430 

1.097 

1.389 

1.078 

1.342 

1.061 

1.287 

1.046 

1.223 

1.032 

1.151 

1.019 

1.066 

1.008 

0.9678 

0.9968 

0.8499 

0.9867 

0.7033 

0.9774 

0.5038 

0.9686 

0 

0.9604 



1.837 

1.692 

1.627 

1.591 

1.549 

1.523 

1.500 

1.477 

1.450 

1.420 

1.385 

1.344 

1.297 

1.243 

1.181 

1.110 

1.028 

0.9326 

0.8186 

0.6771 

0.4849 

0 


1.312 

1.251 

1.205 

1.169 

1.139 

1.114 

1.093 

1.074 

1.057 

1.041 

1.028 

1.015 

1.003 


-0.546 

-1.089 

-1.540 

-1.779 

-1.791 

-1.642 

-1.407 

-1.140 

-0.870 

-0.605 

-0.346 

-0.091 

0.165 

0.426 

0.697 

0.984 

1.297 

1.654 

2.102 




.938 
.297 
.485 
1.494 
1.373 
1.177 
0.947 
0.706 
0.465 
0.224 
0.016 
0.259 
0.508 
0.768 
045 
.347 
.693 
2.129 
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g ' 2 = 1.8 


z 

b m 


X 

0.025 


1.762 

- 0.432 

0.050 

■ y .- r - f . 

1.570 

0.075 

i] 

1.467 


0.10 

1.568 

1.399 

- 0.827 

0.15 

1.522 

1.307 

- 1.128 

0.20 

1.493 

1.246 

- 1.281 

0.25 

1.468 

1.200 

- 1.285 

0.30 

1.442 

1.165 

- 1.180 

0.35 

1.415 

1.135 

- 1.007 

0.40 

1.383 

1.110 

- 0.801 

0.45 

1.347 

1.088 

- 0.580 

0.50 

1.307 

1.069 

- 0.355 

0.55 

1.260 

1.053 

- 0.128 

0.60 

1.207 

1.037 

0.101 

0.65 

1.146 

1.024 

0.334 

0.70 

1.077 

1.011 

0.575 

0.75 

0.9968 

0.9996 

0.826 

0.80 

0.9038 

0.9889 

1.094 

0.85 

0.7930 

0.9789 

1.388 

0.90 

0.6558 

0.9697 

1.726 

0.95 

0.4694 

0.9610 

2.151 

1.00 

0 

0.9528 

TT 


** 2 = 

= 2.0 


0.05 

1.661 

1.564 

- 0.393 

0.10 

1.549 

1.393 

- 0.743 

0.15 

1.500 

1.302 

- 1.001 

0.20 

1.467 

1.241 

- 1.130 

0.25 

1.440 

1.196 

- 1.294 

0.30 

1.413 

1.160 

- 1.033 

0.35 

1.385 

1.131 

- 0.876 

0.40 

1.353 

1.106 

- 0.686 

0.45 

1.317 

1.084 

- 0.480 

0.50 

1.276 

1.066 

- 0.267 

0.55 

1.229 

1.049 

- 0.050 

0.60 

1.177 

1.034 

0.170 

0.65 

1.117 

1.020 

0.396 

0.70 

1.049 

1.007 

0.269 

0.75 

0.9706 

0.9960 

0.874 

0.80 

0.8797 

0.9853 

1.135 

0.85 

0.7716 

0.9754 

1.422 

0.90 

0.6379 

0.9662 

1.752 

0.95 

0.4565 

0.9575 

2.169 . 

1.00 

0 

0.9493 
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TABLE I-R ( continued ) 




1.632 

1-512 

1.456 

1.419 

1.388 

1.358 

1.327 

1.294 

1.257 

1.216 

1.170 

1.119 

1.061 

0.9953 

0.9204 

0.8335 

0.7306 

0.6035 

0.4316 

0 


1.231 

1.186 

1.151 

1.122 

1.097 

1.076 

1.057 

1.040 

1.025 

1.012 

0.9992 

0.9878 

0.9772 

0.9674 

0.9582 

0.9496 

0.9415 



0.877 
868 
783 
647 
0.481 
0.298 
0.105 
0.094 
0.299 
0.511 
0.731 



0.05 

1.610 

1.540 

0.10 

1.484 

1.372 

0.15 

1.424 

1.282 

0.20 

1.383 

1.222 

0.25 

1.349 

1.178 

0.30 

1.317 

1.142 

0.35 

1.285 

1.113 

0.40 

1.251 

iqgggSr| f 1 • r (j 

0.45 

1.214 

1.068 

0.50 

1.173 

1.049 

0.55 

1.128 

1.033 

0.60 

1.077 

1.018 

0.65 

1.020 

1.004 

0.70 

0.9566 

0.9919 

0.75 

0.8839 

0.9806 

0.80 

0.7999 

0.9701 

0.85 

0.7008 

0.9603 

0.90 

0.5786 

0.9512 

0.95 

0.4136 

0.9427 

1.00 

0 

0.9347 



0.006 
0.194 
0.389 
0.591 
.802 
.026 
1.266 
1.532 
1.839 
2.228 
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TABLE I-R ( continued ) 


S * 2 = 4.0 


z | 

b • 

'•m* 

Z 

0.05 

1.576 

1.521 

-0.219 

0.10 

1.444 

1.355 

-0.390 

0.15 

1.378 

1.266 

-0.496 

0.20 

1.332 

1.207 

-0.531 

0.25 

1.295 

1.163 

-0.503 

0.30 

1.261 

1.128 

-0.425 

0.35 

1.227 

1.099 

-0.311 

0.40 

1.192 

1.075 

-0.172 

0.45 

1.154 

1.054 

-0.017 

0.50 

1.113 

1.036 

0.149 

0.55 

1.068 


0.324 

0.60 

1.020 

1.005 

0.507 

0.65 

0.9643 

0.9916 

0.697 

0.70 

0.9029 

0.9794 

0.898 

0.75 

0.8334 

0.9683 

1.110 

0.80 

0.7536 

0.9579 

1.339 

0.85 

0.6596 

0.9483 

1.593 

0.90 

0.5442 

0.9393 

1.887 

0.95 

0.3887 

0.9308 

2.262 

1.00 

0 

0.9229 

IT 


8 * 2 = 

= 5.0 


0.05 

1.551 

1.504 

-0.184 

0.10 

1.415 

1.340 

-0.321 

0.15 

1.345 

1.253 

0.401 

0.20 

1.298 

1.194 

-0.420 

0.25 

1.258 

1.151 

-0.385 

0.30 

1.222 

1.116 

-0.307 

0.35 

1.187 

1.088 

-0.198 

0.40 

1.151 

1.064 

-0.066 

0.45 

1.113 

1.043 

0.082 

0.50 

1.073 

1.025 

0.240 

0.55 

1.028 

1.009 

0.407 

0.60 ' 

0.9799 

0.9943 

0.582 

0.65 

0.9263 

0.9811 

0.766 

0.70 

0.8666 

0.9691 

0.959 

0.75 

0.7994 

0.9580 

1.164 

0.80 

0.7223 

0.9478 

1.387 

0.85 

0.6318 

0.9382 

1.633 

0.90 

0.5209 

0.9293 

1.919 

0.95 

0.3719 

0.9210 

2.284 

1.00 

0 

0.9132 

7T 
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TABLE I-R ( continued ) 



0.7145 

0.6444 

0.5627 

0.4632 

0.3302 

0 



0.9451 

0.9335 

0.9229 

0.9130 

0.9038 

0.8953 

0.8872 

0.8797 


1.414 

1.260 

1.178 

1.122 

1.081 

1.049 

1.023 

1.000 


0.5310 

0.4368 

0.3111 

0 


0.9347 
0.9223 
0.9110 
0.9005 
0.8909 
0.8819 
0.8736 
0.8657 
0.8584 


0.440 
592 
752 



1.099 

1.289 

1.496 

1.726 

1.993 

2.335 



0.109 

0.051 

0.031 

0.133 

0.250 



0.664 

0.819 

0.982 

1.155 

1.339 

1.540 

1.763 

2.023 

2.356 
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TABLE I-R ( continued) 


= 20 


z 

b • 


X 

0.05 

1.405 

1.388 

-0.066 

0.10 

1.262 

1.237 

-0.099 

0.15 

1.184 

1.156 

-0.098 

0.20 

1.129 

1.102 

-0.064 

0.25 

1.084 

1.062 

-0.003 

0.30 

1.044 

1.030 

0.081 

0.35 

1.006 

1.004 

0.183 

0.40 

0.9690 

0.9818 

0.299 

0.45 

0.9312 

0.9627 

0.425 

0.50 

0.8922 


0.561 

0.55 

0.8511 

0.9311 

0.705 

0.60 

0.8073 

0.9176 

0.857 

0.65 

0.7600 

0.9055 

1.017 

0.70 

0.7083 

0.8944 

1.186 

0.75 

0.6510 

0.8841 

1.368 

0.80 

0.5863 

0.8747 

1.565 

0.85 

0.5113 

0.8659 

1.785 

0.90 

0.4204 

0.8577 

2.040 

0.95 

0.2993 

0.8500 

2.368 

1.00 

0 

0.8428 

n 


= 50 


0.05 

1.312 

1.304 

-0.034 

0.10 

1.173 

1.162 

-0.040 

0.15 

1.096 

1.086 

-0.017 

0.20 

1.041 

1.035 

0.030 

0.25 

0.9964 

0.9971 

0.100 

0.30 

0.9567 

0.9672 

0.187 

0.35 

0.9196 

0.9427 

0.289 

0.40 

0.8834 

0.9220 

0.402 

0.45 

0.8472 

0.9040 

0.525 

0.50 

0.8100 

0.8883 

0.656 

0.55 

0.7712 

0.8743 

0.794 

0.60 

0.7303 

0.8617 

0.940 

0.65 

0.6864 

0.8503 

1.093 

0.70 

0.6387 

0.8399 

1.256 

0.75 

0.5862 

0.8303 

1.431 

0.80 

0.5273 

0.8214 

1.621 

0.85 

0.4593 

0.8131 

1.832 

0.90 

0.3772 

0.8054 

2.079 

0.95 

0.2683 

0.7982 

2.395 

1.00 

0 

0.7914 

IT 
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TABLE I-R ( continued ) 


g** = 100 


z 

b • 


0.05 

1.244 

1.239 

0.10 

1.109 

1.104 

0.15 

1.035 

1.032 

0.20 

0.9812 

0.9835 

0.25 

0.9376 

0.9476 

0.30 

0.8990 

0.9192 

0.35 

0.8630 

0.8959 

0.40 

0.8280 

0.8762 

0.45 

0.7931 

0.8592 

0.50 

0.7576 

0.8442 

0.55 

0.7206 

0.8309 

0.60 

0.6818 

0.8190 

0.65 

0.6403 

0.8081 

0.70 

0.5954 

0.7982 

0.75 

0.5461 

0.7891 

0.80 

0.4908 

0.7806 

0.85 

0.4272 

0.7728 

0.90 

0.3507 

0.7654 

0.95 

0.2493 

0.7586 

1.00 

0 

0.7521 




rTTTv 


7 9476 
6.8267 
5.9457 
5.2373 
4.6567 
4.1732 
3.7649 
3.4160 
3.1146 
2.8519 
2.6211 
2.4168 
•2.2348 
•2.0717 
I 9247 
1.7917 
1.6708 
1 5604 

- 1.4594 
I >662 

- 1.2804 
1-2011 
1.1275 

- 1.0590 
-0.99526 

0.87993 

-0.77850 

-0.68865 

- 0.60856 
-0.53676 
-0.47205 
-0.41347 

0 36020 
-0.31159 
-0.26705 
0.22612 
-0.18839 
-0.15351 


93775 

87917 


0.98633 
0.92498 
0 86772 
0.81417 
0.76398 
0.71686 
0.63076 
0.55409 
0.48540 
0.42354 
0.36576 
0.31668 
0.27025 
0.22774 
0.18867 
0.15266 
0.11937 
0.08852 
0.05986 


0.77322 


0.99736 

0.93662 

0.87985 

0.77679 

0.68573 

0.60472 

0.53224 

0.46702 

0.40807 

0.35453 

0.30572 

0.26106 

0.22005 

0.18229 

0.14740 


0.75834 

0.71130 

0.66707 

0.58607 

0.51373 

0.44877 

0.39012 

0.33695 

0.28852 

0.24426 

0.20366 

0.16630 

0.13182 

0.09991 

0.07030 

0.04277 


67998 

63745 


0.61121 
0.53721 
0.47076 
0.41079 
0.35642 


0.42693 


0.31868 

0.27172 

0.22875 

0.18929 

0.15295 

0.11937 

0.08828 


0.22018 

0.18200 

0.14677 

0.11417 


*9. 
i7.: 

56 A 
i9.; 

15.1 
12 . 

10.040 

-8.486 

-7.292 

-6.3523 

- 5.5953 
-4.9744 
-4.4572 
-4.0203 
-3.6471 

- 3.3249 
-3.0442 
-2.7976 
-2.5795 
-2.3854 
-2.2115 
-2.0549 

- 1 9133 
-1.7846 

- 1.6674 

- 1.5597 
-1.4610 
-1.3699 

- 1.2858 

- 1.2078 
-1.1353 
-1.0048 

0.89060 

-0.78989 

-0.70049 

- 0.62063 
-0.54292 
-0.48420 
-0.42552 
-0.37210 
-0.32330 
-0.27854 
-0.23738 
-0.19940 


0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

1.35 

1.40 

1.45 

1.50 

1.55 

1.60 

1.65 

1.70 

1.75 

1.80 

1.85 

1.90 

1.95 

2.00 

2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 
2.9 
3.0 

3.1 

3.2 

3.3 


“ This tabic was prepared by J. S. Rowlinson (see footnote 6 in § 3.10b). 


TABLE 11-A 

The Second Virial Coefficient for Polar Gases 
(the Stockmayer Potential Function) 0 

B ( T ) = b 0 B *( T *\ /*) T * = kT/e 

= bolnNo* /• = 8 = 8 - , ' i /< 2 /€ 0 3 

B *( T *\ f*) 
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APPENDIX 


TABLE II-A ( continued) 


V /• 
T'\ 

0.1 

0.2 

0.3 

0.4 

0.5 

O.fl 

0.7 

3.6 

3.7 

3.8 

3.9 
4.0 

4.1 

4.2 

4.3 

4.4 

4.5 

4.6 

4.7 

4.8 

4.9 

5.0 

6 

7 

8 

9 

10 

20 

30 

40 

50 

60 

70 

80 

90 

100 

200 

300 

400 

-0.00748 
+ 0.01594 
0.03787 
005844 
0.07778 
0.09S97 
0.11312 
0.12930 
0.14460 
0.15907 
0.17279 
0.18580 
0.19815 
0.20990 
0.22107 
0.23172 
0.24187 
0.32187 
0.37532 
0.41284 

0 44012 

0 46049 
0.52527 
0.52687 
0.51854 
0.50834 
049820 
048864 
0.47978 
0.47161 
046406 
0.41143 
0.38013 
0.35835 

-0.01710 
+ 0.00688 
0.02931 
0.05035 
0.07011 
0.08869 
0.10620 
0.12272 
0.13833 
0.15309 
0.16708 
0.18034 
0.19293 
0.20489 
0.21627 
0.22711 
0.23744 
0.31877 
0.37302 
0.41106 
0.43870 
045932 

0 52495 
052672 
0.51845 
0.50828 
0.49815 
0.48861 
0.47976 
0.47159 

0 46405 
0.41142 
0.38012 
0.35835 

-0.03318 
-0.00828 
+ 0.01501 
0.03682 
0.05729 
0.07653 

0 09465 
0.11173 
0.12786 
0.14310 
0.15754 
0.17122 
0.18420 
0.19652 
0.20825 
0.21941 
0.23004 
0.31360 
0.36918 

0 40809 
0.43633 
0.45738 
052441 
0.52647 
0.51830 
050818 
049808 
048855 
0.47971 
0.47155 
046402 

0 41142 
0.38012 
0.35835 

-0.05580 
-0.02959 
-0.005 II 
+ 0.01780 
0.30928 

0 05944 

0 07841 
0.09628 
0.11314 
0.12907 
0.14414 
0.15841 
0.17194 
0.18478 
0.19699 
0.20860 
0.21965 
0.30634 
0.36380 
0.40393 
0.43301 
0.45466 
0.52367 

0 52611 
0.51809 

0 50804 

0 49798 
048847 
0.47965 

0 47150 
046398 
0.41140 
0.38011 
0.35834 

-0 08509 
-0.05717 
-0.03113 
-0 00680 
+ 0.01598 
0.03736 
0.05744 
0.07633 
0.09414 
0.11095 
0.12684 
0.14187 

0.15611 

0.16962 

0.18245 

0.I946S 

0.20625 

0.29699 

0.35687 

0.39857 

0.42873 

0.45116 

0.52271 

0.52566 

0.51782 

0.50876 

0.49785 

048838 

0.47957 

0.47144 

0.46392 

0.41139 

0.38011 

0.35834 

-0.12118 
-0.09115 
-0.06318 
- 003708 
-0.01268 
+ 0.01018 
0.03163 
0.05180 

0 07078 
0.08868 
0.10558 
0.12155 
0.13668 
0.15101 
0.16461 
0.17752 
0.18980 
0.28552 
0.34838 
0.39201 
0.42349 
0.44687 
0.52153 
0.52510 
0.51749 
0.50764 
0.49769 
0.48826 
047948 
0.47136 
0.46386 
0.41137 
0.38010 
0.35833 

-0.16427 
-0.13169 
-0.10140 
-0.07318 
-0.04684 
-0.02219 
+ 0.00091 
0.02259 
0.04298 
0.06218 
0.08029 
0.09740 
0.11357 
0.12888 
0.14340 
0.15718 
0.17026 
0.27191 
0.33832 
0.38424 
0.41729 
0.44179 
O.S20I4 
0.52444 
0.51710 
0.50738 
0.49750 
0.48811 
0.47937 
0.47127 
0.46379 
0.41135 
0.38009 

0.35833 


\ 1* 1 
r*\l 

0.8 

0.9 

1.0 

El 

wm 

1.3 

1.4 

I.S 

0.55 

-58.8 








0.60 

-38.5 

-59.7 







0.65 

-27.3 

-40 0 







0.70 

20.50 

-28 8 

-41.8 






0.75 

-16.05 

-21.78 

-30.4 

-43.5 





0.80 

-12.973 

-17.14 

-23.2 

-32.0 

-45.8 




0.85 

-10.759 

-13.90 

—18.4 

-24.7 

-34.4 

-47.0 



0.90 

-9.103 

-11.612 

-14.92 

-19.61 

-26.3 

-35.7 

-50.3 


0.95 

-7.828 

IrTiM 

-12.42 

-16.00 

-21.0 

-27.9 

— 37.8 

-52 0 

1.00 

-6.820 

-8.440 

-10.54 

-13.36 

-17.2 

-22.3 

-29.8 

-40.0 

1.05 

-6.008 

-7.342 

-9.08 

-11.35 

-14.3 

-18.4 

-24.3 

-31.0 

1.10 

-5.3413 

- 6.4696 

-7.915 

-9.780 

-12.21 

-15.42 

-19.6 

-25.4 

1.15 

-4.7855 

-5.7520 

-6.976 

-8 534 

-10.53 

-13.13 

—16.5 

-21.1 

1.20 

-4.3161 

-5.1537 

-6.203 

-7.524 


-11.34 

-14.1 

-17.7 

1.25 

-3.9152 

-4.6483 

-5.559 

-6.693 


-9.90 

-12.2 

-15.1 

1.30 

-3.5690 

-4.2164 

-5.014 

-5.998 


-8.74 

-10.7 

-13.1 

1.35 

-3.2676 

-3.8438 

-4.5484 

-5.41 II 


-7.780 

-9.41 

-11.46 

1.40 

-3.0030 

-3.5193 

-4.1466 

-4.9092 


-6.976 

-8.38 

-10.12 

1.45 

-2.7691 

-3.2345 

-3.7970 

-4.4762 


-6.296 

-7.51 

-9.00 
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TABLE II-A ( continued) 


SI 


0.9 

1.0 

1.1 

BH 

D! 

1.4 

1.5 

1.50 

1.55 

1.60 

1.65 

1.70 

1.75 

1.80 

1.85 

-2.5609 
-2.3745 
-2.2069 
-2.0554 
-1.9180 
-1.7923 
-1.6775 
-1.5720 
-1.4749 
- 1.3852 
—1.3021 

-2.9829 

— 3.4903 

-4.0994 

-4.831 

-5.714 

-6.78 

-8.08 

-2.7591 

-3.2192 

-3.7688 

-4.426 

-5.212 

-6.15 

-7.29 

-2.5589 

-2.9783 

-3.4768 

-4 069 

-4.774 

-5.612 

— 6.62 

-2.3788 

-2.7629 

-3.2173 

-3.7548 

-4.3909 

-5.145 

-6.045 

-2.2165 

-2.5697 

-2.9860 

-3.4760 

-4.05)2 

-4.735 

-5.541 

-2.0685 

-2.3943 

-2.7770 

-3.2256 

-3.7517 

-4.370 

-5.097 

-1.9340 

-2.2357 

-2.5889 

-3.0014 

-3.4831 

-4.046 

-4.706 

— 1.8110 

-2.0912 

-2.418) 

-2.7990 

-3.2419 

-3.758 

-4.359 

-1.6981 

-1.9591 

-2.26)0 

-2.6156 

- 3.0244 

-3.498 

-4.049 

1.90 

1.95 

2.00 

2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 

2.9 

3.0 

3.1 

3.2 

3.3 

3.4 

3.5 

3.6 

3.7 

3.8 

3.9 

4.0 

4.1 

4.2 

4.3 

4.4 

- 1.5941 

-1.8380 

— 2.1211 

- 2.4487 

-2.8273 

-3.265 

-3.771 

-1.4982 

-1.7265 

-1.9910 

-2.2963 

-2.6479 

-3.053 

-3.520 

- 1.1531 

-1.3268 

-1.5285 

-1.7610 

-2.0282 

-2.3342 

-2.6846 

-3.0857 

_1.0234 

-1.1785 

-1.3580 

-1.564) 


-2.069) 

-2.3758 

-2.7248 

— 0 90957 

-1.0490 

-1.2100 

-1.394) 

-1.6044 

-1.8431 

-2.1138 

-2.4204 

-0.80895 

-0.71944 

-0.93509 

-1.0803 

-1.2461 

-1.4)45 

-1.6479 

-1.8889 

-2.1606 

-0.8)413 

-0.96584 

-1.1159 

-1.2860 

-1.4780 

-1.6940 

-1.9)68 

-0.63934 

-0.74412 

-0.86421 

- 1.0008 

-1.1551 

-1.3289 

- 1.5239 

- 1.742) 

— 0.56729 

-0.66342 

-0.7734) 

-0.89828 

-1.0)91 

-1.1972 

-1.3742 

- 1.5719 

-0.50216 

-0.59072 

-0.69191 

-080654 

— 0.9)559 

-1.0802 

- 1.2416 

-1.4215 

— 0.44304 

-0.52492 

-0.618)3 

-0.72400 

-0.84275 

-0.97554 

-1.1235 

- 1.2879 

-0.38917 

-0.46511 

-0.55165 

-0.64940 

-0.75908 

-0.88152 

- 1.0177 

-1.1687 

-0.33989 

-0.41054 

-0.49096 

-0.58168 

-0.683)3 

-0.79663 

-0.92240 

- 1.0616 

-0.29466 

-0.36057 

-0.4)552 

-0.51998 

-0.61449 

-0.71967 

-0.8)625 

-0.96505 

— 0.25302 

-0.31468 

-0.38472 

-0.46)55 

-0.55167 

-0.64962 

-0.75801 

-0.87758 

— 0.21459 

— C.27239 

-0.3)800 

-0.41179 

-0.49417 

-0.58562 

-0.68671 

-0.79805 

-0.17900 

-0.23332 

- 0.2949) 

-0.36415 

-0.44135 

-0.52697 

-0.62149 

-0.72546 

-0.14598 

-0.19713 

-0.25510 

-0.32018 

-0.39270 

-0.47)05 

-0.56164 

-0.65899 

-0.11527 

-O.I63S2 

-0.21818 

-0.27949 

-0.34776 

-0.42)3) 

-0.50657 

-0.59792 

-0.08664 

-0.13225 

-0.18)88 

-0.24176 

-0)0615 

-0.37736 

-0.45574 

-0.54166 

- 0.05989 

-0.10308 

-0.15193 

-0.20667 

-0.26752 

-0.3)476 

- 0.40870 

-0.48968 

-0.03486 

-0.07582 

-0.1221) 

-0.17)97 

-0.23158 

-0.29519 

-0.36507 

-0.44155 

-0.01140 

-0.05030 

-0.09426 

-0.14)45 

-0.19807 


-0.32451 

-0.39687 

4 0.01064 

-0.02636 

-0.06815 

-0.11490 

-0.16677 

-0.22397 

-0.2867) 

-0.35530 

0.03137 

-0.00)87 

-0.04)66 

-0.08814 

-0.13747 

-0.19184 

-0.25145 

-0.31654 

0.05089 

+ 0.01729 

.CEiIl 

-0.06302 

-0.11000 


-0.21846 

-0.280)3 

4^5 

4.6 

4 7 

0.06932 

0.03723 

+ 0.0010) 

-0.0)941 

-0 08421 

-0.1)35) 

-0.18755 

-0.24645 

0.08672 

0.05605 

0.02145 

-0.01717 

-0.05995 

-0.10702 

-0.15854 

-0.21469 

0.10318 

0.07383 

0.0407) 

+ 0.00)80 

- 0.0)709 

-0.08207 

-0.1)127 

-0.18486 

4.8 

4.9 

5.0 

0.11877 

0.09065 

0.05896 

0.02360 

-0.01554 

-0.05856 

-0.10560 

-0.15681 

0.13355 

0.10659 

0.07620 

0.042)2 

+ 0.0048) 

-0.036)7 

-0.08140 

-0.13039 

0.14758 

0.12170 

0.09255 

0.06004 

0.02409 

-0.01540 

-0.05855 

-0.10548 

6 

0.25614 

0.23818 

0.21799 

0.19554 

0.17077 

+ 0.14364 

4 0.11409 

+ 0.08206 

7 

0.32667 

0.31341 

0.2985) 

0.28199 

0.26379 

0.24)89 

0.22225 

0.19885 

8 

0.37524 

0.36502 

0.35355 

0.34082 

0.32682 

0.31154 

0.29494 

0.27702 

9 

10 

0.41012 

0.40197 

0.39283 

0.38270 

0.37157 

0.35942 

0.34625 

0.33203 

0.43593 

0.42927 

0.42180 

0.41)53 

0.40444 

0.39453 

0.38379 

0.37221 

20 

0.51854 

0.51672 

0.51468 

0.5124) 

0.50996 

0.50726 

0 50436 

0.50125 

30 

0.52367 

0.52281 

0.52184 

0.52077 

0.51960 

0.5183! 

0.5169! 

0.51547 

40 

0.51665 

0.51613 

0.51556 

0.5149) 

0.5142] 

0.51346 

0.51261 

0.51179 

50 

0.50707 

0.5067J 

0.506)5 

0.5059) 

0.50546 

0 50496 

0.50441 

0.50)8) 

60 

0.49729 

0.49704 

0.49676 

0.49646 

0.4961 ’ 

0.49571 

0.4953: 

0.49495 

70 

0.48795 

0.48776 

0.48755 

0.48732 

0.48701 

0.4867* 

0.48651 

0.48618 

80 

0.47924 

0.47909 

0.47893 

0.47874 

0.47854 

0.4783! 

0.47811 

0.47784 

90 

0.47117 

0.47105 

0.47091 

0.47077 

0.47061 

0.4704! 

0.4702- 

0.47004 

100 

0.46370 

0.46360 

0.46349 

0.46)37 

0.46)2: 

0.46)0* 

0.4629 

0.46276 

200 

0.41132 

0.41129 

0.41126 

0.41123 

0.4111* 

0.4111: 

0.4111' 

0.41105 

300 

0.38008 

0.38006 

0.38005 

0.38003 

0.38001 

0.3799* 

0.3799 

0.37994 

400 

0.35832 

0.35831 

0.358)0 

0.35825 

0.35821 

0.3582 

7 0.3582 

0.35824 
















TABLE II-B 


The Joule-Thomson Coefficient^fob Po^ G*s es «Stoc KMA v er Po TENT 1al> 

bn = No 3 *• *>-'/• •*- - 




/• = 8 


XI 


0.1 


0.30 
0.35 
0.40 
0.45 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
1.40 
1.45 
1.50 
1.55 
1.60 
1.65 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 
2.0 
2.1 
2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 
2.9 
3.0 

3.1 

3.2 

3.3 

3.4 

3.5 

3.6 

3.7 

3.8 

3.9 
4.0 

4.1 

4.2 

4.3 

4.4 

4.5 

4.6 

4.7 

4.8 

4.9 
5.0 
6.0 
7.0 
8.0 
9.0 

10.0 

20 

30 

40 

50 

60 

70 

80 

90 

IOO 

200 

300 

400 


123.498 
72.564 
48.640 
35.492 
27.438 
22.1035 
18.3565 
15.6028 
13.5052 
11.8606 
10.5403 
9.4591 
8.5590 
7.7987 
7.1487 
6.5870 
6.0970 
5.6661 
5.2843 
4.9437 
4.6382 
4.3627 
4.1129 
3.8855 
3.6776 
3.4870 
3.3113 
3.1492 
2.9990 
2.85950 
2.72960 
2.60837 
2.49495 
2.38863 
2.28878 
2.10628 
1.94360 
1.79774 
1.66625 
1.54710 
1.43869 
1.33963 
1.24877 
1.16516 
1.08796 
1.01650 
0.95015 
0 88839 
0.83078 
0.77692 
0.72646 
0.67910 
0.63454 
0 59258 
0.55299 
0 51559 
0.48018 
0.44664 
0.41481 
0.38457 
0.35582 
0.32843 
0.30234 
0.27742 
0.25364 
0 06411 
-0 06559 
- 0.15923 
-0 22952 
- 0.28389 
- 0.49641 
- 0.54427 
- 0.55780 
- 0.55995 
- 0.55754 
- 0.55312 
- 0.54785 
- 0.54224 
- 0.53657 
- 0.48897 
- 0.45665 
- 0.43310 


0.2 


0.3 


197.638 
103.764 
64.580 
44.773 
33.366 
26.1573 
21.2763 
17.7928 
15.2019 
13.2102 
11.6374 
10.3674 
9.3226 
8.4494 
7.7095 
7.0753 
6.5258 
6.0457 
5.6227 
5.2473 
4.9121 
4.6109 
4.3390 
4.0924 
3.8676 
3.6620 
3.4732 
3.2993 
3.13866 
2.98972 
2.85133 
2.72242 
2.60204 
2 48938 
2 . 3837 $ 
2.19109 
2.01983 
1.86666 
1.72885 
1.60426 
1.49107 
1.38782 
1.29327 
1.20638 
1.12627 
1.05219 
098349 
0.91962 
0.86009 
0.80448 
0.75243 
0 70361 
0.65773 
0 . 6145 $ 
0.57383 
0.53538 
0.49901 
0.46458 
0.43192 
0 40091 
0.37143 
0.34338 
0.31665 
0 . 2911 $ 
0.26682 
0.07325 
- 0.05885 
- 0.15404 
- 0.22540 
- 0.28052 
- 0.49550 
- 0.54384 

- 0.55754 

- 0.55978 
- 0.55741 
- 0.55304 
- 0.54778 
- 0.54219 
- 0.53653 

- 0.48895 

- 0.45664 
- 0.43310 


/• 

I * 


.2 = o -*/, 


8” '■ ,,2/ca 3 


0.4 


402.4 
179.79 
100.272 
64.351 
45.340 
34.084 
26.8448 
21.8888 
18.3263 
15.6644 
13.6121 
11.9883 
10.6764 
9.5953 
8.6921 
7.9269 
7.2710 
6.7030 
6.2609 
5.7700 
5.3824 
5.0365 
4.7260 
4.4457 
4.1916 
3.9602 
3.7486 
3.5545 
3.3757 
3.21054 
3.05758 
2.91549 
2.78319 
265970 
2.54419 
2.33421 
2.14835 
1.98271 
1.83421 
1.70036 
1.57911 
1.46879 
1.36801 
1.27558 
1.19055 
1.11205 
1.03939 
0.97194 
0.90919 
0.85065 
0.79592 
0.74465 
0.69654 
0.65130 
0.60869 
0 56849 
0.53051 
0 49458 
0.46053 
0.42823 
0.39754 
0.36837 
0.34058 
0.31410 
0.28884 
0.08850 
- 0.04761 
- 0.14539 
- 0.21852 

- 0.27491 

- 0.49398 
- 0.54313 
- 0.55712 
- 0.55950 
- 0.55721 
- 0.55288 
- 0.54765 
- 0.54208 
- 0.53645 
- 0.48893 
- 0.45663 
- 0.43310 


364.1 
177.22 
103.156 
67.640 
48.166 
36.383 
28.7059 
23.4079 
19.5818 
16.7158 
14.5035 
12.7530 
11.3386 
10.1751 
9.2036 
8.3816 
7.6778 
7.0694 
6.5385 
6.0716 
5.6582 
$.2896 
4.9591 
4.6613 
4.3916 
4.1463 
3.9222 
3.7168 
3.5279 
3.3536 
3.19224 
3.04254 
2.90328 
2.77342 
2.53836 
2.33137 
2.14779 
1.98389 
1.83675 
1.70393 
1.58350 
1.47379 
1.37347 
1.28140 
1.19663 
1.11834 
1.04582 
0.97846 
0.91575 
085724 
080251 
0.75122 
0.70308 
0.65779 
0.61512 
0.57486 
0.53680 
0 50079 
0.46666 
0.43427 
040351 
0.37424 
0.34637 
0.31981 
0.10993 
- 0.03184 
- 0.13326 
- 0.20887 
- 0.26704 
- 0.49186 
- 0.54212 
- 0.55653 
- 0.55911 
- 0.55693 
- 0.55266 
- 0.54748 
- 0.54195 
- 0.53634 
- 0.48889 
- 0.45661 
- 0.43308 


• ■ / 

0.5 

0.6 

0.7 

349.5 



181.58 

347.1 


109.34 

189.8 

352.0 

72.96 

117.58 

200.6 

52.405 

79.68 

127.3 

39.738 

$ 7,691 

87.51 

31.3874 

43.904 

63 83 

25.5836 

34.718 

48.76 

21.3750 

28.2907 

38.611 

18.2157 

23.6106 

31.464 

15.7751 

20.0896 

26.238 

13.8439 

17.3667 

22.2972 

12.2845 

15.2118 

19.2456 

11.0032 

13.4727 

16.8297 

9.9346 

12.0450 

14.8801 

9.0318 

10.8556 

13.2805 

8.2601 

9.8520 

11.9493 

7.5939 

8 . 995 $ 

10.8272 

7.0137 

8.2573 

9.8708 

6.5043 

7.6153 

9 . 047 $ 

6.0538 

7.0525 

8.3325 

5.6528 

6.5557 

7.7068 

$.2940 

6.1141 

7.1550 

4.9712 

5.7196 

6.6655 

4.6791 

5.3651 

6.2285 

4.4138 

5.0449 

5.8365 

4.1720 

4.7547 

5.4832 

3.9503 

4.4900 

5.1627 

3.7469 

4.2482 

4.8715 

3.5595 

4.0265 

4.6055 

3.38617 

3.8224 

4.3620 

3.22556 

3.6339 

4.1380 

3.07632 

3.45947 

3.9314 

2.80747 

3.14689 

3.5635 

2.57215 

2.87504 

3.24571 

2.36456 

2.63666 

2.96873 

2.18016 

2.42601 

2.72533 

2.01533 

2.23865 

2.50995 

1.86717 

2.07097 

2.31811 

1.73333 

1.92014 

2.14628 

1.61183 

1.78373 

1.99151 

1.50109 

1.65983 

1.85143 

1.39976 

1.54684 

1.72415 

1.30675 

1.44343 

1.60802 

1.22105 

1.34843 

1.50166 

1.14185 

1.26088 

1.40391 

1.06843 

1.17996 

1.31382 

1.00031 

1.10496 

1.23052 

0.93682 

1.03527 

1.15329 

0.87758 

0.97037 

1.08154 

0.82214 

0.90976 

1.01468 

0.77018 

0.85308 

0.95227 

0.72140 

0.79994 

0.89387 

0.67551 

0.75004 

0.83913 

0.63227 

0.70310 

0.78772 

0.59147 

0.65887 

0.73938 

0.55289 

0.61712 

0.69380 

0.51639 

0.57767 

0.65078 

0.48180 

0.54032 

0.61014 

0.44896 

0.50492 

0.57167 

0.41776 

0.47134 

0.53522 

0 38809 

0.43943 

0.50062 

0.35983 

0.40909 

0.46776 

0.13758 

M I ■ 

0.21194 

- 0.01 ISO 


004307 

- 0.11762 

- 0.09846 

- 0.07572 

- 0.19644 

- 0.18121 

- 0.16317 

- 0.25690 

- 0.24448 

- 0.22977 

- 0.48913 

- 0.48579 

- 0.48183 

- 0.54084 

- 0.53926 

- 0.53740 

- 0.55577 

- 0.55484 

- 0.55374 

- 0.55860 

- 0.55798 

- 0.55725 

- 0.55656 

- 0.55611 

- 0.55558 

- 0.55239 

- 0.55205 

- 0.55165 

- 0.54726 

- 0.54700 

- 0.54669 

- 0.54177 

- 0.54156 

- 0.54130 

- 0.53619 

- 0.53601 

- 0.53581 

- 0.48886 

- 0.48880 

- 0.48874 

- 0.45660 

- 0.45657 

- 0.45654 

- 0.43307 

- 0.43305 

- 0.43304 
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TABLE 11—B ( continued ) 


r # I 

0.8 

0.9 

1.0 

1.1 

Ell 

DU 

1.4 

1.5 

■ - 

*60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

1.35 

1.40 

1.45 

1.50 

1.55 

1.60 

1.65 

1.70 

1.75 

1.80 

1.85 

1.90 

1.95 

2.0 

2.1 

2.2 

2.3 

2.4 

360.0 

213.0 

138.2 

96.3 

372.0 

227.0 

150.3 

242.0 




• 


70.72 

105.82 

163.2 

258.4 





54.24 

78.31 

116.3 

176.8 

276.0 




43.02 

60.29 

86.6 

127.3 

192.0 

293.0 



35.071 

47.981 

66.93 

95.50 

139.2 

206.6 

313.0 


29.234 

39.097 

53.31 

74.12 

105.1 

151.6 

223.0 

332.0 

* 24.818 

32.600 

43.54 

59.20 

81.9 

115.2 

165.0 

239.0 

21.395 

27.645 

36 . 2 * 

48.40 

65.5 

90.2 

126.0 

178.0 

18.6830 

23.808 

30.776 

40.350 

53.67 

72.42 

99.0 

137.5 

16.4942 

20.766 

26.485 

34.213 

44.77 

59.37 

79.8 

108.7 

14.6991 

18.3101 

23.078 

29.427 

37.97 

49.57 

65.5 

87.6 

13.2061 

16.2961 

20.327 

25.623 

32.64 

42.03 

54.7 

72.0 

11.9486 

14.6216 

18.071 

22 548 

28.39 

36.13 

46.5 

60.4 

10.8780 

13.2126 

18.1956 

20.026 

24.980 

31 . 4)6 

39.93 

51.21 

9.9574 

12.0135 

14.6177 

17.930 

22.167 

27.626 

34.72 


9.1590 

10.9836 

13.2764 

16.1663 

19.828 

24.498 

30.49 


8.4609 

10.0913 

12.1252 

14.6681 

17.861 

21.895 

27.02 


7.8463 

9.3120 

11.1284 

13.3829 

16.192 

19.708 

24.14 


7.3015 

8.6265 

10.2587 

12.2709 

14.759 

17.849 

21.71 


6.8161 

8.0198 

9.4946 

11.3016 

13.521 

16.257 

19.65 


6.3813 

7.4800 

8.8194 

10.4514 

12.4433 

14.8825 

17.884 

E i k - ? Mte-ja 

5.9891 

6.9960 

8.2178 

9.6990 

11.4964 

13.6838 

16.358 

19.640 

5.6346 

6.5610 

7.6804 

9 . 0)09 

106612 

12.6337 

15.029 

17.951 

5.3125 

6.1679 

7.1974 

8 . 4)39 

9.9194 

11.7072 

13.866 

16.482 

5.0189 

5.8113 

6.7614 

7.8981 

9.2575 

10.8855 

12.840 

15.196 

4.7502 

5.4863 

6.3661 

7.4147 

8 . 66)6 

10.1524 

11.932 

14.064 

4.5034 

5.1893 

60064 

6.9770 

8.1284 

9.4952 

11.121 

13.060 

4.0662 

4.6661 

5.3769 

6.2158 

7.2043 

8.3684 

9.7415 

11.3642 

3.6913 

4.2207 

4.8450 

5.5779 

6.4361 

7 4402 

8.6158 

9.9944 

3.3666 

3.8376 

4.3908 

5.0369 

5.7895 

6.6650 

7 . 68)5 

8.8694 

3.08298 

3.5050 

3.9987 

4.5729 

5.2387 

6.0093 


7.9319 

2.5 

2.83332 

3.2138 

3.6573 

4.1714 

4.7650 

5.4488 

6.2357 

7.1414 

2.6 

2.61200 

2.9569 

3.3578 

3.8210 

4.3537 

4.7650 

5.6653 

6.4675 

2.7 

2.8 

2.41467 

2.72887 

3.0932 

3.5128 

3 . 99)9 

4 . 54)9 

5.1715 

5.8873 

2.23766 

2.52523 

2.8579 

3.2400 

3.6769 

4.1746 

4.7406 

5.3836 

2.9 

2.07805 

2.34233 

2.6474 

2.9970 

3.3955 

3.8483 

4.3616 

4.9425 

3.0 

1.93355 

2.17733 

2.45819 

2.7794 

3.1447 

3.5585 

4.0263 

4.5540 

3.1 

1.80216 

2.02781 

2.28733 

2.5835 

2.9197 

3.2996 

3.7278 

4.2096 

3.2 

1.68218 

1.89171 

2.13231 

2.4064 

2.7169 

3.0669 

3.4606 

3.9024 

3.3 

1.57224 

1.76737 

1.991 II 

2.24557 

2.5332 

2.8571 

3.2204 

3.6271 

3.4 

1.47118 

1.65338 

1 86202 

2 09897 


2.6669 

3 0033 

3.3790 

3.5 

1.37798 

1.54855 

1.74362 

1.96485 

2.2142 

2.4938 

2 8063 

3.1547 

3.6 

1.29180 

1.45184 

1.63466 

1.84174 

2.0748 

2.3357 

2.6269 

2.9508 

3.7 

1.21190 

1.36238 

1.53412 

1.72840 

1.94677 

2.1909 

2.4629 


3.8 

1.13761 

1.27940 

1.44106 

1.62375 

1.82882 

2.0578 

2.3126 


3.9 

1.06840 

1.20226 

1.35472 

1.52686 

1.71987 

1.9352 

2.1743 


4.0 

1.00378 

1.13036 

1.27443 

1.43692 

1.61984 

1.8217 

2.0468 

2.2955 

4.1 

0.94332 

1.06322 

1.19959 

1.35326 

1.52523 

1.71661 

1.9287 

2.1630 

4.2 

0.88663 

1.00039 

1.12967 

1.27526 

1.43802 

1.61898 

1.8193 

2.0403 

4.3 

0.83341 

0.94150 

1.06426 

1.20239 

1.35669 

1.52808 

1.7176 

1.9265 

4.4 

0.78333 

0.88617 


1.13415 

1.28066 

1.44325 

1.6229 

1.82063 

4.5 

0.73613 

0.83412 

0.94527 

1.07017 

1.20948 

1.36395 

1.53448 

1.72201 

4.6 

0.69160 

0.78508 

0.89106 

1.01006 

1.14272 

1.28970 

1.45180 

1.62993 

4.7 

0.64951 

0.73879 

0.83996 

0.95349 

1.07996 

1.22001 

1.37433 

1.54375 

4.8 

0.60967 

0.69505 

0.79173 

0.90019 

•■ j . 

1.15452 

1.30163 

1.46300 

4.9 

0.57193 

0.65365 

0.74617 

0 84987 

0.96526 

1.09287 

1.23329 

1.38720 

5.0 

0.53611 

0.61442 

0.70302 

0.80230 

0 91272 

1.03473 

1.16892 

1.31590 

6 

0.25886 

0.31246 

0.37291 

0.44039 

0.51512 

0.59734 

0.68732 

0.78535 

7 

0.07743 

0.11662 

0.16072 

0.20985 

0.26411 

0.32363 

0.38858 

0.45910 

8 

- 0.04937 

- 0.01936 

0.01437 

0.05187 

0.09323 

0.13851 

0.18782 

0.24124 

9 

- 0.14227 

- 0.11848 

- 0.09177 

- 0.06211 

- 0.02944 

0.00629 

0.04512 

0.08714 

10 

- 0.21275 

- 0.19339 

- 0.17167 

- 0.14756 

- 0.12103 

- 0.09205 

- 0.06058 

- 0.02657 

20 

- 0.47728 

- 0.47210 

- 0.46630 

- 0.45989 

-045285 

- 0.44520 

- 0.43692 

- 0.42799 

30 

- 0.53524 

- 0.53280 

- 0.53006 

- 0.52704 

- 0.52373 

- 0.52013 

- 0.51624 

- 0.51205 

40 

- 0.55247 

- 0.55102 

- 0.54941 

- 0.54763 

- 0.54567 

- 0.54356 

- 0.54126 

- 0.53880 

50 

- 0.55639 

- 0.55544 

- 0.55437 

-0 55318 

- 0.55188 

- 0.55047 

- 0.54893 

- 0.54730 

60 

- 0.55498 

- 0.55429 

- 0.55351 

- 0.55267 

- 0.55174 

- 0.55071 

- 0.54962 

- 0.54844 

70 

- 0.55119 

- 0.55067 

- 0.55008 

- 0.54944 

- 0.54873 

- 0.54796 

- 0.54714 

- 0.54624 

80 

- 0.54633 

- 0.54592 

- 0.54546 

- 0.54495 

- 0.54439 

- 0.54379 

- 0.54314 

- 0.54243 

90 

- 0.54102 

- 0.54068 

- 0.54030 

- 0.53990 

- 0.53945 

- 0.53896 

- 0.53843 

- 0.53787 

100 

- 0.53556 

- 0.53529 

- 0.53498 

- 0.53464 

- 0.53426 

- 0.53386 

- 0.53342 

- 0.53295 

200 

- 0.48867 

- 0.48859 

- 0.48850 

- 0.48841 

- 0.48830 

- 0.48818 

- 0.48805 

- 0.48792 

300 

- 0.45651 

- 0.45647 

- 0.45643 

- 0.45638 

- 0.45632 

- 0.45627 

- 0.45621 

- 0.45614 

400 

- 0.43302 

- 0.43299 

- 0.43297 

- 0.43294 

- 0.43291 

- 0.43288 

1 - 0.43283 

- 0.43280 


a This table was prepared by J. S. Rowlinson (see footnote 6 in § 3.10b). 
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APPENDIX 


TABLE II-C 


™ E F ” £*"*>** T ° Determ,ne the Parameters ,n 
. ™ E Stockmayer Potential from Experimental 
Second Virial Coefficients® 


\ /• 
T * Xs \ 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 
1.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
1.40 
1.45 
1.50 
1.55 
1.60 
1.65 
1.70 
1.75 
1.80 
1.85 
1.90 
1.95 

2.0 

2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 

2.9 

3.0 

-93.387 

-71.243 

-58.868 

-51.026 

-45.600 

-41.597 

-38.495 

-35.998 

-33.922 

-32.153 

-30.614 

-29.252 

-28.028 

-26.914 

-25.899 

-24.938 

-24.048 

-23.210 

-22.416 

-21.660 

-20.937 

-20.242 

-19.572 

-18.924 

-18.296 

-17.686 

-17.090 

-16.510 

-15.942 

-15.385 

-14.840 

-14.305 

-13.778 

-13.260 

-12.749 

-11.749 

-10.773 

-9.8194 

-8.8848 

-7.9670 

-7.0647 

-6.1763 

-5.3001 

-4.4356 

-3.5811 

-64.452 
-45.288 
-35.554 
-29.792 
-26.003 
-23.316 
-21.300 
-19.720 
-18.436 
-17.364 
-16.446 
-15.646 
-14.937 
-14.299 
-13.718 
-13.185 
-12.690 
—12.227 
-11.792 
-11.380 
-10.988 
-10.614 
-10.254 
-9.9086 
-9.5745 
-9.2512 
-8.9368 
— 8.6312 
-8.8333 
-8.0420 
-7.7571 
-7.4781 
-7.2042 
-6.9352 
-6.6707 
-6.1537 
-5.6510 
-5.1609 
-4.6814 
-4.2119 
-3.7508 
-3.2975 
-2.8512 
-2.4114 
-1.9773 

-72.01 
-44.42 
-32.120 
-25.478 
-21.402 
-18.665 
-16.699 
-15.213 
-14.043 
— 13.091 
-12.296 
-11.617 
-11.027 
-10.503 
-10.034 
-9.6093 
-9.2198 
-8.8600 
-8.5248 
-8.2108 
-7.9144 
-7.6334 
-7.3659 
-7.1098 
-6.8640 
-6.6273 
-6.3989 
-6.1776 
-5.9630 
-5.7536 
-5.5499 
-5.3509 
-5.1564 
-4.9659 
-4.7791 
-4.4153 
-4.0633 
-3.7214 
-3.3883 
-3.0630 
-2.7446 
-2.4323 
-2.1256 
-1.8238 
-1.5266 

-56.10 
-36.28 
-26.700 
-21.283 
-17.870 
-15.540 
-13.851 
-12.567 
-11.555 
-10.732 
-10.045 
-9.4601 
-8.9526 
-8.5053 
-8.1603 
-7.7459 
-7.4172 
-7.1148 
-6.8344 
-6.5725 
-6.3268 
-6.0946 
-5.8743 
-5.6648 
-5.4641 
-5.2716 
-5.0861 
-4.9075 
-4.7342 
-4.5662 
-4.4029 
-4.2439 
-4.0888 
-3.9374 
-3.6439 
-3.3617 
-3.0890 
-2.8246 
-2.5674 
-2.3167 
-2.0717 
-1.8317 
-1.5963 
-1.3650 

-48.3 

-32.33 

-24.11 

-19.28 

-16.172 

-14.026 

-12.455 

-11.256 

-10.309 

-9.539 

-8.8978 

-8.3526 

-7.8812 

-7.4674 

-7.0996 

-6.7689 

-6.4685 

-6.1933 

-5.9394 

-5.7035 

-5.4827 

-5.2751 

-5.0793 

-4.8934 

-4.7162 

-4.5467 

-4.3846 

-4.2277 

-4.0770 

-3.9313 

-3.7900 

-3.6528 

-3.5194 

-3.2625 

-3.0172 

-2.7817 

-2.5548 

-2.3351 

-2.1220 

-1.9145 

-1.7120 

-1.5141 

-1.3203 

-44.1 
- 30.30 
-22.83 
-18.33 
-15.367 
-13.293 
-11.77 
-10.597 
-9.6712 
-8.9186 
-8.2924 
-7.7612 
-7.3031 
-6.9023 
-6.5473 
-6.2292 
-5.9415 
-5.6791 
-5.4378 
-5.2145 
-5.0066 
-4.8118 
-4.6286 
-4.4555 
-4.2911 
-4.1350 
-3.9848 
-3.8412 
-3.7034 
-3.5704 
-3.4418 
-3.3175 
-3.0798 
-2.8545 
-2.6398 
-2.4342 
-2.2365 
-2.0456 
-1.8606 
-1.6809 
-1.5060 
-1.3353 

-42.0 

-29.3 

-22.3 

-17.96 

-15.05 

-13.00 

-11.474 

-10.30 

-9.375 

-8.6210 

-7.9933 

-7.4616 

-7.0042 

-6.6048 

-6.2522 

-5.9373 

-5.6535 

-5.3954 

-5.1590 

-4.9412 

-4.7389 

-4.5501 

-4.3733 

-4.2066 

-4.0494 

-3.8993 

-3.7569 

-3.6205 

-3.4900 

-3.3646 

-3.2437 

-3.0144 

-2.7990 

-2.5954 

-2.4017 

-2.2165 

-2.0388 

-1.8676 

-1.7021 

-1.5416 

-1.3856 


0 This uble was prepared by J. S. Rowllnson (see footnote 6 In § 3.10b). 
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7.3443 
6.8792 
6.4742 
6.1175 
5.7996 
5.5141 
5.2553 
5.0190 
4.8017 


7.53 

7.06 

6.650 

6.280 

5.947 

5.647 

5.376 

5.129 

4.902 

4.693 

4.3200 

3.9964 

3.7113 

3.4570 

-3.2280 

-3.0200 

-2.8294 

2.6535 

-2.4899 

-2.3374 


4.4138 

4.2393 

4.0758 

3.9207 
3.7744 
3.6353 
3.5029 
3.3764 
3.2553 
3.0269 
2.8144 
2.6150 
2.4269 
2.2483 
2.0779 
1.9146 
1.7576 
1.6060 
1.4594 


4.2410 

4.0737 

3.7706 

3.5019 

3.2609 

3.0423 

2.8423 

2.6578 

2.4865 

2.3266 

2.1762 

2.0343 


3.4539 

3.3293 

3.0959 

2.8808 

2.6808 

2.4936 

2.3170 

2.1497 

1.9903 

1.8378 

1.6914 

1.5504 


0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

1.35 

1.40 

1.45 

1.50 

1.55 

1.60 

1.65 

1.70 

1.75 

1.80 

1.85 

1.90 

1.95 

2.0 

2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 
2.9 
3.0 


TABLE II-C ( continued ) 
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TABLE III 

The Distance of Closest Approach and the Angle of Deflection 
for the Inverse Twelfth-Power Repulsive Potential 


*<r) = 4* 


b 

y = ~ r ' 




= b r_izscL 

l 48€<7»2 


(/ = dxldy and v are quantities needed in the calculation of the 
quantum deviations of the transport coefficients) 




0.00000 

0.06148 

0.12285 

0.18398 

0.24475 


2.5917 


3 ! 
36 
2.744 
2.761 
2.783 


3.1416 

2.553 

1.958 

1.356 

0.743 


0.30503 

0.36466 

0.42349 

0.48134 

0.53799 


2.4519 

2.3105 

2.1673 

2.0217 

1.8736 


2.811 

2.844 

2.886 

2.936 

2.991 


0.116 

0.529 

1.195 

1.887 

2.611 


0.59321 

0.64668 

0.69808 

0.74697 

0.79284 


1.7225 

1.5684 

1.4109 

1.2504 

1.0871 


3.051 

3.116 

3.182 

3.243 

3.286 



0.83509 

0.87305 

0.90599 

0.93332 

0.95474 


0.9228 

0.7596 

0.6020 

0.4559 

0.3282 


- 3.292 

- 3.234 

- 3.070 

- 2.770 

- 2.328 


- 7.341 

- 7.847 

- 8.056 

- 7.840 

- 7.048 


0.97048 

0.98132 

0.98839 

0.99283 

0.99555 

0.99723 

0.99825 

0.99888 

0.99927 

0.99952 

0.99968 


0.2249 

0.1477 

0.0943 

0.0592 

0.0371 

0.0232 

0.0148 

0.0093 

0.0061 

0.0041 

0.0026 


1.804 

1.287 

0.859 

0.546 

0.340 

0.210 

0.131 

0.083 

0.048 

0.031 

- 0.025 



- 0.157 

- 0.104 
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TABLE IV 


The Integrals FO r Calculating the Transport 
for the Square-Well Potential 0 


Coefficients 


r* = 

kT/e 

CO 

5.00 

2.500 

1.667 

1.250 

1.0 

0.833 

0.500 

1 IT* 

- t - 


a 

a 


a 

D 

D 

m 

MR 

/. s 








_ 

0.4 

1.1 

1.0000 

1.1513 

1.3388 

1.5263 

1.7038 

1.8713 

2.0300 

2 5638 


1.2 

1.0000 

1.0925 

1.2113 

1.3421 

1.4725 

1.5996 

1.7233 

2 1804 


1.3 

1.0000 

1.0654 

1.1483 

1.2431 

1.3429 

1.4418 

1.5396 

1.9181 


2,2 

1.0000 

1.1833 

1.4333 

1.7100 

1.9817 

2.2417 

2.4908 

3.3688 

0.6 

1.1 

1.0000 

1.0911 

1.1894 

1.2794 

1.3578 

1.4267 

1.4872 

1.6578 


1.2 

1.0000 

1.0581 

1.1257 

1.1944 

1.2593 

1.3191 

1.3746 

1 5535 


1.3 

1.0000 

1.0418 

1.0916 

1.1440 

1.1966 

1.2467 

1.2944 

1.4629 


2,2 

1.0000 

1.0996 

1.2335 

1.3687 

1.4933 

1.6052 

1.7057 

2.0037 

0.8 

1.1 

1.0000 

1.0491 

1.0947 

1.1281 

1.1519 

1.1700 

1.1844 

1.2234 


1.2 

1.0000 

1.0315 

1.0688 

1.1001 

1.1244 

1.1432 

1.1583 

1.1977 


1,3 

1.0000 

1.0217 

1.0515 

1.0792 

1.1029 

1.1222 

1.1379 

1.1796 


2,2 

1.0000 

1.0573 

1.1259 

1.1823 

1.2231 

1.2520 

1.2723 

1.3093 


° E. M. Holleran and H. M. Hulburt, J. Chem. Phys., 19, 232 (1951). 


SUTHERLAND POTENTIAL 


1157 


TABLE V 


The Integrals f} (, ** ) * for Calculating the Transport Coefficients 
for the Sutherland Potential with an Inverse Sixth-Power 

Attraction 0 


£ 

T* 




n<*.*>* 

Q(2.3>* 


ooo 

CO 

1.0000 

1.0000 

i m 


1.0000 

1.0000 

001 

50 

1.0034 


1.0017 

jjyruSj^s 

1.0027 

1.0021 

0 02 

25 

1.0072 


1.0034 


1.0055 


V.Vi* 

0 03 

16.67 

1.0112 

1.0068 

1.0052 

He* rri 

1.0084 


004 

12.50 

■ETEf 

1.0091 

1.0070 


1.0114 


0.05 

10.00 

Mi 

1.0115 

1.0088 


1.0146 

|M| 

0.075 

6.67 

1.0318 

1.0179 

1.0137 

1.0330 

1.0232 

1.0177 

0.100 

5.00 

1.0450 

1.0246 

1.0188 

1.0468 

1.0325 


0.125 

4.00 

1.0592 

1.0319 

1.0243 

1.0617 

1.0425 


0.150 

3.33 

1.0738 

1.0397 

1.0302 

1.0774 

1.0532 

1.0400 

0.175 

2.86 

1.0888 

1.0479 

1.0366 

1.0939 

1.0645 

1.0483 

0.200 

2.50 

1.1042 

1.0566 

1.0432 

1.1115 

1.0763 

1.0570 

0.225 

2.22 




1.1285 



0.250 

2.00 

1.1348 

1.0751 

1.0576 

1.1464 

1.1014 

1.0752 

0.375 

1.33 

1.2096 

1.1248 

1.0972 

1.2376 

1.1694 

1.1272 

0.500 

1.00 

1.2802 

1.1765 

1.1379 

1.3264 

1.2404 

1.1837 

0.625 

0.800 

1.3466 

1.2284 

1.1776 

1.4090 

1.3101 

1.2419 

0.750 

0.667 

1.4090 

1.2793 

1.2163 

1.4846 

1.3763 

1.2993 

0.875 

0.571 

1.4676 

1.3286 

1.2542 

1.5537 

1.4383 

1.3547 

1.000 

0.500 

1.5228 

1.3757 

1.2915 

1.6167 

1.4957 

1.4071 

1.125 

0.444 

1.5748 

1.4205 

1.3280 

1.6753 

1.5491 

1.4565 

1.250 

0.400 

1.6238 

1.4630 

1.3635 

1.7294 

1.5988 


1.375 

0.364 

1.6702 

1.5034 

1.3980 

1.7800 

1.6452 

1.5463 

1.500 

0.333 

1.7142 

1.5417 

1.4313 

1.8275 

1.6889 

1.5872 

1.625 

0.308 

1.7560 

1.5782 

1.4634 

1.8725 

1.7301 

1.6258 

1.750 

0.286 

1.7962 

1.6131 

1.4944 

1.9153 

1.7693 

1.6631 

1.875 

0.267 

1.8344 

1.6465 

1.5242 

1.9560 

1.8066 


2.00 

0.250 

1.8714 

1.6789 

1.5529 

1.9950 

1.8422 



a M. Kotani, Proc. Phys.-Math. Soc. Japan (3), 24, 76 (1942). Kotani tabulated a 
function F,‘(0 which bears the following relationship to the Cl' 1 -''*: 




F,KO 


(s+ 1)! 


! [-*4sn 


where £ = c/2 kT = 1/27* 


4 
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TABLE VI-A 

The Second V,r,al Coeff.cient for the Buckingham-Corner Potent,al“ 

BfT > = 2”Nr „ 3 F„(«, r*) T • = *r/ { 

F »(“•/*: 7**) for /? = 0 


12.5 


100 . 

50. 

33.33 

25.00 

20.00 

16.67 

14.29 

12.50 

11.11 

10.00 

6.667 



0.1079 

0.1066 

0.1044 

0.1016 

0.0982 

0.0945 

0.0716 


— 

0.0144 

0.0176 

0.0514 

— 

L'l'V'Mi 

_ 

0.1233 

0.1614 

— 



0.2413 

0.2836 

0.3270 

0.3718 

0.4180 


0.1061 

0.1029 

0.0993 

0.0771 

0.0506 

0.0213 

0.0100 

0.0429 

0.0774 

0.1132 


L'Jl k'. 




0.0352 

0.0689 

0.1040 

0.1404 

0.1781 

0.2170 

0.2572 

0.2987 

0.3416 

0.3857 


0.1197 

0.1199 

0.1189 

0.1170 

0.1144 

0.1114 

0.1080 

0.0868 

0.0615 

0.0335 

0.0035 

-0.0282 

0.0612 

-0.0956 

-0.1313 

-0.1682 

-0.2064 

-0.2458 

-0.2865 

-0.3285 

-0.3718 


0.1226 

0.1207 


0.0913 

0.0664 

0.0389 

0.0094 

0.0216 

0.0541 



100. 

0.0905 

0.0942 

50. 

0.1034 

0.1072 

33.33 

0.1086 

0.1126 

25.00 

0.1105 

0.1147 

20.00 

0.1106 

0.1149 

16.67 

0.1094 

0.1138 

14.29 

0.1074 

0.1120 

12.50 

0.1047 

0.1094 

11.11 

0.1016 

0.1064 

10.00 

0 0981 

0.1030 

6.667 

0.0762 

0.0819 

5.000 

0.0501 

0.0565 

4.000 

0.0212 

0.0284 

3.333 

-0.0097 

-0.0017 

2.857 

-0.0424 

-0.0336 

2.500 

-0.0764 

-0.0668 

2.222 

-0.1119 

-0.1014 

2.000 

-0.1488 

-0.1373 

1.818 

-0.1869 

-0.1745 

1.667 

-0.2264 

-0.2130 

1.539 

-0.2672 

-0.2527 

1.429 

-0.3093 

-0.2938 

1.333 

-0.3527 

-0.3361 

1.250 

-0.3975 

-0.3798 


9 

0.1110 
.5 
6 

0.1189 

0.1180 

0.1163 

0.1138 

0.1109 

0.1076 

0.0871 

0.0623 

0.0349 

0.0055 

0.0256 

0.0580 

0.0919 

0.1269 

0:i633 

0.2009 

0.2397 

•0.2798 

0.3212 

0.3639 


0.1015 

0.1146 

0.1202 


.1 ■ 


0.1220 

0.1203 

0.1180 

0.1152 

0.1120 

0.0919 

0.0677 

0.0409 

0.0121 

0.0183 

0.0501 

•0.0832 

0.1175 

0.1531 

0.1899 

0.2280 

0.2672 

0.3078 

-0.3496 



1265 

0.1257 

0.1242 

0.1219 

0.1192 

0.1160 

0.0964 

0.0727 

0.0464 

0.0182 

0.0116 

0.0427 

0.0753 

0.1089 

0.1439 

0.1799 

0.2172 

0.2557 

0.2955 

0.3365 


R. A. Buckingham and J. Corner. Proc. Roy. Soc. {London), A189. 118 (1947); and 
R. A. Buckingham, privalc correspondence. Oct. 18. 1952. 
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The Zero-Pressure Joule-Thomson Coefficient for the 
Buckingham-Corner Potential® 

M°C P ° = 2nNrJ G 0 («, Pi T m ) T* = kT/c 

G 0 (a. P’. T*) for P ^ 0 



100 . 

50. 

33.33 

25.00 

20.00 

16.67 

14.29 

12.50 

11.11 

10.00 

6.667 



-0.1090 
-0.1166 
-0.1156 
- 0.1110 
-0.1040 
-0.0958 
-0.0866 
-0.0767 
-0.0662 
-0.0552 
+ 0.0047 
0.0706 
0.1409 
0.2152 
0.2931 
0.3747 
0.4598 
0.5487 
0.6415 
0.7382 
0.8391 
0.9443 
1.0541 
1.1686 


-0.1128 
-0.1206 
-0.1199 
-0.1155 
-0.1087 
-0.1008 
-0.0919 
-0.0822 
-0.0720 
-0.0613 
-0.0028 
+ 0.0616 
0.1303 
0.2029 
0.2790 
0.3587 
0.4419 
0.5287 
0.6193 
0.7138 
0.8124 
0.9152 
1.0224 
1.1342 


-0.1165 
-0.1245 
-0.1239 
0.1198 
0.1132 
0.1054 
0.0967 
0.0873 
0.0773 


+ 0.0534 
0.1207 
0.1917 
0.2663 
0.3442 
0.4257 
0.5107 
0.5994 
0.6919 
0.7883 


LOttliK 


0.9938 
1.1031 


— 0.1201 
— 0.1283 
-0.1278 
-0.1238 
-0.1173 
-0.1098 
-0.1013 

-0.0822 
-0.0720 
-0.0159 
+ 0.0459 
0.1119 
0.1816 
0.2547 
0.3311 
0.4110 
0.4944 
0.5813 
0.6720 
0.7665 
0.8651 
0.9679 
1.0752 


-0.1237 
-0.1318 
-0.1315 
-0.1275 
-0.1213 
-0.1139 
-0.1055 
-0.0965 
-0.0869 
-0.0768 
-0.0217 
+ 0.0390 
0.1038 

0.1723 

0.2441 
0.3192 
0.3976 
0.4794 
0.5648 
0.6538 
0.7466 
0.8434 
0.9443 
1.0496 




0.1109 

0.1190 

0.1182 

0.1139 

0.1075 

0.0997 

0.0909 

0.0814 

0.0714 

0.0608 

0.0031 


0.1287 

0.2005 

0.2760 

0.3550 

0.4376 

0.5238 

0.6138 

0.7077 

0.8057 


•£Ii£IQ 


1.0146 

1.1260 


-0.1149 

-0.1232 

" *227 
186 
0.1124 
0.1049 


L'A'j 


-0.0872 

-0.0774 
-0.0671 
-0.0109 
+ 0.0512 
0.1176 
0.1876 
0.2613 
0.3383 
0.4188 
0.5029 
0.5907 
0.6823 
0.7778 
0.8775 
0.9815 
1.0901 


-0.1187 
-0.1272 
-0.1269 
-0.1230 
-0.1170 
-0.1097 
-0.1014 
-0.0924 
-0.0829 
-0.0729 
-0.0180 
+ 0.0427 
0.1076 
0.1761 
0.2480 
0.3233 
0.4020 
0.4842 
0.5700 
0.6595 
0.7529 
0.8503 
0.9520 
1.0580 


0.1224 

0.1310 

0.1308 

0.1271 

0.1213 

0.1142 

0.1061 

0.0973 

0.0880 

0.0782 

0.0244 

0.0350 

0.0985 

0.1656 

0.2361 

0.3098 

0.3869 

0.4674 

0.5513 

0.6389 

0.7304 

0.8257 

0.9252 

1.0290 


1260 
1346 
0.1345 
0.1309 
0.1253 
0.1183 
0.1105 
0.1018 
0.0927 
0.0831 
-0.0304 
0.0279 
0.0903 
0.1560 
0.2252 
0.2975 
0.3731 
0.4520 
0.5344 
0.6203 
0.7099 
0.8034 
0.9009 
1.0027 


“ R. A. Buckingham and J. Corner, Proc. Roy. Soc. {London), A189. 118 (1947); and 
R. A. Buckingham, private correspondence. Oct. 18, 1952. 
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APPENDIX 


TABLE VI-C 


First Quantum Correction to the Second Virial 
FOR THE BUCKINGHAM-CORNER POTENTIAL' 


Coefficient 


B * = (NrJkT) Fj(a, / 1 ; T*) T • = kT/c 


F»(«.0; 7*) for£ = 0 


l/T* 

7* 


13 

13.5 

14 

14.5 

0.01 

0 02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.15 
0.20 
0.25 
0.30 
0.35 
0.40 
0.45 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 

100. 

50. 

33.33 

25.00 

20.00 

16.67 

14.29 

12.50 

11.11 

10.00 

6.667 
5.000 
4.000 

3.333 
2.857 
2.500 
2.222 
2.000 
1.818 

1.667 

1.538 

1.429 

1.333 
1.250 

0.065 

0.081 

0.091 

0.100 

0.107 

0.113 

0.119 

0.124 

0.129 

0.134 

0.157 

0.179 

0.201 

0.224 

0.247 

0.272 

0.299 

0.326 

0.356 

0.388 

0.422 

0.458 

0.497 

0.539 

0.069 

0.085 

0.096 

0.104 

0.1 II 
0.118 
0.124 
0.129 
0.135 
0.140 
0.164 
0.186 
0.209 
0.232 
0.257 
0.282 
0.310 
0.339 
0.370 
0.402 
0.438 
0.475 
0.515 
0.559 

0.074 

0.090 

0.100 

0.109 

0.116 
0.123 
0.129 
0.135 
0.140 
0.145 
0.170 
0.193 
0.217 
0.241 
0.266 
0.293 
0.321 
0.351 
0.383 
0.417 
0.453 
0.493 
0.534 
0.579 

0.078 

0.094 

0.105 

0.114 

0.121 

0.128 

0.134 

0.140 

0.146 

0.151 

0.176 

0.200 

0.225 

0.250 

0.276 

0.303 

0.332 

0.363 

0.396 

0.432 

0.470 

0.510 

0.554 

0.600 

El 


F,(a./f; 7*) for/? -0.2 


l/T* 

7• 

mza 

13 

13.5 

14 

14.5 

0.01 

100. 

0.068 

0.072 


0.081 

0.085 

0.02 

50. 

0.084 



0.097 

0.102 

0.03 

33.33 

0.094 

0.099 


0.108 

o in 

0.04 

25.00 

0.103 

0.107 


0.117 

0 122 

0.05 

20.00 

0.110 

0.114 

HtfS 

0.124 

0.129 


16.67 


0.121 

0.126 

0.131 

0.136 

0.07 

14.29 

KE1 ! 

0.127 

0.132 

0.137 

0.143 

0.08 

12.50 

mssm 

0.132 

0.138 

0.143 

0.149 

0.09 

11.11 

0.132 

0.137 

0.143 

0.149 

0.155 

0.10 

10.00 

0.137 

0.142 

0.148 

0.154 

0.160 

0.15 

6.667 

0.160 

0.166 

0.172 

0.179 

0.186 

0.20 

5.000 

0.182 

0.189 

0.196 

0.203 

0.210 

0.25 

4.000 

0.203 

0.211 

0.219 

0.227 

0.234 

0.30 

3.333 

ti'WZZWi 

0.234 

0.242 

0.251 

0.259 

0.35 

2.857 


0.257 

0.266 

0.275 

0.285 

0.40 

2.500 

0.272 

0.282 

0.292 

'u tt M 

0.312 

0.45 

2.222 

0.296 


0.318 

0.329 

0.340 

0.50 

2.000 

0.323 

0.335 

0.346 

0.358 

0.370 

0.55 

1.818 

0.351 

0.363 

0.376 

0.388 

0.401 


1.667 

0.380 

0.394 

0.407 

0.421 

0.434 

0.65 

1.538 

0.411 

0.426 

0.441 

0.455 

0.469 

0.70 

1.429 

0.445 

0.460 

0.476 

0.491 

0.506 

0.75 

1.333 

0.481 

0.496 

0.513 

0.529 


0.80 

1.250 

0.518 

0.536 

0.553 

0.571 

0.588 


° Taken from R. A. Buckingham and J. Corner, Proc. Roy. Soc. (London), A189, 118 
(1947); and R. A. Buckingham, private correspondence. Oct. 18, 1952. 
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TABLE VI-D 

First Quantum Correction to the Zero-Pressure Joule-Thomson 
Coefficient for the Buckingham-Corner Potential® 


Mi°C p ° = ( NrJkT ) <;,(«. /?; r*) T* = kT/e 

— G,(a. 0 : r*> for0 = O 


t/T* 

T* 

a = 12.5 

13 

13.5 

14 

14.5 

0.01 

100. 

0.151 

0.160 

0.169 

0.178 

0.188 

0.02 

50. 

0.186 

0.195 

0.204 

0.214 

0.224 

0.03 

33.33 

0.210 

0.219 

0.229 

0.239 

0.250 

0.04 

25.00 

0.230 

0.239 

0.249 

0.260 

0.271 

0.05- 

20.00 

0.247 

0.257 

0.267 

0.278 

0.290 


16.67 

0.262 

0.273 

0.284 

0.295 

0.307 

0.07 

14.29 

0.277 

0.288 

0.299 

0.311 

0.323 

0.08 

12.50 

0.291 

0.302 

0.314 

0.326 

0.339 

0.09 ' 

11.11 

0.304 

0.316 

0.328 

0.341 

0.354 

0.10 

10.00 

0.317 

0.330 

0.342 

0.355 

0.369 

0.15 

6.667 

0.381 

0.396 

0.411 

0.426 

0.441 

0.20 


0.446 

0.463 

0.480 

0.497 


0.25 


0.514 

0.533 

0.553 

0.572 

'Pas*! 

0.30 

3.333 

0.586 

iMu 

0.630 

0.652 


0.35 

2.857 

0.664 


0.714 

0.739 

0.764 

0.40 

2.500 

0.749 


0.805 

0.833 

0.861 

0.45 

2.222 

0.841 


0.903 

0.935 

0.967 

0.50 


0.941 


1.011 

1.047 

1.083 

0.55 

1.818 

1.050 

j&dVT 

1.129 

1.169 

1.210 

0.60 

1.667 

1.169 

1.213 

1.257 

1.303 

1.349 

0.65 

1.538 

1.298 

1.348 

1.398 

1.449 

1.500 

0.70 

1.429 


1.495 

1.551 

1.609 

1.665 

0.75 

1.333 


1.656 

1.718 

1.782 

1.845 

0.80 

1.250 

m EH 

1.830 


1.971 

2.040 



— 

C,(a. p: T*) for ft - 0.2 



1 IT* 

T* 

a = 12.5 

13 

13.5 

14 

14,5 

0.01 

100. 

0.157 

0.166 

0.174 

mmm 

0.193 

0.02 

50. 

0.193 

0.201 

0.210 


0.229 

0.03 

33.33 

0.216 

0.225 

0.235 


0.255 

0.04 

25.00 

0.235 

0.245 

0.255 

HIM 

0.276 

0.05 

20.00 

0.252 

0.262 

0.273 

0.284 

0.295 

0.06 

16.67 

0.268 

0.278 

0.289 

0.301 

0.312 

0.07 

14.29 

0.282 

0.293 

0.305 

0.316 

0.329 


12.50 

0.296 

0.307 

0.319 


0.344 

0.09 

11.11 

0.309 

0.321 

0.334 

0.346 

0.359 

0.10 

10.00 

0.322 

0.335 

0.348 


0.374 

0.15 

6.667 

0.385 


0.415 

0.430 

0.445 

0.20 

5.000 

0.449 

0.466 


0.500 

0.517 

0.25 

4.000 

0.515 

0.534 

ilgWTnmfc 

0.572 

0.591 

0.30 

3.333 

0.584 

0.606 


0.648 


0.35 

2.857 

0.659 

0.682 

0.706 

0.729 


0.40 

2.500 

0.738 

0.764 

0.791 

0.817 


0.45 

2.222 

0.824 

0.853 

0.882 

0.911 

0.940 

0.50 

2.000 

0.916 

0.949 

0.981 

1.013 


0.55 

1.818 

1.016 

1.052 

1.088 

1.123 


0.60 

1.667 

1.125 

1.164 

1.203 

1.241 


0.65 

1.538 

1.242 

1.285 

1.327 

1.368 

1.408 

0.70 

1.429 

1.370 

1.416 

1.461 

1.506 


0.75 

1.333 

1.507 

1.557 

1.606 

1.654 


0.80 

1.250 

1.654 

1.709 

1.762 

1.815 

mmm 


® Taken from R. A. Buckingham and J. Corner. Proc. Roy. Soc. (London). A189, 118 
(1947); and R. A. Buckingham, private correspondence. Oct. 18. 1952. 
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APPENDIX 


TABLE VII-B 

Collision Integral Functions 0 for Calculating the Transport 
Coefficients for the Modified Buckingham (6-Exp) Potential 

z<'.->(r*) = [r*(i - 6/«)]*/, (r*) r* = Ar/c 

a = 12 


T * 

Z (1 > M 

Z U.2> 

z«. 3 > 

Z ,l ' 4> 

z «. 6t 

Z <3, 3) 


1.1870 


0.9672 



1.1178 

0.1 

1.1911 


0.9584 


■.t ii iBI 

1.1079 

0.2 

1.1662 

Burnt 

0.0925 


0.7338 

1.0704 

0.3 

1.1243 


0.8232 

0.7239 

0.6475 

1.0161 

0.4 

1.0750 


0.7597 

0.6667 

0.6005 

0.9641 

0.5 



0.7160 

0.6328 

0.5764 

0.9194 

0.6 


0.8025 

0.6870 

0.6131 

0.5643 

0.8828 

0.7 


0.7745 

0.6679 

0.6019 

0.5589 


0.8 

0.9248 

0.7538 

0.6555 

0.5959 

0.5572 


MEgiX'fti 

0.9016 

0.7387 

0.6475 

0.5930 

0.5576 

0.8125 

1.0 

0.8825 

0.7272 

0.6425 

0.5923 

0.5593 

wrrrwss 

1.2 

0.8541 

0.7130 

0.6385 

0.5942 

0.5646 

I'T/.iiH 

1.4 

0.8350 

0.7058 

0.6388 

0.5985 

0.5711 


1.6 

0.8221 

0.7028 

0.6414 

0.6039 

0.5779 

0.7625 

1.8 

0.8135 

0.7025 

0.6451 

0.6096 

0.5845 

0.7601 

2.0 

0.8080 

0.7037 

0.6496 

0.6155 

0.5910 

0.7600 

2.5 

0.8023 

0.7104 

0.6616 

0.6296 

0.6059 


3.0 

0.8031 

0.7195 

0.6735 

0.6425 

0.6180 

0.7746 

3.5 

0.8070 

0.7288 

0.6847 

0.6541 

0.6305 


4 

0.8126 

0.7382 

0.6950 

0.6644 

0.6404 

0.7963 

5 

0.8253 

0.7556 

0.7129 

0.6819 

0.6572 


6 

0.8384 

0.7709 

0.7280 

0.6962 

0.6705 

0.8364 

7 

0.8509 

0.7842 

0.7409 

0.7081 

0.6817 


8 

0.8623 

0.7961 

0.7520 

0.7185 

„ 0.6912 


9 

0.8730 

0.8067 

0.7618 

0.7272 

0.6993 


10 

0.8829 

0.8160 

0.7702 

0.7351 

0.7066 


12 

0.9002 

0.8322 

0.7848 

0.7485 

0.7189 

0.9133 

14 

0.9150 

0.8457 

0.7969 

0.7594 

0.7292 

0.9301 

16 

0.9280 

0.8572 

0.8074 

0.7690 

0.7380 

0.9444 

18 

0.9394 

0.8674 

0.8164 

0.7773 

0.7459 


20 

0.9497 

0.8762 

0.8245 

0.7846 

0.7530 


25 

0.9710 

0.8951 

0.8415 

0.8007 

0.7682 


30 

0.9885 

0.9103 

0.8555 

0.8138 

0.7808 


35 

1.0032 

0.9232 

0.8674 

0.8253 

0.7921 


40 

1.0157 

0.9346 

0.8781 

0.8355 

0.8021 


45 

1.0270 

0.9446 

0.8876 

0.8450 

0.8114 

1.0508 

50 

1.0371 

0.9538 

0.8965 

0.8535 

0.8199 


60 

1.0549 

0.9701 

0.9123 

0.8691 

0.8355 


70 

1.0700 

0.9846 

0.9264 

0.8827 

0.8495 


80 

1.0834 

0.9973 

0.9388 

0.8957 

0.8622 

1.1129 

90 

1.0959 

1.0091 

mEEEB 

0.9074 

0.8743 

1.1265 

100 

1.1071 

1.0201 

0.9615 

0.9184 

0.8853 

1.1391 

200 

1.1906 

1.1038 

1.0462 

1.0049 

0.9729 

1.2356 


a E. A. Mason, J. Chem. Phys., 22 (1954). 
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TABLE VII-B ( continued) 


a = 12 


T 

Z < 2 . 2 ) 

Z ( 2 , 3 ) 

Z ( 2 , 4 ) 

Z <2 > 5 » 

Z < 2 . 6 ) 

Z ( 4,4) 

0 

MSI 

1.0951 

1.0221 

0.9706 

mm 


0.1 


1.1002 

1.0291 

0.9750 




1.2098 

1.1094 

1.0401 

0.9770 

0.9188 

ram 

0.3 

1.2065 

1.0936 

0.9978 

0.9129 


1.0843 

0.4 

1.1799 

1.0471 

0.9367 

0.8453 


1.0360 


1.1421 

0.9974 

0.8835 

0.7953 

0.7280 

0.9870 

HI 

1.1028 

0.9538 

0.8428 

0.7614 

0.7017 

0.9450 

0.7 

1.0667 

0.9185 

0.8133 

0.7391 

0.6862 

0.9111 

0.8 

1.0352 

0.8907 

0.7923 

0.7249 

0.6775 

0.8847 

0.9 

1.0084 

0.8692 

0.7775 

0.7160 

0.6731 

0.8642 

HI 

0.9859 

0.8528 

0.7673 

0.7108 

0.6716 

0.8488 

1.2 

0.9520 

0.8309 

0.7561 

0.7075 

0.6736 

0.8282 

1.4 

0.9290 

0.8189 

0.7525 

0.7093 

0.6790 

0.8170 

1.6 

0.9137 

0.8130 

0.7531 

0.7139 

0.6860 

0.8120 

1.8 

0.9039 

0.8111 

0.7560 

0.7198 

0.6936 

0.8107 

2.0 

0.8978 

0.8116 

0.7604 

0.7263 

0.7014 

0.8119 

2.5 

0.8930 

0.8189 

0.7742 

0.7435 

0.7202 

0.8207 

3.0 

0.8963 

0.8300 

0.7891 

0.7600 

0.7374 

0.8331 

3.5 

0.9033 

0.8423 

0.8035 

0.7752 

0.7529 

0.8466 

4 

0.9122 

0.8546 

0.8171 

0.7892 

0.7668 

0.8599 

5 

0.9313 

0.8778 

0.8415 

0.8135 

0.7906 

0.8849 

6 

0.9503 

0.8987 

0.8623 

0.8339 

0.8105 

0.9072 

7 

0.9681 

0.9172 

0.8806 

0.8516 

0.8275 

0.9269 

8 

0.9845 

0.9339 

0.8967 

0.8670 

0.8424 

0.9445 

9 

0.9995 

0.9488 

0.9110 

0.8808 

0.8559 

0.9602 

10 

1.0133 

0.9624 

0.9241 

0.8935 

0.8678 

0.9745 

12 

1.0381 

0.9862 

0.9469 

0.9153 

0.8891 


14 

1.0598 

1.0068 

0.9664 

0.9341 

0.9073 


16 

1.0788 

1.0248 

0.9838 

0.9508 

0.9236 

1.0404 

18 

1.0958 

1.0409 

0.9993 

0.9658 

0.9383 

1.0575 

20 

1.1113 

1.0557 

1.0134 

0.9796 

0.9516 

1.0731 

25 

1.1448 

1.0875 

1.0441 

1.0095 

0.9812 

1.1070 

30 

1.1729 

1.1145 

1.0703 

1.0353 

1.0067 

1.1357 

35 

1.1976 

1.1382 

1.0935 

1.0582 

1.0294 

1.1608 

40 

1.2193 

1.1593 

1.1143 

1.0787 

1.0499 

1.1832 

45 

1.2393 

1.1786 

1.1332 

1.0976 

1.0688 

1.2041 

50 

1.2573 

1.1962 

1.1509 

1.1152 

1.0863 

1.2228 

60 

1.2901 

1.2283 

1.1826 

1.1469 

1.1180 

wBsEm 

70 

1.3189 

1.2571 

1.2113 

1.1756 

1.1468 


80 

1.3451 

1.2828 

1.2370 

1.2014 

1.1730 


90 

1.3690 

1.3068 

1.2609 

1.2257 

1.1973 

WESm 

100 

1.3915 

1.3292 

1.2835 

1.2481 

1.2198 

1.3649 

200 

1.5600 

1.4988 

1.4547 

1.4208 

1.3939 

1.5470 
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TABLE VII-B ( continued ) 


«= 13 


r * 

z a .« 

Z<*. *> 

z ll - 3) 

Z w * 4 ‘ 

z“. 8 > 

Z ( 3 . 3 > 

0 

1.1870 

1.0551 

0.9672 


0.8572 

1.1178 

0.1 

1.1813 

1.0447 

0.9528 

0.8846 



0.2 

1.1618 

1.0150 

0.9084 

0.8217 

iSZkfll 

■ r' 

0.3 

1.1275 

0.9619 

0.8389 

0.7429 



0.4 

1.0851 

0.9071 

0.7807 

0.6983 

0.6236 


0.5 

1.0436 

0.8617 

0.7400 

0.6575 

0.6011 


0.6 

1.0068 

0.8268 

0.7129 

0.6393 

0.5904 


0.7 

0.9756 

0.8009 

0.6953 

0.6294 

0.5862 


0.8 

0.9498 

0.7818 

0.6841 

0.6244 

0.5855 

0.8569 


0.9285 

0.7678 

0.6772 

0.6226 

0.5871 


1.0 

0.9112 

0.7577 

0.6732 

0.6229 

0.5897 


1.2 

0.8854 

0.7454 

0.6710 

0.6266 

0.5970 

0.8111 

1.4 

0.8684 

0.7400 

0.6729 

0.6326 

0.6052 

0.8022 

1.6 

0.8573 

0.7386 

0.6770 

0.6395 

0.6136 

0.7981 

1.8 

0.8503 

0.7396 

0.6823 

6.6468 

0.6219 

0.7974 

2.0 

0.8461 

0.7421 

0.6881 

0.6542 

0.6299 


2.5 

0.8436 

0.7519 

0.7032 

0.6715 

0.6483 

WTOjlgs 

3.0 

0.8472 

0.7637 

0.7181 

0.6875 

0.6643 


3.5 

0.8535 

0.7757 

0.7320 

0.7017 

0.6785 


4 

0.8614 

0.7874 

0.7446 

0.7145 

0.6910 


5 

0.8782 

0.8091 

0.7671 

0.7365 

0.7121 

0.8700 

6 

0.8950 

0.8282 

0.7862 

0.7547 

0.7296 


7 

0.9107 

0.8451 

0.8024 

0.7702 

0.7441 

W.'tnf ■j? 

8 

0.9253 

0.8601 

0.8166 

0.7836 

0.7568 

0.9294 

9 

0.9389 

0.8734 

0.8292 

0.7954 

0.7678 


10 

0.9514 

0.8855 

0.8404 

0.8059 

0.7777 

0.9596 

12 

0.9736 

0.9065 

0.8599 

0.8240 

0.7948 


14 

0.9927 

0.9245 

0.8765 

0.8394 

0.8094 


16 

1.0096 

0.9399 

0.8907 

0.8528 

0.8223 

BjrjtPSi 

18 

1.0247 

0.9537 

0.9034 

0.8648 

0.8337 

1.0417 

20 

1.0384 

0.9659 

0.9147 

0.8754 

0.8440 

1.0569 

25 

1.0674 

0.9922 

0.9392 

0.8987 

0.8664 


30 

1.0913 

1.0139 

0.9596 

0.9184 

0.8855 

1.1166 

35 

1.1118 

1.0328 

0.9775 

0.9357 

0.9027 


40 

1.1296 

1.0492 

0.9933 

0.9510 

0.9179 

1.1616 

45 

1.1456 

1.0643 

1.0076 

0.9651 

0.9318 

1.1806 

50 

1.1602 

1.0778 

1.0208 

0.9783 

0.9447 

1.1983 

60 

1.1861 

1.1023 

1.0447 

1.0017 

0.9682 

1.2297 

70 

1.2087 

1.1239 

1.0659 

1.0230 

0.9894 

1.2577 

80 

1 . 228 ? 

1.1431 

1.0849 

1.0422 

1.0089 


90 

1.2469 

1.1608 

1.1025 

1.0598 

1.0267 

1.3063 

100 

1.2639 

1.1774 

1.1193 

1.0762 

1.0434 

1.3277 

200 

1.3892 

1.3027 

1.2456 

1.2042 

1.1723 

1.4915 
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TABLE VII-B ( continued ) 


a = 13 


r* 

Z (2 > 2) 

Z (2 . 3 > 

Z (2 > «> 

z 12 . 51 

Z< 2 . 6 ) 

Z <4.4> 

o 

1.1947 

1.0951 

1.0221 

0.9706 

0.9193 

mmm 

0.1 

1.1985 

1.0994 

1.0269 

0.9709 

0.9265 

1.0986 

0.2 


1.1090 

1.0376 

0.9783 

0.9247 

1.1116 

0.3 

1.2056 

1.0977 

1.0077 

0.9278 

0.8562 

1.0944 

0.4 

1.1862 

1.0602 

0.9549 

0.8664 

0.7934 

1.0526 

0.5 

1.1549 

1.0164 

0.9059 

0.8190 

0.7519 

1.0076 

0.6 

1.1207 

0.9766 

0.8676 

0.7866 

0.7267 

0.9681 

0.7 

1.0882 

0.9436 

0.8395 

0.7653 

0.7120 

0.9360 

0.8 

1.0594 

0.9175 

0.8196 

0.7519 

0.7043 

0.9110 

0.9 

1.0346 

0.8972 

0.8057 

0.7439 

0.7009 

0.8917 

1.0 

1.0138 

0.8820 

0.7965 

0.7398 

0.7005 

0.8775 

1.2 

0.9824 

0 . 8618 . 

0.7870 

0.7382 

0.7044 

0.8590 

1.4 

0.9613 

0.8514 

0.7850 

0.7418 

0.7118 

0.8499 

1.6 

0.9475 

0.8471 

0.7871 

0.7481 

0.7206 

0.8466 

1.8 

0.9391 

0.8465 

0.7916 

0.7557 

0.7299 

0.8469 

2.0 

0.9344 

0.8484 

0.7976 

0.7638 

0.7392 

0.8496 

2.5 

0.9327 

0.8590 

0.8148 

0.7844 

0.7615 

0.8617 

3.0 

0.9388 

0.8731 

0.8326 

0.8040 

0.7817 

0.8771 

3.5 

0.9485 

0.8880 

0.8497 

0.8219 

0.7998 

0.8931 

4 

0.9597 

0.9027 

0.8658 

0.8381 

0.8161 

0.9087 

5 

0.9831 

0.9303 

0.8944 

0.8668 

0.8443 


6 

1.0058 

0.9548 

0.9191 

0.8911 

0.8679 

I'm! 

7 

1.0270 

0.9769 

0.9408 

0.9121 

0.8885 

0.9867 

8 

1.0464 

0.9964 

0.9600 

0.9309 

0.9066 

USER 

9 

1.0643 

1.0143 

0.9773 

0.9477 

0.9230 


10 

1.0809 

1.0306 

0.9929 

0.9628 

0.9377 

Irif-g 

12 

1.1105 

1.0592 

1.0207 

0.9898 

0.9641 


14 

1.1363 

1.0843 

1.0449 

1.0133 

0.9871 

jfEffiil 

16 

1.1595 

1.1064 

1.0662 

1.0342 

1.0076 


18 

1.1801 

1.1264 

1.0857 

1.0530 

1.0262 

1.1422 

20 

1.1991 

1.1448 

1.1033 

1.0704 

1.0432 

1.1611 

25 

1.2406 

1.1847 

1.1423 

1.1085 

1.0812 

1.2027 

30 

1.2758 

1.2187 

1.1757 

1.1416 

1.1138 


35 

1.3066 

1.2486 

1.2052 

1.1709 

1.1430 


40 

1.3344 

1.2757 

1.2320 

1.1975 

1.1694 


45 

1.3595 

1.3004 

1.2565 

1.2217 

1.1937 


50 

1.3826 

1.3232 

1.2792 

1.2444 

1.2165 

ill 

60 

1.4243 

1.3644 

1.3202 

1.2854 

1.2577 


70 

1.4615 

1.4015 

1.3569 

1.3224 

1.2945 

mSM 

80 

1.4951 

1.4348 

1.3906 

1.3559 

1.3282 


90 

1.5262 

1.4656 

1.4215 

1.3869 

1.3595 


100 

1.5546 

1.4942 

1.4500 

1.4161 

1.3885 

lyfop 

200 

1.7718 

1.7128 

1.6699 

1.6376 

1.6114 

mm 
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TABLE VII-B ( continued ) 


a = 14 


r * 


Z H.2) 

z (1 - 8 > 

Z (i, 41 

Z a - 5) 

Z «. 3 ) 


mm 

mm 

0.9672 

0.9027 


1.1178 

U.I 

WSftw 

mm 

0.9481 

0.8814 

0.8287 

1.0987 

0.2 


1.0146 

0.9115 

0.8281 

0.7571 

1.0729 

0.3 



0.8497 

0.7566 

0.6836 

1.0308 

0.4 

1.0914 


0.7963 

0.7069 

0.6420 

0 9 RQI 

0.5 

1.0542 

0.8776 

0.7585 

0.6773 

0.6214 



1.0208 

0.8455 

0.7336 

0.6608 

0.6121 


'mSi 

0.9924 

0.8217 

0.7176 

0.6521 

0.6091 


0.8 

0.9688 

0.8042 

0.7076 

0.6483 

0.6096 

0.8781 

0.9 

0.9495 

0.7917 

0.7018 

0.6476 

0.6121 

0.8633 

1.0 

0.9337 

0.7827 

0.6989 

0.6488 

0.6157 


1.2 

0.9106 

0.7724 

0.6984 

0.6542 

0.6246 


1.4 

0.8956 

0.7686 

0.7019 

0.6617 

0.6342 

0.8300 

1.6 

0.8863 

0.7687 

0.7074 

0.6700 

0.6440 


1.8 

0.8808 

0.7710 

0.7139 

0.6784 

0.6534 



0.8780 

0.7747 

0.7208 

0.6868 

0.6625 

0.8300 


0.8784 

0.7871 

0.7853 

0.7068 

0.6836 

0.8406 


0.8843 

0.8011 

0.7557 

0.7252 

0.7022 


3.5 

0.8928 

0.8152 

0.7716 

0.7416 

0.7188 


4 

0.9025 

0.8288 

0.7863 

0.7565 

0.7335 

0.8840 

5 

0.9228 

0.8539 

0.8125 

0.7824 

0.7587 

0.9121 

6 

0.9426 

0.8764 

0.8349 

0.8042 

0.7796 

0.9376 

7 

0.9612 

0.8962 

0.8543 

0.8229 

0.7974 


8 

0.9784 

0.9140 

0.8715 

0.8391 

0.8129 

0.9812 

9 

0.9944 

0.9300 

0.8867 

0.8536 

0.8266 


10 

1.0092 

0.9445 

0.9005 

0.8666 

0.8390 


12 

1.0358 

0.9701 

0.9245 

0.8893 

0.8606 

1.0468 

14 

1.0588 

0.9918 


0.9086 

0.8792 

mWrrm- 

16 

1.0794 

1.0110 

0.9629 

0.9255 

0.8956 

wrnm 

18 

1.0978 

1.0280 

0.9789 

0.9408 

0.9101 

1.1157 

20 

1.1143 

1.0436 

0.9931 

0.9546 

0.9235 

1.1339 

25 

1.1501 

1.0766 

1.0244 

0.9844 

0.9526 

1.1737 

30 

1.1802 

1.1044 

1.0507 

1.0097 

0.9772 


35 

1.2060 

1.1281 

1.0736 

1.0320 

0.9992 

1.2359 

40 

1.2286 

1.1494 

1.0940 

1.0520 

1.0191 

1.2615 

45 

1.2491 

1.1685 

1.1125 

1.0703 

1.0372 

1.2848 

50 

1.2678 

1.1862 

1.1296 

1.0871 

1.0538 

1.3063 

60 

1.3008 

1.2176 

1.1604 

1.1179 

1.0844 

1.3446 

70 

1.3297 

1.2455 

1.1877 

1.1450 

1.1115 

1.3789 

80 

1.3555 

1.2708 

1.2125 

1.1699 

1.1363 


90 

1.3789 

1.2938 

1.2354 

1.1926 

1.1595 

1.4377 

100 

1.4009 

1.3150 

1.2568 

1.2141 

1.1809 

1.4637 

200 

1.5626 

1.4758 

1.4185 

1.3768 

1.3452 

1.6611 




















MODIFIED BUCKINGHAM (6-EXP) POTENTIAL 1169 

TABLE VII-B ( continued ) 


a = 14 


T* 

Z < 2 . 2 ) 

Z ( 2 . 3 ) 

Z (2. 4 ) 

Z < 2 . 5 ) 

Z ( 2 , 6 ) 

Z < 4 . 4 ) 

0 

1.1947 

1.0951 

1.0221 

0.9706 

0.9193 

1.0927 

0.1 

1.2017 

1.1027 

1.0301 

0.9742 

0.9296 

1.0990 

a| 

1.2090 


1.0416 

0.9831 

0.9309 

1.1098 

0.3 

1.2109 

1.1046 

1.0168 

0.9391 

0.8695 

1.0965 

0.4 

1.1947 

1.0716 

0.9690 

0.8825 

0.8109 

1.0607 

■Zl 

1.1670 

1.0317 


0.8382 

0.7718 

1.0206 


1.1359 

0.9948 

1 TTa 

0.8076 

0.7481 

0.9846 

mi 

1.1060 

0.9641 

0.8615 

0.7877 

0.7346 

0.9549 

0.8 

1.0794 

0.9397 

0.8428 

0.7754 

0.7277 



1.0564 

0.9209 

0.8300 

0.7682 

0.7249 

'm-TITTwI 

1.0 

1.0370 

0.9066 

0.8215 

0.7647 

0.7250 

0.9001 

1.2 

1.0078 

0.8882 

0.8132 

0.7641 

0.7299 

0.8829 

1.4 

0.9885 

0.8790 

0.8122 

0.7686 

0.7380 

0.8746 

1.6 

0.9761 

0.8756 

0.8151 

0.7756 

0.7476 

0.8720 

1.8 

0.9688 

0.8759 

0.8205 

0.7840 

0.7580 

0.8731 

2.0 

0.9649 

0.8785 

0.8271 

0.7930 

0.7683 

0.8764 

2.5 

0.9651 

0.8910 

0.8464 

0.8162 

0.7937 

0.8905 

3.0 

0.9729 


0.8666 

0.8385 

0.8172 

0.9081 

3.5 

0.9844 

0.9239 

0.8862 

0.8594 

0.8384 

0.9267 

4 

0.9973 

0.9409 

0.9048 

0.8785 

0.8575 

0.9449 

5 

1.0244 

0.9729 

0.9384 

0.9121 

0.8908 

0.9790 

6 

1.0507 

1.0015 

0.9675 

0.9408 

0.9188 

1.0092 

7 

1.0755 

1.0274 

0.9882 

0.9656 

0.9428 

1.0361 

8 

1.0982 

1.0504 

1.0154 

0.9875 

0.9639 

1.0600 

9 

1.1192 

1.0712 

1.0357 

1.0068 

0.9827 

1.0816 

10 

1.1385 

1.0902 

1.0539 

1.0244 

0.9996 

umm 

12 

1.1731 

1.1237 

1.0859 

1.0554 

1.0293 

uB&m 

14 

1.2034 

1.1526 

1.1136 

1.0818 

1.0550 

wR&m 

16 

1.2302 

1.1781 

1.1379 

1.1051 

1.0777 


18 

1.2540 

1.2007 

1.1596 

1.1261 

1.0980 

1.2153 

20 

1.2758 

1.2213 

1.1792 

1.1452 

1.1168 

1.2364 

25 

1.3229 

1.2659 

1.2222 

1.1868 

1.1576 

1.2826 

30 

1.3622 

1.3034 

1.2583 

1.2222 

1.1925 

■EBta 

35 

1.3963 

1.3363 

1.2902 

1.2535 

1.2231 


40 

1.4266 

1.3653 

1.3185 

1.2816 

1.2510 

1.3863 

45 

1.4543 

1.3917 

1.3445 

1.3070 

1.2766 

1.4141 

50 

1.4793 

1.4161 

1.3684 

1.3308 

1.2999 

1.4396 

60 

1.5239 

1.4596 

1.4115 

1.3735 

1.3427 


70 

1.5636 

1.4983 

1.4497 

1.4118 

1.3806 


80 

1.5990 

1.5332 

1.4846 

1.4463 

1.4156 


90 

1.6314 

1.5656 

1.5165 

1.4782 

1.4474 


100 

1.6612 

1.5950 

1.5461 

1.5079 

1.4771 


200 

1.8858 

1.8198 

1.7713 

1.7344 

1.7043 

wM 1 
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TABLE VII-B ( continued) 


« = 15 


r* 

Z (1 - 11 


Z”.3> 

Z".«> 

Z (| . 51 

Z (3 - 3 > 

0 

1.1870 

1.0551 

0.9672 

0.9027 

0.8572 

1 1 178 

0.1 

1.1722 

1.0378 

0.9477 

0.8810 

0.8285 


mia 

1.1577 

1.0163 

0.9153 

0.8343 

0.7655 


IK1 

1.1320 


0.8594 


0.6970 

■ 

1.0392 

U A 

f\ m 

1.0984 


0.8099 


0.6579 

1.0017 

0.5 

A f 

1.0645 

0.8916 

0.7747 

0.6944 

0.6388 


0.6 

1.0337 

0.8618 

0.7514 

0.6792 

0.6306 


0.7 

1.0075 

0.8397 

0.7367 

0.6715 

0.6285 


0.8 
f\ A 

0.9857 

0.8235 

0.7278 

0.6687 

0.6299 

0.8978 

0.9 

t A 

0.9678 

0.8121 

0.7230 

0.6687 

0.6333 

0.8840 

1.0 

0.9533 

0.8040 

0.7208 

0.6707 

0.6378 

0.8715 

1.2 

0.9323 

0.7954 

0.7218 

0.6777 

0.6484 

wmm 

1.4 

0.9191 

0.7931 

0.7266 

0.6867 

0.6596 

0.8548 

1.6 

0.9112 

0.7944 

0.7335 

0.6964 

0.6708 


1.8 

0.9070 

0.7979 

0.7412 

0.7063 

0.6817 


2.0 

0.9054 

0.8028 

0.7494 

0.7159 

0.6921 


2.5 

0.9083 

0.8179 

0.7699 

0.7389 

0.7160 

0.8714 

3.0 

0.9167 

0.8344 

0.7896 

0.7597 

0.7372 


3.5 

0.9273 

0.8507 

0.8078 

0.7783 

0.7558 

■it 

4 

0.9389 

0.8662 

0.8245 

0.7953 

0.7725 

0.9245 

5 

0.9627 

0.8951 

0.8541 

0.8245 

0.8012 

0.9558 

6 

0.9856 

0.9203 

0.8796 

0.8494 

0.8250 


7 

1.0069 

0.9430 

0.9017 

0.8708 

0.8458 


8 

1.0268 

0.9632 

0.9214 

0.8895 

0.8638 

1.0308 

9 

1.0449 

0.9816 

0.9390 

0.9063 


1.0514 

10 

1.0619 

0.9981 

0.9549 

0.9216 

0.8946 

1.0699 

12 

1.0922 

1.0277 

0.9829 

0.9483 

0.9205 

■lu'xVfc 

14 

1.1188 

1.0530 

1.0070 

0.9715 

0.9428 

1.1132 

16 

1.1426 

1.0756 

1.0284 

0.9921 

0.9628 

1.1579 

18 

1.1640 

1.0957 

1.0475 

1.0104 

0.9805 

1.1812 

20 

1.1834 

1.1140 

1.0648 

1.0273 

0.9970 

1.2026 

25 

1.2257 

1.1537 

1.1029 

1.0642 

1.0333 

1.2494 

30 

1.2614 

1.1872 

1.1353 

1.0957 

1.0642 

1.2897 

35 

1.2923 

1.2167 

1.1637 

1.1234 

1.0920 


40 

1.3199 

1.2429 

1.1890 

1.1486 

1.1169 

fSlEwSi 

45 

1.3446 

1.2666 

1.2123 

1.1718 

1.1397 

hi TvW? 

50 

1.3675 

1.2886 

1.2339 

1.1929 

1.1609 

1.4141 

60 

1.4083 

1.3280 

1.2726 

1.2316 

1.1996 

1.4631 

70 

1.4443 

1.3630 

1.3073 

1.2660 

1.2340 

1.5072 

80 

1.4766 

1.3945 

1.3389 

1.2974 

1.2654 

1.5471 

90 

1.5059 

1.4235 

1.3675 

1.3267 

1.2946 

1.5837 

100 

1.5331 

1.4505 

1.3945 

1.3534 

1.3217 


200 

1.7372 

1.6538 

1.5991 

1.5596 

1.5291 

m 
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a = 15 


T* 

Z <2, 2) 

Z (2, 3) 

z< 2 . 4 > 

Z <2, 6) 

Z (2, 6) 

0 

1.1947 

1.0951 

1.0221 


0.9193 

0.1 

1.2016 

1.1025 

1.0306 

0.9736 

0.9290 

0.2 

1.2081 

1.1114 

1.0403 

0.9828 

0.9325 

0.3 

1.2107 

1.1061 


0.9465 

0.8796 

0.4 

1.1978 

1.0783 

rmjv/TToS 

0.8952 

0.8252 

0.5 

1.1739 

1.0426 


0.8536 

0.7879 

0.6 

1.1462 

1.0088 

0.9039 

0.8247 

0.7654 

0.7 

1.1191 

0.9803 

0.8791 

UZ1 

0.7529 

0.8 

1.0945 

0.9575 

0.8617 

0.7946 

0.7470 

0.9 

1.0734 

0.9400 

0.8498 

0.7883 

0.7454 

1.0 

1.0555 

0.9268 

0.8423 

0.7858 

0.7466 

1.2 

1.0285 

0.9102 

0.8359 

0.7872 

0.7535 

1.4 

1.0110 

0.9027 

0.8365 

0.7936 

0.7637 

1.6 

1.0003 

0.9009 

0.8412 

0.8024 

0.7751 

1.8 

0.9944 

0.9027 

0.8481 

0.8124 

0.7868 

2.0 

0.9920 

0.9067 

0.8562 

0.8227 

0.7986 

2.5 

0.9953 

0.9223 

0.8786 

0.8488 

0.8266 

3.0 

1.0059 

0.9409 

0.9013 

0.8734 

0.8521 

3.5 

1.0196 

0.9602 

0.9229 

0.8960 

0.8750 

4 

1.0345 

0.9790 

0.9431 

0.9169 

0.8958 

5 

1.0651 

1.0139 

0.9796 

0.9533 

0.9318 

6 

1.0943 

1.0452 

1.0111 

0.9844 

0.9623 

7 

1.1213 

1.0733 

1.0389 

1.0115 

0.9887 

8 

1.1462 

1.0985 

1.0634 

1.0356 

1.0121 

9 

1.1691 

1.1212 

1.0856 

1.0570 

1.0332 

10 

1.1904 

1.1421 

1.1059 

1.0766 

1.0523 

12 

1.2283 

1.1791 

1.1416 

1.1115 

1.0860 

14 

1.2616 

1.2111 

1.1727 

1.1416 

1.1154 

16 

1.2911 

1.2397 

1.2002 

1.1683 

1.1417 

18 

1.3179 

1.2655 

1.2250 

1.1925 

1.1656 

20 

1.3423 

1.2887 

1.2477 

1.2148 

1.1873 

25 

1.3954 

1.3399 

1.2975 

1.2634 

1.2353 

30 

1.4406 

1.3835 

1.3400 

1.3054 

1.2768 

35 

1.4802 

1.4219 

1.3775 

1.3425 

1.3138 

40 

1.5152 

1.4561 

1.4114 

1.3759 

1.3471 

45 

1.5474 

1.4874 

1.4424 

1.4067 

1.3776 

50 

1.5769 

1.5163 

1.4710 

1.4352 

1.4060 

60 

1.6298 

1.5684 

1.5225 

1.4865 

1.4757 

70 

1.6768 

1.6150 

1.5687 

1.5326 

1.5034 

80 

1.7190 

1.6569 

1.6107 

1.5747 

1.5453 

90 

1.7580 

1.6952 

1.6491 

1.6132 

1.5841 

100 

1.7938 

1.7312 

1.6850 

1.6489 

1.6200 

200 

2.0647 

2.0026 

1.9572 

1.9227 

1.8945 


Z < 4,4 ) 


1.0927 

1.1061 

1.1150 

1.1029 

1.0705 

1.0333 

0.9996 

0.9718 

0.9499 

0.9331 

0.9209 

0.9057 

0.8992 

0.8982 

0.9007 

0.9054 

0.9222 

0.9419 

0.9622 

0.9819 

1.0187 

1.0514 

1.0805 

1.1064 

1.1300 

1.1515 

1.1895 

1.2225 

1.2518 

1.2781 

1.3020 

1.3544 

1.3992 

1.4382 

1.4737 

1.5057 

1.5353 

1.5889 

1.6365 

1.6797 

1.7194 

1.7562 

2.0351 










TABLE VII-C 

r * Calculat,no THE Higher Approximations 
Transport Coefficients- for the Modified Buckingham 

Potential 


to THE 
(6-Exp) 


The function 


T * 

a = 12 

a = 13 

a = 14 

a = 15 

0 
f\ 4 

1.0020 

1.0020 

1.0020 

1.0020 

0.1 

1.0017 

1.0017 

1.0018 

1.0018 

0.2 
/■V A 

1.0010 

1.0012 

1.0013 

1.0014 

0.3 

1.0002 

1.0004 

1.0005 

1.0006 

0.4 

/x r 

1.0001 

1.0001 

1.0001 

1.0002 

0.5 

1.0002 

1.0001 

1.0000 

1.0000 

0.6 

1.0003 

1.0001 

1.0000 

1.0000 

0.7 

1.0003 

1.0001 

1.0000 

1.0000 

0.8 

1.0002 

1.0001 

1.0000 

1.0000 

0.9 

4 /v 

1.0002 

1.0001 

1.0000 

1.0000 

1.0 

1.0001 

1.0000 

1.0000 

1.0001 

1.2 

4 4 

1.0001 

1.0001 

1.0002 

1.0003 

1.4 

1.0001 

1.0003 

1.0004 

1.0006 

1.6 

1.0003 

1.0005 

1.0007 

1.0009 

1.8 

1.0006 

1.0008 

1.0011 

1.0013 

2.0 

1.0009 

1.0012 

1.0015 

1.0017 

2.5 

1.0017 

1.0020 

1.0024 

1.0028 

3.0 

1.0024 

1.0028 

1.0032 

1.0037 

3.5 

1.0030 

1.0035 

1.0039 

1.0044 

4 

j* 

1.0035 

1.0041 

1.0045 

1.0050 

5 

1.0042 

1.0049 

1.0053 

1.0059 

6 

1.0047 

1.0053 

1.0059 

1.0064 

7 

1.0049 

1.0057 

1.0062 

1.0068 

8 

1.0051 

1.0059 

1.0065 

1.0070 

9 

1.0052 

1.0060 

1.0066 

1.0072 

10 

1.0053 

1.0061 

1.0067 

1.0073 

12 

1.0053 

1.0061 

1.0068 

1.0074 

14 

1.0053 

1.0062 

1.0069 

1.0075 

16 

1.0052 

1.0061 

1.0068 

1.0075 

18 

1.0052 

1.0061 

1.0068 

1.0075 

20 

1.0051 

1.0060 

1.0068 

1.0075 

25 

1.0050 

1.0059 

1.0068 

1.0075 

30 

1.0049 

1.0058 

1.0067 

1.0075 

35 

1.0048 

1.0058 

1.0066 

1.0075 

40 

1.0048 

1.0058 

1.0067 

1.0075 

45 

1.0047 

1.0058 

1.0066 

1.0075 

50 

1.0047 

1.0058 

1.0067 

1.0076 

60 

1.0047 

1.0058 

1.0067 

1.0077 

70 

1.0047 

1.0058 

1.0068 

1.0077 

80 

1.0047 

1.0059 

1.0069 

1.0078 

90 

1.0047 

1.0059 

1.0070 

1.0079 

100 

1.0048 

1.0060 

1.0070 

1.0081 

200 

1.0053 

1.0067 

1.0077 

1.0088 
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MODIFIED BUCKINGHAM (6-EXP) POTENTIAL 
TABLE VII-C ( continued) 


1173 


The function/< 3 > 


T * 


a = 12 


13 


o =14 


a = 15 


0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.2 

1.4 
1.6 
1.8 
2.0 

2.5 
3.0 

3.5 

4 

5 

6 

7 

8 
9 

10 

12 

14 

16 

18 

20 

25 

30 

35 

40 

45 

50 

60 

70 

80 

90 

100 

200 


1.0017 

1.0019 

1.0017 

1.0012 

1.0003 

1.0001 

1.0001 

1.0002 

1.0002 

1.0002 

1.0001 

1.0001 

1.0001 

1.0003 

1.0005 

1.0008 

1.0017 

1.0025 

1.0032 

1.0037 

1.0045 

1.0050 

1.0052 

1.0054 

1.0055 

1.0056 

1.0057 

1.0057 

1.0057 

1.0057 

1.0057 

1.0057 

1.0057 

1.0057 

1.0058 

1.0058 

1.0059 

1.0060 

1.0061 

1.0062 

1.0063 

1.0064 

1.0074 


1.0017 

1.0018 

1.0021 

1.0014 

1.0005 

1.0001 

1.0000 

1.0001 

1.0001 

1.0001 

1.0001 

1.0001 

1.0002 

1.0004 

1.0007 

1.0011 

1.0020 

1.0029 

1.0036 

1.0042 

1.0050 

1.0055 

1.0058 

1.0060 

1.0061 

1.0062 

1.0062 

1.0063 

1.0063 

1.0064 

1.0064 

1.0064 

1.0065 

1.0065 

1.0066 

1.0067 

1.0068 

1.0069 

1.0071 

1.0072 

1.0073 

1.0074 

1.0084 


1.0017 

1.0018 

1.0021 

1.0015 

1.0006 

1.0002 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

1.0001 

1.0002 

1.0005 

1.0008 

1.0012 

1.0022 

1.0031 

1.0039 

1.0046 

1.0055 

1.0061 

1.0066 

1.0067 

1.0068 

1.0069 

1.0069 

1.0069 

1.0069 

1.0069 

1.0068 

1.0068 

1.0068 

1.0068 

1.0068 

1.0068 

1.0068 

1.0069 

1.0070 

1.0071 

1.0072 

1.0073 

1.0081 


1.0017 

1.0018 

1.0020 

1.0016 

1.0008 

1.0003 

1.0001 

1.0000 

1.0000 

1.0000 

1.0000 

1.0001 

1.0003 

1.0007 

1.0010 

1.0015 

1.0026 

1.0035 

1.0043 

1.0050 

1.0058 

1.0064 

1.0067 

1.0070 

1.0071 

1.0072 

1.0073 

1.0073 

1.0073 

1.0073 

1.0073 

1.0073 

1.0074 

1.0074 

1.0075 

1.0075 

1.0075 

1.0077 

1.0078 

1.0079 

1.0080 

1.0082 

1.0091 
















1.0027 
1.0029 
1.0027 
1.0020 
1.0006 
1.0002 
1.0002 
1.0003 
1.0003 
1.0003 
1.0002 
1.0002 
1.0002 
1.0004 
1.0008 
1.0013 
1.0026 
1.0038 
1.0049 
1.0058 
1.0070 
1.0077 
1.0081 
1.0085 
1.0087 
1.0088 
1.0089 
1.0089 
1.0089 
1.0088 
1.0089 
1.0089 
1.0089 
1.0090 
1.0090 
1.0091 
1.0092 
1.0093 
1.0096 
1.0097 
1.0099 
1.0101 
1.0115 


1.0023 
1.0009 
1.0002 
1.0001 
1.0001 
1.0001 
1.0001 
1.0001 
1.0001 
1.0003 
1.0006 
1.0011 
1.0016 
1.0031 
1.0045 
1.0056 
1.0065 
1.0078 
1.0085 
1.0090 
1.0093 
1.0095 
1.0097 
1.0098 
1.0099 
1.0099 
1.0100 
1.0100 
1.0101 
1.0101 
1.0102 
1.0103 
1.0104 
1.0105 
1.0108 
1.0111 
1.0112 
1.0114 
1.0116 
1.0132 


1.0003 
1.0001 
1.0000 
1.0000 
1.0000 
1.0000 
1.0001 
1.0004 
1.0008 
1.0013 
1.0019 
1.0034 
1.0048 
0060 
1.0071 
1.0085 
1.0094 
1.0105 
1.0104 
1.0106 
1.0107 
1.0109 
1.0108 
1.0108 
1.0108 
1.0107 
1.0106 
1.0106 
1.0106 
1.0106 
1.0106 
1.0107 
1.0108 
1.0109 
1.0110 
1.0113 
1.0114 
1.0127 


I 


1.0001 

1.0000 

1.0000 

1.0000 

1.0000 

1.0002 

.0005 

.0010 

.0016 

.0022 

1.0039 

1.0054 

1.0067 

1.0077 

1.0091 

1.0099 

1.0105 

1.0109 

1.0111 

1.0112 

1.0114 

1.0114 

1.0115 

1.0115 

1.0114 

1.0115 

1.0115 

1.0116 

1.0116 

1.0117 

1.0118 

1.0120 

1.0122 

1.0124 

1.0125 

1.0127 

1.0141 






TABLE VII-D 

The Function p for Calculating Isotopic Thermal Diffusion 0 
for the Modified Buckingham (6-Exp) Potential 




T * 

a = 12 

a = 13 

a = 14 

a = 15 

0 

0.3133 

0.3133 

0.3133 

0.3133 

0.1 

0.2844 

0.2865 

0.2887 

0.2887 


0.2047 

0.2264 

0.2401 

0.2468 

Hfl 

0.0738 

0.1110 

0.1369 

0.1545 

0.4 

- 0.0271 

0.0157 

0.0484 

0.0727 

0.5 

- 0.0829 

- 0.0389 

- 0.0037 

0.0229 

0.6 

- 0.1038 

- 0.0616 

- 0.0256 

0.0020 

0.7 

- 0.1031 

- 0.0623 

- 0.0270 

0.0005 

0.8 

- 0.0902 


- 0.0162 

0.0105 


- 0.0690 

- 0.0317 

0.0023 

0.0287 

1.0 

- 0.0456 

- 0.0088 

0.0244 

0.0498 

1.2 

0.0071 

0.0419 

0.0734 

0.0981 

1.4 

0.0580 

0.0923 

0.1226 

0.1466 

1.6 

0.1050 

0.1386 

0.1680 

0.1911 

1.8 

0.1476 

0.1797 

0.2083 

0.2310 

2.0 

0.1841 

0.2161 

0.2438 

0.2665 

2.5 

0.2570 

0.2883 

0.3145 

0.3380 

3.0 

0.3103 

0.3404 

0.3658 

0.3890 

3.5 

0.3469 

0.3786 

0.4035 

0.4270 

4 

0.3744 

0.4060 

0.4313 

0.4544 

5 

0.4111 

0.4437 

0.4679 

0.4931 

6 

0.4312 

0.4643 

0.4911 

0.5134 

7 

0.4414 

0.4778 

0.5044 

0.5283 

8 

0.4494 

0.4858 

0.5131 

0.5358 

9 

0.4531 

0.4889 

0.5181 

0.5427 

10 

0.4536 

0.4911 

0.5208 

0.5446 

12 

0.4536 

0.4917 

0.5233 

0.5494 

14 

0.4512 

0.4919 

0.5225 

0.5495 

16 

0.4469 

0.4887 

0.5209 

0.5496 

18 

0.4441 

0.4866 

0.5187 

0.5485 

20 

0.4387 

0.4826 

0.5190 

0.5479 

25 

0.4321 

0.4764 

0.5140 

0.5452 

30 

0.4245 

0.4713 

0.5106 

0.5427 

35 

0.4188 

0.4681 

0.5066 

0.5429 

40 

0.4161 

0.4648 

0.5058 

0.5426 

45 

0.4118 

0.4641 

0.5038 

0.5426 

50 

0.4093 

0.4616 

0.5035 

0.5429 

60 

0.4051 

0.4598 

0.5032 

0.5443 

70 

0.4048 

0.4590 

0.5044 

0.5460 

80 

p .4034 

0.4583 

0.5071 

0.5474 

90 

0.4022 

0.4584 

0.5093 

0.5505 

100 

0.4024 

0.4586 

0.5095 

0.5534 

200 

0.4110 

0.4703 

0.5277 

0.5727 


° E . A . Mason , J . Chem . Phys. t 22 ( 1954 ). 
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TABLE VII-E 

The Quantities a*, b* and c* for Calculating the Transport 
Properties of Mixtures* for the Modified Buckingham (Texp, 

Potential 


The function a* 


T * 

« = 12 

a = 13 

a = 14 

a = 15 

0 

1.0065 

1.0065 

1.0065 

1.0065 

0.1 

1.0060 

1.0146 

1.0247 

1 0251 

0.2 

1.0374 

1.0374 

1.0445 

1.0435 

0.3 

1.0731 

1.0693 

1.0729 

1.0695 

0.4 

1.0976 

1.0932 

1.0946 

1.0905 

0.5 

1.1108 

1.1067 

1.1070 

1.1028 

0.6 

1.1170 

1.1131 

1.1128 

1.1088 

0.7 

1.1193 

1.1154 

1.1145 

1.1108 

0.8 

1.1194 

1.1154 

1.1142 

1.1104 

0.9 

1.1185 

1.1143 

1.1126 

1.1091 

1.0 

1.1173 

1.1126 

1.1106 

1.1071 

1.2 

1.1146 

1.1096 

1.1067 

1.1032 

1.4 

1.1126 

1.1070 

1.1037 

1.1000 

1.6 

1.1114 

1.1052 

1.1013 

1.0978 

1.8 

1.1111 

1.1044 

1.0999 

1.0964 

2.0 

1.1111 

1.1044 

1.0990 

1.0956 

2.5 

1.1130 

1.1056 

1.0987 

1.0958 

3.0 

1.1161 

1.1081 

1.1002 

1.0973 

3.5 

1.1193 

1.1113 

1.1026 

1.0995 

4 

1.1226 

1.1141 

1.1050 

1.1018 

5 

1.1284 

1.1194 

1.1101 

1.1064 

6 

1.1335 

1.1238 

1.1147 

1.1103 

7 

1.1377 

1.1277 

1.1189 

1.1136 

8 

1.1417 

1.1309 

1.1224 

1.1163 

9 

1.1449 

1.1336 

1.1255 

1.1189 

10 

1.1477 

1.1361 

1.1281 

1.1210 

12 

1.1532 

1.1406 

1.1326 

1.1246 

14 

1.1583 

1.1447 

1.1366 

1.1276 

16 

1.1625 

1.1485 

1.1397 

1.1300 

18 

1.1665 

1.1517 

1.1423 

1.1322 

20 

1.1702 

1.1548 

1.1449 

1.1343 

25 

1.1790 

1.1623 

1.1502 

1.1385 

30 

1.1865 

1.1691 

1.1542 

1.1421 

35 

1.1938 

1.1752 

1.1578 

1.1454 

40 

1.2005 

1.1813 

1.1612 

1.1480 

45 

1.2067 

1.1867 

1.1643 

1.1508 

50 

1.2123 

1.1917 

1.1668 

1.1531 

60 

1.2230 

1.2008 

1.1715 

1.1573 

70 

1.2326 

1.2092 

1.1759 

1.1610 

80 

1.2416 

1.2168 

1.1796 

1.1642 

90 

1.2492 

1.2240 

1.1831 

1.1674 

100 

1.2569 

1.2300 

1.1858 

1.1700 

200 

1.3103 

1.2754 

1.2068 

1.1885 


° E- A. Mason, J. Chem. Phys. t 22 (1954). 
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MODIFIED BUCKINGHAM ( 6 - EXP ) POTENTIAL 
TABLE VII-E (< continued ) 


1177 


The function b * 


T * 

a = 12 

a = 13 

a = 14 

a = 15 

0 

1.1851 

1.1851 

1.1851 

1.1851 

0.1 

1.1988 

1.1955 

1.1926 


0.2 

1.2528 

1.2407 

1.2328 


0.3 

1.3028 

1.2895 

1.2788 


0.4 

1.3127 

1.3019 

1.2922 

1.2840 

0.5 

1.3003 

1.2922 

1.2844 

1.2768 

0.6 

1.2808 

1.2737 

1.2668 

1.2609 

0.7 


1.2539 

1.2476 

1.2424 

0.8 

1.2403 

1.2346 

1.2289 

1.2238 

0.9 

1.2239 

1.2172 

1.2125 

1.2074 

1.0 

1.2079 

1.2025 

1.1973 

1.1930 

1.2 

1.1837 

1.1780 

1.1733 

1.1689 

1.4 


1.1612 

1.1561 

1.1523 

1.6 

1.1536 

1.1490 

1.1440 

1.1392 

1.8 

1.1458 

1.1394 

1.1347 

1.1298 

2.0 

1.1387 

1.1324 

1.1279 

1.1226 

2.5 

1.1288 

1.1222 

1.1174 

1.1119 

3.0 

1.1250 

1.1167 

1.1113 

1.1057 

3.5 

1.1217 

1.1136 

1.1084 

1.1024 

4 

1.1211 

1.1128 

1.1067 

1.1002 

5 

1.1225 

1.1126 

1.1048 

1.1001 

6 

1.1242 

1.1131 

1.1059 

1.0989 

7 

1.1252 

1.1155 

1.1067 

1.1006 

8 

1.1278 

1.1176 

1.1079 

1.1009 

9 

1.1298 

1.1185 

1.1094 

1.1025 

10 

1.1317 

1.1203 

1.1103 

1.1026 

12 

1.1351 

1.1225 

1.1127 

1.1050 

14 


1.1247 

1.1135 

1.1056 

16 

. U 384 

1.1259 

1.1149 

1.1066 

18 

1.1405 

1.1271 

1.1153 

1.1070 

20 


1.1274 

1.1178 

1.1077 

25 

1.1426 

1.1282 

1.1176 

1.1070 

30 

1.1426 

1.1281 

1.1178 

1.1058 

35 

1.1427 

1.1279 

1.1162 

1.1055 

40 

1.1427 

1.1268 

1.1159 

1.1050 

45 

1.1418 

1.1270 

1.1148 

1.1035 

50 


1.1255 

1.1142 

1.1023 

60 

1.1388 

1.1236 

1.1119 

1.1003 

70 

1.1378 

1.1218 

1.1106 

1.0980 

80 

1.1365 

1.1198 

1.1096 

1.0950 

90 


1.1180 

1.1077 

1.0940 

100 

1.1331 

1.1154 

1.1049 

1.0922 

200 

1.1206 

1.1021 

1.0911 

1.0779 
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TABLE VII-E ( continued) 



1.0 

1.2 

1.4 

1.6 

1.8 

2.0 

2.5 

3.0 

3.5 

4 

5 

6 

7 

8 

9 

10 

12 

14 

16 

18 

20 

25 

30 

35 

40 

45 

50 

60 

70 

80 

90 

100 

200 


0.8697 

0.8463 

0.8279 

0.8172 

0.8128 

0.8127 

0.8151 

0.8193 

0.8240 

0.8348 

0.8453 

0.8549 

0.8636 

0.8709 

0.8855 

0.8959 

0.9031 

0.9084 

0.9155 

0.9195 

0.9216 

0.9232 

0.9241 

0.9242 

0.9245 

0.9243 

0.9237 

0.9234 

0.9226 

0.9218 

0.9209 

0.9203 

0.9202 

0.9198 

0.9197 

0.9196 

0.9202 

0.9205 

0.9208 

0.9214 

0.9271 


8889 
8844 
0.8736 
0.8531 
0.8360 
0.8257 
0.8212 
0.8209 
0.8231 
0.8269 
0.8315 
0.8419 
0.8521 
0.8615 
0.8698 
0.8771 
0.8913 
0.9014 
0.9088 
0.9141 
0.9213 
0.9254 
0.9280 
0.9295 
0.9302 
0.9307 
0.9311 
0.9313 
0.9310 
0.9307 
0.9302 
0.9295 
0.9291 
0.9289 
0.9288 
0.9290 
0.9290 
0.9293 
0.9298 
0.9303 
0.9309 
0.9316 
0.9377 


0.8765 

0.8581 

0.8421 

0.8325 

0.8283 

0.8280 

0.8301 

0.8338 

0.8383 

0.8482 

0.8582 

0.8673 

0.8753 

0.8823 

0.8961 

0.9059 

0.9131 

0.9183 

0.9253 

0.9298 

0.9324 

0.9342 

0.9352 

0.9359 

0.9366 

0.9367 

0.9366 

0.9364 

0.9366 

0.9361 

0.9358 

0.9354 

0.9355 

0.9355 

0.9356 

0.9360 

0.9367 

0.9375 

0.9383 

0.9387 

0.9445 


0.8337 

0.8334 

0.8354 

0.8391 



0.9409 
12 
14 

13 

14 
13 
12 

15 
17 
20 
23 

0.9430 

0.9437 

0.9444 


m 


0.9520 
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TABLE VIII 

Functions Needed for the Calculation of the Second Virial 
Coefficient for Kihara’s Generalized Spherocylindrical and 

Ellipsoidal Molecules'* 


X = c/kT 


-log,o x 

f 3 (X) 

F 2 (X) 

F\(X) 

F. x (X) 

9 

f. 3 (X) 

F. b (X) 

F_ 7 (X) 

1 

m 

-9.859 
-6.138 
-4.003 
-2.673 
-1.795 
—1.189 
-0.7587 
-0.4465 
-0.2170 
-0.0469 
0.0794 
0.1729 
0.2415 
0.2911 
0.3259 
0.3493 
0.3638 
0.3715 
0.3737 
0.3718 
0.3668 
0.3594 
0.3501 
0.3396 
0.3281 

-5.211 

-3.008 

-1.776 

-1.027 

-0.5424 

-0.2151 

0.0132 

0.1758 

0.2930 

0.3779 

0.4392 

0.4829 

0.5134 

0.5336 

0.5459 

0.5521 

0.5534 

0.5510 

0.5457 

0.5381 

0.5287 

0.5179 

0.5062 

0.4937 

0.4806 

-1.784 

-0.7761 

-0.2221 

0.1091 

0.3198 

0.4600 

0.5562 

0.6234 

0.6710 

0.7045 

0.7279 

0.7436 

0.7536 

0.7591 

0.7611 

0.7603 

0.7575 

0.7528 

0.7468 

0.7396 

0.7320 

0.7228 

0.7135 

0.7038 

0.6937 

1.591 

1.478 

1.403 

1.351 

1.319 

1.297 

1.284 

1.276 
1.274 

1.277 
1.282 
1.291 
1.302 
1.315 
1.330 
1.346 
1.364 
1.383 
1.403 
1.424 
1.446 

2.683 

2.392 

2.204 

2.084 

2.009 

1.968 

1.953 

1.957 

1.977 

2.012 

2.058 

2.116 

2.184 

2.262 

2.349 

2.446 

2.553 

2.669 

2.794 

2.930 

3.075 

3.82 

3.38 

3.11 

2.96 

2.87 

2.85 
2.87 

2.92 
3.01 
3.14 
3.29 
3.47 

3.68 

3.92 
4.20 
4.51 

4.86 
5.25 

5.68 
6.16 

6.69 

5.12 

4.55 

4.24 
4.07 
4.02 
4.06 
4.17 
4.35 
4.60 

4.91 
5.29 
5.74 
6.27 

6.91 
7.63 
8.46 
9.42 
10.53 
11.79 

13.24 
14.90 


a T. Kihara, J. Phys. Soc. Japan, 6. 289 (1951). 
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TABLE IX 


The Reduced Averaged Collision Cross-Section ft‘*.*>* FOR 

Polar Molecules 0 - 6 


1. . 



■1 

£ 

i • 





A//€ 

0.00 

0.25 

D 

0.75 


1.25 

1.50 

1.75 

2.00 

1.0 

1.5938 


1.9312 

2.0806 

2.1963 

in 

2.4920 

2.5916 

2.6199 

1.2 

1.4568 

1.5872 

1.7302 

1.8661 

o 


2.2749 

2.3782 

2.4257 

1.4 

1.3557 

1.4622 

1.5812 


E3 

1.9395 

2.0945 

2.2051 

2.2713 

1.6 

1.2800 

1.3688 

1.4689 


1.6878 

1.8019 


2.0599 

2.1413 

1.8 

1.2216 

1.2965 

1.3813 


1.5759 

1.6843 

1.8128 

1.9339 

2.0263 

2.0 

1.1751 

1.2390 

1.3112 

1.3907 

1.4817 


1.6999 

1.8224 

1.9217 

2.2 

1.1377 

1.1923 

1.2539 

1.3220 

1.4026 

EC3 

1.6015 

1.7232 

rrrm 

2.4 

1.1066 

1.1537 

1.2063 

1.2643 

1.3349 

1.4198 

1.5155 

1.6343 

RZfifl 

2.6 

1.0803 

1.1212 

1.1662 

1.2155 

1.2769 

1.3537 

1.4401 

1.5544 

1.6559 

2.8 

1.0579 

1.0935 

1.1321 

1.1737 

1.2270 

1.2961 

1.3738 

1.4827 

1.5812 

3.0 

1.0385 

1.0696 

1.1026 

1.1377 

1.1837 

1.2456 

1.3153 

1.4182 

1.5126 

3.2 

1.0214 

1.0488 

1.0769 

1.1065 

1.1460 

1.2012 

1.2636 

1.3601 

1.4499 

3.4 

1.0063 

1.0304 

1.0544 

1.0792 

1.1129 

1.1621 

1.2178 

1.3078 

1.3926 

3.6 

0.9928 

1.0141 

1.0345 

1.0552 

1.0838 

1.1274 

1.1770 

1.2606 

1.3401 

3.8 

0.9807 

0.9996 

1.0168 

1.0339 

1.0581 

1.0965 

1.1406 

1.2179 


4.0 

0.9696 

0.9864 

tEZJi 

1.0149 

1.0351 

lEEi 

1.1081 



5 

0.9265 

0.9359 

0.9411 

0.9446 

0.9510 

0.9674 

0.9874 

1.0334 


6 

0.8960 

0.9010 

0.9014 

0.8994 

0.8980 

09037 

0.9118 


0.9694 

7 

0.8725 

0.8750 

0.8727 

0.8677 

0.8618 

0.8609 

0.8614 



8 

0.8536 

0.8545 

0.8507 

0.8440 

0.8356 

0.8304 

0.8260 

PRrvj 


9 

0.8378 

0.8376 

0.8330 

0.8254 

0.8154 

0.8077 

EEElj 



10 

0.8242 

0.8232 

0.8183 

0.8102 

0.7994 

0.7901 

0.7802 

RBfJj 

0.7760 

II 

0.8123 

0.8108 

0.8058 

0.7975 

0.7863 

0.7760 

0.7648 


0.7544 

12 

0.8017 

0.7999 

0.7948 

0.7865 

0.7752 

0.7644 

0.7523 

0.7471 

[221* 

13 

0.7922 

0.7902 

0.7851 

0.7769 

0.7656 

0.7546 

0.7421 



14 

0.7836 

0.7814 

0.7765 

0.7684 

0.7572 

0.7462 

0.7334 

0.7262 

0.7134 

15 

0.7756 

0.7734 

0.7686 

0.7606 

0.7497 

0.7388 

0.7260 


0.7045 

16 

0.7883 

0.7660 

0.7613 

0.7536 

0.7429 

0.7322 

0.7195 


0.6971 

32 

0.6939 

0.6924 

0.6897 

0.6846 

0.6782 

0.6717 

0.6637 


4EE2I 

64 

0.6262 

0.6259 

0.6251 

0.6213 

0.6181 

0.6151 

0.6114 



128 

0.5634 

0.5638 

0.5640 

0.5612 

0.5593 

0.5579 

0.5563 


0.5528 

256 

0.5056 

0.5061 

0.5065 

0.5047 

0.5035 

0.5028 

0.5021 


0.5006 

512 

0.4528 

0.4533 

0.4539 

0.4527 

0.4518 

0.4515 

0.4512 

K 

0.4505 


a The parameters for twelve polar gases to be used with this table are given in 
Table 8.6-1. 

6 This table is taken from F. J. Kricger, "The Viscosity of Polar Gases," Project 
Rand Report RM-646, July 1, 1951. 



















Symbols and Notation 


General 

h = Planck’s constant 

h = h/hr 

k = the Boltzmann constant 
N = Avogadro’s number 
R = the gas constant = Nk 

i = V~\ 

c = velocity of light 
e = charge on the electron 

cr, € = parameters in intermodular potential functions 
X 2 = h 2 /2nmkT 
A* 2 = h 2 /a 2 ni€ 

= = second virial coefficient of rigid spheres of 

diameter a 

t* = measure of polarity of a molecule (Eq. 3.10-3) 

J n (x) = Bessel functions 
P x m (x) = associated Legendre polynomials 
Y t m (0, <f>) = spherical harmonics (Appendix 12.B) 

5’ n (m, (a:) = Sonine polynomials (Eq. 7.3-57) 

T(a:) = the gamma function 

Ei(x) = the exponential integral function (Eq. 11.7-50) 

Classical Mechanics 

r <> Pi = position and momentum of ith particle in Cartesian 
coordinates 

Pi = generalized coordinates and momenta 
v { = velocity of the ith particle 
m { = mass of ith particle 

1181 
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M * = molecular weight of the ith species 
Hu = reduced mass of molecules i andy 
F t = force acting on ith particle 

A' 

K( p ") = Z = kinetic energy of system of N particles 

<!>(r A ) = potential energy of system of N particles 
H(r !, ,p ! ') = Hamiltonian of system of N particles 
5 = Hamilton-Jacobi function 
H = the "virial" (§ 1.4) 

Z(b,g) = the "impact parameter," the initial relative velocity, and 
the angle of deflection in a binary collision (§ 1 . 5 ) 

9(r) = spherically symmetric intermodular potential function 
<P( r > 0 1 , 0 2 , 4>) = angular dependent intermodular potential function 
/ = moment of inertia 

Quantum Mechanics 

h ? 

St - ■: ^ = momentum operator for the ith particle 

Jr ~ 27,(37,' 37) = kine,ic enc w °p era,or 

= '5%' + ^ = Hamiltonian operatot 
^// — angular momentum operator 

/, K y »?,(«) = angular momentum quantum numbers, energy quantum 
numbers, and phase-shift in a binary collision (§ 1 . 7 ) 
X ) = angular distribution of scattered particles (§ 1.7) 

Electrodynamics 

S' = electrostatic potential 
Sf = vector potential 
S 7 = electric field strength 
& = electric displacement 
yS = magnetic field strength 
J? = magnetic induction 
y = polarization 
Sf = magnetization 
C = Ze = total charge 
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(jl = dipole moment vector 
0 = quadrupole moment tensor (Eq. 12.1-15) 

Q = traceless quadrupole moment tensor (Eq. 12.1-16) 

Q == qe = scalar value of quadrupole moment of cylindrical charge 
distributions (Eq. 12.1-17) 

Q n m = expansion coefficients related to multipole moments 
(Eq. 12.1-18) 

= two-center expansion coefficients (Eq. 12.1-28) 

X l€) = electric susceptibility 
X {m > = magnetic susceptibility 
(' = dielectric constant 
p! = magnetic permeability 
m = magnetic dipole moment 
p = charge density 
/ = strength of electric current 
j = current density 
/ = energy density 
v = frequency 
rj = index of refraction 
f = oscillator strengths 
a = polarizability 

Thermodynamics 

p = pressure 
T = temperature 

x t = mole fraction of the ith component 
V;v= volume; volume per molecule 
U; u = internal energy; internal energy per molecule 
//;// = enthalpy; enthalpy per molecule 
Cp, C v = specific heat at constant pressure, at constant volume 
S = entropy 

G = H — TS = Gibbs free energy 

A = U — TS = Helmholtz free energy (the “work function”) 

n = number density (i.e., number of particles per unit 
volume) 
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n { = number density of ith component 
P = density (i.e., mass per unit volume) 
z = effective number density (Eq. 3.2-22) 
p = Joule-Thomson coefficient 
= chemical potential of ith component 
fi = fugacity of ith component 
a t = activity of ith component 
c = V(dpld p ) s = velocity of sound 

y = cjc v 


Statistical Mechanics and Equation of State 

P (r = distribution functions 1 (classical statistical 

f N \r N t p‘ v ), n m (r s ) J mechanics) 

. _ probability density matrices 2 (quantum statis- 

j tical mechanics) 

g(r) = the radial distribution function 


W*(r S ) = the "Boltzmann factor” (Eq. 3.1-6) 

7 ^ s(r s ) = the "Slater sum” (Eq. 6.1-13) 

2v. Z,\q — classical and quantum mechanical partition functions 


z = partition function of a single molecule 

B{T) t cm, 

D(T)- • • = second, third, fourth • • • virial coefficients 
b, = cluster integrals 
p k = irreducible integrals (Eq. 3.2-24, 25) 
v f = free volume 

a = distance between nearest neighbors in lattice theories of 


liquid state 
y = surface tension 


Kinetic Theory and Transport Properties 3 

V, = summational invariants 

% = general flux vector 

j = mass flux vector 

1 Distribution functions are discussed in § 2.1. 

* Probability density matrices are discussed in § 2.2. 

3 For definitions of the various kinds of velocities sec § 7.2a. 
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p = momentum flu* tensor (pressure tensor) 
q — heat flux vector 
c = thermal energy flux vector 
o = entropy flux vector 
tj = coefficient of shear viscosity 
k = coefficient of bulk viscosity 
A = coefficient of thermal conductivity 
D it = multicomponent diffusion coefficients 
D, T = multicomponent thermal diffusion coefficients 
& it = binary diffusion coefficients 
k T = thermal diffusion ratio 
v = molecular velocity (Chs. 7-10) 
v 0 = mass average (or “stream”) velocity (Chs. 7-10) 
v = mass average velocity (Ch. 11) 
u> = number average velocity 
V = peculiar velocity 
y = diffusion velocity 
W = Vfi/2kT V = reduced velocity 
g = initial relative speed in binary encounter 
y = VutlkTg = reduced initial relative speed 
Q u \g) = transport cross-sections (Eq. 8.2-2) 

= integrals in terms of which the transport coefficients are 
expressed (Eq. 8.2-3) 

a *, b *, c* = quantities which appear in the expressions for the trans¬ 
port coefficients of mixtures (Eq. 8.2-15, 16, 17) 

[/?i 2 ]| = quantity defined in Eq. 8.2-20 
[A,ah = quantity defined in Eq. 8.2-34 

d, = quantity defined in Eqs. 7.3-27 and 11.2-28 
b = quantity defined in Eq. 7.3-28 
/,(r, v„ t) = velocity distribution function (§ 7.1-d) 
fi r \r* v o 0 = terms in Enskog series (Eq. 7.3-11) 
v ,y t) = perturbation function (Eq. 7.3-21) 




CHEMICAL INDEX 


Atoms: 

He J , 414, 416, 423, 427, 428, 429, 430, 
431, 432. 560, 683, 684. 1121 
He 4 , 5, 15. 164. 169, 171. 174, 175, 181, 
196, 197, 208, 237, 245, 254. 255, 
406, 414, 416, 417, 418, 423, 427, 
429, 430, 432, 552, 560, 570, 573, 
576. 579, 584, 588, 601, 683. 684. 
915, 966, 989, 1029, 1110 
Ne, 16, 160, 164, 165, 179, 181, 198, 
203. 207, 208, 209. 237, 245, 246, 

249, 254, 255, 305, 423, 427. 428, 

429, 430, 545, 551, 552, 560, 561, 

562. 568, 570. 573, 581, 582, 584, 

587, 590. 594, 966, 989. 1043, 1110 
A, 5. 15, 16, 160, 164, 165, 171, 174, 

176, 179, 181. 199. 204, 207, 208, 

209, 237, 245, 246, 249, 254. 255, 

305, 306, 308, 309, 310, 332, 346, 

353, 423. 427, 428, 430. 545. 552, 

560, 561, 562. 568. 570. 573. 576. 

578. 579, 581, 582, 584, 585, 587, 

588. 591, 595, 615, 616. 617, 899. 

966, 989, 1029. 1043, 1110 

Kr, 160, 165, 181, 200, 205, 207, 254, 
423, 428, 561, 573, 581, 582, 966, 
989, 1043, 1110 

Xe. 165, 167, 181, 237, 245, 254, 423, 

428, 561, 564, 573, 581, 582, 617, 
966, 989. 1043. 1110 

Hg, 281, 914, 1112 
S, 615 

Diatomic Molecules: 

H 2 , 16, 164, 169, 171, 181, 190, 191, 
192, 237, 245, 249, 254, 255, 307, 

308, 309. 310, 318, 423, 427, 428. 

429, 430, 433, 434, 436, 437, 552, 

560, 571, 574, 577, 578. 579. 581, 

582, 584, 585, 586. 588, 601, 617, 

806, 947, 950, 966, 989, 1028, 1029, 
1110 


Diatomic Molecules ( continued) 

Di. 171, 423, 427, 428, 429, 430, 433, 
434, 560, 586, 947, 1110 
T*. 423. 429, 430. 433, 434 
HD. 423, 430. 433. 434, 947 
HT, 423, 429, 433, 434 
DT. 423, 430, 433, 434 
Nt. 5. 15, 16. 160. 164, 165, 169, 171, 
174. 175, 176, 181. 190, 191, 192, 

195. 201, 206. 207, 209, 237. 245, 

246, 249, 254, 255, 260, 267. 305, 

306, 423, 545. 551, 552, 561, 562, 

571, 577. 578. 579, 581, 582, 584, 

585, 588. 592, 595, Ml. 615, 617, 

650. 796, 822, 950. 966. 989, 1028, 

mi 

0 2 . 16. 165, 169, 237, 245, 246, 254, 
255, 423, 545, 552, 561, 562, 568, 

571. 574, 578. 579, 581, 582, 587, 

588, 806, 822, 950 966, 989, 1028, 
1029, 1111 

NO. 574, 599, 822. 1028, 1111 
CO. 181. 195. 423. 552, 568, 571, 577. 
579, 585, 588, 599, 950, 988, 1028, 
1111 
f 2 . nil 

CI*. 285, 950, 966, 1111 
Br*. 285, 1111 
I*. 254. 255, 285, 615, 1111 
HF. 950, 990 

HCI. 581, 582, 599, 861, 936, 950, 966, 
988, 1012 

HBr, 564, 567, 950, 988 
HI, 564, 567, 950, 988, 1112 
(Air). 176, 254, 255, 552, 604, 1111 

Polyatomic Molecules: 

CO t. 16. 160, 165, 169, 171, 176, 190, 
191, 192, 195, 202, 206, 207, 237, 

254, 255, 266, 359. 360, 368, 371, 

372, 545, 551, 552, 561, 562, 571, 

574, 577, 579, 581, 582, 585. 592, 
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Polyatomic Molecules, COj (continued) 

596, 601, 614, 615, 617, 651. 861, 
950, 966, 989, 1028. 1111 
COS. 1026. 1028, 1112 
CSj, 281. 285, 615, 050. 1028, 1112 
HjO. 160. 214, 218, 221, 227. 237. 249, 
564. 567, 599. 601, 604, 624, 861, 
988. 1032. 1034 
H*S, 598, 599. 950 
SO*. 598. 599. 950. 1026, 1111 
NjO. 285. 577. 579. 950, 1028, 1111 
NHj. 160, 214, 221, 237, 249, 254, 255, 
564. 567, 598. 599. 624. 861, 950, 
988, 1026, 1033 
N*H 4 . 764 

HCN, 564. 567, 950, 1026. 1028 

CICN, 1026, 1028 

CjN*. 950. 1112 

O a . 764 

NOCI. 599 

AsHj. 1112 

SF e . 371.579, 1111 

HgCl*. 564, 567 

HgBra. 1112 

Hgli. 1112 

SnCI 4 . 281, 1112 

SnBn, 1112 

Snl 4 , 615 

SiCI 4 . 281 

SiBr 4 . 281 

TiCU. 281 

Hydrocarbons: 

0H 4 . 16. 164, 165. 171. 174. 181, 195, 
237, 245, 254, 255. 260, 305, 423, 
545. 552, 561, 562, 571, 574. 579. 
581. 582. 615. 617, 950, 966, 1111 
CH 3 CH 3 . 160. 195, 237, 254. 255. 260. 
374, 382, 383, 384. 385. 552. 579. 
617, 950. 1028. 1112 
CHjCHaCHa. 160. 195, 237. 254. 255, 
260. 552, 617, 950. 1112 
M-CHaCHjCHjCHa. 160, 195, 237. 254, 
255, 260. 552. 579. 1112 
n-CHafCHjlaCHa 237, 254, 255, 260, 
1112 

>i-CH 3 (CH 2 ) 4 CH 3 . 237. 260. 382, 383, 
384. 385 

n-CH 3 (CH 2 ) 6 CH 3 . 160. 237, 254. 255, 
260, 281, 564. 567, 1112 


Hydrocarbons (continued) 

n-CHa(CH,),CHa. 237, 1112 
n-CHalCHahCHa. 1112 
(CHahCHCH,. 254. 255. 260, 579 
1112 

C(CHa) 4 . 254. 255 
(CHahCHCHaCHi, 237. 260 
(CHahCHCH(CH,),. 237 
(CH,)jCHCHjCHjCH(CHa)j. 237 
cyclo-C*H u, 237. 1112 
C«H«. 237. 281. 282, 861.950. 1112 
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(CHa)aC=CHj. 160, 254, 255. 260 
CH*=C**CHj, 160 
CHj=CH—CH=CH—CH=CHj, 

979 
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Other Organic Molecules: 
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Boltzmann equation. 17 
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modification for dense gases, 636, 642 
physical derivation, 444 
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Bosc-Einstein statistics {continued) 
perfect Rases and, 402 
probability of anRle of deflection, 74 
Slater sum, 397 
virial coefficients. 404 
wave functions, 61 
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Boyle temperature, 163, 232. 247 
Brace expressions, 11. 472 
Bracket expressions. | |. 472 
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Brillouin function. 860, 876 
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equation, 33 
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pressure tensor and. 503. 644, 711 
thermodynamics of. 710 
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tailed development, 441 
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introduction ’o. 17 
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736. 740 

Charge, equation of conservation of, 862 
force of electromagnetic fields on, 862 
Charge-charge interaction. 27 
Charge-dipole interaction. 27 
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modified. 146 
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Collisional transfer. 459, 612, 635, 639 
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classical description of, 43 
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effect on distribution function, 445 
impact parameter in. 49. 446 
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Schrodinger equation for, 70 
time between, 1023 
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transfer of energy in, 503, 510, 920 
Combining laws, for force constants, 168, 
222. 567, 600. 963, 987 
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Compressibility factor (see also Equation 
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Convection, 696 
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probability density matrix and, 395 
Slater sum and, 147, 396 
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WKB method and, 67 
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experimental evidence. 246 
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methods of determining. 357 
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Critical opalescence. 373 
Critical point, behavior of solutions at. 
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effect of gravity on. 373 
fluctuations in density at. 126, 373 
hysteresis behavior near, 373 
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light scattering and. 375 
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Critical point (< continued ) 
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thermodynamic properties at, 367 
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structure of, 801, 803, 807 
velocity of. 804 
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theory for, 801 
Dew-point line, 387 


Diamagnetic susceptibility (see Magnetic 
susceptibility) 

Dielectric constant, Clausius-Mosotti 
equation, 858 
definition of, 857 
distortion of molecules and. 271 
index of refraction and. 870 
oscillator strengths and, 883 
Dieterici equation, 250, 257 
Diffraction effects, equation of state and, 

Slater sum and, 397 
transport phenomena and, 19, 668, 
675 

Diffusion (ordinary), activities in liquids 
and, 631 

comparison with experimental data 
579, 601 

concentration dependence, 539 , 606 
detailed theory of in gases, 478, 485 
driving force for, 708, 712 
effect on flames, 775 
Enskog’s theory for dense gases, 646 
entropy production and, 717 
Eyring theory for liquids, 631 
Fick's law, 518 

for Lennard-Jones potential, 578 
for multicomponent mixtures, 540 
for polar-nonpolar mixtures, 600 
for ternary mixtures, 716 
higher approximations, 606 
intermolecular forces from, 580, 588 
mass flux and, 479, 516, 713 
pressure-dependence, 615, 646 
simplified theory, 8 
thermodynamics of, 712 
Diffusion, self- (see Self-diffusion) 
Diffusion, thermal (see Thermal diffu¬ 
sion) 

Diffusion equations, 517, 718, 751 
Diffusion thermo-effect. 8, 522, 705 
Diffusion velocity (see also Mass flux), 
453, 454, 478, 487 

Dilatation viscosity (see Bulk viscosity) 
Dipole-dipole interaction, microwave 
spectra and, 1025 
potential energy of. 27, 848, 987 
Dipole-induced-dipole interaction, micro- 
wave spectra and, 1027 
potential energy of, 29, 984 
Dipole-quadrupolc interaction, effect on 
second virial coefficient, 209, 225, 
1033 

in water, 1033 

microwave spectra and, 1027 
potential energy of, 27 
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Dipoles, electric field due to, 848 
ideal, 846 

interaction between, 27, 848, 987 
magnetic, 866, 887 
matrix components of moments. 912 
moments from electric susceptibility, 
861 

moments of, 26, 839 
oscillating, 878 
real, 847 

Dirac 4-functions, 90 
Dispersion forces, angular dependence of, 
968, 974 

between asymmetrical molecules, 968 
between conjugated molecules, 974 
between H and Hj, 1080 
between H atoms, 962 
between H* molecules. 1089 
between He atoms. 1066 
between He and He', 1100 
between symmetrical molecules, 955 
comparison with experiment, 966 
Drude’s model, 956, 964 
elementary discussion, 26 
higher terms in expression for, 964 
in terms of polarizabilities and ioniza¬ 
tion potentials, 963 
order of magnitude of, 988 
oscillator strengths and. 962 
retardation effects, 967 
second-order perturbation treatment, 
960 

Dispersion of light, 883, 891 
Displacement current, 864 
Displacement field, 852, 854 
Dissipative effects (see also Irreversible 
processes), 700, 711, 716, 789 
Distance between molecules in crystals, 
intermolccular forces and. 1035 
second virial coefficient and, 179 
tables for several crystal types, 1037 
Distance of closest approach, definition 
of, 50 

table for Lennard-Jones potential, 
1132 

table for inverse twelfth power poten¬ 
tial. 1155 

Distortion of molecules, quantum me¬ 
chanical treatment of, 268 
virial theorem and, 264 
Distribution function(s) (see also Prob¬ 
ability density matrix; Radial dis¬ 
tribution function) 
change with time, 40, 84 
entropy and, 130 
in phase space, 41, 82 


Distribution function(s) (continued) 
kinetic theory and, 442 
maxwellian, 17 
molecular, 17 

nomenclature and notation, 84 
of higher order, 443, 492 
quantum mechanical generalization of, 
670 

time averaging of, 451 
Distribution of energy, Bose-Einstein, 
112 

Fermi-Dirac, 112 
Maxwellian. 17. 95, 100 
Dividing surface. 339, 349 
Doppler effect, 1022 
Droplet surface tension, 349 
Drude's model, dispersion forces and, 
956.964 

index of refraction and, 881 
polarizability and, 882 
Dufour effect. 8, 522. 705 

Effective potential, 49, 553 
Eigenfunctions, angular momentum, 58 
coordinate. 90 
energy. 55. 394 
momentum. 58, 394 
Eigenvalues. 58 

Einstcin-Bose statistics (see Bosc-Ein- 
stein statistics) 

Electric displacement. 852, 854 
Electric field intensity, behavior at 
boundary, 854 
definition of, 838 
due to dipole, 848 
Hamiltonian operator and. 1044 
Electric susceptibility, Clausius-Mosotti 
equation for. 858 

estimation from screening constants, 
951 

for mixtures, 858 
molecular properties and, 859 
polarization and. 851, 857 
temperature dependence of. 860 
Electromagnetic energy, equation of con¬ 
servation of. 870 
radiation and. 879 

Electromagnetism, basis for intermolecu- 
lar forces, 835 
Maxwell's equations of, 862 
Electronic motion, contribution to ther¬ 
modynamic properties. 119 
intermolecular forces and. 920, 925 
Electronic transitions in collisions, 929 
Electrostatic forces, angle-average of, 
986 
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Electrostatic forces ( continued ) 

between dipoles in linear molecules, 
997 

between dipoles in symmetrical tops, 
1004 

elementary discussion of, 26 
hydrogen bonds and. 989 
order of magnitude of, 988 
quantum mechanical treatment of. 990 
Electrostatic potential, complete Hamil¬ 
tonian and. 1044 
definition, 838, 865 
multipole moments and, 842 
one-center expansion of. 841 
Electrostatics (see Interaction between 
charge distributions; Multipole mo¬ 
ments; Polarizability) 

Ellipsoidal molecules (generalized), force 
constants for. 191 

second virial coefficient for. 190, 1179 
Ellipsoidal molecules (rigid). 34 
second virial coefficient for, 185 
Elongated molecules (see Long mole¬ 
cules) 

Emission of light (see also Radiation) 
energy transfer and, 720 
induced. 885 
Emissivity. 725 

Empirical equations of state, for gases, 
250 

for liquids, 261 
for mixtures, 252 
internal energy for. 256 
Empirical potentials (see Intermolecular 
potential energy functions) 
Encounters (see Collisions) 

Energy (see Electromagnetic energy; 
Gibbs free energy; Helmholtz free 
energy; Internal energy; Kinetic en¬ 
ergy; Potential energy) 

Energy balance, equation of (see Equa¬ 
tion of energy balance) 

Energy eigenfunctions, 55, 394 
Energy flux, in dense gases. 645, 659 
in dilute monatomic gases. 458. 481, 
522 

in general fluids, 713, 717 
in polyatomic gases, 498. 503 
radial distribution function and. 659 
radiation contribution to. 697, 720 
simplified theory. 11 
thermal conductivity and. 490, 503, 
522, 645, 713 
thermodynamics of, 712 
thirteen-moment approximation. 495 
Energy of activation, 661 


Energy states (stationary). 55 
Energy transfer, mechanisms for, 696 
720 ’ 

Ensemble average, calculation of, 103 , 

fluctuations and. 98 

rc P^ emcnl of time average by, 95 ( 

Wigner distribution function and, 671 
Ensembles (classical), 79 
fluctuations in, 98 
types of, 86 

Ensembles (quantum mechanical), 88, 

fluctuations in, 98 
types of, 93 

Enskog's equation of change, in dense 
gases. 653 
in dilute gases, 460 

Enskog’s solution of Boltzmann equa¬ 
tion. 464, 642 

Enskog’s theory of high-density trans¬ 
port phenomena. 634. 649 
Enthalpy. Bencdict-Webb-Rubin equa¬ 
tion and, 259 
generalized chart for. 241 
of activation. 625 
partition function and, 110 
virial coefficients and. 230 
Enthalpy of sublimation, intermolecular 
forces and. 1035 

second virial coefficient and, 179 
Entropy, at absolute zero, 109 
Benedict-Wcbb-Rubin equation and, 
259 

communal, 273 
definition of. 108 
distribution function and, 130 
equation of change for, 700, 728, 736 
generalized chart for, 242 
Lennard-Jones and Devonshire theory 
of. 302, 310, 1125 
of activation, 625 
of melting, 285 
of mixing, 121 

partition function and, 108, 116 
production of, 700. 711, 716, 789 
radial distribution function and, 334 
third law and. 109 
virial coefficients and, 231 
Entropy flux, 700 
Equation of continuity, 462, 657 
for reacting mixture, 497 
Equation of energy balance, for mon¬ 
atomic gases, 463, 659 
for polyatomic gases, 497 
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Equation of motion, dynamical, 36, 880 
hydrodynamical, 462, 497. 658 
Equation of state {see also Correspond¬ 
ing states; Empirical equations of 
state; Lennard-Jones and Devon¬ 
shire equation of state; Virial equa¬ 
tion of state) 
caloric. 21. 232. 398. 438 
classical theory of, 132 
corresponding states and, 235 
critical point, 357 
diffraction effects and. 392 
empirical, 250, 252, 261 
Eyring equation, 281 
for gases at very high pressures. 262 
for powder gases, 262, 827 
for rigid spheres, 2. 156, 286, 647 
free volume and, 279 

hole theories, 311 

lattice theories, 4. 271, 286 
Lennard-Jones and Devonshire, 293 
light scattering and, 896 
metastable states in, 363 
partition function and, 6, 110, 133, 
137, 279. 398 
quantum theory of, 392 
radial distribution function and, 6. 

134. 320. 399 
simplified theory. 1 
statistics effects and, 392. 401 
thermodynamic properties and. 230 
virial form of, 2, 131 
Equations of change, applicability, 695, 
735 

asymptotic solutions, 751 

chemical reactions and. 496, 698 

dimensionless flame equations. 768 

for angular momentum. 506 

for finite waves, 736 

for flow through noz/.lcs, 815 

for one-dimensional steady state, 746 

for sound waves. 728 

in dense gases, 640, 657 

in dilute gases. 453, 459 

integration of, 748 

introduction to, 21 

linearization of. 728 

summary of, 699 

Equimolecular dividing surface. 339, 349 
Equipartition of energy. 129 
Ergodic system, 95 
Eta theorem {see //-theorem) 

Ethylene oxide decomposition, 764 
Eucken correction, 14, 20. 534. 573, 634. 

646 

derivation of. 498 


Eucken correction {continued) 
for rough spheres, 509 
Euler angles. 908 
Euler equations. 464 
Euler-Maclaurin expansion, 118 
Euler’s theorem, 39 

Exchange forces, second order, 25, 1065 
Exchange integrals. 938 
Expectation value. 58 
Explosion limits, 806 
Eyring equation of state, 281 
Eyring semi-empirical method. 1076 
Eyring theory of reaction rates, applica¬ 
tion to transport phenomena, 624 
summary of, 661 

Eyring theory of transport phenomena, 
624 

Faraday’s law. 863 

Fermi-Dirac statistics, apparent repul¬ 
sion due to, 402, 673 
Boltzmann equation and, 671 
cross-sections in, 677 
distribution of energy in, 112 
momentum eigenfunctions in, 394 
partition function in. Ill 
perfect gases and, 402 
probability of angle of deflection in, 
74 

Slater sum in. 397 
virial coefficients, 404 
wave functions, 60 
Ferromagnetism. 877 
Fick’s diffusion law, 518 
Fifth virial coefficient {see also Virial 
coefficients) 
for rigid spheres. 157 
Finite waves, propagation in one dimen¬ 
sion, 736 

Riemann characteristics and. 736. 740 
transition to shock waves. 742 
First law of thermodynamics. 106 
Flame equations, boundary conditions, 
763, 768 

dimensionless form. 768 
dimensionless quantities in. 767 
lower Chapman-Jouguet point. 780 
one-ditncnsional, 748 
singular solutions. 773 
solutions near cold boundary, 774 
solutions near hot boundary, 771, 775, 
781 

Flame holder. 756, 762, 769 
Flame temperature. 824 
Flame velocity, comparison with experi¬ 
ment. 764 
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Flame velocity ( continued) 
effect of diffusion on, 778 
effect of pressure on, 765 
measurement of, 757 
Flames, Bunsen burner, 757 
effect of diffusion on, 775 
effect of pressure on, 765 
effect of radiation on, 720, 724, 761 
ethylene oxide, 764 
hydrazine, 764 

kinetic energy and. 756, 770, 780 
Mach number and, 767, 780 
ozone. 764 

pressure drop and, 756, 770 
quenching zone in. 757 
simple examples of, 766, 770, 775, 
780 

stability of. 757, 783 
traveling, 757 

unimodular reversible reaction, 766 
viscosity and, 756 

Fluctuations, in bulk properties, 121 
in density, 122, 127. 373 
in ensembles, 98 
in internal energy, 122 
Flux of molecular properties {see also En¬ 
ergy flux; Entropy flux; Mass flux; 
Momentum flux; Pressure tensor; 
Thermal energy flux; Transport co¬ 
efficients) 

collisional transfer and, 639, 658 
in dense gases, 638, 657 
in dilute gases, 455, 515 
in general fluids. 709, 717 
simplified theory of, 11 
Force, between charge distributions, 838 
on dipole in electric field. 847 
on moving charge, 862, 881 
Force constants {see also Intermodular 
potential energy functions) 
lor Buckingham-Corner potential, 179 
for Corner’s 4-center model, 195 
for generalized ellipsoids, 191 
for generalized sphcrocvlinders, 191 
for Kricgcr potential, 599 
for Lennard-Jones potential, 165, 209, 
561, 1110 

for modified Buckingham potential, 
181 

for rigid spheres, 545 
for square well, 160, 209, 552 
for Stockmaver potential, 214 
for Sutherland potential. 551 
for water (including effect of quad¬ 
ruple). 1033 
from crystals, 181, 1035 


Force constants ( continued ) 
from diffusion. 580. 588 
from Joule-Thomson coefficients, 175 , 

L 1 o 

'-second virial coefficients, 166, 

from self-diffusion, 582 
from thermal diffusion, 588 
from viscosity coefficients, 562 
Force constants between dissimilar mole¬ 
cules. combining laws for. 168 222 
S67, 600, 963. 987 
from diffusion, 580. 588 
from thermal diffusion, 583, 588 
Forces between molecules {see Intermo¬ 
dular forces; Intermodular poten¬ 
tial energy functions) 

Four-center model for long molecules 
{see Corner's four-center model) 
Fourth virial coefficient {See also Virial 
coefficients) 
for rigid spheres. 157 
Free energy {see Gibbs free energy; 

Helmholtz free energy) 

Free volume, definition of. 276, 279 
generalized, 313 
hard and soft center, 290, 305 
in Lennard-Jones and Devonshire 
theory. 293 

multiple-occupancy generalization of. 
305 

partition function and, 279, 313 
"smeared" or "sphericalized." 286 
thermal conductivity and, 634 
velocity of sound and, 633 
Free volume theories for liquids {see Lat¬ 
tice theories for equation of state) 
Frequency factor, 661 
Frequency of collisions, 9, 15, 445, 496, 
635 

Friction constant, 660 
Fugacity {see also Chemical potential), 
143 

Benedict-NVebb-Rubin equation and, 
259 

in two-component systems, 389 

Gamma ( 7 ) space, 81 
Generalized affinities, 705, 709 
Generalized compressibility charts, 239 
Generalized coordinates, 36 
Generalized ellipsoidal modules {see 
Ellipsoidal modules) 

Generalized fluxes, 705, 709 
Generalized forces, 705, 709 
Generalized free volume, 313 
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Generalized momenta, definition of. 37 
for charged particles. 880 
Generalized spherocylindrical molecules 
(see Spherocylindrical molecules) 
Gibbs free energy, of activation, 625. 628 
partition function and. Ill, 116 
Gibbs-Kelvin equation. 350 
Gibbs-Tolman-Koenig equation. 351 
Grad's solution to the Boltzmann equa¬ 
tion, 492 

Grand canonical ensemble, classical. 87 
quantum mechanical, 94 
Grand partition function, classical. 87. 

123 

quantum mechanical, 94 
Guldberg's rule, 238. 319 


Halford-Kistiakowsky-Wilson equation. 
263 

Hamiltonian function, definition of. 38 
for charged particles. 880 
for many-particle system. 133 
Hamiltonian operator, definition of. 54 
for system in electric and magnetic 
fields. 1044 

for system of nuclei and electrons. 925 
relativistic and magnetic coupling cor¬ 
rections. 1044 

Hamilton-Jacobi equation. 39. 55. 66 
Hamilton's equations, 38 
Heat capacity, fluctuations in internal 
energy and, 122. 368 
generalized chart for. 243 
in critical region. 367. 369 
Lennard-Jones and Devonshire theory 
of. 301. 309. 1124 
partition function and, 110, 116 
simplified theory for liquids. 284 
virial coefficients and. 231 
Heat conductivity (see Thermal conduc¬ 
tivity) 

Heat content (see Enthalpy) 

Heat flux (see Energy flux; Thermal en¬ 
ergy flux) 

Heat of sublimation, intermolecular 
forces and. 1035 

second virial coefficient and. 179 
Heitler-London approximation. 1078 
Helium, corresponding states and iso¬ 
topes of, 431 

discrete state for pair. 418. 1068 
interaction of H + and He', 1010 
interaction of He and H*. 1007 
interaction with He' or H + , 1098 
interatomic potential for, 196, 1064, 
1067 


Helium (continued) 

low-temperature second virial coeffi¬ 
cient of. 416 

phase shifts for, 414, 1120 
quantum mechanical transport prop¬ 
erties of. 680 

values of A* for isotopes of, 423 
Hellmann-Fcynman theorem, 932, 935 
Helmholtz free energy, of a surface, 
341 

partition function and. 210. 116 
Hermitian operators, 58 
Hertzian oscillator, 878 
Herzfeld-Goeppert-Mayer potential (see 
Square well potential) 

High pressure, dielectric constant at, 858 
equation of state, 262 
thermal conductivity, 634 
Hildebrand's rule, 283 
Hirschfelder-Linnett wave function for 
Hj. 105S 

Hole theories for equation of state, 311 
comparison with experiment, 316 
Hougcn and Watson charts, 239 
//-theorem, 108, 464 
Hugoniot relations, for detonations, 797 
809 

for shock waves. 785 
Hugoniot shock "adiabat," 787 
Hydrazine flame, 764 
Hydrocarbons, critical ratios of, 237 
Hydrodynamic equations (see Equations 
of change) 

Hydrogen, corresponding states and iso¬ 
topes of. 432 

rotational quantum deviations in sec¬ 
ond virial coefficient, 436 
values of A* for isotopes, 423 
Hydrogen atom(s), compression of. 269 
dispersion forces between, 962 
interaction with Be and Be', 1053 
interaction with He. 1053 
interaction with H*. 1075 
interaction with Li and Li + , 1053 
interaction with various hydrogen 
ions. 1092 

interatomic potential for. 1054, 1059, 
1062 

resonance forces between H and H', 
993 

Hydrogen bonds, 989 
Hvdrogen ions (H*). interaction with H, 
1007. 1098 

interaction with H', 994. 1010 
interaction with He, 1007 
interaction with He', 1010 
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Hydrogen molcculc(s), approximate an¬ 
gle-dependent intermolecular poten¬ 
tial for, 1092 

comparison of theoretical and experi¬ 
mental intermolecular potentials. 
1090 

dispersion forces between. 1089 
interaction with hydrogen atom. 1075 
interaction with various hydrogen 
ions, 1092 

intermolecular potential for. 1083 
oscillator strengths for. 1081 
polarizability of, 946, 1089 
quadrupolc-quadrupole interaction, 
1086 

Rydberg potential for. 1061 
Hydrogen molecule ion. compression of. 
269 

energy of. 1093 

Ideal gas (see also Perfect gas) 
partition function for. Ill, 133 
properties of mixtures, 120 
quantum mechanical pair distribution 
function. 438 

thermodynamic properties, 114 
Identical particles (see also Bose-Einstein 
statistics; Fcrmi-Dirac statistics; 
Statistics effects) 
wave functions for. 59 
Impact parameter, b, 49. 446 
Index of refraction, classical theory of, 
877 

definition of. 870 
distortion of molecules and, 271 
Drudc’s theory of, 881 
oscillator strengths and. 883, 889 
quantum theory of. 883, 888 
Induced dipoles, in Drude model, 882 
polarizability and. 852, 941 
quantum theory of. 888 
Induced-dipole-induced-dipole interac¬ 
tion. 30, 955. 964 

Induccd-dipole-induccd-quadrupole in¬ 
teraction. 30. 964, 1090 
Induccd-quadrupole-induccd-quadrupole 
interaction, 30. 964 
Induction forces, angle-average. 987 
detailed theory, 984 

elementary discussion, 26 
order of magnitude, 988 
Inelastic collisions (see Relaxation time) 
Inert gases, interatomic potentials for, 
196. 589, 1042, 1064 

Initial relative velocity, g, 49, 446, 453, 
455 


Interaction between charge distribu¬ 
tions. 836 

angular dependence of. 846 
expansion in multipolc moments, 844 
expansion in powers of 1 /r^, 922 
Hcllmann-Feynman theorem and, 932 
two-center expansion of. 843 
Interatomic forces (see Intermolecular 
forces; Intermolecular potential en¬ 
ergy functions) 

Interface (liquid-vapor) (see also Surface) 
change of density across. 338. 373 
change of pressure tensor across, 339 
dividing surface in, 339 
Interfacial tension (see Surface tension) 
Intermolecular forces (see also Disper¬ 
sion forces; Electrostatic forces; 
Force constants; Induction forces; 
Intermolecular potential energy 
functions; Long-range forces; Reso¬ 
nance forces; Second-order exchange 
forces; Short-range forces; Valence 
forces) 

angle-averaged. 28. 922, 985 
Berlin's interpretation of. 935 
between a nonpolar molecule and an 
ion. 984, 986. 989, 1007 
between a polar and a nonpolar mole¬ 
cule. 223. 600, 984. 986. 987 
between a polar molecule and an ion. 
986 

between He and He' or H + , 1098 
between H atoms. 1054 
between H or Hj and various hydro¬ 
gen ions, 1092 
between Hj molecules, 1083 
between noble gas atoms, 1042, 1064, 
1110 

between nonpolar molecules, 955. 964, 
968 

between polar molecules, 209, 214, 597, 
986, 988, 997, 1004, 1025 
between various atoms and ions. 1053 
Born-Oppenheimcr separation, 921,925 
concept of potential function, 919 
contributions to, 25 
detailed theory, 916 
electromagnetic theory and, 835 
electronic motion and, 920 
electronic transitions and, 929 
expansion in powers of l/r,d>, 922 
Eyring semi-empirical method, 1076 
from crystal properties, 181, 1035 
from diffusion, 580, 588 
from Joulc-Thomson coefficients, 175, 
218 
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1050 

166, 


,n ter molecular forces (* ontinued) 
from microwave spectra. 1020 
from quantum calculations. 937. 
from second virial coefficients, 

215. 422 

from self-diffusion. 582 
from thermal diffusion. 588 
from viscosity. 562 

Hellmann-Feynman theorem. 9 si 
integrals appearing in quantum treat- 
. ment. 938 
long-range. 25. 917 
molecular structure and. 1029 
quantum calculation (general). 937 
quantum calculations (specific). 1050 
rotational states and, 922 
short-range. 25, 917 
simplified discussion. 22 
source references for integrals needed 
in calculation of, 1104 
sources of information about. 23 
various contributions to. 988 
vibrational states and. 921 
virial theorem and. 930 
Intermodular potential energy func¬ 
tions (see also Intermodular forces; 
Force constants) 
angle-dependent. 34 
angle-independent. 31 
Buckingham, 32 

Buckingham-Corncr, 33, 178, 1158 

Corner’s 4-ccnter model. 193 

ellipsoids, 34, 185, 190, 1179 

for argon, 204, 591, 1073 

for carbon dioxide, 202, 593 

for helium, 196, 1064, 1067 

for krypton, 205 

for neon, 203, 590, 1070 

for nitrogen, 201, 592 

for water, 218, 227 

Lennard-Jones, 22, 32, 162, 293, 413, 
552, 1110 

loaded spheres. 509 
modified Buckingham, 33, 180, 553, 
1162 

point centers of repulsion, 31, 157, 546, 
690. 1155 

rigid convex modules. 183, 506 
rigid spheres, 31, 156, 286, 411, 544, 
647 

rigid spheres with dipoles, 35, 210 
rough spheres, 507 
spherocylinders, 35, 186, 1179 
square well, 31, 158, 411, 551, 1156 
Stockmayer, 23. 35. 211, 1147 
Sutherland, 32. 158, 549 


Internal degrees of freedom (see also Re¬ 
laxation time) 

effect on Boltzmann equation of, 502 
effect on second virial coefficient, 435 
effect on transport coefficients, 498, 
501. 506 

Internal energy, caloric equation of state, 
21, 232, 398. 438 

first law of thermodynamics and, 106 
fluctuations in, 122, 368 
for empirical equations of stale, 256 
Lennard-Jones and Devonshire theory, 
301, 308, 1123 
of a surface, 342 
of vaporization. 281, 628 
partition function and, 106 , 116 
radial distribution function and, 333 
radiation contribution to, 697 
virial coefficients and, 230 
Internal pressure. 255 
Inverse power potential (see Point cen¬ 
ters of repulsion) 

Inversion temperature, for Joulc-Thom- 
son coefficient, 174, 233 
for thermal diffusion, 583 
Ionization potential, dispersion forces 
and, 963 

estimation from screening constants, 
951 

short range forces and, 26 
Ionized gases. 548 
Ions, cluster of. 1097 
Irreducible integrals, 144. 150 
Irreversible processes, entropy produc¬ 
tion in. 700, 711. 716 
Onsagcr’s theorem and, 705 
shock waves and. 789 
sound absorption and. 730 
thermodynamics of. 704 
transport phenomena and, 708, 710, 
712 

Isobaric flame temperature. 825 
Isochoric flame temperature, 824 
Isotopic mixtures, diffusion of, 540 
thermal conductivity of, 536 
thermal diffusion of. 542, 586, 1131 
viscosity of. 530 

James-Coolidge-Present potential for Ho, 
1058, 1063 

Joule-Thomson coefficient, comparison 
with experimental data, 174 
constants from. 218 
determination of force. 175 
for Buckingham-Corner potential. 179, 
424, 1159, 1161 
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Joule-Thomson coefficient ( continued) 
for Lcnnard-Jones potential. 173. 1114 
for Stockmayer potential, 217, 1150 
in critical region, 370 
inversion temperature of, 174 
mixtures, 176 
quantum deviations, 423 
virial coefficients and. 173, 232 

Keesom alignment energy, 28 
Kihara’s molecular models (see Ellip¬ 
soidal molecules; Spherocylindrical 

molecules) 

Kinetic energy, classical, 37 
of electrons in molecules, 265 
quantum mechanical, 57 
Kinetic energy density, 655 
Kinetic theory, Chapman-Enskog, 17,441 
of dense gases, 634, 652 
of polyatomic gases. 501 
quantum effects in, 19 
simplified theory, 8 

Kirkwood's critique of free volume 
methods, 276 

Kirkwood's theory of high-density trans¬ 
port phenomena, 652 
Knudsen gas, 20. 493, 695 
Kriegcr potential, 597, 1180 
Krypton, interatomic potential for, 205 

Lagrange's equations, 36 
Lagrangian function, definition of, 37 
of charged particles, 880 
Langevin function, 860, 876 
Lattice energy, 279, 1036 
Lattice theories for equation of state, 4, 
271 

hole theory modification, 311 
Kirkwood's derivation. 276 
Lennard-Jonesand Devonshire theory, 
293 

rigid spheres, 286 
two-phase systems, 342 
Legendre polynomials. 905 
Lennard-Jones and Devonshire equation 
of state, 293 

comparison with experiment, 303 
double-occupancy modification, 305 
quantum deviations, 427 
tabulated functions, 1122 
three-shell modification, 296 
Lennard-Jones potential, 22, 32 
angle of deflection, 557, 1132 
calculated dispersion forces and, 966 
cross-sections, 558 
dense gases and, 293, 332 


Lennard-Jones potential ( continued) 
diffusion, 578 

distance of closest approach. 1132 
estimation of force constants, 245 
force constants and parachor, 356 
force constants from critical proper¬ 
ties, 245, 427 H ^ 

force constants from second virial co¬ 
efficients, 165, 209, 1110 
force constants from viscosity. 209 
561. 1110 ' 

Joule-Thomson coefficient, 175, 1114 
omega integrals, 559, 1126 
phase shifts. 411, 1120, 1121 
quantum effects and, 416, 420, 423 
relation to Beattic-Bridgeman con¬ 
stants, 253 

relation to Buckingham potential, 207 
relation to square well, 159, 207 
second virial coefficient, 162, 1114 
1119 ' 

tables for, 1110 
thermal conductivity, 573 
thermal diffusion, 582 
third virial coefficient, 170, 228, 1116, 

use in polar-nonpolar mixtures. 222 
600, 987 

virial theorem and, 932 
viscosity, 560 

with repulsive exponent different from 
12. 32, 162, 163, 172, 230 
Light absorption (see also Radiation) 
classical theory, 877 
coefficient of, 720 
energy transfer and, 720 
forbidden transitions, 887 
induced, 885 
quantum theory, 883 
Light emission (see also Radiation) 
energy* transfer and, 720 
induced, 885 

Light scattering, angular dependence, 
896 

at critical point, 375, 897 
density fluctuations and, 897 
theory’, 891 

Linear momentum, classical, 37, 44 
quantum mechanical, 57 
Liouville equation, 40, 84 

derivation of Boltzmann equation 
from, 449 

high-density transport phenomena 
and, 653 

pair distribution function from, 326 
quantum analog of, 93 
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Loaded sphere*. 5 °9 

Local electric field 855 
Local magnetic field, o/4 
London forces (see D.spcrs.on forces) 
Long molecules, Corner s 4-center model. 

193 • -M7 

corresponding states 247 

critical ratio for, 237 

icihara's rigid models, io3 

Kihara's models, 34, 187, 190,,1179 

long-range forces between. 968 

transport phenomena for rigid ova- 

virial coefficients for, 187, 190, 193 
Long-range forces (see also Dispersion 
forces; Electrostatic forces; Induc¬ 
tion forces), 25, 917 

angle-averaged. 28, 985 
atomic quadruples and. 1013 
between H + and H, 1008 
between H and Hj. 1080 
between Hi molecules. 1086 
relative magnitude of contributions to, 
988 

Low-temperature phenomena, in crys¬ 
tals. 1035 

second virial coefficient, 407 
second virial coefficient of helium, 416 
transport coefficients, 674 


Mach number, 767, 780, 788 
Magnetic dipoles, 866 

optical transitions due to. 887 
Magnetic field intensity, 868, 871 
behavior at boundary, 872 
Hamiltonian operator and, 1044 
Magnetic induction, 862, 871 
behavior at boundary, 872 
due to steady current. 864 
Magnetic multipoles, 865 
Magnetic permeability, definition, 868 
index of refraction and. 870 
Magnetic susceptibility, definition. 875 
estimation from screening constants, 
951 

magnetization of matter and, 871 
Magnetization, definition, 867 
magnetic field and, 873 
Margcnau's intermolecular energy for 
hydrogen, 1084 

Mass average velocity, 453, 454, 698 
Mass flux (see also Diffusion velocity) 
diffusion coefficients and, 479, 516, 
713 

in dilute gases, 457, 516 
in general fluid, 713, 718 


Mass flux (continued) 
simplified theory, 11 
thermodynamics of, 712 
Maxwell-Boltzmann distribution, deriva¬ 
tion of. 95, 100 
kinetic theory and, 17, 468 
various forms of, 129 
Maxwellian molecules, transport coeffi¬ 
cients for. 548 

Maxwell's equations, in a material 
medium. 869 
in a vacuum, 863 

Mayer's theory of condensation, 377 
Macleod’s equation, 354 
Mean free path, 10 
radiation, 720 
Rosseland, 724 
values for, 15 

Mean free path phenomena (see Trans¬ 
port coefficients) 

Mechanical equivalence. 236, 247 
Melting point, entropy change at, 285 
relation to critical point, 238 
relation to force constants, 245 
Metastable states, 363 
Microcanonical ensemble, classical, 86 
justification of. 95 
quantum mechanical, 93 
Microscopic reversibility, 706 
Microwave spectra, interaction of multi- 
pole moments and. 1025 
intermolecular forces and, 1020 
pressure-broadening of, 1021 
quadrupole moments from, 1028 
Mixing, entropy of. 121 
volume change on, 232 
Mixtures (see also Isotopic mixtures) 
diffusion. 517, 718, 751 
electric susceptibility, 858 
empirical equations of state, 252 
force constants, 168, 222 
hydrodynamic equations. 497 
Joule-Thomson coefficient, 176 
multicomponent diffusion, 479, 487, 
538, 600, 631, 716 
phase behavior, 380 
polar-nonpolar, 223, 600 
pseudocritical properties, 244 
second virial coefficient, 168 . 222 
tables of a*, b*. c* for transport 
properties, 1128. 1176 
thermal conductivity. 490, 534, 575 
thermal diffusion. 479, 488, 541 
third virial coefficient, 173, 1118 
viscosity, 481, 489, 531, 566, 600, 
630 
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Modified Buckingham potential (see 
alto Buckingham-Corner potential: 
Buckingham potential). 33 
force constants, 181 
higher approximations to transport 
coefficients. 1172 
omega integrals, 1164 
second virial coefficient, 180 , 1162 
transport coefficients. 553 
Modified cluster integrals, 146 
Modified 17-functions. 145 
Molecular chaos, 444, 450 
Molecular collisions (see Collisions) 
Molecular diameters (see Force con¬ 
stants) 

Molecular models (see Intermodular 
potential energy functions) 
Molecular velocity, Boltzmann equation 
for distribution of. 452 
notation for, 453 
types of, 129 

Momentum, classical, 37, 44 
quantum mechanical. 57 
Momentum density, 654 
Momentum eigenfunctions, 58. 394 
Momentum flux (seealso Pressure tensor) 
in dilute gases, 457, 521 
simplified theory, 11 
thermodynamics of, 710 
Momentum space. 80 
Motion, equation of, dynamical, 36, 
880 

hydrodynamical, 462, 497, 658 
Mu (p) space. 81 

Multicomponent systems (see Mixtures) 
Multipole moments (see also Dipoles; 
Quadrupoles) 

coulombic interaction and, 26, 844 
definitions, 839 

electrostatic potential and, 842 
in terms of Q n m , 841 
interaction with induced multipoles, 
984 

magnetic, 865 

microwave spectra and, 1025 
rotation of coordinates and, 845 

Navier-Stokes equations (see also Equa¬ 
tions of change), 19, 464 
Neon, interatomic potential for. 203, 590, 
1070 

Neumann expansion, 841 
Newtonian flow. 627 
Newton's laws of motion. 36 
Nitrogen, interaction of N atoms. 1053 
interaction of N 2 molecules, 201, 592 


po, ‘ nl " b 

Non-Newtonian flow, 627 

No T^rr cs ' cri,iQi 

mteraction with ions. 984, 986, 989, 

^^987 Whh PObr mo,ccu,cs - 2 22 . 

intermodular potentials for, 30 

long-range forces between. 9S5,964,968 

Normal stresses. 458 

Notation, comparison with Chapman 

and Cowling symbols. 453 
for higher approximations to transport 
coefficients, 524 ^ 

summary of symbols, 1181 
various "reduced quantities," xxii 
vector and tensor symbols, xxiii 
Nozzles (see Rockets) 

Nuclear spin (see Spin) 

Number average velocity. 453, 454 
Number density, 84 


Occupation numbers. 96 
Omega integrals, bracket expres- 
sions and. 511 
definition of. 484, 523 
dimensionless form of, 526 
for Lennard-Jones potential, 559, 1126 
for modified Buckingham potential, 
553, 1164 

for point centers of repulsion, 547, 692 
for rigid spheres, 525 
for square well, 1156 
for Sutherland potential. 1157 
quantum expressions for, 676 
recursion relations among, 525 
WKB expansion of, 690 
One-center expansion of electrostatic po¬ 
tential, 841 

Onsagcr reciprocal relations, 705,710,712 
Opcrator(s). bracket and brace, 471 
corresponding to pV, 399 
Hamiltonian. 54. 925, 1044 
probability, 91 
quantum mechanical, 56 
Orbiting in collisions, 555 
Ortho-para systems, diffusion in, 540 
Oscillator strengths, definition of, 882, 
890 

dispersion forces and, 962 
/-sum rule for, 890 
for hydrogen molecules, 1081 
table of values of. 914 
Overexpansion, 363 
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Overlap integrals. 938 
Ozone flame, 764 

Pair distribution function (see also Radial 
distribution function) 
definition, 84 

equation of stale and, 136 
for ideal gas in quantum theory, 438 
in terms of modified cluster integrals, 
146 

integral equations for. 325 
potential of average force and, 324 
Parachor, 354 
Paramagnetism, 876 

Parameters in intcrmolecular potential 
energy functions (see Force con¬ 
stants) 

Partition function, classical. 86, 106 
degeneracy of energy levels and, 105 
entropy and, 108 

equation of state and, 6, 110, 133, 137, 
279, 398 

expansion in cluster integrals, 143 
for activated complex. 665 
for clusters of ions. 1097 
for ideal gases, 111 
for ideal gas mixtures, 120 
for internal motions, 117 
for translational motion, 116 
for two interacting molecules, 408 
free volume and, 279 
generalized free volume and, 313 
internal energy and. 106 
quantum mechanical, 93. 105, 398 

thermodynamic properties and. 110, 
116 

Pauli exclusion principle (see Fermi-Dirac 
statistics) 

Peculiar velocity, 453, 454 
Perfect gas (see also Ideal gas) 
Bosc-Einstein condensation, 405 
quantum mechanical virial coefficients, 
404 

Riemann characteristics and, 740 
Slater sum, 401 
Permeability (magnetic), 868 
Perturbation solution, of Boltzmann 
equation, 468, 642 
of Schrodinger equation. 63 
of time-dependent Schrodinger equa¬ 
tion, 884, 1024 

Phase behavior, one-component systems, 
357 

two-component systems, 380 
Phase integral (see also Partition func¬ 
tion), 106 


Phase shifts, angle of deflection and, 676, 
689 

calculation, 410, 413, 1120 
cross-section and, 675 
definition, 69 

discrete states and, 413, 1068 
second virial coefficients and, 407 
WKB development of, 685 
Phase space. 40. 80 

Phenomenological coefficients, 705, 710, 
712 

Point centers of repulsion, 31 
angle of deflection for, 546, 1155 
distance of closest approach, 1155 
Maxwellian molecules, S48 
second virial coefficient for, 157 
transport coefficients for, 547, 690 
Poisson bracket, 40 

Polar molecules (see also Stockmayer 
potential) 

corresponding states, 248, 622 
critical constants for, 237, 249 
interaction between, 214, 597, 983, 
997. 1004, 1025 
interaction with ion, 986 
interaction with nonpolar molecules, 
222. 600, 987 

Krieger's potential for, 597, 1180 
long-range forces between, 983 
simple rigid model for, 35, 210 
transport phenomena, 597 
virial coefficients for, 211, 220, 1147, 
1154 

Polarizability, additivity of bond contri¬ 
butions, 947 
calculation of, 951 
definition of. 852 

dispersion forces and. 960, 963, 965, 
970. 988 

Drude’s model and. 882 
effect of pressure. 270 
induction forces and, 984, 988 
of atoms, 946 
of conducting sphere. 852 
of hydrogen molecule. 946, 1089 
of molecules, 941, 950 
oscillator strengths and, 882, 890 
quantum theory, 889 
screening constants and. 951 
variational calculation of, 942 
Polarization, of matter, 851 
of radiation, 879 
Potential, vector. 865, 1044 
Potential energy, 37 
density, 655 

of charge distribution, 837, 922 
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Potential energy (continued) 
of dipole in electric field, 847 
of induced dipole in electric field, 852 
of perfect lattice, 1036 
surface, 662, 924 

Potential energy of molecular interaction 
(see Intermodular forces; Intermo¬ 
dular potential energy function) 
Potential of average force, 324 
Potential parameters (see Force con¬ 
stants) 

Powder gases. 262, 814, 827 
Poynting vector, 870 
Prandtl number, 16 
Pressure (see also Equation of state) 
equation of change for, 700 
radiation, 697 

Pressure broadening of spectral lines, 
1021 

Pressure tensor, bulk viscosity and, 503, 
644, 711 

change across interface, 339 
in dense gases, 645, 658 
in dilute gases, 457, 480, 521 
in general fluids, 711, 717 
in polyatomic gases, 503 
radial distribution function and, 347, 
658 

shear viscosity and, 481, 503, 521, 644, 
711 

significance of components. 458 
simplified theory, 11 
thermodynamics of, 710 
thirteen-moment approximation and, 
495 

Principle of corresponding states (see 
Corresponding states) 

Principle of mechanical equivalence, 236, 
247 

Probability amplitudes, 88 
Probability current density, 56 
Probability density matrix (see also Dis¬ 
tribution function) 
canonical ensemble and, 393 
change with time, 93 
classical limit of, 395 
definition and nomenclature, 89 
physical significance of, 91 
Wigner distribution function and, 
670 

Probability operator, 91 
Propagation of disturbances (see Detona¬ 
tions; Finite waves; Flames; Shock 
waves; Sound) 

Propellant gases, 262, 814, 827 
Protons (see Hydrogen ions) 


P-V-T relations (r« Compressibility fac- 
tor; Equation of state) 

Quadrupole-dipole interaction (see Di- 
polc-quadrupolc interaction) 
yuadrupole moments, definitions, 839 
for He in excited states, 1012 
for water, 1029 
from microwave spectra, 1028 
optical transitions and. 887 
second virial coefficient and, 225, 1033 

Quadrupole-quadrupole interaction, po¬ 
tential energy of, 27 
between atoms, 1013 
between two H* molecules, 1086 
Quantum effects, in cross-sections, 687 
in diatomic gases. 434 

in Joule-Thomson coefficients, 423 
1161 ' 
in kinetic theory. 19, 668 
in liquid phase, 426 
in phase-shifts, 685, 1120 
in second virial coefficient, 419, 435 
1119,1160 
in Slater sum, 397 
in transport phenomena, 674, 684 
Quantum mechanical parameter A*, cor¬ 
responding states and, 424 
definition, 413 
liquid properties and, 427 
second virial coefficient and, 420 
transport properties and, 693 
values of, 423 

Radial distribution function (see also Pair 
distribution function) 
definition, 6, 84 
energy flux and. 659 
equation of state and, 6, 134, 145, 320, 
399 

fluctuations in density and, 127 
for Lcnnard-Jones potential, 322 
for rigid spheres, 334 
local electric field and, 856 
local magnetic field and, 874 
non-equilibrium, 656 
pressure tensor and, 347, 658 
relation to compressibility, 128 
scattering of x-rays and, 898 
surface tension and, 347 
temperature and density dependence 
of, 321 

Radial wave equation, 70, 413, 680 
Radiation (see also Light absorption; 
Light emission; Light scattering) 
absorption and emission, 720, 1021 
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Radiation (continued) 

black body. 723 

due to oscillating dipole 878 
effect on equations of change. 697 
effect on flames, 720, 724, 761 
flux of, 697, 721 

polarization of, 878 
pressure due to, 697 
scattering of x-rays, 898 
steady-state waves, 727 
Raman scattering. 891 
Rankine-Hugoniot diagram, 799, 810 
Rankine-Hugionot relations, 787 
Rare gases, interatomic potentials for, 
196, 589, 1042, 10 (A 
Rate of shear tensor, 481, 644 
Rate processes (see also Chemical reac¬ 
tions) 

Eyring theory of, 624, 661 
thermodynamics of, 704 
Rayleigh scattering, 891 
Reaction coordinate, 662 
Reciprocal relations, 705, 710, 712 
Rectilinear diameter, 363 
Reduced mass, 45 
Reduced velocity. 453, 455 
Refraction, index of (see Index of re¬ 
fraction) 

Relaxation time, absorption of sound 
and, 733 

collision frequency and, 21. 920 
flame propagation and, 761 
shock waves and. 797 
transport coefficients and, 503, 510 
Representation coefficients of 3-dimen- 
sional rotation group, 905 
Resonance forces, between atoms in 5- 
and P-states. 993 
between H and H'. 993 
between H + and H', 994 
between polar molecules, 1001 
detailed theory of, 990 
elementary discussion of. 25 
Retardation effects, dispersion forces 
and,967 

scalar and vector potentials and, 865 
Retrograde condensation, 380 
Ricmann characteristics, 736 
Rigid convex molecules, second virial 
coefficient for, 183 
transport phenomena and. 506 
Rigid ellipsoids (see Ellipsoidal mole¬ 
cules) 

Rigid spheres, 31 
angle of deflection, 544 
cross-sections, 525 


Rigid spheres (continued) 
diameters from diffusion and viscosity, 
545 

diameters from microwave spectra, 
1024 

equation of state, 2, 156, 286, 647 
free volume theory. 286 
high-density transport properties, 635, 
647 

"loaded” model, 509 
omega integrals, 525 
"perfectly rough” model, 507 
phase shifts, 411 

quantum mechanical second virial co¬ 
efficient, 411 

quantum mechanical transport phe¬ 
nomena, 680 

radial distribution function, 334 
virial coefficients. 156 
with dipoles, 35, 210 
with quadrupoles, 211 
Rigid spherocylinders (see Spherocylin¬ 
drical molecules) 

Rockets, equations for flow in, 815 
flow of perfect gases in, 818 
flow of real gases in, 825 
nozzle flow in. 820 
thrust on, 821, 830 
Rosseland mean free path, 724 
Rotation group. 905 

Rotational degrees of freedom (see also 
Internal degrees of freedom) 
activated state and, 666 
contribution to thermodynamic prop¬ 
erties. 117 

effect on intermolecular forces, 922 
effect on second virial coefficient, 151, 
434 

Rough spheres, 507 

Sackur-Tetrode equation, 117 
Scalar potential (see Electrostatic poten¬ 
tial) 

Scattering of light (see Light scattering) 
Scattering of molecules (see Angle of de¬ 
flection; Collisions; Cross sections) 
Scattering of x-rays, 898 
Schmidt number, 16 
Schottky’s relations, 265 
Schrodinger equation. 54 

approximate methods of solution, 61 
Eyring semi-empirical method and, 
1076 

for two interacting particles, 70 
"generalized,’’ 88 
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Schrddmger equation (, continued) 

Hc 1 , " 7 e g rLondon approximation for. 

Screening constants, atomic properties 
from, 951 

forces between atoms and, 1014 
Second law of thermodynamics, 107, 712 
716 

Second-order exchange forces, 25 
in helium, 1065 

Second virial coefficient (see also Virial 
coefficients) 

Second virial coefficient (classical), angle 
of deflection and. 51 
Bcrthelot’s expression for, 252 
calculation for mixtures. 168, 222 
comparison with experimental data, 
164, 167. 190, 192, 196. 217, 227 
determination of force constants from, 
166, 215 

empirical equations of states, 252 

for Buckingham-Corner potential, 178 , 
1158 

for Corner’s four-center model, 193 
for generalized ellipsoids. 190, 1179 
for generalized spherocylinders. 1179 
f°r Lennard-Jones potential. 162.1114, 

for modified Buckingham potential. 
180, 1162 

for point centers of repulsion, 157 
for polar molecules with quadripole 
moments. 225 

for rigid convex molecules. 183 
for rigid ellipsoids, 185 
for rigid spheres, 157 
for rigid spheres with dipoles. 210 
for rigid spherocylinders. 186 
for square well. 158 
for Stockmayer potential. 211, 1147 
for Sutherland potential, 158 
hole theories and, 316 
hydrogen bonding and. 990 
intermodular forces and, 7, 150 
simplified theory, 2 

Second virial coefficient (quantum me¬ 
chanical), at "intermediate” tem¬ 
peratures, 419 

at very low temperatures. 407 
comparison of classical and quantum 
contributions, 422 

comparison with experimental data, 
164, 417, 436 
effect of spin on, 410 
expansion in powers of Planck’s con¬ 
stant, 419 


Second virial coefficient (continued) 
or Buckingham-Corner potential, 424 , 

forL^nnard-Jones potential, 413. 420, 

for perfect gas, 404 
for rigid spheres, 411 
in terms of phase shifts, 407 
of diatomic gases, 434 
of helium isotopes. 416, 418 
of hydrogen isotopes, 418 

rotational contributions, 435 

becular equation, 63 
Self-diffusion comparison with experi- 
mental data, 581. 582, 594 
Enskog’s theory for dense gases, 646 
for dilute gases, 527, 539 
for Lcnnard-Jones potential, 580 
higher approximations to, 605, 609 
• 130, 1172 * 

intermodular forces from, 582 
pressure-dependence, 615, 646 
relation to viscosity in liquids, 631 
simplified theory, 13 
Shear stress (see Pressure tensor) 

Shear viscosity (see Viscosity) 

Shielding constants, 951, 1014 
Shock waves, 783 
equations of change of, 695 
formation of. 737, 742 
in nozzle exit, 821 

Short-range forces (see Resonance forces- 
Valence forces) 

Slater-Kirk wood dispersion energy for 
He, 1067 

Slater sum. definition, 396 
effect of spin on, 403 
for simple systems, 437 
expansion in powers of h 1 , 397 
for perfect gas, 401 
Solid state (see Crystals) 

Sommerfeld's degeneracy parameter. 113 
674 

Sonine polynomials, 475 
Soret effect (see Thermal diffusion) 
Sound (see also Velocity of sound) 
absorption in critical region, 371 
propagation. 728 
velocity, 232, 369, 511, 633. 729 
Specific heat (see Heat capacity) 
Specific reaction rate. 661 
Spherical harmonics, 58, 905 
Spherocylindrical molecules, generalized, 
187, 1179 
rigid. 35. 186 
Spin, collisions and, 75 
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Spin ( continued ) 

cross-sections and. 677 

Hamiltonian operator and. 1045 
second virial coefficient and. 410 

Slater sum and. 403 

thermodynamic properties and. 120 
Snuare well potential. 31 
force constants. 160, 209, 552 
omega integrals, 1156 
phase shifts. 411 

relation to Lcnnard-Joncs potential, 

159 

transport coefficients, 551 
virial coefficients. 158 
Statistics effects (see also Bose-Einstein 
statistics; Fermi-Dirac statistics) 
for particles with spin. 403 
for perfect gases. 402 
on equation of state. 392. 401 
on second virial coefficient for rigid 
spheres, 411 
on Slater sum and, 397 
on transport phenomena. 19, 668, 671, 
677 

Stirling’s approximation. 116 

Stockmaycr potential, 23, 35 
determination of force constants. 215, 
11S2 

force constants, 214 
Joulc-Thomson coefficient, 217, 1150 
second virial coefficient. 211, 1147 
third virial coefficient, 219, 1154 
Stokes-Navicr equations (see also Equa¬ 
tions of change), 19, 464 
Stream velocity, 453, 454, 698 
Sublimation, enthalpy of. 179, 1035 
Substantial derivative, 84, 699 
Summational invariants, collision inte¬ 
grals and, 460 
definition. 43 

equations of change and. 698 
equilibrium solution to Boltzmann 
equation and, 466 
flux vectors and. 455, 639 

Sum-over-states (see Partition function) 
Superficial number density, 347 
Superficial pair density, 347 
Superposition approximation, 328, 380, 
660 

Supersaturation, 363 
Surface (see also Interface) 

Helmholtz free energy of, 341 
internal energy of, 342, 353 
Surface of tension, 349 
Surface tension, definition of, 337 
first order calculation of, 352 


Surface tension ( continued) 
free volume theory of, 342 
Macleod's equation and parachor, 354 
radial distribution function and, 347 
radius of curvature and, 348 
quantum deviations and, 430 
Susceptibility (see Electric susceptibility 
or Magnetic susceptibility) 
Sutherland constants, 566 
Sutherland potential, 32 
omega integrals for, 1157 
second virial coefficient for, 158 
transport coefficients for, 550 
Symbols (see Notation) 

Symmetry effects (see Statistics effects) 
Symmetry number, 118 

Tait equation. 261 

Temperature, equation of change for, 
463, 493, 505, 699 
kinetic definition of, 455 
thermodynamic definition of, 107 
Temperature index for viscosity, 565 
Thermal conductivity, comparison with 
experimental data, 573, 574 
energy flux and, 490, 503. 522, 645, 713 
entropy production and, 716 
Euckcn correction. 14. 20. 498, 509, 
534. 573. 634, 646 

higher approximations, 605, 609, 1130, 

1174 

in binary mixtures, 534 
in dense gases, 645 

in dilute monatomic gases, 481, 491, 
527. 534 
in liquids, 633 

in multicomponent mixtures, 536 
in polyatomic gases, 505 
Lennard-Jones calculations, 573 
pressure-dependence. 615, 633, 645 
relation to viscosity, 534, 576 
simplified theory, 8 
Thermal diffusion, 8 
comparison with experiment, 584 
definition of kr. 519 
energy flux and. 522 
entropy production and, 716 
experimental measurements and, 520, 
588 

for Lennard-Jones potential, 582, 1131 
for modified Buckingham potential, 

1175 

higher approximations to. 606, 609 
in binary gas mixtures, 541 
in dilute gases, 478, 488 
in multicomponent gases, 543 
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Thermal diffusion (continued) 
intermolccular forces from, 588 
mass flux and, 479, 516, 713 
pressure dependence, 615 
thermodynamics of, 705, 712 
Thermal energy flux, 702, 709, 712 
Thermal equation of state (see Equation 
of state) 

Thermodynamic properties, Bose-Ein- 
stein condensation and, 406 
generalized charts for, 239 
ideal gases. 114 
in critical region, 367 
partition function and, 110 
virial coefficients and, 230 
Thermodynamics, laws of. 106, 107. 109 
Third virial coefficient (see also Virial 
coefficients) 

comparison with data. 171, 221 
empirical equations of state and, 252 
for Lennard-Jones potential, 170, 228, 
1116,1119 

for rigid spheres, 157 
for square well, 158 
for Stockmayer potential, 219, 1154 
in mixtures, 173 

Thirteen-moment method for Boltzmann 
equation, 494 

Time average, of distribution function, 
451 

replacement by ensemble average. 95, 
442 

Torque on dipole in electric field, 847 
Trajectories of colliding molecules, 45 
Transitions, dipole moments of, 912 
electronic, 929 
forbidden and allowed, 887 
microwave spectra and. 1024 
probability of, 884, 1024 
Transmission coefficient, 625, 664 
Transport coefficients (see also Bulk vis¬ 
cosity; Diffusion; Diffusion thermo¬ 
effect; Flux of molecular properties; 
Self-diffusion; Thermal conductiv¬ 
ity; Thermal diffusion; Viscosity) 
calculation of. 514, 523 
corresponding states and, 613, 692 
effects of statistics on, 678 
for Lennard-Jones potential, 552, 680, 
1126 

for modified Buckingham potential, 
553, 1164 

for point centers of repulsion. 547, 690 
for rigid spheres, 14, 544, 680 
for square well potential, 551, 1156 
for Sutherland potential, 550, 1157 


Transport coefficients (continued) 

nVo. n P 72° ximalions lo ’ 546 ’ 

hydrogen bonding and, 990 

in dense gases, 643, 659 

in dilute gases, 478 

in liquids, 624 

in polar gases, 597, 1180 

in polar-nonpolar mixtures, 600 

in terms of 485 

Kihara's higher approximations, 608 

notauon for various approximations, 

quantum theory. 668 
simplified theory, 8 
sound absorption and, 730 
thermodynamics and, 708, 710 712 
Trouton's rule, 283, 628 
Turbulence, 696 
Two-body forces, 37, 148 
Two-center expansion coefficients, 843 , 
900 

Two-phase system, Helmholtz free en¬ 
ergy in, 341, 365 
thermodynamics of, 363, 388 

{/-functions. 137 
modified, 145 

Unsharp resonance, method of, 999 

Valence forces (see also Resonance forces) 
between helium atoms, 1064 
between He and He', 1100 
between Hj molecules, 1083 
detailed discussion of, 917 
elementary discussion of, 25 
van der Waals equation, 2, 250 
chemical potential for, 391 
internal energy and, 256 
van der Waals forces (see Dispersion 
forces; Electrostatic forces; Induc¬ 
tion forces; Intermolecular forces) 
Vapor pressure, Eyring’s theory, 283 
hole theories, 319 

in one-component systems, 358, 364 
in two-component systems, 382 
quantum deviations, 429 
Vaporization, internal energy of, 281, 
628 

Variational solution, of kinetic theory 
integral equations, 474 
of Schrodinger equation, 62, 942 
Vector potential, complete Hamiltonian 
and, 1044 
definition of, 865 
Velocities, types of, 129, 453, 698 
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Velocity of sound, dependence on fre¬ 
quency, 734 
derivifnon of, 729 
for loaded spheres. 511 
in critiSt region, 369 
thermal-conductivity and. 633 
virial coefficients and, 232 
Vibrational motion, contribution to ther¬ 
modynamic properties, 118 
effect on intcrmolecular forces, 921 
Virial, 3, 4£, 134 

Virial coefficients (see also Second. Third, 
Fourth, Fifth virial coefficients) 
determination from p-V-T data. 154 
empirical equations of state and, 252 
for mixtures, 153 
in amagat units. 155 
in pressure and volume series, 131 
in terms of irreducible integrals, 144 
order of magnitude of. 5, 132 
quantum mechanical, 404 
simplified theory, 2 
summary of formulas, 150, 153 
thermodynamic properties and, 230 
Virial equation of state. 2, 131 

derivation from partition function, 137 
derivation from virial theorem. 145 
for Bosc-Einstein and Fermi-Dirac 
statistics. 404 

Virial theorem, distortion of molecules 
and, 264 

equation of state and, 134, 399 
in classical theory, 41 
in quantum theory, 68 
intcrmolecular forces and. 930 
variational principle and, 1046 
Viscosity (bulk) (see Bulk viscosity) 
Viscosity (shear), angle of deflection 
and, 51 

boiling point and, 629 
Buddenberg-Wilke formula for mix¬ 
tures, 533 

Comings-Mayland-Egly chart, 623 
comparison with experimental data, 
560, 562, 568, 571, 590. 598. 650, 660 
determination of force constants from, 
562 

entropy production due to, 711 
for Lennard-Jones potential, 560 
higher approximations, 604, 609, 1130, 
1173 

Hougen and Watson chart, 621 


Viscosity (shear) (continued) 
of binary gas mixtures, 529 
of dense gases, 644 
of dilute gases, 480, 489, 503, 527 
of liquid mixtures, 630 
of liquids, 625 
of moist air, 604 

of multicomponent mixtures, 531 
of polar gases (Krieger potential), 
597 

of polar-non polar mixtures, 600 
non-Newtonian flow and, 627 
pressure dependence, 613, 621, 623, 
630, 644 

pressure tensor and, 481, 503, 521, 644, 
711 

self-diffusion and, 631 
simplified theory, 8 
thermal conductivity and, 534, 576 
thermodynamics of, 710 
von Neumann-Doring-Zeldovich theory, 
801 

von Neumann spike, 802, 809 

Water, distribution of charge in mole¬ 
cule. 1030 

equation of state for, 261, 1033 
intcrmolecular potential for, 218, 227, 
1033 

quadrupote moment of, 1029 
Wave equations, electromagnetic, 870 
radial. 70. 413, 680 
Wave functions, 54 

for hydrogen molecule, 1055 
in collisions, 73 
symmetry of. 60 

virial theorem for determining scale 
factor in, 1047 

Waves, hydrodynamic (see Detonations; 
Finite waves; Flames; Shock waves; 
Sound) 

Wigner coefficients, 910 
Wigner distribution function, 670 
WKB method. 65 
cross-sections and, 687 
phase shifts and, 685 
second virial coefficient and. 419 
transport coefficients and, 692 
Work function (see Helmholtz free en¬ 
ergy) 

X-rays, scattering of, 898 



